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1. Introduction 

The purpose of this paper is to discuss the theory 

and appl tcations of bispectral analysis. 

The subject of bispectral analysis is an outgrowth 

of the spectral analysis or stationary time series and 

the study of higher moment properties of physical processes. 

For example, applications of bispectral theory are ~ossible 

1n meteorology and oceanography. To date little theoreti­

cal work has been done in bispectral analysis. 

Spectral analysis has been developed by mathematical 

statisticians and conununications engineers. Consequently 

the theory, terminology, and methods of application form 

a combination of results from the two different fields. 

Spectral analysis has been widely used to study problems 

in the physical sciences and cormnmications engineering. 

The work to date in bispect:·al theory has been the 

study of the Fourier transform of the third moment function 

of a third order stationary stochastic process. As in 

spectral analysis, the interest is in the frequency domain 

rather than the time domain. J. W. Tulcey [10] introduced 

bispectral analysis in an unpublished manuscript written 

in 1953. Tulcey defined generalized exponentials and 

studied the symmetries of the bispectrwn and the third 

moment function. Using these results, he obtained integral 

representations for the b1spectrwn and the third moment 
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function. Tukey also indicated the generalization of these 

concepts to higher order spectra. The available part or 

Tukey 1s manuscript is brief and incomplete. It is mainly 

a sununary and does not give mathematical detail. 

The organization or this paper is as follows. 

Several basic definitions are noted 1n Chapter 1 following 

the introductory remarks. Chapter 2 is a brief survey or 

some results in spectral analysis. Aliasing is discu sed, 

and an example or a spectral estimate is given. Chapter 3 

is devoted to bispectral analysis. The first part of the 

chapter presents theory and is based upon Tukey 1s manu­

script. Tukey 1s theoretical results are given 1n more 

detail.. The synunetries or the bisp,?ctrum and third moment 

function are formalized as transformation groups. The 

second part or the chapter treats the problem or estimation. 

The work in this area is still untested. Van Ness and 

Rosenblatt have recently obtained a result, as yet unpub­

lished, about the large sample variance or bispectral 

estimates. Chapter 4 gives the derivation or the bispectrum 

for two examples. One is a Gaussian model, and the other 

is a modified form of an example given by Tukey. 

A stochastic process is a family or random variables 

(X(t),t€-r), where -r is an index set. In general X(t) 

is a complex vector-valued function. 



Y1(t) z1(t) 

(1.1) X(t) a 

Y2(t) 
+ i 

z2(t) 
I • • 

• • 
• • 

Yk(t) Zic(t) 

where the Yi (t) and zi (t) are real random variables 

for all t£1', ial, ••• , k. (1.1) specifies a k-dimensional 
stochastic process. In this paper k=l is always as­

swned. Two cases or 1' are treated. In one 1' is the 

set or all real numbers, or the set or all nonnegative 

real numbers. Then the stochastic process is termed a 

continuous parameter process. In the other case 1' is 

the set Jl0,±1,±2, ••• ), or the set (0,1,2, •.• ). Then the 
process is termed a discrete parameter process and is 

denoted by {Xt,t£1'). 

By considering consistent finite-dimensional dis­
tributions, the probability structure or the stochastic 

process may be determined. For example , n may be taken 

to be the space or all rune tions from 1' into the com­

plex plane. If ~1' is the minimal a-field over all 

intervals in n (interval is defined for the function 

space n), there exists a probability measure p1' defined 

on the members or ~ 1' • Details are round in Doob [ 3]. 

The continuous parameter process lX(t),t£1') will 
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be denoted simply by X(t). Similarly, the disc ete param­

eter process lXt,t€T) will be denoted by Xt• X(t) may 

also be written X(t,w), W£0, to indicate the underlying 

probability assumptions. Then Xt is also written Xt(w). 

The continuous parameter process X(t) is strictly 

stationary if X(t1),X(t2 ), ••• ,X(tn) and X(t1+h), 

X(t2+h), ••• ,X(tn+h) have the same joint distribution for 

any finite set (t1, •.. ,tn) or parameter values and any 

real number h such that ti+h € T, ial, ••• ,n. 

X(t) is weakly stationary (or second order station­
ary) it 

(1.2) 
EX(t) = m 

EX(t) X(t+g) • R(g) , 

where m is a constant and g is any real number such 

that t+g € T. R(g) is termed the covariance function or 

the weakly stationary process X(t). 

X(t) haa r th order stationarity 1r 

(1.3) 
EX(t) = m 

EX(t)X(t+g1) ••• X(t+gr-l) = R(g1, ••• ,&r_1 ), 

where (g1, ••. ,gr_1) 1s any vector or r-1 real numbers 

such that t+gi € T, 1=1, ..• ,r-1. R(g1, •.• ,gr_1) is 

termed the r th moment function or the r th order station­

ary process X(t). 



The identical stationarity definitions apply for a 
discrete parameter process, except that g is an integer 
and (g1, ••• ,gr_1) is a vector of r-1 integers. 
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2. Some Results in Spectral Analysis 

This chapter is devoted .to a brief exposition or 
some aspects or spectral analysis which are useful in 
suggesting analogs for bispectral analysis. 

Throughout this chapter it is assumed that X(t) 
is a weakly stationary real-valued process. Then (1 .2) 
becomes 

EX(t) = m 
(2.1) 

EX(t)X(t➔~) • R(g), 

and it follows that 

( 2. 2 ) R ( g ) • R ( - ·g ) . 

Assume m-0. R(g) is a nonnegative definite function on 
the real line. The existence or the spectral distribution 
function is established by Bochner•s theorem for a con­
tinuous parameter process and by the Herglotz lenuna for a 
discrete parameter process. Details are in Doob [3]~ 

For a continuous parameter process 

(2,3) R(g) = L=1
YJlldF(w), -/Ill. g'-oo, 

where the spectral distribution function F(w) is real, 
nondecreasing, and has bounded variation. (The variance 
is assumed to be finite.) If R(g) is absolutely in­
tegrable, X(t) possesses a spect~al density function 
r(w}, and (2.3) may be written 



R(g) = lrP e1gmf((l))dlll 
_ (/) 

= ['°rt) cos(gm)f((I) )dlll, -(1)L g La>, 

(2.4) 

The spectral density r(w) is real, nonnegative, and 

sat isfies 

(2.5) 

The relation 

(2.6) 

f(w) ~ f(-w) • 

(2.4) may be inverted, yielding 

f((I)) ,. ii JrP e -1olgR(g )dg 
-(I> 

= ii I: cos(~)R(g)dg , -l1>'- (I)'-«> , 

The analogous results for a discrete parameter p ocess, 

when a spectral density exists, are 

R = (..,, eigwf(m)dw 
g J.T 

= [ cos(gw)f((l))dlll), gaO,tl,±2, ••• , 

and 

(2.8) 
{TJ 

= ~ L cos(c.ug)R , -1rfw~1r • g•-CI) g 

As in the continuous parameter case f(w) is real, non­
negative, and. symmetric. However, f(w) is defined only 

for -1ri w f 1r. 
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In the remainder of this chapter, it will be as­

swned that the process X(t) possesses a spectral density 

function. Having defined the spectral density function, 

we now give a brief discussion of aliasing. 

