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ABSTRACT
(Part I)

This is a study of a particular electromagnetic compatibility prob-
lem. The objective u. this work was to develop and to provide for experi-
mental verification of a design technique for reducing spurious output
signals in high-power klystrons, and thus to provide a practical method
for the reduction of spuriou - output signals in high-power radar transmitters
where the power amplifier 1s a klystron.

The study included: (1) the definition of the particular electromag-
netic compatibility problem, (2) a solution for the problem, and (3) the
design and construction of a high-power, hot-test facility for measuring
spurious cutput signals. The approach in developing the cavity design was
to consider the higher-order modes present in the output cavity and place
these mode resonances systematically at optimum frequencies. The test
facility was constructed from a high-power radar transmitter and the
transmission line included a signal-sampling network capable of measuring
up to the sixth harmonic of an S-band fundamental signal.

Absolute power measurements were made on the second and third
harmonics of the VA-87C klystron (S-band). Relative power measure-
ments were made on the second, third, fourth, and fifth harmonics of the
SAL-36 klystron (L-band). These measurements, along with other per-

tinent data, are compared.
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ABSTRACT
(Part II)

The problem of space-charge wave propagation along a scalloped
Brillouin beam i investigated both by analysis and - xperiment. The
major result of the analysis is the description of the r-f currents and
velocities in the beam by the solutions of Mathieu's Equation. Both growth
and decay are predicted with a maximum instability rate of 6.8 db per
scallop. 1his instability includes a locking between the periods of the
space-charge wave and the scallop on the beam. Experimental evidence
of both amplification and attenuation as well as of the locking phenomenon is
presented and shown to agree with the predicted values. Effects of various
parameters are discussed, and experimental data showing the effects of
cavity position and magnetic field are presented as the bulk of the experi-
mental work.

Three important phenomena not adequately covered by the theory
were experimentally detected. Saturation began to occur just as the r-f
to d-c power ratio became equalto .01 . The effect of a fraction of a
per cent of axial flux through the cathode and a small translaminar stream
was found to give significantly different theoretical results. The third
important observation was an anomalous growth in the peak velocity of
the beam under no-signa: conditions.

The experimental work was performed on a 5.2-kv, 1.15-micro-
perveance Brillouin beam operating under pulsed conditions.

From these experimental results, it is concluded that the laminar,

linear, generalized one-dimensional model is insufficient for accurate
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numerical predictions. Additional knowledge of the amount and effect of
any cathode-leakage flux and translaminar electrons is necessary to pre-
dict the quantitative behavior of space-charge waves on a scalloped

Brillouin beam.
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PART 1

REDUCTION OF SPURIOUS OUTPUT SIGNALS
IN HIGH-POWER KLYSTRONS

A. R. Howland, Jr.
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I. INTRODUCTION

The problems associated with electromagnetic compatibility in the
microwave region are manifold. These problems may render entire
systems inoperative, produce erroncous system results, and reduce the
number of systems that can be used, since cach system occupies a given
scgment of the available electromagnetic spectrum.

Solution of the clectromagnetic compatibility problem can be
achieved by time sharing in a particule » geographic area, by frequency
allocation, or by a reduction in the required electromagnetic spectrum for
cach system. The last method is the only solution that provides for a mini-

mum of ""down-time"'

and extends present technology.

This study attempts a practical solution for the problem of reducing
the required spectrum allocation for high-power radar systems that use a
klystron power amplifier in the transmitter. The major electromagnetic
compatibility problem associated with high-power multicavity klystrons is
that of reducing the harmonically related spurious output signals. This
work is essentially a continuation of the work started by L. A, MacKenzie.l

There are two basically different methouds by which these spurious
output signals can be reduced or effectively eliminated: (1) by the use of
external filters and (2) by improving the design of the klystron. The first
method applies to existing installations. The second method applies to both
existing and future installations. The primary usefulness of the second
method is in future applications.

The measurement of spurious output signa's in the wave-guide

transmission line 1s complicated because these spurious signals are propa-

gated in more than one mode in the wave guide. Such signals can be measured




by multiprobe techniques, by secondary wave-guidc technique, and by the
mode -mixer technique. A system for measuring spurious output signals
based on the mode-mixer technique is installed as a part of the facility
constructed for this program at Cornell University.

