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AN ELECTRONIC ANALOGUE OF DIFFERENCE-DIFFERENTIAL EQUATIONS 

1. Introduction 

The purpose of this report is to describa an electroric analogue of differ¬ 

ence-differential equations (d.d.e. for short). 

In an earlier report (Navy Contract N6-0NR-251j Task Order II? dated 

April 15, 1943) on this subject certain applications of these equations were 

studied in connection with the theory of modern automatic control systems. 

The oscillatory phenomena describable by these equations are generally 

of a parasitic type and are characterized by a considerable complexity of their 

behavior. It is frequently observed, for example, that a control system suddenly 

begins to oscillate with a frequency having no relation whatever with the fre¬ 

quency of its intended operation. At times this frequency is considerably higher 

than the frequency of the process to be controlled (the so-called "banting"), av 

time, on the contrary, it is considerably lower ("floating"). This parasitic 

frequency occasionally shifts from one value to the other or disappears occasi¬ 

onally depending on the values of some variable parameters of the system. 

Only with the advent of modem methods of continuous controlling means, 

such as those produced by the electron tube circuits, it became possible to 

approach the study of these complicated effects on the basis of d.d.e., wnich 

by their properties seem to be well fitted to represent these phenomena analyt¬ 

ically. The reason for this is dus to the fact that the control actions derived 

from some instantaneous condition of the system (e.g. departure or time deriva¬ 

tives of departure of some dynamical variable) appears always with a certain 

time lag. 

Although the d.d.e. were known already to Laplace ( 1 ), the modem theory 

of these equations appeared about thirty years ago ( 2 ). As it frequently 

happens whenever a contact between the physical phenomena and a mathematical 

theory is first established, a considerable work of a readjustment from both 

ends is necessary before the problem becomes definitely formulated. These 

*Numbers in paran theses refer to the list of references. 



studies did not escape by the same general trend. 

The existing theory of d.d.e. was developed for linear equations with 

constant coefficients (at least in this form these equations were originally 

tried in applications); moreover a constancy of time lags was assumed. For 

the various reasons it was soon ascertained that some readjustments of the 

theory were necessary in order to be able to account for the observed effects. 

First, inasmuch as the observed phenomena are always of the self-excited 

type, it was clear that the non-linear treatment of these phenomena can not be 

avoided, fte shall see later two important reasons for the necessity of this 

enlargement of the classical theory. 

Second, the existence of certain critical "thresholds" (e.g. when the 

oscillatory phenomenon suddenly appears or disappears) points out toward the 

necessity of investigating the effect of a parameter variation on the form of 

solutions of d.d.e. 

On the other hand, a great deal of mathematical information accumulated 

from earlier studies of these equations is hardly of any interest in applica¬ 

tions. Thus, for example, theorems of existence and boundedness which gener¬ 

ally receive a considerable degree of attention on the part of mathematicians 

are of a lesser interest to engineers and physicists who are generally satis¬ 

fied with the physical existence of these phenomena to require any additional 

mathematical proof of this fact. 

From the experimental end there appears also a number of questions. 

Kow reliable are the experimental data in our possession to be able to use them 

as a starting point for the theory? How to connect the numerous parameters 

in which an engineer is primarily interested, with the form of d.d.e.? Under 

which experimental limitations a "deem cut" experiment can be produced to be 

sufficiently certain that the theory actually explains the phenomenon not only 

qualitatively but also quantitatively. 



3. 

This process of "bridging the gap" between the mathematics and physics, 

as in any other situation of a similar nature, is inevitably imperfect and slow 

in the beginning and the most one can hope to accomplish is to indicate the 

probable direction of this process rather than to say the last word. 

Part 1 - Theory 

2. Analogue 

Inasmuch as the phenomena in question have been discovered in connection 

with control problems, the natural way of studying them seems to be by .experi¬ 

menting with the control systems. 

Unfortunately this approach is inevitably expensive and time consuming. 

In order to be certain that the phenomena are sufficiently well defined and not 

masked by many auxiliary effects, it is desirable to operate with well designed, 

high precision control systems like those used by the Armed Forces (e.g. gun 

training gears, automatic pilots, etc.) or employed in large industrial instal¬ 

lations. Experimentation with such systems is always very expensive; moreover 

it is difficult to obtain permission to experiment with a system of this kind 

for purposes which have, at the most, a rather remote theoretical interest, 

at least at present. 

Even if one has a control system of this kind at one's disposal, the 

experimental work is always complicated requiring a careful oscillographic 

investigation of time lags usually distributed in some entirely unpredictable 

manner among the various links of the installation, e.g. instruments, circuits, 

servomechanisms, etc. All these considerations point out toward the desirability 

of developing a kind of analogue on which the basic part of the problem could 

be more conveniently investi gated. 

After a certain amount of preliminary studies, a conclusion was reached 

that an electronic analogue would be the simplest and would offer a sufficiently 

adjustable means for studying a series of problems of interest in applications. 
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The idea of this analogue is due to one (tt. Mnoraky) of the joint 

authors of this report, and its practical developcent and experimentation, to 

the other («. Blumberg). The principle on ahich the present analogue is based 

represents a hind of translation of relationships existing in the control prob¬ 

lem of anti-rolling stabilisation of ships into the corresponding relationships 

in an electric circuit so as to obtain the same dlffer^Ul^uationilLboai 

cases. 