Assume that the continuous parameter process 

X(t), -a,,t,~, has been observed for integer values 

t=0,±1,±2, •••• In other words, an underlying continuous 

parameter process has been sampled at equal intervals. 

The discrete sample may contain less information about 

X(t) than would be available from a continuous record of 

X(t). The results below indicate the nature or the loss 

or information. 

The spectrum (spectral density function) and co­

variance function of the continuous parameter process X(t) 

are related by (2.4) and (2.6). Let X(n), n•0,±1,±2, .•. , 

be the sampled process. It is a consequence or the de­

finition that X(n) is weakly stationary with some co­

variance f'u1ction R(m) and some sp ctral density function 

rA(w). Then R(m) and rA(w) have the Fourier repre­

sentations 

( 2.9) 

R(m) = /Ycos(ll'IJl)fA(w)dm, m=0,±1,±2,,,., _., 
GO 

rA(w) =,h L cos(CJ.Jn)R(m), -1r~w~'ff'. 
m=-CO 

By definition or X(n), 



R(m) = 1:os(llrJl)f(w)dul 
-(J) 

(2.10) 
a:, /(2k+l)1r 

= [ cos(nr.o)r(w)dw 
k= ~ (2k-l)v 

= 1:os(llrJl) r. f(w+2vk)dw , 
-ir k= ..a, 

as the assumptions on r(w) permit an interchange or 

summation and integration. Therefore, rA(w) is or the 

form 
CJ) 

( 2 .11) r A ( w) = [ r ( w+21Tk) • 
k• -oo 

rA(w) may be termed the aliased spectrum or the process 

X(t), and (2.11) indicates the relationship between the 

spectrum and the aliased spectrum or X(t). The contri­

butions from frequencies w+21Tk, k=0,±1;±2, ••• , are con­

founded 1n the aliased spectrum. Given the sampled procesE 

X(n), one cannot distinguish between the frequencies 

w:iteirk, k=0,±1,±2, .•• , because they all appear as the fre­

quency w. This confounding or frequencies is called 

aliasing. 

Since r(w)=f(-(.1.)) for a real process, (2.11) may 

be rewritten as 

(2.12) 
a, 

r A (w) = r(w) + L [ r(w+21Tk)+r(-<.0+21rk)] • 
k=l 
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It may be shown that fA(w) arises from "folding• f(w) 

onto the interval [-v,v]. This is pictured in figure 2.1. 

f(w) 

w 2v-w 2v+<.t.> 4v-w 

figure 2.1 

f(w) is a spectral density function for a real 

process or the continuous parameter variety. The 

figure illustrates the "folding" or f(w) to ob­

tain f A(w). 

The continuous parameter process X(t) is said to be band­

limited if f(w)-0 for w outside an interval. In par­

ticular, if f(w)aO for w outside the interval [-v,v], 
or outside any interval of length 2v (the interval is 

assumed known), there is no loss of information due to 

alising. 



An intuitive explanation of aliasing is given by 
Jenkins [7]. Suppose a continuous parameter process X(t) 
is observed for values t=0,1,2, •••• The spectrum yields 
a decomposition of the variance R(O) into harmonic com­
ponents. With the parameter t as time, it seems reason­
able that the contribution to the variance from high fre­
quencies cannot be estimated on the basis of the sampled 
process unless the sampling interval (the distance between 
successive time points where X(t) is sampled) is small. 
We lose information about frequencies above what is called 
the Nyquist or folding frequency, ~=-11/6t, radians per 
second, where ~t is the sampling interval. In cycles 
per second ~ corresponds to fN=l/{26t). These results 
were shown by (2.12) for 6t=l. 

In Chapter 3 aliasing in bispectral analysis is 
discussed. 

The problem of estimating the spectral density 
function is well known. Assume X(t) is a continuous 
parameter real process with mean zero. A finite sample 
X( t), t=l, ••• IT, is observed. Since 6t=l, the Nyquist 
frequency is ~=,r radians per second or fN=l/2 cycle 
per second. It is then desired to estimate f(w) for 
-Tr I: w ~ 1T. Some information about the sp ec trum may be lost 
due to aliasing. It is sufficient to estimate f(w) for 
o f w f 1r, as f ( w) =f (-ID) • 

11 
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The sample covariance function C(g) is often 

defined as 

(2.13) 

T-lgl 
c(g) - ! Y-:. x(t)X(t+lgl), g=0,±1,±2, ••. ,±(T-l) 

t;:l 

• 0 , lglit T • 

The periodogram I.i,(w) is defined by 

(2.14) 1 T itfil.. I.r ( w) = 21r T L e - - --x ( t ) 
t•l 

2 

It follows that 

(2.15) ( 
T-1 ) I.i,(w) = * c(o)+2 L cos(~)C(g) , .,,. g•l 

and the periodogram and sample covariance function are 

Fourier transforms of each other. 

Spectral estimation may have several goals. Some 

authors desire to form estimates of f(w) as defined by 

(2.8). Others desire to estimat, the mass or the spectral 

density function over an interval containing w, or 
c.o+h 

fh(m) =f. f(x)dx, 
CJ.>-h 

where [c.o-h,CJ.>+h]C [-1r,1r]. There do not exist unbiased 

estimates of fh(w) which are quadratic forms in the 

observations. (See Goodman [4], e.g.) , The interval ap­

proach is extended by considering the estimation of 



quantities f(A), called spectral avera es, where 

( 2. 16) f(A} =l: A(m)f(m}dm, 

A(w) is a bounded continuous function and is called a 

kernel or spectral window. An estimate of f(w) may be 
obtained by considering spectral windows with peak at w 

and bandwidth of the order of 1/r. Various definitions 
of bandwidth exist in the literature (e.g., see Jenkins 

[ 7]). 

Grenander and Rosenblatt [6] have shown that the 
only spectral estimates which need to be considered are 
of the form 

(2.17) 

where the A(g) are constants such that A(g)=A(-g). 
More specifically, they have demonstrated that given any 

quadratic estimate, there always exists an estimate of the 
form (2.17) having the same variance. Using the fact that 
~(w) and C{g) are Fourier transforms, it may be shown 
that 

{2.18) 

where 

(2.19) 1 T-l iw 
Krr(w) = ~ E e gA(g) 

Tr g= -(T-1) 

13 
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is a translation kernel. It is as urned that K,_r(w) as­

sumds its maximum at c.o-0. Therefore, weighting the sample 

covariances with the constants A(g) is the same as aver­

aging the periodogram with a kernel or spectral window 

K.r,(w), as give~ by (2.19). The periodogram suggests it­

self as the logical choice or a spectral estlmate. How­

ever, I.r(w) is not a consistent estimate or the true 

spectral density r(w), and it has been rejected as an 

estimate. Consistent estimates or the spectral density 

function r(w
0

) for given w
0 

may be found by using 

sequences of kernels "n(w). See orenander and Rosenblatt 

[ 6]. 

