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PREFACE 

This report is part of a program of research on the properties 

of high temperature plasmas. The conductiv ty of an electron gas in 

a uniform background of positive charge is calculated. This model 

has received considerable attention in the plasma literature. How­

ever, previous calculations of the conductivity have not included 

a complete treatment of the collective effects. 

One of the authors, D. F. IXlBois, vas a consultant to The 

RAND Corporation. 



-v-

SUMMARY 

The dissipative part of the high frequency conductivity tensor 

of a hot, dilute electron gas near equilibrium is calculated exactly 
.. ' l- , r AJ 

to terms proportional to the plasma parameter ~ , ( the inverse of 

the number of particles in a Debye sphere), in the limit of cl assical 

statistics. The calculation includes high frequency collective 

dynamic screening effects consistently to this order. These collec­
tive effects have an important effect on the frequency dependence of 

the conductivity for frequencies greater than about tvice the 

electron plasma frequency. l 
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I, INTRODUCTION 

This report i concerned vith the calculation or the di • ipat i ve 

part of the high fre quency collisional conductivity of a hot, dilute 

electron gas ( i n a uniform positive background ) near equilibrium. 

The probl m has attracted considerable theoretical interest. 

veral calculations have been presented(l-5) of the collision 

damping rate of plasma waves, which is proportional. t o the diss 19a­

t l ve part of the conductivity near the plasma frequency. Hovever, 

no tvo of them agree because they make different approximat ons in 

treating the collective behavior of the electron gas. 'l'be present 

calculation includes the collective effects consistently so that 

1, the limit of high temperatures (kT >> Rydber) tho result 1s 

ter ~ n. exact t o fir s t order 1.n the veak coupl i ar 

Our calculation sho...,s that the de t il d f u ncy d • ndence 

of the conductivity ls a ff ct d by h h frequency C" ectlvc eff cts. 

At twice the plasma fre .1l nr.y there i s v r:y slieht nf ct i on in 

the conduct i vi ty curv which can b interpret d reoultlng from 

the excitation of t vo plasmons . Because ther is no actual resonanc 

near w ~ 2w , it is sho...,n from this calculation th t fr qu ncy shift s p 
in incoherent scatter i ng of radiation from a uniform plasma at the 

second harrooni :: of the pl ma frequency vill not be observable. 

The elect on-el ect n col l isional condu ctivity vhich is propor­

t i onal t o k
2 for small vave numbers k is gen ral 1.y not of gr at 

practical interest for real plasmas since the ·ontribution from 

electron- ion col lisions s nd pendent of kin this limit and l so 
2 

has a k term of compare.bl magnitude to the 1 ctron-cl c n 
* contribution. Hovever, th frequency dependenc f th l c ron-

el ectron contribut on is different than the ion ctron c ntr bu-

tion i n the fr quency r 

-----

ion near 2w . 
p 

* 2 The correction du t o elect on-ion c llislo 
been comput d by H, L. Berk , Phy . Fluido, Vol. 7, 
This cal culation cul d vith our re ult iveo t 
conductivi ty t ord r 2 

r c nt y 

?5 '. 
colli ional 
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I. INTRODUCnOH

This report is concerned with the CBdcuIation of the dissipative 

panrt of the high frequency collisional conductivity of a hot, dilute 

electron gas (In a uniform positive background) near equilibrium.
The problem has attracted considerable theoretical interest. 

Several calculations have been presented^^ of the collisional 

damping rate of plasma waves, which is proportional to the dissipa­
tive part of the conductivity near the plasma frequency. However, 
no two of them agree becavise they make different approximations in 

treating the collective behavior of the electron gas. The present 
calculation includes the collective effects consistently so that 
in the limit of high temperatures (kT » Rydberg) the result is 

exact to first order in the weak coupling parameter
Our calculation shows that the detailed frequency dependence 

of the conductivity is affected by high frequency collective effects. 
At twice the plasma frequency there is very slight inflection in 

the conductivity curve which can be interpreted as resulting from 

the excitation of two plasmons. Because there is no actusd resonance 

near w «a it is shown from this calculation that frequency shifts
in incoherent scattering of radiation from a uniform plasma at the 

second harmonic of the plasma frequency will not be observable.
The electron-electron collisional conductivity which is propor- 

2
tional to k for smsdl wave numbers k is generally not of great 
practical interest for real plasmas since the ,ontrlbution from 

electron-ion collisions is independent of k in this limit and also
O

has a k term of comparable magnitude to the electron-electron 

contribution.* However, the frequency dependence of the electron- 

electron contribution is different than the ion-electron contribu­
tion in the frequency region near 2^^.

