














I. INTRODUCTION

This report is concerned with the calculation of the dissipative
part of the high frequency collisional conductivity of a hét, dilute
electron gas (in a uniform positive background) near equilibrium.

The problem has attracted considerable theoretical interest.
Several calculations have been presented(l°5) of the collisional
damping rate of plasma waves, which 1is proportional to the dissina-
tive part of the conductivity near the plasma frequency. However,
no two of them agree because they make different approximations in
treating the collective behavior of the electron gas. The present
calculation includes the collective effects consistently so that
in the limit of high temperatures (kT >> Rydberg) the result is
exact to first order in the weak coupling narameter kg/n.

Our calculation shows that the detailed frequency dependence
of the conductivity is affected by high frequency crllective effects.
At twice the plasma freguency there is very slight inflection in
the conductivity curve which can be interpreted as resulting from
the excitation of two plasmons. Because therc i{s nc actual resonance
near w s Eup, it is shown from this calculation that frequency shifts
in incoherent scattering of radiation from a uniform plasma at the
second harmoni: of the plasma frequency will not be observable.

The electron-electron collisional conductivity which is propor-
tional to k2 for small wave numbers k is generally not of great
practical interest for real plasmas since the .ontribution from
electron-ion collisions is independent of k in this limit and also
has a k2 term of comparable magnitude to the electron-electron
contributlon.’ However, the frequency dependence of thc clectron-
electron contribution is different than the ion-elecctron contribu-

tion in the frequency region near 2wp.

’Tbe kQ correction due to electron-ion ccllisions has recently
been computed by H. L. Berk, Phys. Flulds, Vol. 7, 1906k, p. 9.
This calculation coupled with our result gives the complete collisional
conductivity tc order k<.
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part of the high frequency collisional conductivity of a hét, dilute
electron gas (in a uniform positive background) near equilibrium.

The problem has attracted considerable theoretical interest.
Several calculations have been pmsented(l"j) of the collisional
damping rate of plasma waves, which is proportional to the dissipa-
tive part of the conductivity near the plasma frequency. However,
no two of them agree because they make different approximations in
treating the collective behavior of the electron gas. The present
calculation includes the collective effects consistently so that
in the limit of high temperatures (kT >> Rydberg) the result is
exact to first order in the weak coupling parameter kg/n.

Our calculation shows that the detailed frequency dependence
of the conductivity is affected by high frequency crllective effects.
At twice the plasma frequency there is very slight inflection in
the conductivity curve which can be interpreted as resulting from
the excitation of two plasmons. Because therc is no actual resonance
near W 2wp, it is shown from this calculation tbat frequency shifts
in incoherent scattering of radiation from a uniform plasma at the
second harmonic of the plasma frequency will not be observable.

The electron-electron collisional conductivity which is propor-
tional to k2 for small wave numbers k is generally not of great
practical interest for real plasmas since the contribution from
electron-ion collisions is independent of k in this limit and also
has a k2 term of comparable magnitude to the electron-electron
contribution.* However, the frequency dependence of the electron-
electron contribution is different than the ion-electron contribu-
tion in the frequency region near 2up.

*
The k2 correction due to electron-ion collisions has recently

been computed by H. L. Berk, Phys. Fluids, Vol. 7, 1964, p. 25].

This calculation coupled with our result gives the complete collisional

conductivity tc order ke,
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ITI. GENERAL BACKGROUND

The starting point for our computation of the local conductivity.
is the general expression, obtained from Egs. (3.5) and (4.12) of
Ref. 9 and Appendix A of Ref. 4, which relates the conductivity to
matrix elements of the Heisenberg current operator Ji(t)'

/7
kx Im ou(k,w) = le., an (n lJi(o) |m ) (m |JJ(0) Iny (- e-Bhw)
nm

(2x)” 8”(8k -3+ )2ns (Bo-E +E)  (2.1)

The density matrix is

o -a(x-:,n - u un)

(2.2)
-B(E, - u N)
e

vhere u is the chemical potential and, of come,jn, En, and Nn
are the momentum, energy, and number of partices in the state n.