From~ sample of T observations, it is possible 

to estimate at most T covariances (as R(g)=R(-g)) . 
• Let C (g) be an unbiased estimate or R(g), and form 

A 
an estimate r(w

0
), as 1n (2.17), 

" l T-1 -igw * f(w
0

) • ~ L e O X(g)C (g) • 
.,,. g• -(T-1) 

Then the expected value or this estimate is 

(2.20) 

with h(w) • K.r(w), def ined by (2.19). 
A Therefore f(w

0
) estimates a spectral average with spectral 

window h(w) having a peak at w
0

• Thus, the problem of 



spectral estimation may be regarded as one of choosing 

h(w) properly, or equivalently, of choosing appropriate 

constants A(g) for g=0,±1,±2, •.. ,±(T-l), such that 

A( g )=A(-g). It is desirable to choose h ( w) so that the 

bandwidth is sufficiently narrow to give a meaningful 

breakdown of the spectrum, that is, to avoid smudging of 

f(w
0

) with f(w) for values w in the vicinity of m
0

• 

15 

On the other hand, as the bandwidth decreases, the variance 

of the estimate increases. In fact, the product of band­

width and variance is a constant. Details are given by 

Grenander [5]. 

Two examples of spectral estimates are now given. 

Given the sample, calculate the sample mean and subtract 

it from each observation, obtaining X(t),t=l, ••• ,T. Next 
* ~ ) calculate C (g) • ,~lgl C(g), where C(g is defined 

by (2.13). A real number m£T-l is chosen, and A(g) is 

defined to be O for ;gl~ m. The number m will be 

called the maximum lag-product computed. It is clear that 

choosing m£ T-1 will reduce the calculations, as fewer 

than T sample covariances have to be calculated. For a 

given kernel bandwidth and the maximum lag-product computed 

are inversely proportional. A discussion of the choice of 

m is given by Blackman and Tulcey [2], Jenkins [7], and 

Parzen [ 8]. 

The first estimate, called the truncated periodogram, 
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is specified by 

A1(g) • l fo ~ lglL m 
(2.21) 

= 0 for I g I ~ m • 

The kernel corresponding to these weights is 

(2.22) 
l sin w(m+l~2) 

= ~ sin wT • 

This is the Dirichlet kernel. 

The second spectral estimate to be cited is given by 

1 A2(g) = , .(1 + cos vg/m) for lglf m 

= o for I g I ~ m • 

The kernel corresponding to A2(g) is 

( 2. 24) 

This kernel was proposed by Tukey. The kernels h1(w) 

and h2 ( w) are shown 1n figure 2. 2. 

This completes the summary of some aspects of spectral 

analysis. 
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12 

8 

4 

(J.) 

-4 

figure 2.2 

The kernels h1(w) and h2(w) are shown for m=6. 

The figure is part of Figure 2 1n Jenkins [7]. 
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3. Bispectral Analysis 

In this chapter bispectral analysis for a continuous 

parameter process will be discussed. Occasionally the dis­

crete parameter analog will be given, but usually that 

result will be clear. In viewing the bispectral problem, 

we should bear in mind the remarks or Chapter 2, especially 

those relating to aliasing and estimation. 

Let X(t) be a (compl ex-valued) stochastic process 

or the continuous parameter variety. Assume that X(t) 

has third order stationarity, 

EX(t) = m 
(3.1) 

EX(t)X(t+g)X(t+h) • R(g,h) . 

It may be assumed that m-0. (If not, consider the process 

Y(t)•X(t)-m, for which EY(t) =O.) Assume that R(g,h) 

exists for all pairs (g,h) or real numbers, that R(O,O) 

is finite, and that R(g,h) admits a Fourier integral 

representation, 

dB(w1,w2) 1s a complex-valued .f'unct1on: dB(w1,w2) • 

dC(a>i,,w2)-idQ(a,_,w2), in the notation or Tulcey [10]. 

Wi_ and w2 may be viewed as frequencies and (CJ>1 ,CJ>2) as 

a bitrequency, and (g,h) may be viewed as a point in 



two dimensional time space. If R(g,h) is absolutely in­
tegrable over the g,h plane, then 

19 

where b(w1,w2) = c(w1,w2)-iq(w1,w2). b(w1,w2) is called 
the bispectrum of the process X(t) when (3.3) holds. 
Otherwise dB(w1 ,w2 ) is the bispectrum. For the remainder 
of this chapter (3.3) will be assumed. 

The bispectrwn b(w1,w2 ) may be written as a Fourier 
integral involving R(g,h), 

l 2 ryez> -1 ( wl g-+<.u2h) (3.4) b(w1,w2) = (~) j_j e R(g,h)dgdh. 
4 -ao 

The analogs are 

(3.5) 

and 

(3.6) 

In a similar manner higher spectra, such as the trispectrwn, 
et c., may be studied. If (1.3) with m-0 and other 
suit~ble conditions hold, then 

/

1» JrlJ i{glwl +. • • +gr-100r-l) R(gl' • • • ,gr-1) • '• • e • 
•G, •t.l? 
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(3. 7) R(l) • J.:11,•~ b(lil)dii$ , 

and the inverse relation is 

(3,8) b(~) • (.ii/-l 1:-lil>•i, R('g)dg , 

From the definition R(g,h) a EX(t)X(t+g)X(t+h), it may be 

seen that the function R(g,h) has s1xfold syn111etry, 

(3.9) R(g,h) • R(h,g) • R(h-g,-g) • R(-g,h-g) 

• R(g-h,-h) • R(-h,g-h). 

For example, 

R(-h,g-h) • EX(t)X(t-h)X(t+g-h) 

• EX(t+h)X(t)X(t+g) 

• EX(t)X(t+g)X(t+h) . 

The symmetries (3.9) may be formalized into a group [ll]. 

U!t g1•(g,h). Define the following six two-by-two 

m&trices, 

I • \1 01, S • [O 17 ' T • r1 -~ ' 
Lo 1J 1 oJ ~ -~ 

TS • \-l ~ , ST • ro -~ , STS .. r-l ~ , 

bl~ ~ -~ ~l ~ 
These matr1c es form a group £ under ordinary matriX mul-



tiplication. Notice that TS is the matrix product of 

T and S, etc. Also STS=TST. The elements of fl 
operating on g yield 

(3.11) 
lg = ( ~ ) , Sg = ( ~ ) , Tg • ( g =~ ) , 

TSg =(h::), STg = (g:~), STSg = (h:~) • 

Therefore R(g) is invariant under transformations 

rR(g)=R(rg), where rf. £. 

The multiplication table for the group /l 1s as 

follows: 

I 

I I 

s s 
T T 

TS TS 

ST ST 

STS STS 

s 

s 
I 

TS 

T 

STS 

ST 

T 

T 

ST 

I 

STS 

s 
TS 

TS 

TS 

STS 

s 
ST 

I 

T 

ST 

ST 

T 

STS 

I 

TS 

s 

STS 

STS 

TS 

ST 

s 
T 

I 

The symmetric group of all permutations on three 

objects ~ 3 has the elements 

21 
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Multiplication 1s defined on the l eft . Under the corres­

pondence: r~(l), s-(12)., T~(l3), TS-(123), 

ST ....., ( 132), and STS- ( 23), t he groups ~ 3 and £ are iso­

morphic. This suggests an alternate definition of R(g,h) 

as a function of three arguments, one of them a dummy equal 

to zero or a constant. 