^ oThe k correction due to electron-ion collisions has recently 
been computed by H. L. Berk, Phys. Fluids, Vol. 7, 196^» P- 
This calculation coupled with our result gives the complete collisional 
conductivity to order k^.



In Section IV we discuss the frequency dependence of our 

result s . At w = w we compare our results with the recent work 
of -tu and Klevano.f 3) 

We find veak inflection in the conductivtty curves at 2w p 
due to double plasmon production. There is no sharp resonance at 
this frequency due to the dispersion and damping of the plasmons. 
We conclude this section by conmenting on 

results to the line shape of incoherently 
a plasma ( 11 ) near frequencies displaced by 

frequencies . 

the application of these 

scattered radiation from 

2w from the incident p 
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GHIERAL BACKGROUND

The steurting point for our computation of the local condvictivity 

is the general expression, obtained from Eqs. and (4.12) of

Ref. 9 vid Appendix A of Ref. 4, which relates the conductivity to 

matrix elements of the Heisenberg current operator J^(t).

4* Im ^ Pn IJi(o) I" > <® |Jj(°) I" > ’ e"^***)

(2*)^ 6^(hk *J^) 2* 6 (t»“ - ^ ♦ E„)- (S-D

nie density matrix is

(2.2)

where u is the chemical potentiad and, of course, P, E , and H
**^n n n

are the momentum, energy, and nuaA>er of partichs in the state n.

Bq> (l) is similar to the Golden Rule of time dependent pertur­

bation theory and it is shown in Ref. 9 hcrw the result can be calcu­

lated in temu of a diagramnatlc expansion in a coupling parameter.

prism on the summation indicates that in perturbation theory 

only proper diagrams are to be considered in calculating the local 

conductivity. (This is the point discussed in Appendix A of Ref. 4.) 

We can then give a sis^>le prescription for directly calculating

!■ CT^j(k,w).

Our definition of the conductivity is such that J.(k,u) ■ - 
ia. .(k,w) E.(k,w) so real and Imaginary parts are interchanged from 
thC’^usual definition, ve shall compute only the imaginary part of 
the conductivity. The real part corresponds to the polarizability 
and is foxuad from the imaginary part via a familiar dispersion 
relation.
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UNITS 

-1 We shall use the same uni ts as in Ref. 9, 13 = kT is the 

natural unit of energy, w = ( 4,r e2 
n/ m)1

/ 2 
is the natural uni t 

p -1 
of frequency (and so fl will be measured in units of'(~ w ) ), 

1/2 p 2 1/2 p = (m/ 13) is the natural unit of' momentum, and ~ = ( 4" e n 13) 
is the natural unit of wave number, 8l¥l the coupling constant vhich 

arises naturally is ~ = ~n. 

These units are especially convenient f'or doing classical 

problems since it i s easy to see the order of diagrams, both in ~ 
and .fl. In the limit of' very high temperatures ve are sti 11 lert 

vith a term proportional to ln(fl). 

It f'ollovs from the considerations in Ref's. 4 and 10 and 
Langer' s proofs ( 12 ) on the analytic properties of' expressions of 

the form of' Eq. (2 .1) in qu.antm statistical mechanics that 4,r Im oiJ 
can be computed in perturbation theory 1n terms of' unperturbed 

quantum statistical states a am 13. 
These states are understood relative to the state or complete 

thermal equilibrium vhicb is to be considered as sort of a vacuum 
state. Tbey are described in terms of the number of' particles of' 

given roomenta ( upvard l ines) representing an excess of one particle 

in each ax:>mentum state rel ative to the equil ib r i um populat i on and 

the number of holes (dovnvard l i nes ) representing n depletion of 

one particle in the given s tate rel ative t o quilib r ium . 