It is useful, therefore, to outline briefly first this process of 

-translation” from one phenomenon to the other, before describing (Section 3) 

a more general form of the analogue with ehich these studies ..ere carried out. 

Let us consider a ship mith anti-rolling tanks sho*n in Fig. 1. In an 

I M 

Mactivated,, system of such 

tanks, the movements of the 

water ballast between the tanks 

are "activated" by means of a 

variable pitch impeller pump P 

driven continuously (e.g. by 

motor M); the blades of P are 

displaced by a servomotor system 

operating from an electron tube 

circuit controlled by an instru¬ 

ment I responsive to the angular 

motion of the ship. Y.ithout going 

into the problem of stabilisation proper ( 3 ) it is safflcient to mention that 

'or an adequate control the amount of the displaced water ballast must be in 

phase with the angular velocity of the ship. The theoretical stabilising 

moment M should, therefore, be of the form »„ = S 8, where S is a certain 
8 

coefficient of proportionality. 

The differential equation of rolling in still water under this condition 1. 
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J *0 + b^é + b202 + S 0 + C0 =• 0 (2-1) 

where 0 is the angle of roll, J is the moment of inertia of the ship about 

the longitudinal axis through center of gravity, ^ and b2 the so-called 

Froude’s coefficients of resistance to rolling and C = HH is the restoring 

moment (W the displacement, H the metacentric height). Since the non-linear 

term b202 does not add any interesting information for this analysis and is 

generally small, we can disregard it so that the preceding equation becomes 

approxima tely 

J *0 + (b^ + S) 0 + 09 = 0 

In reality the coefficient S is a function of a parameter A, say S(A). 

In practice A is the coefficient of amplification factor, or "gain" of the 

electronic circuit controlling the blades so that, if A is increased, more 

water ballast will be transferred for the same angular motion. Hence S(A ) 

is a certain monotonie function of À increasing with the latter. 

If the control were ideal (no- time lags) the term due to the water ballast 

transfer would be in phase with angular velocity as above specified. In reality 

there exists always a certain time lag. This can be expressed by the symbol 

M =S(A)0(t-h), where 0(t-h) = 0 * is a retarded angular velocity, h being 
8 11 

the time lag, so that (2.2) becomes 

0 + p 0 + q( A ) 9h + o>02 6 " 0 ^ 2*-^ 

where p = b^J; q(A)=S(A)/J and a)/ = C/J. This is a d.d.e. with a 

"retarded velocity" term. Since this d.d.e. has been studied in the previous 

report, we shall not go into this matter here. 

Let us consider now an oscillating circuit, shown in Fig. 2, containing 

inductance L, capacity C and resistors R and Its differential equa¬ 

tion is 

*The notation 0(t-h) should be read 0 "function of (t-h)». 
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L — + (R + R1)i + 

A 

P 
_ 

Fij- 2 

g ! idt = 0 (2.4) 

Let us modify this circuit as 

follows: we take the voltage 

R^i across the resistor 

t.s the input voltage to a 

linear amplifier A and in its 

output provide a special phase- 

shifting network P whose pur¬ 

pose will be to introduce a con¬ 

stant time lag between the input 

and the output of P. The manner 

in which this can be accomplished will be explained in a later section. Cinder 

this condition the voltage appearing across R will be 

e(t) = ARjift-h) = AR1ih (2.5) 

where 4 is the gain of the amplifier to R measured through the phase- 

shifting network P. 

Instead of (2.4) we have now 

L ft+ * V1 + s( A)ih+ (3-/c) J idt = 0 (2-6> 
where S(À) = À 

Differentiating this equation with respect to t, dividing by L, and setting 

p = ¡L-Jilj q(A) = S(A)/L and l/(CL) = we get 

¿1+ p q(A) — +'b2i * 0 . (2.7) 
dt dt dt 

which is identical with (2.3) so that the circuit of Fig. 1 is, in fact, an 

analogue of the ship stabilizing control system and can, therefore, give exactly 

the same results as the latter as far as the self-excitation of the parasitic 

oscillation is concerned 
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The circuit of Fig. 1 represents the original attempt to reproduce these 

phenomena electrically. Once this had been ascertained, it Tías decided to gen¬ 

eralize these results by means of a more general form of the circuit. 

3. More general fora of the d.d.e. circuit. 

Consider now the circuit shown in Fig. 3 similar to the preceding circuit 

with the difference that the 

input to the amplifier is now 

taken across L^, and C-^. 

Instead of (?.5) we have now 

di. 
e(t) = A(Li 4L. 

ciJh 
dt) 

and the differential equation of 

the circuit after the differen¬ 

tiation of the preceding equation 

and replacing i by x becomes 

L'x + R'x + x + 

"iV ^ = 0 <3-l> 

where L' ==1 + 1^} R' = R + R^ and C is the capacity of the two capacitors 

C and in series. Fquation (3.1) reduces to 

x + y ^ + P* + + <»>0 * + P*h = 0 (3.2) 

where p = R'A'» Y = ; q = AR^/L'; a>Q = l/C’L1 and p= A/L'C^. 

Fquation (3.2) is the general form of a linear d.d.e. of the second order contain¬ 

ing both the non-retarded and the retarded terms. It must be noted that it has 

only one limitation, namely all retarded terms are proportional to the same 

quantity A , the parameter. This does not lead, however, to any loss of 

generality, and application this is the only case of interest. 