Define f(g,h,0)=R(g,h). Then it is desired to have 

~(g,h,0)•f(h,g,0)•f(g-h,-h,0)=,(-h,g-h,0)=,(h-g,-g,0) 

=q,(-g,h-g,0). M:>re generally, let , be a function such 

that ,(x-+<:l,y-+d,zid)=q,(x,y,z)=,(x,z,y)=,(y,x,z)=,(y,z,x) 

=,(z,x,y)-cp(z,y,x). Then the following must hold, 

(3.12) 

NOW the 

(5.13) 

,(h,g,Q) = f(g,h,0) 

,(g-h,-h,0) = ,(g,0,h) = f(g,h,0} 

,(h-g,-g,0) = f(h,0,g) = ,(g,h,0) 

,(-h,g-h,0} • ~(0,g,h} • ,(g,h,0} 

,(-g,h-g,0) • f(0,h,g) = ,(g,h,0} • 

group /l may be reformulated as 7, 

Tl • [~~~ Ul~u 
~

100~ , T2 • , T3 • 001 , 
001 001 010 

[
OlOJ T4 • 001 
100 

, TS • ~~~~ 010 
, T6 • 

Ll
oo~ ~~ . 

Defining l' as (g,h,0), it follows that ,{l)aq,(Tg) 
~ ,r' 

for T£ J. The multiplication table for :t 18 as follows 

(multiplication 18 ordinary matrix multiplication): 



T1 T2 T3 T TS T6 

T2 Tl TS T6 T3 T4 

T3 T4 Tl T2 T6 TS 

T4 T3 T6 TS Tl T2 

1'5 T6 T2 Tl T4 T3 

T6 TS T4 T3 T2 Tl 

Since R(g,h) and b(w1,w2) may be expressed as 

Fourier integrals 1n terms or one another, it is apparent 

that the sixfold symmetry or the R(g,h) function must 

somehow be reflected in the b(w1,w2) function. This is 

seen to be the case. 

Let g••(g,h) and ~•-(w1,w2). The group fl will 

be used to obtain the symmetries or b(w). Since 

R(g)•R(Sg), 

(3.14) 
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as dg-cl(Sg). (The Jacobian or the transformation is l.) 

Writing f*-Sg yields 
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(3.15) b(~) = e- i S ill g* R( g*)dg*, f ( - 11 ) I 

where the range of integration i s the entire plane for the 

integrals in (3.14 ) and (3.15). Therefore, b(C:0)=b(S-11m), 
and, similarly, b(w)=b(T-11~)=b((TS)-11"aS)=b((ST)-11cl>) 

•b((STS)-11w), yielding the six bispectral symmetries. 

Each bispectral symmetry 1s induced by a corresponding 

symmetry of the third moment function. It is apparent that 

the bispectral symmetries also form a group B of transforma-

tions. 

(3.16) 

Define 6 by 

I* • I = l OJ , S* = s-1 ' . ro ll , 
0 l L1 ~ 

T* - T-1' .J1 0 l , TS* = (TS)-1' =ro l 7 , 
L-1 -~ ~ l -~ 

1 1 fl -17 
ST* - (sTr l l oj , 1 fl-~ 

STS* = (STS)-l =LO 1J 

1B is a group under ordinary matrix multiplication, and the 

groups t and Sare isomorphic under the correspondence, 

The bispectral symmetries may be expressed 1n the 

following form, 



The above discussion has shown tha the bispectrum 

and the third moment function each possess six symmetries. 

The Fourier integral representations for the two functions 
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as transforms of each other do not utilize these symmetrical 

properties. It is desired to ioodify the Fourier expressions, 

in orporating the symmetries. 1~ will be seen that this 

will reduce the range of integration in each integral to a 

principal region. These results will be accomplished using 

Tukey1s generalized exponential functions. 

Later there will be occasion to use the matrices 

s•-1', T•-1 ', (TS*)-1', (ST*)-11 , and (STS*)-11 • Prom 

(5.16) it is seen that these matrices are merely S,T,TS, 

ST, and STS, respectively. 

In an unpublished paper Tukey [10) has introduced 

the generalized exponential functions and discussed some 

of their properties. 

{ 
ia>i, 1w2, -i ( wl i<D2J exp 
gl,g2,g5 

denotes an average 

of six exponentials. In particular, 

(5.18) - ( «>i -kll2 ) g 3 1} + exp { 1 
[ «>i g 1 -kll:iS 3- ( «>i -f<D2 ) S2 ~ 

+ exp {i[wl g2i<l>~1-(wl i<J.>2 )g3 J} 
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(3.18 cont'd) 

+ exp[ 1( (1)1 g2°f(l)2g3-( (1)1 -1<1>2 )gl 1} + exp fie (1)1 g3-1<1>2gl 

-(wi'+<JJ2)g2l} + exp{i[wlg3-+<JJ2g2-(w1+<.02)g1lj • 

Writing ~•a(w1,w~1-w2) and g'=(g1,g2,g3), 

and using the 3! three-by-three matrices defined in (3.13), 

it follows that 

(3.19) 31 exp 
3! 

= L exp( ~•TJ'g) . 
J=l 

Hence 31 exp is obtained by adding 

the 31 terms obtained from the 31 permutations of the 

coordinates of g. 
It is clear that 

Hence the coordinates or g or m may be permted. 

sin and cos 

are defined similarly, and the following holds, 



iw1 , 1w2 , - 1 ( 1 2) wl ,w2 ' l -w2 
(3. 20) exp = cos 

l ' 2' 3 gl ., g2 ., g3 

wl ,w2 ' l -w2 
+ i sin • 

gl ., g2 , 3 

Several properties of the general ized exponentials are 

easily proved . 

(3.21) exp = exp • 

Hence g3 may be taken as O without loss of generality. 

Also 

(3.22) exp 
iw1d.,iw2d.,-i(w1i<D2 ) 

-1 -1 g1d ., g2d .,O 
== exp 

The definition of the generalized exponentials may be ex­

tended to higher dimensions. In general 

rl exp 

r-1 
1w1.,1w2 ., ••• .,1wr-l'-1 E Wic 

(3.23) 

• ~~~ exp(iii!•~l), 

27 

• 

where iiJ• • ("1.,m2••·••mr-1•- t CJ\), g•~(g1,g2•••••gr-1•0), 

and the TJ are the rl r by r matrices obtained from all 

permutations of the r-component columns f J'J=l, ... .,r., 
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where the Jth coordinate off~ is 1 and all other co­
ordinates are o. 

Next it is shown how the generalized exponentials 
can be introduced into the Fourier integral expressions 
for R(g,h) and b(w1,w2). However, a discussion of prin­
cipal regions for both functions is necessary first. 

From the six symmetries (3.9) it follows that the 
values of R(g,h) over the entire g,h plane are de­
termined by the values 1n any one of the six following 
regions, 

(1) O~h,gLaJ 

(11) o,g~h'OO 

( 3.24) 
(111) -o,,g~O I OfrhLt» 

(iv) -au .. gL h~ 0 

(v) -a>~ hf gf 0 

(vi) 0£g,a,, -0,L h~O. 

Any one of these six regions may be taken as •the principal 
region• for R(g,h). However, to simplify matters, (1) 
will be taken as the principal region. The regions in 
(3.24) are pictured 1n figure 3.1. 