Tbe formula for Im oij is similar in for t o Eq . (2. 1); 

1 \ ) * ) -~w 4ff Im oiJ (k, w) = 2w L w
0 

J i (a,~; k,w J 1(a,13: k,w (1 - e ) 

ae 

(2d \ )3 63(~ - _x
13 

+ J
0

) 2Jf 6(flw - E
13 

+ E
0

) 

vhere .Ko( E
0

) i s t he sum of partic l e manenta (energies) mi nus hole 

momenta (energies) 1, the unperturbed a. w is the statist i cal a 
veighting factor f or the ini t tal state a described belov in n.ile 7. 
The current aplitudes J 1 are computed in perturbation theory accordi ng 
to the f'ollovi.ng set of n.ilee: 
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O. Dravn all topologically distinct open d1agr811l8 tor tbe 
current Ulfl)litudea Ji (a,'3; k,w) leading tram the initial 
state ot one quantm (.i,w to a given excited final state 
ot the ayatn ( examples are shovn in Figs. l and 2 ). The 
current aplitude baa a contr bution from each diagram 
obtained by mltiplying together the tolloving factors: 
1. 'l'o each internal particle line carrying momentum p 

and energy pv there corresponds a factor of' 

1 !1 (p,po) • Po ~ ~ (2.4) 

vbere ~ • (p
2/2m)-~ where mis the particle's mass 

in unite ot the electron mass and~ is the chemical 
potential tor this type of particle. In natural 
uni ts ~ 11 de tined by 

2. 'l'o each Coulomb interaction line carrying Jlk>mentum 
fai, and energy fl4t, there corresponds a factor of the 
dynud.c&l.ly acreened Coulomb propagator 

vbere Q(flq,,~) ia tbe 1creeni~ tunction (Le., 
tbll proper polarir.ation p&1·t). To love at order in ->. (i.e., the RPA) Q 11 gh'Wn by 

fl fi _ d' t( p - ~ _i) - t( p + 2' i) 
Q{fiq, b~) • >.I p ------- (2.7) 

{2•h)' ~w - fl~ 

where m 11 the mua ot the screening particles in 
electron unite. I:n the classical (.fS .. o ) limit this 
can be written 
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• CD 

so in this l l.ln1 t 

3. At each coulomb vertex there is a factor 

where z is the charge in electron units) of the 

particle line. 

(2.8) 

4. To each single photon-particle vertex there corresponds 

a factor 

(2 .10) 

where ~ is the (transverse) photon polarization and 

l and .E.,' are the incoming and outgoing particle momenta. 

5. There is a factor of (-1) for each closed loop. 

6. Energy and ioomentum are conserved at each vertex and 

internal momentum am. energy variables are summed over 

according to 

or (2 .11) 

where the energy variabl es take on the discrete values 

p
0

, 4c, = iffV where v runs over odd intergers fo r Fermions 

and even integers for Bosons (inc l uding the screened 

interaction ). 

7. Add all current ampl itudes with the same i nitial and 
• final states to insert into Eq. (2 . 3). Di rwns whi ch 
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di ff r only the exchanse of identical Fermions in 
the final state differ by a factor of (-1). The 
sum and average over initial and final s tates i s 
accomplished by inserting weight factors {l - f( p )) 
for partic l es and f(p) fo r holes wher 

f( p) (2.12) 

In the limit of c l assical statistics 

f(p) 

(2.1 ) 

all final particle and hole states are summed using 
the familiar 2m'l )-3 d3p . Since this counts the 
same final state r.,o re than once vhen identical parti­
cles are involved the result must be divided by {n!) 
where is the number of part ic les ':l f a given type 
in the final state. (Thus i n Eq. (3, 1) below there 
occurs a facto r of 1/2.) 

8. The ampl itudes must be analytically continued t o 
conti nuous values of the extern . energy variabl es 
by setting 

infin i tesirnal. 

= u + ie and k = w i e 1 a pos itive 0 

Tb final state can consist of a single pair whi ch corresponds 
to collisionless Landau dampi and its virtual corr ct i ons. ( 9 ) A 
final t te of tvo pairs can b obtained on y if collisions between 
particles are taken into account. Tbe b ic collision process 
taking into account screening in the RPA is shovn i n ig. la. The 
initial pho ton mus t be connected t v thi s final s tat in all quiva ­
lent ways. We mu t attach the photon in tum to each partic le line 
includins the lines in the polarization loops . This is shown f or a 
prototype diagram in F~~. lb vb re the x's r present t h ss ible 
places for attaching a 1,hoton l ine. For each particular photon 
insertion additional polarization parts can be inserted t fully 
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s - r en the Coulomb lines. The result is the complete set of diagrams 

i n Fi . 2 . Note again that i n any diagram a closed loop can be 

inserted along with an additional interaction li ne without changing 

the order in 'A.. This i s because each closed loop wi ll have a l east 

one factor of ~ ari sing from the e~ of Es. (2 .5) and (2 .1~) wh i ch 

cancels the additional factor of 'A. from th~ extra interaction line. 

This pr inciple operates in fo rming the screened interaction propaga­

tor and in the diagrams with the internal loops or Fig. 2 . 