4. Characteristic equation. 

The characteristic equation of (3.2) is clearly 

f(z) = (v? + pz + oúo2) + e~hz(Y z + qz + p) = 0 (4.1) 

where z = Ct + ioo, a is either the decrement (if a < 0) or increment (if a > 0) 

of the oscillation and 'i> the frequency. 

The practical problem consists in finding the zeros of the analytic func¬ 

tion f(z) of the complex variable z. If the coefficients of (3.2) were 

constant, these zeros would be isolated points in the complex plan. Te are 

interested here, however, in the investigation of what happens when the parameter 

varies. It is clear that inasmuch as the variation of the parameter modifies 

the form of the differential equation^the position of the zeros in that plane 

will be changed as the result of the parameter variation. The general problem 

is sufficiently complicated to be attempted here but, in applied problems, it 

can be considerably simplified. 

As was mentioned in the earlier report, in applications one is interested 

* 
primarily in what happens in the neighborhood of purely imaginary or "hrmnonic" 

roots z = ia>, that is when 0 < 0. « 1 which corresponds to the phenomenon 

of selx-excitation. It is logicaJ, therefore, to attempt to ascertain first the 

existence of purely imaginary roots of f(z). In this case it is possible to 

ascertain the effect of the parameter variation on the distribution of these 

harmonic roots z = ire, along the oo-axis. 

Setting a = 0 in (4.1), introducing the notation ¿ = 'joh and equating 

to zero the real and the imaginary parts of (4.1) one gets 

2 2 2 
(p - VO) )cos ?f + qco sin ¿ - (q> - '0Q ) = 0 

2 / 
q-D cos ¿ - ( p - Y w ) sin p + pro = 0 

The possibility of determining purely imaginary, or harmonic, roots of (4.1) 

thus hinges on the possibility of solving the system (4.2). In this form the 

problem is not conveniently expressed inasmuch as the unknown '0 appears 

See section 10 below. 

I 

1 
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directly as well as under the sign of the trigonometric functions since ¿ = œh. 

For that reason it is convenient to replace the system (4.2) by another system 

of derived equations. Solving (4.2) with respect to cos ¿ and sin ¿ we get 

cos = 

sin i - 

(0)2 - o)02)(p - r t)2) - pq<o2] / Ijp-Y'o2) 
2 2 + q 

'û3(q-pr) + (û(pp- q'J^2) (P - Y'D2)2 + q2û2 
(4.3) 

Since oûh ** and we suppose here that the time lag h is constant, it is con¬ 

venient to introduce the variable throughout by multiplying the numerators 

and the denominators of the preceding expressions by h^, recalling that Y is 

a dimensionless number, p and q have dimensions of T ^ (angular velocity) 
2 ? and p and a) that of T (angular acceleration). Introducing the dimen- 

o 
2 

sionless factors P = rh; Q = 9hî = C00h> M = Ph ; the preceding expressions 

become 

cos (Í »[(fi2 - ¿02)ím - r^2) - p«»i2j / |_(M -ri!2)2 + Q2/ 

sin (! = [(«- Pr)(!3 + (PM - 0(io2)»ij / ! (M -r^2)2 + Q2^2 

(4.4) 

hence, 

tan - (?r - Q )^3 + (o^02 PM)n( / 
/ Y¿4 + (PQ - M - ré2)f+*¿n2 

It is noted that the quantities Q = qh = 
“ A Hi 

h; Y = 
ALi 

(4.5) 

L* ’ L* 
and M = h2 

containing the parameter enter linearly and homogeneously in all terms of the 

numerator and the denominator of the right-hand term of (4.5) so that this 

term which we may designate as o (^) does not depend on the parameter A . 

We can therefore write (4.5) as 

tan / = 0(4) (4.5a) 

Equation (4.5) (or 4.5a) is thus one equation resulting from the two equations 

(4.2) and does not depend on À. It can be solved graphically by finding the 

abscissas of the points of the intersection of the two curves: y1 = tan ¿ and 

y0 *o(j¿) as is shown in Fig. 4. The form of the curve y2 = o(¿) depends, 



10. 

naturally, on the various 

constants and parameters; 

in what follows we shall 

indicate its form for a few 

particular cases. The roots 

^ , so obtained 

may be termed fixed roots 

inasmuch as their position 

on the di-axis is independent 

of the parameter variation 

and depends only on the con¬ 

stants of the circuit. 

Some of these roots are eliminated by conditions (4.4). 

Since, so far, we have only one equation (4.5) obtained from the combin¬ 

ation of two equations (4.2) we have to provide now a second equation by combin¬ 

ing equations (4.2) in a different manner. This can be done, for example, by 

squaring and adding (4.4). This gives 

-^4 + (M +^o2 - PQ)¿2 - ¿02 M + (PM-Q ) 

(4.6) 

+ £ [(q-p^ )£ 

+ (Q2 - 2Mf)¿2 + M2 ]' 

In order to ascertain whether this equation depends on the parameter it is suf¬ 

ficient to replace the quantities J, Q and M proportional to X by 

X and)\ where and M1 are obviously constants; this results 

in the equation 

-f/+ <M1 + Mo2 - 'V*2 - 42 Ml]2 + f [<VPül),í2 + ^i-Vo2)]2 

\ [if/+ '«i2 - + *is = 0 (4.7) 

which can be written as 

MWaWISIMIMMMNMI MWfMMMWI 



1 * 
lx* 

y J A) s O (4.7a) 

2 
This is a quartic equation in o containing a variable parameter /\ so that 

2 
its positive real roots (the only ones which are of interest here), say (A), 

are functions of /\» ma^ call these roots as ''moving roots" in the sense 

that when the parameter A varies, their position on the (¿-axis of Fig. 4 

change's. 