Clearly (3.24) does not constitute the only set of 
principal ~egions for R(g,h). However, it 1a the unique 
set of contiguous regions. 



h 

s / 
(111) STS 

(1) 

T 

(iv) 

(v) (vi) 

figure 3.1 

The regions in (3.24) are shown, along with lines 

or invariance or R(g,h) Wlder three transtorma.­

t1ons. 
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It may be shown that R(g,h) is invariant under 

reflection about the line g=-h. This corresponds to the 

transformation s. The lines h~O and g-0 are lines or 

invariance under the transformations T and STS, respec­

tively. These axes are indicated in figure 3.1. 

There are similar results tor the six bispectral 

s~nnetries. b(w1,w2) is completely determined by its 

values in any or the following siX regions, 
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(1) <»i~ Q I -a>l/2 ' w2 ~ wl 

(11) w2~ 0 , -4l~2 ~ w1 £; w2 

(111) w1.f O , ~/2~ w2~ -2mi 
(3.25) 

(1v) w1f O , ~ ~ w2 ~ -wl/2 

(v) w2~ 0 , w2 ~ ~ ~ -4l~2 

(vi) <»i~O, ·2c.&>1 ~ w2 !: -wl/2 • 

•The pr1ne1pal region" will be denoted bJ ( 1.). The regions 
in (5.25) are pictured in figure 3.2. The,· constitute a 
unique set or contiguous regions. Thi~ precise meaning or 

principal region for the b1spectrum 1s that it is possible 
to generate the third moment function everywhere by an 

integral operation over the principal region. 

The b1spectrum 1s invariant under reflection about 
the line w111(1)2• This corresponds to the transformation 

s•. The lines w1--2m2 and w1--w~2 are lines or in­

variance under T* and STS*, respectively. 

It should be noted that the regions (3.25) are in­

finite 1n extent, and although some span larger angles at 

the origin, these should not be considered •1arger" regions. 

There 1a no gain 1n taking (111) or (vi) 1n (3.25) to be 
a principal region. The same statements apply to the six 

regions given by (5.24). 

The final integral representations ot R(g,h) and 

b{w1,w2) using the generalized exponentiala mq now be given 
I 
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(111) 
( 1) s• 

T* 

( ) (vi) 

figure 5.2 

The regions in (3.25) are shown, along with lines 

or invariance or b(w1,w2) under three transform­

ations. 

Applying (3.9), the bispectrum may be written 

1 2 L1a,j-1 ( wl g-k1>2h) 
b(wl ,a,2) •(~) '-1/)J.,/ 

• ![R(g,h)+R(h,g)+R(g-h,-h)+R(h-g,-g) 

+R(-h,g-h)+R(-g,h-g)] dgdh. 

Using the method or (3.14) and (5.15) and utilizing the 

groups t , 8 , and J, as defined by (5.10), (5.16), and 

(5.15), respectively, we see that (5.26) reduces to 
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(3.27) 

' 

l 2 
f(l) i1. L 

b ( '°J. ,w2 ) • ( ~) ir11 J. co -~il exp ( -1 ( w1 g ~h ) ] 

+ exp(-1( w2g-+<.u1 h )·] + exp(-1( w1 g-( w1 -+<.u2 )h)] 

+ exp(-1(w~-(Wi -k1)2 )h)] + exp (-1(-(w1 -k02)g 

+ w1 h)] + exp ( -1(-( a,_ -+<.u2 )g-k1)2h) ~ 

• R(g,h)dgdh 

- <kl
2 /11- r~ exp(-im1TJl~ R(g,h)dgdh 

.o, • • 31 t-1 ~ 
- <kl2 1(/J r'exp r-~,-1w2,i(w1-k02~ 

.a, la,• g,h,O 1 
• R(g,h)dgdh, 

-j•l, ••• ,6, belong to the group J. The integration in 

(3.27) 1s over the entire g,h plane. It is clear that 

the integration ID83' be restrictc=d to auy one ot the s1x 

regions (3.24) by introducing a suitable constant factor. 

The final integral representation of R(g,h) is 

obtained as follows. Write l'•(g,h) and m1•(w1,w2). 

Then 

R(l) • / eii'iJ b(W)dl! 

• j eig•iil b(Seia)diit 
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(3.28 cont'd) 

where all the integrations are over the entire w1,w2 plane. 

The last step 1n (3.28) follows from the remark below (3.17). 
The result (3.28) also holds for T*, TS*, ST*, and STS*, 
other members of the group I. It follows from (3.28) 
that the third moment function may be written 

(3.29) 

The integration 1n (3.29) is taken over the entire °1_,w2 
plane, or over one of the regions 1n (3.25). In the latter 

case, a suitable multiplicative constant 1111st appear. 

The results (3.27) and (3.29) may be generalized to 

higher spectra, The integral representations for an r th 

order stationary process are 

(3.30) 

exp 



and 

(3.31) 

exp 

r-1 
-14>i, ••• ,-1a>r-l'ik•l ~ 

As above, principal regions or integration may be found. 

Por b(c.o1, .. a,c.or_1 ) and R(g1, ... ,gr_1) there are rl 

such regions. 

It it is assumed that X(t) is a real-valued process, 
• R(g,h)•R(g,h), where * denotes complex conjugate. 

This property may be used to simplify (3.29) and (3.30) and, 

more important, to obtain new principal regions L, the 

c.o1 ,c.o2 plane, replacing those given by (3.25). There are 

twelve new regions, and these are obtain~d by bisecting 

each or the s1X regions 1n ( 3. 25). There is no s1m1lar 

result tor the regions or the g,h plane . 

• By the aaaumption R(g,h) • R(g,h) , 

• •R(g,h) dgdh. 

Then 
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(3.32) 

Coupled with (3.17) this additional property yields twelve 

bispectral symmetries. The twelve principal regions are: 

Region Determination 

Rl O ~ w2 ~ w1 L CXJ 

R2 0 f w1 f w2 La;, 

R* 2 (J.)2~ o, -w~2 f. w1 ~ 0 

R3 (J.)2~ o, -w2 £ w1 6 -w~2 

R* w2 } O, -2w2 ~ wl '= -w2 
(3.33) 3 

R4 (J.)2~ o, -a, L w1 J: -2w2 

Rt -a,'- wl ~ w2 ~ 0 

R* 
5 -<YJ'- w2' w1 f 0 

R5 (J.)2 ~ o, 0 I. w1 = -W,/2 

Rt (J.)2~ 0, -w,/2 ~ wl ~ -w2 

R6 (J.)2~ o, -w2 f wl ~ -2w2 

R* 1 (J.)2~ o, -2w2 ~ wl £ "" • 

The twelve regions are pictured 1n figure 3,3, It 1s seen 

that the regions R2,R3,R4,R
5

, and R6 are images of R1 
under t he transformations (3.16 ) of the group,13. Similarly, 

R2,R3,R*
4

,R•
5

, and R*6 are images of R*1. R1 UR~ defines 



R* 
5 

R* 2 

figure 3.3 

The twelve b1spectral regions in (3.33) are shown. 

a principal b1spectral region which 1s not contiguous. 

If K is a constant, 



By b(w1,w2)ac(w1,w2)-iq(w1,w2) and (3.20), (3.34) reduces 

to 

(3.35) 
g,h,O 

The meaning or aliasing and its consequences were 

outlined for the spectrum in Chapter 2. A similar result 

holds for the bispectrum. 