It is easy t o see that al l other diagrams leading to the same 

f i nal stat e must be higher powers in 'A. since one must add more 

interact ion lines than closed loops. We can neglect suc h contribu­

t ions to obta n the l eading term in 'A.. 

Before turning t o the calculation let us make a fev comments 

concerning these diagrams. The resonance at w -: 2w comes, of 
p 

course , from the plasmon resonances in the two screened i nteraction 

propagator s i n Figs . 2e and 2f. Since this resonant effect is of 

greatest i nte rest , it would be tempting t o consider these tvo dia­

grams as dominant and neglect the other four. Hovever, ve shall 

see that ev n near w = 2w there is an important cancellation between 
p 

diagrams e, f e.nd di agrams a, b, c, d vhich must be taken into 
2 

account to get t he proper k proportionality of the conduct 1v1 ty 

for small k. 

It follows from the symmetries of the system that the tensor 

conduct ivi ty can be decomposed into longitudinal and transverse 

parts 

unit 

case 

(2.14) 

The !'unctions L and a can be projected out ot a iJ by using 

polarization v ct or s ~(a) vbere ~(o) = k for the longitudinal 

and e( 1
,
2) are perpendicular to k and to each other in the 

transverse case. The well knovn sum over transverse polarizations 

t akes thf form : 
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(2.15) 

Using tbeae det1nitiona ve can vrite 

(2.16) 

(2.17) 

In the tollov1ng section ve vill apply these rul~s to tbe calcu­

lation ot tbe collisional conductivity of electron gas from the 

diagrams or Pig. 2. In Section IV ve vill discuss these results 

and tbtir application to a realistic tvo component plasma. 
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III. CALCULATION 

From the rul es of tbe previous section and Fig. 2 the tolloving 

expre s i on for the dissipative part of the conductivity due to 

electron-e l ectron collisions {m = 1) can imrediatel y be set dovn: 

d3p d3p d3p d3p 
n e i ~j Im oi j (k,w) = rfw J 1 J 2 J 3 J 4 

{2.fi )3 (2dl)3 (2~)3 • (2dl)3 

l 2 1 2 
6 )3 - - p - - p 

. -fl {2~ e 2 1 e 2 2 (l - e-6w) I J. e ,2 (3.1 ) 
~2 NV 

vbc r ~l = ~( ), et c . The analyt i cally continued (see rule 7 ) 

c rr nt plit d s are 

k, w) ( . 2 ) 

.:}i 'I" T i::; l amp i d s i f r m h ri lar c los_ d 00 s 

i F ') f ni r m n um d n r r B r r i 1 s ) . .... . 

2 
2 

'1 UL - -" i 1 -q - 1 .,., ? 

( . 3) 

flu? = fl 
t 2 2 -· = 2 C. 
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ve have 

( . 4) 

.where the tvo functions 1 on the right band side arise from the tvo 
directions of the closed loop in Figs . 2e and 2t, respectivel y. Tuese 
functions are the analytic continuations or 

1 
{t -ir{t}{t +k -.-(t+Nt)) (t +q

1 
- ir(_t'.+iia. )) 

0 ~ ~ 0 0 ':> - - 0 0 ') A1. 

( 3. 5) 

trom the d1acrete values k 
0 

i•n i•n1 
a B, lo = ~ vhere n and n1 are 

even integers to continuous valu.es ii( w + 1c ) and fl('½. + 1 t) in the 
1•" upper complex half planes. The sum is over t

0 
.: T vhere Y is a.n 

even integer tor Bo ona and odd tor Fermions. The sum is eas 1 ly 
carried out by converting to a contour integral vi tb the resul t 

N going back to Eq. ( 3 .1) the momtntum conserving 6-t'unction 
can be trivially integrated out by making the subst1.tut1on.s 

k -+ -
- 2 
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Th definition of E. (3.3) for u
1 

and~ can be introduced 

by inserting de t runctions and Eq. ( .1) becomes 

a:, 

du
1 

vitb 

- 1(J·e> ,.,. 

k ll - ~ )- ~ 2 2 

s ame term vith -j 
- - , Pn• P1 - - ....-c ,.,., 

k 
+ ,.. • 1 ( - + ~ , u2 ; k ' w) . ( . ) 

It is convenh•nt next to take the limit ~ - C·: Remembering 

that 1n this limit V+(bq,tu) a V+( ,u) 
8 8 
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Prom E. (3.6) after analytic continuation 

+ k 
e•T { + -, u..;k,w) 