Ve are now in a position to consider the situation as follows: Our prob¬ 

lem consists in finding "harmonic roots" (z^ = if0^) of f(z) in (4.1) when 

the parameter A (entering in the expressions for f, q and p) varies. 

This requires the consistency of equations (4.2) or. which is the same^ of 

(4.$a) and (4.7a). The roots of the first do not depend on A (the "fixed" 

roots); those of the second, on the contrary, do depend on À (the "moving" 

roots). It is clear that the two equations are generally inconsistent except 

for a set of special harmonic values of the parameter A for which one of 

the moving roots, say, ^^( A^) happens to coincide with some fixed root, 

say, A-. • Then this condition j¿^( A-^) is fulfilled both equations 

(4.5a) and (4.7a) are consistent for this particular value A == of the 

parameter and, therefore, equations (4.2) are also consistent which means that 

the analytic function f(z) for A = has a purely imaginary root 

Z1 = ia3i = 
On the basis of this argument applied to a linear d.d.e. whose coeffi¬ 

cients depend on a variable parameter, a system describable by this equation 

is capable of oscillating as a harmonic oscillator with an ( theoretically) 

infinite number of frequencies. However, only one of these frequencies, say 

co^, may appear at a time when the parameter passes through the corresponding 

harmonic value A = 

As far as the determination of frequencies is concerned, these theoreti¬ 

cal conclusions seem to be in a fairly good agreement with observation. 

,■ 

!■ 
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There exists, however, a certain number of facts which point toward the neces¬ 

sity of extf-nding the theory on a non-linear basis. 

5, Observed phenomena. 

So far, we were able to show that, for some discrete "harmonic" values 

of the parameter, there appear purely imaginary roots of the characteristic 

equation (4.1) which means that for these values the system is able to oscillate 

with a frequency oa, = _ — corresponding to this root as a harmonic oscillator. 

It can be shown easily (this was shown on page 10 of the earlier report) that 

if the value of the parameter deviates a little from its harmonic value, real 

parts of the roots appear so that the system ceases to behave as a harmonic 

oscillator. Thus, for instance, for A = A, -AÀ, the real part of the root 

is negative (a<o), for A - +AA, a>0. The harmonic values of the 

parameter ( A = A^) appear thus as thresholds separating the region of self¬ 

excitation (u >0) from that in which no self-excitatioi. occurs and, on the 

contrary, the existing oscillation vanishes (a<,0). 

Hence, if the value of the parameter is fixed so as to be within the 

interval of self-excitation, on the basis of the linear ■'■heory, the amplitude 

increases exponentially beyond any bound which is obviously impossible on 

physical grounds. Experiment shows that these oscillations, in fact, appear 

as soon as the parameter reaches a certain critical threshold and reach a 

certain stable stationary value. All this shows that these oscillatory phenomena 

are essentially of a non-linear type. In fact, if one assumes a certain non¬ 

linearity on the basis of some plausible physical considerations, it is easy 

to show (pp. 25-31 of the earlier report) that the non-linear theory is able 

to account for these facts. 

Moreover, the non-linear theory gives another conclusion which clarifies 

some facts which remain unexplained on the basis of the linear theory. In fact 

the latter theory indicates that harmonic oscillation is possible only for 
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Brunft isolated values of the parameter. On both sides of these values there 

exists no stationary state (i.e. the oscillation either disappears or goes to 

infinity). On the basis of the non-linear theory, on the contrary, the sta¬ 

tionary state (although notnecessarily a "harmonic" state) of oscillation 

exists for a finite interval of the parameter variation, namely in the region 

where a > 0. On this basis a non-linear self-excited oscillation is an infi¬ 

nitely more probable phenomenon than the appearance of harmonic oscillations 

for a discrete set of values of the parameter. In the preceding analysis, this 

last mentioned possibility occurs 

when a "moving root", say ¿U(A) 

comes to coincide with a fixed root 

say ¿j. On the basis of the non¬ 

linear theory, on the contrary, the 

oscillatory phenomenon is possible 

as long as this "moving root" re^ 

mains in the region of self-excitation 

(shaded area) of which is only 

a threshold (the phenomenon of "drng"; in French: "trainage’’). 

There is a still more striking fact to be mentioned, namely, the proba¬ 

bility of a simultaneous occurrence of several self-excited oscillations. On 

the basis of the linear theory th:.s would require that two, or more, "moving 

roots", say and varying as functions of the parameter A, should, 

for some value of the latter, coincide with two fixed roots ^ and 

fuis would be a rather remote possibility inasmuch as ^ and are the 

roots of the transcendental equation (4.5a) and ¿i;L and ¿1]L' are the roots 

of an algebraic equation (4.7a) containing a parameter. 

It is obvious that on the basis of a non-linear theory the requirement for 

the existence of two simultaneous oscillations is far less severe. It is merely 
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necessary that the value of the parameter be such thr t should be in the 

shaded region adjoining ^ while is in the corresponding region ad¬ 

joining which is a far less restrictive condition because these regions 

are finite. 