X( t) ,-()0 '- t '- a, , is a third order stationary continuous 

parameter real-valued process. Assume that X(t) has been 

observed for t-0,±1,±2, ... (l). The bispectrum and third 

(I) The sampling interval is 6t•l. See the discussion 
or aliasing 1n Chapter 2 for the case 6t~l. 
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moment function of the process X(t) are related by (3.2) 

and (3.4). The sampled process X(n),n=iO,±l,±2, ... , is 

third-order stationary with third moment function R(m
1

,m
2

) 

and bispectrwn bA(w
1

,w
2

). R(m
1

,m
2

) and bA(w
1

,m
2

) have 

the Fourier representat~ ns 

By definition of X(n), 

• ~ ~ I ( 2k1 +l )rrf{ 2k2+1 )rr 
R { m1 , m2 ) L L.. j f 

kl :.-a, k2=-a, { 2k
1 
-1 )r, ( 2k2-l )1r 

i ( n,_ (.1)1 ~(.1)2) 
e b(wl,c.u2)dmld(.o2 

as the assumptions permit an interchange of summation and 

integration; furthermore, 

(3.38) 
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This indicates a relationship between the bispectrum of 

X(t) and the bispectrum of the sampled process X(n), or 

the aliased bispectrum. Although results are not given 

here, it is possible to use the bispectral symmetries (3.17) 

and (3.32) to show that bispectral aliasing involves 

"folding• b(w1,m2 ) from squares in the m1,w2 plane 

onto the square I2={( ~ ,m2): -1T !:: m1 f 1T, -1T ¼ m2 f 1T} • 

Then there are symmetries within I2 arising from (3.17) 

and (3.32). The •folding" of the bispectrwn is shown in 

figure 3.4. Tukey[l..O) states that the bifrequency (w1 ,w2) 

is confounded 1n the aliased bispectrum with the bifrequen­

cies (21Tk1uo1,2.,,.k2±a>2) for ~,k2=0,±l,±2, .... If 

b(w11m2 )=0 for (w1,m2) outside the square ½ or outside 

any square in the w1,w2 plane of 1 ngth 21T on a side, 

then by (3.38) the bispectrum of the sampled process con­

tains all the information about b(m1,m2 ) . 

The problem of estimating the bispectrum is now 

considered. X(t) is a third-order stationary continuous 

parameter real-valued process with mean zero. It is as­

sumed throughout that the spectrum f(w )=~ for 1ml ~ 1T. 

Then it may be shown that 

( 3 .39) 

where ½ is derined below (3.38). 

The case of spectral estimation was treated 1n Chapter 
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• 
.,. 

• 
- .,. 

• 

T 

figure 3.4 

The figure illustrates the •rolcling" or b(w1 ,w2 ) 

to obtain bA(m1 ,m2). The dots ahow five b1-

trequenc1ea ldl1ch are al1uea or one another under 

the told1ng ot the squares (or length 2'I' on a aide). 

2. It 11 autt1c1ent, it wu noted, to obtain eatimatea or 

t(m) tor 0~ w~.,., aa t(co)•t(-a,). There 11 no contounding 

or trequenc1ea 1n the estimate, as t(co)-0 tor f col~.,.. 

Therefore the aet or all frequencies co between O and.,. 

conatitutea a principal region tor estimation or the 

spectrum. 



Principal regions of infinite extent for b{w1,w2 ) are given by (3.25) and are depicted 1n figure 3.2. Under the condition (3.39) a set of contiguous principal regions for estimation of b{w1 ,w2 ) lies inside the square ¼· Under the group of transformations B, defined by (3.16), 
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the following regions inside ¼ are images of one another: 

(3.40) 

(1) -wl/2 6 w2 f rul for 0, ru1 ~ v/2 
-<.01/2 ~ (l.)2 f Tr -<.1.)1 for v/2 ~ ru1 f Tr 

(11) -o.>~ 2 6 rul ' ru 2 for 0 .f (l.)2 !: 1r /2 
~ 2/2 f ru1 f. Tr -<.1.)2 for Tr /2 f (l.)2 ~ Tr 

( 111) -o.>
1/2 f w2 , -2w1 for -v/2 ~ w

1
, 0 

-a>1/2 f w2 6 Tr r or -Tr~ w1 .f -Tr /2 

( .t v ) (l.)l !: (l.)2 f -a>l/2 for -Tr /2 i (l.)l ~ 0 
-v-a.>1 6 w2 , -o.>1/2 r or -v I: w

1 1: -v /2 
( v) (02 , Wl I: -<J.>~2 for -11' /2 ~ (l.)2 f 0 

-v-a.>2 ~ w1 £ -a>,/2 r or -v ~ w2 ~ -Tr /2 
(vi) -2Q1 !: w

2 ~ -o.>1/2 for O "w
1 ~ Tr /2 

-1r ~ w2 ~ -o.>1/2 for Tr /2 5: ru1 5; Tr • 

The regions 1n (3.40) are shown in figure 3. 5. They may be viewed as arising from a truncation of the infinite regions defined by (3.25). 

As the process X(t) is real, (3.32) applies, and the regions (3.40) may each be divided into two parts to 
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obtain twelve contiguous regions of bispectral symmetry, in 

the same manner that (3.33) was obtained from (3.25). The 

twelve regions are shown in figure 3.6, which may be viewed 

aa a t runcation of figure 3.3. 

I 

figure 3.5 

This figure depicts the regions specified by (3.40). 

This discussion has led to the conclusion that region 

(1) of figure 3.6 is a principal region for estimation of 

the bispectrum of a real stochastic process. Furthermore, 

the discussion suggests that estimat i on of the biapectrwn 
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_.,,. 
(7) (12) 

.,,. 

(9) 

_.,,. 

figure 3.6 

This figure shows twelve regions of bispectral sym­

metry for a real stochastic process. 

does not involve bifrequencies 1n two triangles inside 12, 

namely ai9~ ru1 ,w2): Of w1 f .,,. and 1r-w1 6 w2 f 11} and 

t1t8 w1,w2) : _.,,. f w1 f O and -,r f w2 f -,r-wi . In fact, the 

bispectrwn is zero for all bifrequencies 1n 61 and 62 . 

This is a simple consequence of (3.39) and (3.17), or it 

may be proved from the assumption f(w)=O f'or lwl ~ v. 

The goal or bispectral estimation may be to estimate 
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b(w1,w2) for a given bifrequency(l), or to estimate bi­

spectral averages B(h), where 

(3.4-l) 

and h(w
1

,w
2

) is a bounded continuous function, called a 

kernel or "bispectral window." The second approach will 

be considered( 2

). Es timates of b(w
1

,w
2

) will be obtained 

by considering kernels which peak at the bifrequency 

(w
1

,w
2

) and then fall off rapidly around (w
1

,w
2

) and 

remain close to ze o away from the peak. If there are 

side ripples in the kernel, it is desirable that they be 

small relative to the mai peak. 

The sample third moment function C(g,h) will be 

defined only for integer pairs (g,h) with Of h ~ g '- rP • 

(I) 
It is not possible to obtain an unbiased estimate of 

b(w
1

,w
2

) from a finite sample. The only unbiased estimates 
which may be obtained are of bispectral averages, as defined 
by ( 3. 41). 