,..J - 2 l 

( . 1) 

\I r t n r cons rv ion c nd1 tiori = u 
l 2 

b n s d 
and w r posi iv 1 inary 

art . 
ion can b IOO ric 00 i y 1 

1 ut ons l ( int fro rm i n s SU 8 - t - - ar , 

br ck t s d t -~"" ( - in th s cond he 
r BU C b vritt n i nth f orm 
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k 
~-!Ji+-;, u1;k,w) = e·j(ifu1;k,w;fl) + @.~(-i,~;k,w;.fl) (3.12) 

where 

From Eq . ( 3 .12) 1 t foll<Ns that 

(3. 14) 

+ 8(q,u...;k,w;- 6) • 
- ,...., J. 

( .15) 

- 1 
Since the leading term in @-!, as -fi .. 0, goes as fl , this term 

cancels out in the limit and the remaining term is independent or fi 

(3.16) 
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Tbe case k << 1 (i.e., k <<~)is of greatest interest o 
the next step is to expand in povers of k. The riglit hand ide or 
Eq. (3.16) becomes 

Using the Eq. (2.7) ve see that 

l 2 3 t-q - - t 

J d t - ..,., 2 
• 2,c)3/2 u - ;:i e 

and 

we can vrite Eq. c:,.11) 1n the torm 

k k 
>. lim [_z(,i + ;, ~; k,w) + ,!(-g_ + ~, ~; k, w) J 

,fl - 0 

(3.20) 
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To complete the e ans ion of (J •" ) linear terms in k, the -f rst t vo terms in brackets in . (3.10) must be expanded. Carrying 
hi s out and usin Eq. ( .20 ) th complete result is 

w 

2 
(k, q) 

..L ~+ (~) - ..L 
u 

+ w (a•y(1·~ + ,.,.,w_ (e•s> + (2) ] 2 q 2 0 q aq ~q 

+ [ q2 + 
u 

[.!... (e,k) 
(k•q)(~•pl ) (k•f1) 

+ (..l) - - - - (" >] + 2 + 2 e •.s 0 q 2w - w w 

+ ( terms in Eq. (3.20))} . 

Notice that the terms of zero order in k cancel, as they 
should, making the amplitude proportional to k and the conductivity 

2 pro rtional to k . This cancellation depends critically on the 
c l osed loop terms in Eq . ( 3 . 2 ) . A cons is tent theory with dynamic 
sc reenin cannot be made 'w i thout these tenns, except if w = o, in 
which case u1 = ~ , so that tbe term of order l vanishes identically 
wi thout cancellation. In a two component plasma the terms corres-

nding t o the k independent tenns in Eq. (3.21) and ( 3.20) are 
r spons ible for the leading contribution to the conductivity. 

Using Eqs . (3.20) and (3.21) the term proportional. t o k in tbe 
current amplitude can be written 
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,12 
"' C \ + ( ) + ( ) { ,. 2 4 " - 1 e,J • - V q,\L V q,u._ e·k q - e,a q•k - w a 1. a ~ • .,, ~- --

-1 -1 
+ t (e-~ ~·f1 + !'S 8 ·21> [v;(q,~)] - ~e-~ ~·22 • ls·i@•i2>[va(q,~)] 

LOllUTUDIIAL 001'WC'l'IVITY 

To obtain the longitudinal conductivity from Eqs . ( 3 .22 ) an 

( 3.23) let 8 :is ~. In the tollovi.ng, l et 

then 

k·M - k .. 
2 

l 
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Since the final result cannot depend on the direction of k, the 

average over the directions of k can be taken a.rt.er squaring (k •,!9 . 
The followiD8 i dentities are useful for this: 

( 3 .26a) 

I\ 

On squaring and averaging over k an expression of the followiD8 

form a.rises 

2 'where the coefficients A, B, C, and D are functions of q , ~, ~, 

D( u1) and D( ~ ) • At this po int the ii and i2 integrals can be done 
using the followi(l! formulas: 

2 
ii2 2 1 ~ 

(2,d2 t w - r -2 
= --re e e 

It is consistent vitb the assumptions discussed in Section II to 
flw 

set e = l (i.e., if in ordinary units ~~w < 1) . Hovever, since 

the integration ts over arbitrarily large values of q, ve cannot, 
2 2 in general, consider fl q << 1. 