In fact, the existence of two simultaneous self-excited oscillations has 

been ascertained experimentally. Unfortunately, on account of a lack of a 

suitable recording equipment it was impossible to obtain these records so that 

it may be of interest to mention here about the nature of these phenomena. 

On the screen of a cathode ray oscilloscope these oscillations have the 

appearance shown in Fig. 6 evidencing two self-excited oscillations with two 

frequencies, say f^ = 

and f, 1 ~ 

V 
"l ~ 2Írh 

for instance, inside the 

regions and R^' of 

self-excitation shown in 

Fig. 5. If the time scala 

of the oscilloscope is 

adjusted so as to make 

the wave of frequency to stand still on the screen, the wave of a higher 

frequency is seen to move in one direction or another, "riding" so to speak 
# 

on the top of the standing wave of the lower frequency. This relative motion 

occurs because the two frequencies are generally incommensurate as is to be ex¬ 

pected from the transcendental character of the problem. If the parameter /\ is 

varied, the apparent velocity of motion of the waves with frequency changes 

and at times can be made very slow so that the waves creep slowly along 

the standing wave of the lower frequency. This happens when the frequency 

is not far from the exact rational ratio with the frequency f^. If this ratio 

were exact, the frequency would also "stand still" on the screen, in which 
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case it would become a Fourier harmonic of If the parameter is changed 

in opposite direction, the waves run so-fast that it is impossible to 

observe them. 

If the oscilloscope is arranged to record this phenomena in the phase 

plane, the observed effect has 

a pattern shown in Fig. 7. In 

view of the incommensurate 

ratio of the two frequencies 

the path is not reentrant 

(e.g. at A) so that the pattern 

rotates in one direction or the 

other with the velocity depend¬ 

ing on the departure of the fre¬ 

quency f^' from that which 

would make it to be the nearest Fourier harmonic with respect to the lower fre¬ 

quency. For a visual observation, the phenomenon resembles a kind of a "rotating 

bracelet". Here again the speed with which the "bracelet" rotates is a function 

of the parameter and for some critical value of the latter one of the frequencies 

disappears when one of the "moving" roots (Fig. 5) loaves the zone of self¬ 

excitation. 

Since the transcendental spectrum of frequencies is, at least theoreti¬ 

cally, infinite one might expect that more than two frequencies could exist at 

the same time. 7.'e were unable to observe this so far. One reaJ.izes readily that 

in order to produce an effect of this nature it is necessarv that three positive 

real roots of the algebraic equation (4.7a) depending on the parameter 

be in the three different zones of self excitation in the neighborhood of three 

"fixed" roots of the transcendental equation (4.5a), which is a rather remote 

possibility. 

Fig-7 
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arming up, the above qualitative analysis shovs that the non-linear theory 

seems to be in agreement with all observed facts. In faut, it would be impos¬ 

sible to expect more than one oscillation on the basis of the linear theory and, 

moreover, it would be extremely difficult to adjust the value of the parameter 

so as to obtain the exact coincidence of the roots ^ and which is the 

condition for the consistency of equations (4.5a) and (4.7. ) ano, therefore, 

of both equations (4.2). On the basic of the non-linear theory, on the contrary, 

the conditions are enormously less restrictive since what is required is not the 

coincidence of these roots but the fact that the "moving" root of (4.7a) should 

be in the aone of self-excitation adjoining some fixed root of (4.7a). From 

this standpoint a self-excited non-linear process instead of being an exception 

(p.3 it would be on the basis of a linear theory) in reality is the rule. In 

fact it is generally sufficient to close the circuit to have some self-excited 

oscillation going. 

6. Particular cases. 

Ve propose now to investigate a few particular cases starting with the 

general equations (4.5) and (4.7) of the electronic analogue shown in Fig. 3. 

(a) Retarded restoring force 

Setting q = Y = = = 0 in the characteristic equation (4.1) it becomes 

*2 . pz + pe-h* = 0 i6-1' 

which corresponds to the d.d.e. 

X + px + = 0 (6,2) 

This equation was studied directly in the earlier report but it is easy to see 

that the general formulas (4.5) and (4.7) give sxactly the same result, viz. 

ootan «Í = i- d; coa d = dVpb sin d = (ph)d/ph2 (6.3) 
pn 
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and é* + (P2h2)^ 2-p2h4 = 0 (6.5) 

The first equation (6.3) gives the "fixed" roots os the abscissas of the points 

curve being a straight line through the origin. It must be noted that only 

such "fixed" roots are of interest vhich satisfy also the second and third 

eq. (6.3) viz: cos ;» 0, sin t( >0, that is, only the roots or "alloved" 

which are situated in the first, fifth, etc. quadrants. 

Fquation (6.5) gives the "moving1’ roots depending on the parameter p 

This d.d.e. is encountered in the problem of automatic steering of ships, 

airplanes and other moving bodies when the control is derived from a direction 

indicating element (e.g. compass, directional gvro). Professor Yves ^ocard 

has recently shown (4) that the same equation governs also certain statistical 

processes of supnly and demand in the presence of time lag (caused, e.g., by 

the so-called "red tape" of management). 

In order to produce an analogue of this d.d.e. it is sufficient to set 

I^ = R^ = 0;C=0o in the circuit shown in Pig. 3. However, certain practi¬ 

cal difficulties are encountered in the analogue, as will be discussed in Sec¬ 

tion 7. 