(2) 
In a paper by Hasselrna.nr., MacDonald, and Munk another ap­

proach was used to estimate the bispectrum. Their method of 
estimation is related to the contents of this paper similarly 
to the manner in which analog and digital means r:£ spectral 
estimation are related. (Blackman and Tukey [2] compare 
analog and digital means of spectral estimation.) See Klaus 
Hasselmann, Walter Munk, and Gordon MacDonald, "Bispectra 
of Ocean Waves", Proceedi s of the S osium on Time Series 
Anal sis Brown Un vers ray , 
pp. 5-
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On t he basis of a sample X(t),t=l, ... ,T (let X(t) be the 

data with the sample mean subtracted), it is possible to 

estimate R(g,h) for all (g,h) in CR' where 

CR~ {(g,h) : g and h arc integers, and 

(3.42) -(T-l)+h ~g!: (T-1) for O~h6T-l 

and -(T-l) f gfh+(T-1) for -T+l f h o}. 
However, by (3. 9 ) the first octant in the g,h plane con­

stitutes a principal region for estimation of the third 

moment function. The definition of C( g,h), which is 

specified only for O ~ h !: g L co , is 

T-k 
C(g,h) = T:k L X(t)X(t+g)X(t+h) 

t=l 
(3.43) for 0 .f h f g.!:T-1 

= 0 otherwise, 

where k=max(g,h). The set CR is shown in figure 3.7. 

Let C*(g,h) be any unbiased estimate of R(g,h). 

Analogous to (2.17) bispectral estimates of the form 

( 3. 44) 
-i(w*gi+w*h) 

L e 1 2 A(g,h )C*(g,h) 
(g,h)eCR 

will be considered, where the A(g,h) are real constants. 

The expected value of the estimate (3.44 ) is 
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h 

T-1 
• • • • • 

• • • . • • 
• • • . . • • 

• • • • • • • 
• • • • • , 

I • • 

-T+l T-1 
g 

with 

( 3,46) 

• • • • • • • • • 

• • • • • • • • 

• • • • • • • . . , • • 
• • • , . -T+l 

figure 3. 7 

CR' as defined by {3.42), is given by the lattice 

points shown. 
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It is assumed tha the maximum of h(w1,w2) occurs for 
A 

ID1~ 2=o. Then b(wi,w2) estimates a bispectral average 

with kernel h(w1,w2 ) having a peak lit the oifrequency 

(wi,w2). The p oblem of constructing a bispectral estimate 

is then that of choosing h(w1,w2), or equivalently , of 

selecting the constants A(g,h) for (g,h)€CR. As in 

spectral estimation, a chcice of h(w1, 2 ) with too broad 

a peak lead to smudging, and a choice of h(w1,w2) with a 

sharp peak increases the variance of the estimate. 

Two proposed bispectral estimates of the form (3 . 4 ) 

are given below. The estimates are specified by the con­

stants A(g,h). The A(g,h) will be O for I I , Jh l , or 

I g-hl greater t an m, where m '- T-1. As in spectral 

analysis, m is called t he maximum lag. Choosing m J. T-1 

reduces the computations considerably, and it is conjectured 

that it also improves the bispectral estimates, as was noted 

for spectral estimation in Chapter 2. 

It is suggested that estimates of the bispectrwn be 

computed for bifrequenc ies ( ,r j/m, 1rk/m), where m is the 

maximum lag-product computed and j and k are integers 

such that (,rj/m,1rk/m) is in region (1) of figure 3.6, 

the principal region for estimation of the bispectrum. 

And it is suggested that m b chosen so that there are 

approximately ten times as m&nlf data po:1.nts in the sample 

as there are bispec r al estimatea. 
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(3.47) 

The first proposed estimate 1s 

A1(g,1) • l for Of lg l , lh l , lg-h i f m 

• 0 otherwise. 

The kernel for thi estimate is 

(3.48) 

m {IDl 'ID2 ., -<.U., -<.02} - L 3! cos 
g•O g,0.,0 

from the definitions of the generalized exponentials. 

The second proposed estimate is a two-dimensional 

analog of the Tukey kernel (2.23), 

(3.49) A2(g,h) = ¼(l+cos vg/m)(l+cos vh/m) 

for O f lg l ., lhl , jg-hi~ m 

= O otherwise . 

, 
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The kernel for this estimate 1s 

(3.50) 

O fig ! , ! h i , jg-h l fm 

. ¼( l+cos 1rg/m)( l+cos m/m) 

l 2 ~ ' 1 1(wl g+(1)2h) 
= (~) L..- '- l e 

7r g h 
0~/g l , !hi, jg-hi~ m 

. [l + ½ eiirg/m + ½ e-1,rg/m 

+ l eivh/m + l e-1vh/m 
~ ~ 

+ ¾ e 11rg/m eivh/m + ¼ e11rg/m e -1Th/m 

+ ¾ e-1,rg/m ei,r.1/m + ¾ e-1,rg/me-1,rh, 

"' ¾ [ hl ( °½. '(1)2) 

l l + ~ h1(w1f'f'/m,w2 )+ ~ h1 (w1 -1r/m,w2 ) 



so 

(3.50 
cont'd) 

As or this writing, little is known about the behavior 

or the estimates given by ~1(g,h) and ~(g,h). The ques­

tion or optimality for estimates or the type (3. 4) has not 

been investigated. 



4. Examples 

In this c apter the bispectrum is derived for two 

examples. 
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Let Xt,t=O,l,2, ... , be a Gaus ian process w·th mean 

O, variance l/(l-a2 ), and covariance function a 1gl/(l-a2 ), 

w ere a is a constant wit I a I L l ( 1 ). ( In other words, 

a sume Xt is a Markov c ai .) Then Xt 1s strictly 

tatio ary and has moment of all orders . ince the t ird 

mo ent unction of a centered normal process is zero, the 

process A~ will be considered. 

The moments of X~ may be computed using the char­

acteristic function oft e multivariate normal distribution, 

as 1n Anderson [l]. The covariance function of X~ is 

Rg = E[X~ - l/(l-a2)][X~+g - l/(l-a2)] 

( .1) 
2a2 1gl 

=---
( 1-a2 )2 

• 

The third moment funct on is 

( .2) 
2 2 2 2 Rgh = E[Xt - 1/( -a )][Xt - 1/ (1-a )] 

•[X~+h - l/(l-a2 )] 

(!J Xt may e gene rated rom a e uence €t,t=O, , ... , of 
in epend rando var ales, al ( , ). ef e 
Xo=€o( - a2) - /2 and Xt=a t -1 €t ' = , 2, ... . 
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(4.2 cont'd) 8a g l+ lh l+ g-h 

• (1-a2)3 • 

The spectrum of x: ts now derived. From (2.8) 

CD 

f( w) = fi L e-11.og R 
g=-a> g 

_ l ~ - iwg 2a2 jg l 
- ~ Le 2 2 

(4 .3) g=-~ (1-a) 

(3.6) 

(4.4) 

l 4 1-a 
= 2 2 

,r(l-a) 2 4 l-2a cos c.o +a 

l+a2 
= 2 2 4 • ,r( 1-a )( l-2a cos a, +a ) 

The b1spectrum of X~ i s obta!ned similarly. Fr m 

8a g j + hi+ lg-hi 
• 

( l -a2)3 

jg/ hi g- hl . a a a 





(I) 00 

+ L L cos(w1g-k1>2h)a2g 
h=O g=h 

(t) ex> 

+ L L cos(w
1g-(J)2h)a2Sa2h 

g=O h=O 
co ~ 

- L cos( (w1-k1>2 )h)a2h - L cos w2h a2h 
h=O h=l 

-f cos w1 g a2
g- f ] . 