Collecting result s , E . ( 3.23 ) becom~s 
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2 2 
~ + ~ 

e 2 q2 

( ~-2 ) 

Changing integration variables t o 

the delta function 1s trivially removed and using the defini t1ons 

of Eq. (3.24) tbe result is obtaioed: 
2 u2 l 2 2 w 

2 - ~ fl q - i.:'2 - -:-2 
4• Im aL(k,w) 2 ~ ~ ¾, f dq q

2 
e J due 4q e q 

151( w • 

U), 2 I +( w ) 12 I ( w ) 12 vs q, 2 - u + vs q, 2 + u 

It is obvious that tbe last two terms in brackets make equal contri­
u butions. Letting z = - the result can be vritten i n terms of two 
q 

integrals J( w) and I(w): 

( 3.31 ) 

vbere 
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l w2 
l fl2 2 2 

') Cit - 4 2 - 4 q (D - z 
J ~ w) - dq :::> e dz e 

w e J 
lq2 +( z ~ ) ,2 !q2 + w ) 

0 - Cl) (z - - I 2 2q 

2 ( 3 .32 ) 

2 l b2 2 2 
ro - 4 q l'O - 7. 

I( w) - d 5 q 
d.z 

e 
(3.33) q 2 + 2 ' 

0 - Cl) 
l q + ~ ( z + 2q ) I 

Note that in th expression for J( w) we can sett = 0 but that I(w) 

diverges l o arithmically in this case. This behavior t l arge q 

will be discussed more fully below. 

TRANS VERSE CONDUCT! VIT'f 

( l 2 ) 
To obt ain the transverse conduc tivity t ake e = e ' and 

ave rage over po larizations in equat ions (3.25) and ( 5.22 ) us ng 

and k·e( l ,2 ) = 0 . Omitting the superscript on e(l ,2 ) Eq. ( 3 .22 ) -
gi ves 

On squaring this and summing over polariz.atioos accordins to Eq. 
.... a <" )b <' )c ( . 3 ) a sum of terms of the form (k•,V (K·li (K ·_Ee vbere 

a + b t- c = " or 4 is obtained. The average over the d1rect1ona 
/\ 

of k is then performed using Eq . (3.26), resulting &ft.er aoae 

algebra i n the expression 

2 
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~ J dC\ I 1ea•!tl2 :: A + B (E,1 ·R-2 ) + C p~ + D p~ 

a=l, 2 

vbicb i s the same f orm as F.q . ( 3. 27 ) . Agai n using E<1 - ( 3. 28 ) t o 

perform the p1 and p2 integrations the resul t emerges: 

vhicb can again be expressed in terms of the integrals I(w) aIXl 

J(w): 
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IV. DISCUSSION OF RESULTS AND APPLICATION 
ro INOO HEREM SCAT'fflUNG 

r quency dependJ nee o f our result s , Eqs. (3. 1) and 

s cons id rably d1 fferent than that of previous vorke rs. ( l-5 ) 

To make contact with the re sults of c l WJ 'lical calculat ons ve must 

discuss the tr atmen t of the large q (or short rang) cut-offs in 

our results . Stric t ly speaking , our results are val i d only if 

kT > Ryd rg vh ich is th condit ion for validity of the Born 

collis ion approximation in vbich case the thermal d.eBroglie vave­

length ~( 2 m/ f3 )1
/ 2 is grater than the classical distance of closest 

2 fi2 2 
approach e f3. Thus the expooenti&l, exp( - -r; q ) , i n the i ntegrand 

of Eq. ( . 33 ) enforces a cut-off at approximately the thermal 

deBro 11 vave number. For lower temperatures, kT << Rydberg, one 

expects the cut-off at the distance of closest approach am this is 

usually accomplished by dropping the exponential and cutting the q 

/ 
2 12• 

i ntegral off at \aax = 3 e t3 = T ~-
Agnin ve note that J(w) is sufficiently convergent at q - m 

that the cut-off introduces higher order ·terms in fl and ).. vbicb must 

be dropped for consistency in our calculation. However, the cut-off 

must be kept in I( w) since it introduces a logarithmic depeodence 

on fl or >.. in the t-vo cases. It is probably possible in the electron 

gas model to treat the large q cut-off exactly at lower temperatures 

by suarning ladder diagrams of electron-electron colliaiona, 

shall not attempt this here. 

but ve 

The v&lues of I ( w) end J( w) tor w >> l ( 1. e . , w >> w ) are eaay p 
to evaluate for in this case the screening becomes 1nettect1, e. 