7. Retarded velocity. 

Setting y = P = 0 in the characteristic equation (4.1) it becomes 

2 . . -hz , 2 _ n z + pz + qze + a) - 0 o (6.6) 

which corresponds to the d.d.e. 

•• • • 2 
X 4 px + qXjj + <û0 X = 0 (6.7) 

which is identical with (2.3) of the ship-stabilizing control circuit. F. Rhein- 

hardt obtained the same equation in connection with the problem of controlling 

the voltage of synchronous machines (5). 
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From the general equations (4.5) and (4.7) one obtains directly 

(6.3) 

f (2¿o2 + (qh)2 - (ph)2) + ¿04 = 0 (6.9) 

The first equation (6.3) gives again the "fixed roots" *lth restrictions imposed 

by the t»o other equations (6.3) whereas the "moving" roots are given by (6.9). 

It is easy to ascertain (see the previous report) that the biquadratic equation 

(6.9) has in this case two real positive roots "moving in opposite directions" 

when the parameter A and, hence, q(A ) varies monotonically. In this case 

an occasional high frequency of the parasitic self-excited oscillations may 

give way to a rather lor frequency and vice versa as ras actually observed in 

the ship stabilizing control systems. 

In order to produce the action of the analogue representing the d.d.e. 

(6.7) it is necessary to set ^ 0, ^ = CO in the general scheme of Fig. 3 

fe shall limit ourselves only to these tro particular cases but ther is 

no difficulty in studying other cases corresponding to other possible combina¬ 

tions of tro constants p, cd^ and three variable parameters y , q and P 

appearing in equation (3.2). Finally, the study can be still further extended 

by varying the time lag h. 

It is thus seen that the exploration of all possible cases involves the 

investigation of a six dimensional "parameter space" and the particular cases 

which we have just studied represent the cases of degeneration of this ’space" 

into "sub-spaces" of lower dimensions. 
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8. Experimental Arrangement. 

The experimental arrangement consists of an amplifier, shown in Fig, 9, 

a low pass filter and an auxiliary circuit. The output of the amplifier is 

fed through the filter to one side of the auxiliary circuit. The other side 

of the circuit provides a pick-off voltage to the amplifier input. On the 

amplifier panel are a volume control, a polarity switch and a time-delay switch. 

With any given circuit elements, polarity and time delay, the amplifier gain is 

increased until the circuit breaks into oscillation. The voltage at some con¬ 

venient point is observed on a cathode ray oscilloscope and the frequency of 

oscillation measured. The observed frequencies are then compared to computed 

frequencies for a check of the theory. In some instances the amplification 

necessary to produce oscillation was measured and compared with the theoretical. 

a) The amplifier. 

The amplifier is a conventional audio amplifier of rather low gain and 

medium power output. The maximum pover output is 6 watts. The secondary wind¬ 

ing of the output transformer has taps for loads of 500 ohms, 250 ohms, and 

others which were not used. The maximum voltage amplification, measured at 

1 kilocycle, between the input terminals of the first transformer and the 250 

ohm tup of the output transformer, with 500 ohms across the entire secondary 

but with the filter and auxiliary circuit removed, was 44. The frequency re¬ 

sponse was reasonably uniform over the range of frequencies of interest 

(75 cycles to 1 kilocycle) and of negligible phase shift. 

Inasmuch as the construction of amplifiers of such limited characteris¬ 

tics presents no serious technical problems we need not concern ourselves with 

circuit details beyond a few remarks on input and output impedances. 

Transformer coupling to the input stage was chosen because, in contem¬ 

plation of certain experiments, it allowed connection to two points in the 

external circuit both of which were above ground potential. Eventually this 
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type of connection was avoided and one terminal grounded for all experiments. 

The transfoTmer ratio of 20 K to 100 K provided a voltage step-up of V'5, at 

the same tjme presenting a 20 K shunt across the "pick-off" impedance. On the 

other hand, the hum pick-up due to the transformer can become quite serious, 

unless the transformer is specially shielded, making the preference over re¬ 

sistance coupling questionable. 

The output of the amplifier is fed to its load resistor, R, Rig* 2, 

through many sections of a low pass line filter in common use in the telephone 

industry. Since it is desirable to have both the sending end and receiving 

end impedances of the filter equal to its characteristic impedance, approxi¬ 

mately 240 ohms, the impedance seen looking back into the amplifier should be 

/ 
240 ohms. This matching cannot be accomplished by using a 240 ohm tap on an 

output transformer (250 ohms is a usual commercial value). The impedance seen 

at these terminals will be the plate impedance of the tube (or tubes) stepped 

down by the impedance ratio of the transformer. Unless special methods are 

used this is almost invariably higher than the load impedance. 

In order to correct this mismatch, resort may be had to various devices: 

negative feedback within the amplifier, auxiliary loading, use of lower impedance 

taps than the nominal, or of voltage dividers, and others. Here both negative 

feedback, which would have been sufficient, and auxiliary loading are used. 

Thus the output impedance of the amplifier at the 250 ohm tap was approximately 

2350 ohms without feedback, 50 ohms with feedback, and 40 ohms with feedback and 

a 500 ohm resistor across the entire secondary. An additional 200 ohm resistor 

in series brings the output impedance up to the requisite 240 ohms. (Inciden¬ 

tally, the load presented to the tube is less by l/3 than the value for which 

the transformer was originally designed.) 