Eq. (1) is similar to the Golden Rule of time dependent pertur-
bation theory and it is shown in Ref. 9 how the result can be calcu-
lated in terms of a diagrammatic expansion in a coupling parameter.
The prime on the summation indicates that in perturbation theory
only proper diagrams are to be considered in calculating the local
conductivity. (This is the point discussed in Appendix A of Ref. 4.)
We can then give a simple prescription for diractly calculating
Im UIJ(k"u)°

*our definition of the conductivity is such that J, (k,w) = -
10, (k,w) E,(k,w) so real and imaginary parts are inte
thp\mnl d‘ﬁniuon. We shall compute only the imaginary part of
the conductivity. The real part corresponds to the polarizability
and is found from the imaginary part via a familiar dispersion
relation.
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differ only the exchange of identical Fermions in
the final state differ by a factor of (-1). The
sum and average over initial and final states is
accomplished by inserting weight factors (1 - f(p))
for particles and f(p) for holes where

£(p) - [eagp +1 ] B . (2.12)

In the limit of classical statistics

- 2 2
tp) - e P . &b o-(p/2m) _ 4 (2202 o(v"/2m)

(2.15)

all final particle and hole states are summed using

the familiar f?uh)-b f djp. Since this counts the

same final state more than once when identical parti-

cles are involved the result must be divided by (n!)

where 4 is the number of particles ~f a given type

in the final state. (Thus in Eq. (3.1) below there

occurs a factor of 1/2)

8. The amplitudes must be analytically continued to

continuous values of the externa). energy variables

by setting qQ, = u ¢ ie and ko =W+ 1le i3 a positive

infinitesimal.

The final state can consist of a single pair which corresponds

to collisionless Landau damping and its virtual corrections.(g) A
final state of two pairs can be obtained only if collisions between
particles are taken into account. The basic collision process
taking into account screening in the RPA is shown in rig. la. The
initial photon must be connected to this final state in all equiva-
lent ways. We must attach the photon {n turn to each particle line
1ncludig§ the lines in the polarization loops. This {8 shown for a
prototype diagram in F'. lb where the x's represent the possible
places for attaching a jhoton line. For each particular photon
insertion additional polarization parts can be inserted to fully
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To evaluate J(w) ve change variables and rewrite the integral
in the form

1l 2 e
@ -h—u L e-z
J(w) - I du u e I dz = =
2 &« ‘,) «
o - u u
TRz o) [ iz e 5)
W w co

and in tbhe limit w - » we have
J(w) = 2 v x
In the low frequency region (w << l) the screening complicates

the integrals. If we replace the dynamic screening function Ay)

o o
by a static screening constant X (where K* . 1) then near w - O

we have
o]
, , . E ﬁ‘q2 e_y?
I{w) « Tdqq e [ dy ““5————5;5 (b.%)
‘ ' (3 + X
2
2 ‘ Yy
J(w) o w I dy 77 [ ay -—32—-3:§ : (4.4)
(¢ K)
We now obtain
n ® X
A s - .
I(w) ~ 5= ( I dx =— -1) (4.4a)
b
2

where b gf K2, and in the limit of & - O we gzet

I(w) n %" (-1n (e T) - 1) (L.uv)

~ ~ % (ln (.67H) - E)]:) (+.4c)
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since K oo 1. The other integral yields, near w - O,

_ 2
VA W
J(w)% T ;5 . (h.!‘d)

]

Note that J(w) vanishes like w° in this limit.