1 L2 2 • 4 ll q 
I(w) = J ~ e 

1il­

e
0 

4 "? J dz e ·l 

and in the limit of small~ this becomes 

where ,.. 
v ~ 

I( w) 

(4.1) 

(4.la) 
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To evaluate J( w) ve change variable s and r vri te the inte ral 

i n t he form 

1 2 2 • - T; u CII -z. 
J(w) J du u e d i 

2 2 2 
~) I 

0 • CII 
1 

u ( z - ~) 1 + 
u 

(z • ·~ 2 2 I w w 

( .2 ) 

aod in the l 1m1t w - e11 ve bave 

In the l ow frequency re i on ( w < 1) the sc. eni ng comp lie t s 
the tote ra s . I f w r lac t h dyn ic sc ning fun t ion (y) 
by a tat ic sc reening cons tant ,I (wh r K

2 ~ 1) then n ar w -= 0 

we have 

I ( w} ... 

l fi2 2 2 

dq qj e 
-y 

dy 
2 2 )? ( + K 

( . ) 

2 

J(w} 2 ) - y 
d dy lf )4 ( ~ 

( . ) 

we now obtain 

) Vff I( w ~ 2 ( 
- -x 

ds - - 1) 
X 

( . a ) 

b 

b2 
where b = 7;' , and i n t he 11.mit of fl O '"' t 

I( w) ,.;-; C f:?I 
2 ( - l o ( e --y;-) - 1) ( . b) 

( . he} 
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si ne K 1111:, 1 . The other i nt r yie l , near w = O, 

J( w) 

ote t t J( w) van is s l ik 
2 

2 w 

i n t bie limi t . 

(4.4d) 

I n Fi . 5 t ul s of numer ic i nt r at ion f o r J(w) a.nd 

I( ) are l ott or th va u s fl = 10-1 . The result s obtained 

us ing t b class ic v number cut f f do oot differ signifi-

can t l y from t h s f or t t eal value s of >-.. because of tbe veak 

lo ar1 hmic d nde nc o I ( w) on the cutoff . For w << 1 ve ootice 

t hat t h cont ribut ion of J(w) i oe ligible compared to I( w) but at 

w ~ 2 the two t erms re comparable and f or w _ 1 J( w) dominates. 

I t i s not difficul t to shov that the Balescu type ( 8, ) or kinetic 

quat i on y i elds r s ult vhi ch is e ui vs.lent to replac 1ng the 
23 4 

CJmbiont ions I ( w) + lb J (w) and I( w) 3 J( w) 1n Eqs . ( . 31) and 

( 3. 3 ) by simp y I (O) . For w > l we see this i s a poor approxima­

t ion. Th i nt r al J( w) vh i cb contains the primary effect of the 

pe rturbat i on of the sc reeni ng e l ectrons by the incident field 1e 

th dominant contr ibut ion for w 2 . 
~ 

I t i s pr obably meaningful to associate the enba.ncement of the 

c urve i n Fi . 3 due t o J( w) vi th the product ion of tvo ple.smons in 

the f i n s t at e sugges ted by Figs. 2c and 2d . It is c l ear from 

E . (:~ . 32 ) that only J (w) contains a contribution from the collective 

re 1:1onanc as soc i ated "'1th the dynamically screened interaction in 

both of the outgo ing i ines . This enhancement, bovever, cannot be 

desc r ibed as a resonance. From Fig, ve se that it i s very broad . 

This i s due to the dispers ion and Landau damp i ng of the plasmons 

vb i cb con r ibute for larger values of in the integrand of ( 3 . 32). 

Not i ce tha t sma l l values of q, for vbicb th pl asron resonance i s 

sharp , a.r suppressed by the factor of q5 in the integrand. Because 

of the l / w
4 

factor of Eqs. ( 3 . 31) and (3.38) the cCJ:IPlete ccnductivity 

vill be a stJX>otbly decreasing curve even for 2w and the ~ p 
enhancement d.iscu sed above vill be hardly d.iscernable. 
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we cao use our result t o compare the danpi ng of plasma oscilla­

tions due t o electron-e l ect ro n col l i s i on wi th the vork of other 

author s. ""111 mak an ex-plic i t compar ison t o t he recent W'O r k of 

WU am Klevans ( ) vbo make compari sons vith R fs . l and 2 . The 

damping rat ::t?fined by Wu and Kl evans 1s 

1/ w = 2ff Im L(k ,w ) p p 

in our notat ion (and therefore differs by a factor of 2 rrom th 

conventions in Ref. 10 ). Us ing Eq . (3 . 1 ) ve ha~ t he result (i n 

plasma units) 

1 2 [ 23 7/ w = ~ ~ k I( l ) + Io J(l) 
p 15,r 

(4.6) 