A double pole, double throw toggle switch, wired for reversing connec¬ 

tion, is used to change the polar!tv of the output voltage. The markings 
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+ and - (Fig. 3 ) f fer to the sign of the coefficients of the delayed terms 

in the equations 

X + Y Xk + px + + û>02x + pxh = 0 (3.?) 

These coefficients are functions of the magnitude and polarity (or 

phase, if the reference voltage is a sine wave) of the amplification. If, for 

a given setting of the switch, a positive voltage at the input terminals of 

the amplifier produces a positive voltage at the output terminals, the sign of 

the amplification is positive but the sign of the coefficients of the delayed 

terms will be negative; consequently, the switch position is marked negative. 

Practically, for determining polarity in this manner, pulse voltages may be 

used, the comparison between input and output voltages being made on an oscil¬ 

loscope. Using sine waves, the amplification will be positive if the input and 

output voltages are in phase; negative, if they are 1^0° out of phase. 

It can be shown from the electric circuit analysis, there is inherently 

associated with each coefficient a negative sign. Vhen this inherent sign is 

multiplied by the sign of the amplification, the resultant sign of the coeffi¬ 

cient is always opposite that of the amplification. Since only one amplifier 

is used throughout, the coefficients of the retarded terms will all be of the 

same sign depending on the switch position. If it is desired to make the sign 

of each coefficient independently variable three separate amplifiers must be 

used and their outputs added. This case will not be considered, 

b) The low pass filter 

The use of a low pass filter for producing a delay in a signal voltage 

is well known, having been used extensively during the war in radar. There 

;-- 
•principles of Radar, 2-34 to 100, M.I.T. Radar School, McGraw Hill. 
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the magnitude of the delay was of the order of microseconds. In this experi¬ 

ment the delay desired was of the order of milliseconds. 

The choice of the magnitude of delay to be used really amounts to a 

choice of the frequency spectrum of operation, hence the type of electrical 

components and the characteristics of the amplifier. Thus a delay of 0.1 

microsecond bears the same relation to a frequency of operation around 1 

megacycle as does a delay of 0.1 millisecond to a frequency band centered 

about 1 kilocycle. The comparative ease of observing and possibly recording 

phenomena at audio frequencies with the cathode ray oscilloscope made this fre¬ 

quency spectrum a first choice. In regard to cost of components and size, on 

the other hand, the advantage is all with high frequency operation. 

The type of filter used was a festem Flectric 159933 line filter having 

the following constants: 

.IBS 

19 mh 38.57.S1 38.57.T2_ 
AWA- 

.3.70 
m/’ 

19 mk 
-AAMA-WSP- 

.I3S 

rf 

F;9. 9 

These were available as surplus so that a large number could be purchased at 

nominal cost. 

The inductances aretoroids wound on permalloy cores (presumably 125 p,, 

l.?" O.D.) having a Q of 150 at 3 kc. The capacitances are of mica and of 

low dissipation. The use of resistors in series with the inductors is not 

understood, and is hardly explicable in view of the high quality reactances 

used. 

In the final experiments, 15 of the filters, with internal resistors 
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removed, v.ere mude into 3 groups of 5 units. The approximate delays obtainable 

were 0.75 milliseconds for one group, 1.5 milliseconds for two groups in tandem 

and ?.25 milliseconds for three groups, the delays adding up arithmetically. 

The delays were determined by plotting a curve of phase shift versus 

frequency for the 3 groups (see Fig. 15). This curve is a straight line over 

the region of interest, having a slope of 4/1^00 = 2.22 milliseconds, about 

1.5 per cent lower than the figure quoted above. 

The measurement of phase in such a multi-sectioned filter is compara¬ 

tively easy since the phase change with frequency is fairly rapid. The Lissajou 

figures for 0° and 130° phase difference (straight lines of slope + and - 45° 

respectively for equal X and Y deflections) are observed on a cathode ray 

oscilloscope and the frequencies noted for these equal phase intervals. The 

Fig. 10 
The characteristic impedance of the filter measures 263 ohns, but 240 

ohms was used throughout. The insertion loss of the 15 units is db at 100 

cycles and 1.0 db at 1000 cycles when interposed between a generator and its 

load, each of 240 ohms. 

A 4-pole, 4-position rotary switch, mounted on the amplifier chassis is 
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used to select 1, 2 or 3 filter enroups in tnndera. 

c) The auxiliary circuit. 

This consists of a 240 ohm resistor for terminating the filter shunted 

by a group of impedance elements in series, of v.hich port are used for the 

pick-off voltage. Thus, referring to Fig. 3, R is used to denote the 240 ohm 

load resistor for the filter (the generator impedance not being shovn); L, C, 

and R.,, complete the mesh. Various types of equations are obtained by 

changing the elements other than R, but several precautions must be observed. 

Since R is used to terminate the filter, the impedance elements shunt¬ 

ing it should not, under the worst condition (series resonance), tend to load 

it appreciably. If they do, the filter will not be terminated in its charac¬ 

teristic impedance over the "operating" (frequency) band; the insertion loss 

would then be a function of frequency, whereas a constant insertion loss is 

desired. If the sum of the resistances external to R (in this instance R^) 

are kept greater than 10 times R this condition will be met reasonably well. 

At first glance it may seem that equation (6.2) which uses capacitive 

pick-off (Fig. 11) should be one of the easiest to set up with the analogue. 

This is not so. There is a 

tendency to produce oscilla¬ 

tions other than those desired, 

as may be seen from the follow¬ 

ing considérationsî 

Tith the circuit of Fig. 