In Fig. ‘ the results of numerical integration for J(w) and
I(w) are plotted for the values h = 10-1. The results obtained
using the classical high wave number cut-off do not differ signifi-
cantly from these for typical values of A because of the weak
logarithmic dependence of I(w) on the cutoff. For w << 1 we notice
that the contribution of J(w) is negligible compared to I(w) but at
w~ 2 the two terms are comparable and for w >> 1 J(w) dominates.
It is not difficult to show that the Balescu type(e’g) of kinetic
equation yields a result which is ejuivalent to replacing the
combinations T(w) + 57 J(w) and I(w) + %J(u) in Eqs. (3.31) and
(5.38) by simply I(0). For w > 1 we see this is a poor approxima-
tion. The integral J(w) which contains the primary effect of the
perturbation of the screening electrons by the incident field is
the dominant contribution for w > 2.

It 18 probably meaningful ﬂ; associate the enhancement of the
curve in Fig. 3 due to J(w) with the production of two plasmons in
the final state as suggested by Figs. 2c and 2d. It is clear from
Ey. (3.32) that only J(w) contains a contribution from the collective
resonance associated with the dynamically screened interaction in

both of the outgoing iines. This enhancement, however, cannot be

described as a resonance. From Fig. } we see that it is very broad.
This is due to the dispersion and Landau damping of the plasmons
vhich contribute for larger values of q in the integrand of (3.32).
Notice that small values of q, for which the plasmon resonance is
sharp, are suppressed by the factor of q5 in the integrand. Because
of the l/wh factor of Eqs. (3.31) and (3.3€) the camplete conductivity
will be a smoothly decreasing curve even for w z 2wp and the

enhancement discussed above will be hardly discernable.
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procedure. It is interest!ng to note that a very simple calcula-
tion neglecting collective screening effects entirely yields the
factors [3.13] for kT/kD = 10 which is surprisingly close to the
exact result. (This approximation corresponds to using the high w
approximaticn Eq. (4.la) for I(w) and neglecting J(w) entirely!)

The electron gas result which we are considering is actually
applicable near 2 wp to a two component plasma in the limit of
infinite ion mass. The contributions to the conductivity due to
electron-ion and ion-ion collisions are smooth near w : 2 wp. This
follows since the primary change in the forrulas in these casec ls
to replace the exponential exp - (ui + ug)/E q2 in Eq. (3.29)to
exp -'(Mlui v Mgug)/Q q2 where M, and M, are the masses in units
of m. Thus, near the resonance where uy and u, are near unity
(1.e., up) these contributions are exp - (Ml * M, - 2)/q2 smaller
than the coutribution from electron-electron collisions. However,
e-1, e-e and {-1 collisions contribute to the smooth bac ground of
thermal noise at w o, 2 wp and of these the e-i contribution, which
is finite at k - O, i{s the major contribution. It is also straight-
forward to show that the effect of ion screening in electron-electron
collisions 1s negligible in the limit m/M - O.

we can apply this result to the observation of the frequency
shifts at the second harmonic of up in the incoherent scattering of
radiation from plasmas. It follows from the results of Ref. 1l
that the spectral distribution of the scattered light is essentially
proportional to Im oL(k,w). Near 2 “ the only contribution from
two plasmon excitation is the weak inflection of the e-e contribu-
tion which is superimposed on the smooth background of noise con-
tributed by the e-i contribution which is larger by a factor of
order k-e. The inflection would be at most a one percent effect
(say for k > 10_1) and i{s most likely unobservable.

*
The calculation in the arbitrary mass case follows essentially
exactly that in Section III.
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For a plasma in which appreciable density gradients exist over
distances short compared to a Debye length the production of the
second harmonic will be much stronger as can be scen frcm the work
of Boyd,(ls) for example. However, for the incoherent scattering of
radiation from the ionosphere where such strong density gradients
do not exist our calculation shows that a frequency shift at about
+2 wp 1s probably unobservable.

This study profited by the conversations of one of the authors
(D. F. DuBois) with Mr. Martin Goldman.
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Fig. 2. Diagrams of order A contributing to

collisional conductivity.
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