WU and Klevana result inc l uding only electron-electron correlations 

( the last terms on the right in their Eqs. ( 50b) and ( 50c) is 

( 4 . 7 ) 

~ In their expression we have used the quantum cut-o:ff ~ = 
13 

fl w 
J) 

( i nstead of' their\) t o make contact vtth our: results. For the 
l 

v&lue y~ = {iii w ) = 10 for which our result was obtained the 

factor i n s quare brickets in Eq. (4. 7) i s 9 .49. our result vbicb 
~ should be exact in the limit as k:Jn - 0 tor k << ~ and for 

kT >> R;ydberg for which the Born approximat i on is valid 1a more tbao 

a factor or three smaller than this . Thia ~ be accounted :for by 

the lr approximate treatment or the short range cut-off. In the case 

kT < Rydberg f'or vbicb the claaaical cut-oft appllea, neither 

method band.lea tbe cut-ort exactly and ve can only say that the 

resul ts consistent to within tbe uncertainties 1.n the cut-oft' 
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procedure. It is interest~ ng to note that a very simple calcula­

tion neglecting collect! ve screening effects entirely yields the 

factors ( 3 .1 3 l tor y~ = 10 vbich is surprisingly close to the 

exact result. (Tbis approxi.mation corresponds to using the high w 

pproximatic n Eq . ( .la) for I(w) and neglecting J( w) entirely!) 

The el ct ron g result vbich ve a.r considering is actually 

applic le near 2 w to tvo compoo nt plasma in th limit of 
p 

inf nite ion mass. The contributions to tb conduct! vity du to 

e l ectron-ion and ion- ion collisions ar smooth near w =- 2 w . Th is p 
follows s ince the primary change in the fonnulas in thes c e is 

2 2 2 
to replace thee n ntial exp - (u1 + u2 )/2 q in Eq. ( .2) o 

2 2 2 
xp - (M1u1 ~u2

)/2 vhere M1 and~ a.re t he masse s in units 

* of Thus, near the resonance vbere '1i and are near unity 
2 

(i.e ., p ) th s contribut i ons are exp - (M1 + ~ - 2 )/ q smaller 

than the cot!tribution from e l ectron-electron collisions. Hovever, 

e-1, e-e and 1-1 collie ons contribute to the smooth bac- ' gr ound of 

thermal noise at w 2 w and of these the e-i contribution, vhich 
p 

is finite at k - 0 , is the major contribution. It is also straight -

forvard to show that the effect of ion screening in electron-electron 

collisions is negligibl i n the limit m/M - 0. 

We can apply this result to the observation of tbe t'requency 

shifts at the second hannonic or w in the incoherent scattering or 
p 

radiation from plasmas. It follovs from the results or Ref. 11 

that the spectral distri bution of the scattered light is essentially 

proportional t o Im L(k, w). Near 2 wp the only contribution from 

two plasmon excitat i on is the veak tnnection of the e-e contribu­

tion which is superimposed on the smooth background or noise con­

tributed by the e-1 contribution vhich is larger by a factor of 

order k -
2 . The inflection vould be at most a one percent effect 

(say fork~ 10-
1 ) and is most likely unobservable. 

* Tbe calculation to the arbitrary mass case follows essentially 
exact l y that in ction III, 
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For a plasma in which appreciabl density radi ents exist over 
distances short compared to o. Debye 1 ngtb the produc t i on of the 
second h nic wi ll be much stronger as can b sc n from th or k 
of Boyd,(l3) for exampl e. However, for t h i nco r nt scatt ri of 
radiation from the ionosphere wh re such s ro dens t y rad i ents 
do not exist our calcul at ion shows th t a frequency shi rt nt about 
+ 2 w i s probably unobs rvabl . p 

This study prof i t ed by the conversat ions of one of t he uthor s 
(D. F. DuBois) with Mr. Martin Goldman. 
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VffV 
(b) 

Fi . 1. (a) s c dia rams or th dynamical ly scr ened collisions . 
(b) Typi cal agram ~hc,,,i poss ible locations, i ndicated 

by x' s for attachment of an external photon line . 
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3 4 2 2 I 32 43 13 12 

\ 

k,w k,w 

4 I 3 

~ 
t 

k,w k,w 

Fig. 2 . Diagrams of order ). contributing to 

collisional ca,ducti vi ty . 

4 

k,w 

2 4 
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Fig. 3. Numerical evaluation of the int grals I and J 

for the value b = 0 .1. 
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