11, the amplifier will tend to 

oscillate at a low frequency practically independent of the value of and 

the delay. At low frequencies the reactance of L is practically a short cir¬ 

cuit, the reactance of is practically an open circuit, and the delay 

such a small part of a cycle as to be practically negligible. The amplifier 
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is then essentially fed back on itself and parasitic oscillations are to be 

expected. 

Parasitics of these types may be avoided by judicious selection of cir¬ 

cuits and operating frequencies. In general, it should be borne in mind that 

the analogue must be used v.ith discretion. 

9. Experimental Pesults. 

In general the observed frequencies of oscillation v.ere v.ithin about 

5 per cent of the calculated values, these latter being taken from graphs of 

which several are appended. Originally the filters were used with the internal 

resistors (see section 3), and accuracies a little over 10 per cent with two 

groups were the best obtainable, nth the resistors removed, the accuracy was 

easily halved. 

Only a few of the many possible differential equations were explored, 

the chief task being to prove out the analogue. Attention was centered pri¬ 

marily on the analysis of experimental equations. Such problems as the 

synthesis of equations, transient response, high frequency analogues, higher 

order equations, and others, could not, in the time allotted, be investigated. 

The graphs are of two types, corresponding to equations (4.5) and 

(4.7). These equations will be called the general equation and the A equa¬ 

tion. The graphical construction for the general equation was reviewed pre¬ 

viously in this report and may be found in more detail elsewhere. The graphi¬ 

cal construction for the A equation is believed new and will be discussed. 

The A equation is factorable into the fora 

a2 + b2= A2 

where A and B are complicated furetions of the experimental, parameters and 

#0n Certain Applications of Difference-Differential Equations, by N. Minorsky, 

OUR Report, April 15, 194¾, Stanford Oniversity. 
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of frequency but not of the amplification. If the left-hand side of equation 

(9.1), which we shall call f(A,B) is plotted on rectilinear axes as a 

function of frequency (or o), then the effect of increasing the amplifica- 

2 
tion may be seen by constructing horizontal lines of value A • The intersec¬ 

tion of the horizontal A2 lines with the plot of f(A,B) vdll project on 

the frequency axis (the abscissa) the movable roots discussed earlier in the 

report in connection with Fig. 5. This construction is illustrated in Fig. 12. 

An analogous construction may be used in polar coordinates, values of constant 

À being represented by circles. 

In practice, a slight modification is made. The ordinates are made 

proportional to V A2 + B2, hence intersections are found directly with A 

rather than A2. The A line is not always horizontal since A is really 

the combined frequency response of the amplifier and filter, lore exactly 

where G is the amplification of the amplifier to the output resistor R in 

the absence of the filter, and I.L. is the insertion loss of the filter ( > 1). 



Or if both effects be combined, \ is the amplification measured to the load 

resistor R through the filter. When A is not a straight line, then it 

may be raised or lowered without alteration of shape on the f(A,B),'j> plane 

provided f(A,B) is plotted in decibels (or to a logarithmic scale). This 

is done in Fig. 23. 

Figures 22 and 23 represent a case of multiple oscillation (see section 

5). Both the general equation and the X equation were plotted. The experi¬ 

mental values are given in Fig. 15. The time delay was 1.5 milliseconds and 

the sign of the coefficients negative. 

-'VIAAA- 
70Í2 IK 

Fig. 13 
The constants for Figs. 16, 17 and 13 are essentially those shown in 

the auxiliary circuit of Fig. 3. 

The constants for Figs. 19, 20 and 21 are shown below in Fig. H. 

2^5 
■Q 5 

2K lh 7ÛS2 

Fig. 14 
The graphs are, for the most part, self-explanatory. 
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10. Concluding Rfcmarks. 

The preceding study shows that the agreement between the experimentally 

observed and the calculated frequencies is of the order of 5 per cent. Two 

fnctors account for this discrepancy: (a) Fxperiraental errors, (b) Computed 

values of the "harmonic" roots. It is lively that the experimental errors 

were not far from that order of magnitude inasmuch as the circuit used was 

made of the available radio material and no high accuracy technique in measure¬ 

ments and determination of errors was attempted. 

On the theoretical end, the calculated values correspond to the "har¬ 

monic" roots (z^ = i'p^) of the transcendental characteristic equation without 

taking into account the non-linear correction arising from the fact that in 

the self-excited state these roots are always complex with positive real parts. 

From the fact, however, that the overall discrepancy of about 5 per 

cent is probably of about the same order as the accuracy with which the various 

experimental factors were determined, it follows that the non-linear correction 

was rather small in these experiments. This means that these phenomena appar¬ 

ently occur with rather small increments (a > 0) so that the real parts of 

the complex roots are rather small as compared to their moduli j z . 

If such is the case, one can improve the calculation of these roots as 

was outlined previously (pages 12 to 14, earlier report) by calculating the 

real parts of the complex roots with a corresponding frequency correction. 

Such elaboration of the theory would be useful, however, only if the 
\ 

experimental work is conducted with the full knowledge of the order of magnitude 

of errors in the numerous constants and parameters of the oscillating system 

and its accessories. 

The experiments made so far did not aim at such refinements and their 

main purpose was to explore qualitative features of an analogue of these func¬ 

tional equations rather than to try to develop a high orecision instrument. 

'S 

ft 
ft 
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