g=l 

The first term in (4.4) is evaluated as follows, 

(4.5) 

(XJ (X) 

2 4 2 3 L L cos(wlg-+<.o2h)a2h 
v (1-a) g=O h=g 

2 [ ~ 1w1g ~ 2 1w2 h = 2 L e L (a e ) 
v (l-a2 )5 g=O h=g 

~ -1w1g ~ 2 -1w2 h] + L e L (a e ) 
g=O h=g 

2 1 
= -v2_(_l--a-2_)_3 Iw I ( w -kl> ) 

(l-a2e 2 )(1-a2e 1 2 ) 

55 
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( 4. 5 cont I d) 

{cos(U\+w,)-1/ a'){ cos Wi. - 1/a1
) - s·in (~+LJJi) s i" W1 

( 1 - 1 a -i. co .s w1 + a 't ) ( 1. - 2. a 1 c o s- ( w 1 +- w 2) + a Y-) 

The other terms in (4.4) are evaluated similarly. The 
final expression for the bispectrum of X~ is 

• 

= 1+2.l' a 
z. [ t. cos( w1 .-wi.) - 1/a 1.)( co.s Uh - .1../a'l-)- s i fl { UJ~ + u>1.) s i fl w1 -rr 7. (1 -a 1 )3 ,-.-'"'"".(_1. ___ 1._q_-i_co_s_u>_~_+_ a _" _} (-1--,;_"2.._a_'l._c_os_(_w_

1 
~-w-t)_+_a_'t_')_ 

-.. . .... , . ... 

( 4 .6) 

+ 
( COS' W1. - 1/ az.}(cos Wi. - 1-/ 4

1) -t .5j,, W1Sit1 w,. j 
( 1- ia'l. co Wi. + a ¥--)(1.- 1.a'l-cos W1- +- 4 ¥-) ) 

+ cos ( w1 t-lAh) - 1/ a-z.. + 
1- 2 ttz_ Co5(W1-H-''1) +a >r 

{;O 5 W1.. - 1 / a.1.. 

1.. -z. 4tcos Wz. + 4 'f 
+ 

C 05 W1. - 1../ t11.. 

1.- '2.. 4-ico s w1 + at-



The result (4.6) is consistent with the observation 
that 

_ 1 ~ ro aalgl+lhl+lg-hf 
b(O,O) - ~ L L 2 3 · 41r g=-~ h=-a6 ( 1-a ) 

The process presented next is a modified form of an 
example given by Tukey [10]. The notation used is similar 
to Tulcey• s. 
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Let ~,k=0,1,2, ... ,T-l, be real constants, and let 
f have a uniform distribution on the interval [O,T]. Then 

(4.7) 

T-1 
X(t) = L Ak cos(~(t~)) 

k=O 

T 1 • ] ~ A [u cos 21rkt - v sin 21rkt •t- k k T k T' k=O 

where uk= cos 21k~ and vk •sin 2Tk~. The following 
properties may be verified: 

(4.8) 

Eu1 = Ev1 = Eu1vj = 0 

Eu1uj = Ev1vj = o1j 

Eu1ujvk ~ Jv1vjvk = 0 

otherwise 

¼ for i+J-k=O 
i=j+k=O 

¼ for i+j+k=O 
1-J-k•O O otherwise. 
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The bispectrum of X(t) will be deduced from the 
third moment function R(g,h). Write 

(4.9) 

X{t)X(t+g)X(t+h) 

T-1 T-1 T-1 ~ 1 2!.J. = L L L A1AjAk cos ... ; ( t+<p) co s , ; ( t+g+<p) 1=0 j=0 k=0 

21rk • cos T( t+h+q>) 

+ cos(¥(t-Hp){1+j-k) + ¥(jg-kh)) 

+ cos {¥(t-Hp )(1-j+k) + ~(-jg+kh)) 

+ cos(r( t-Hp )( 1-j-k) + ~(-jg-kh~] . 

It follows by taking the expec t ation j n ;: !+ . 9), using ( 4. B), 
that 

l T-1 T-1 T-1 t 2 R(g,h) = l L r: r: A1AjAk cos r(Jg+kh) 1==0 j=0 k=0 
S:s0 

+ cos iir( jg-kh) + cos ¥(-Jg+kh)+cos f(-Jg-kh~, 

where S=1+e 1 j+e"k=0,e 1 ,e"=±l. Four different cases occur 
with S-=-0. 

In case 1 i=j=k=0, and the contribution to R(g,h) is 
Ag, as S ls zero for all four combinations of i+e 1 j+e 11 k. 



In case 2 two of the i,j,k are nonzero and equal, 
and the third is zer•o. The possible combinations are 

i•j,k•0;1=k,j=O;j=k,1•0. 

Then S is zero for 1-j±k,i±j-k,i+j-k, and i-j+k. 
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The contribution to R(g,h) for a nonzero integer m{two of 
the 1,J,k are equal to m, and the other is zero) is 

+ cos ~{-mg) 

m=l, ... ,T-1 . 

In case 3 exactly two of the 1,j,k are nonzero and 
equal, and the third 1s also not zero. The possible com­
binations where S is zero are 

i=j,k=21;1=k,j=21;j=k,1=2j . 

As before, the contribution to R{g,h) for a nonzero 
integer m {two of the i,j,k are equal to m, and the 
other 1s 2m) is 

AmA2m 2'111tl 2mn 2,nn J 2 ~ 4 cos ,r( g-2h) + cos ,r{ -2g-+h )+ cos ,r( -g-h~ 
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A!A2m (rt•m,-2mJ) T l • 8 31 cos , m•l,2, .. ,(-;--J . 
g,h,O 

In case 4 all the i,j,k are unequal and nonzero. 
Proceed:1,ng as above, we see. that contributions to 
R(g,h) are given by 

(
2v{m,n,-(m+n1) cos 11'" for 

g,h,O 

m+n 
O'" m '- T-1 
0 L n L T-1 
2 L m+n~ T-1 . 

From (3.2) it is seen that X(t) hac a point bispectrum 
with nonzero values of b(w1 ,w2) at points (m,n) falling 
1n a triangle in the first octant of the m1 ,c.o2 _plane. 
This is shown in figure 4.1. 

Now consider the process Y(t) defined by 

T-l 2vk Y( t ) = L Ak cos ..,,--( t+q>) , 
k= -(T-1) 

where ~ is defined as before and Ak is a real constant 
for k•0,±1,±2, ... ,±(T-l). The derivation of the bispectrum 
of Y(t) is s1milai to the derivation for X(t). Y(t) has 
a point bispectrum with nonzero values of b{w1,w2) at 
points (m,n) 1n the w1,w2 plane satisfying 

-(T-1) ~ m f. (T-1 )-n for O ~ n .f (T-1) 

-(T-1)-n~m ~ (T-1) for -(T-l)~n~ 0 . 



• 
, . . 

• . \ . • • 
• • • • • • • 

0 c¥1 T wl 

figure 4.1 

Thj.s figure shows the points in the m1 ,m2 plane 
at which the bispectrum of X(t) is nonzero. 
The drawing is for T odd. 
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