The measurements of spurious output signals made during this pro-
gram were made as a function of the input signal level and the beam voltage
of the tube under test. Measurements were made on Sperry Model SAL-36
and Varian Model VA-87C. The results and conclusions based on these

tests follow.



II. DESCRIPTION OF THE ELECTROMAGNETIC
COMPATIBILITY PROBLEM

Electronic equipment must be able to function in the presence of
other equipment without interfering with the operation of the other equip-
ment. To do this the equipment must be compatible with the electremagnetic
environment. While high-power microwave transmitters are seldom affected
in their operation by the presence of other electronic equipment in the elec-
tromagnetic environment, they are one of the major man-made sources of
spurious electromagnetic energy that influences the operation of other

equipment,

A. ORIGIN OF SPURIOUS SIGNALS

The sources of unwanted electromagnetic energy are natural and
man-made. Natural sources, which usually consist of random noise, are:
galactic noise, atmospheric noise, precipitation noise, and corona discharge.
The amplitudes of the signals from these natural sources vary widely with
time and cover a broad band of frequencies. Man-made sources are:
motors, switches, diathermy machines, radar transmitters, communications
transrnitters, and equipment used for intentional jamming.

Electromagnetic compatibility problems arise because each time a
wanted signal is generated, an infinite set of unwanted or spurious signals
is also generated. This interference is compounded, since, in any nonlinear
device, each signal (desired or spurious) can mix with every other signal

(desired or spurious) to produce other sets of spurious energy, etc.




Obviously, if most of the signals in these infinite sets of spurious outputs
did not have zero amplitude, the useful electromagnetic spectrum would
be even more limited than it is today. The resultant of all of these signals,

' is observed as part of the ambient noisc level of the elec-

termed ''noise,’
tromagnetic environment; the noise products, referred to as spurious out-
put signals, are those signals whose amplitude is well above the ''noise
floor." Becausc these signals are the strongest, and because they are

often overlooked in the design stage of any system, these signals cause
much of the interference.

A classic example of electromagnetic compatibility is reported by
Campbell.Z He describes interference 1in a radar-to-communication system.
In this type of system, it is entirely possible that a spurious signal from the
radar will be much greater than the transmitted fundamental or carrier-
frequency signal of the communication system. Radar systems have spuri-
ous output signals that will interfere not only with communications systems
but also with other radar systems. Considerable e¢ffort has gone into pro-
grams designed to predict the level and type of radio-frequency compati-

bility that can be expected in a given electromagnetic environment.

B. NEED FOR ELECTRO-
MAGNETIC COMPATIBILITY
As higher-power emitters of radio-frequency encergy are developed
and as reccivers are designed to be more sensitive, the problems of pro-
viding electromagnetic compatibility for all systems becomes more pro-

nounced. If these problems were solved, there would be a reduction in



system down-time resulting from spurious signals, a reduction in errone-
ous results, and larger numbers of operational syste.ns could be included

within the electromagnetic spectrum.




III. SPURIOUS OUTPUT SIGNALS IN KLYSTRONS

The multicavity klystron is operated in a nonlinear region for maxi-
mum efficiency. For this operating condition, harmonic signals of the
fundamental or carrier signal are present in the klystron. For example,
consider the case of a two-cavity klystron. From the point-of-view of
ballistic theory, the current at the second cavity IC can be expressed in

a Fourier series as

a0

IC = Io . ZIO Z Jr'\(nx) cosn(wt - 90) g (1)

n=1
where Io = d-c beam current, x = bunching parameter, 90 = d-c transit
angle, and Jn (nx) = Bessel function of first kind of order n with argument
nx . The first (or n = 0) term of this series Io is the d-c beam current.
The n =1 term of the series, ZIO Jl(x) cos (wt - 60) , 1s the current at
the fundamental frequency. The nth term of this series, ZIO Jn(nx)
cos n{wt - 90) , is the current at the . harmonic frequency, and the
frequency of each current term of higher order is n times the funda-

mental frequency. I x << 1, then
J_(nx) = (nx)" . (2)

Under this condition, all terms in Equation (1) that are above the n =1
term may be neglected; this is the condition of linear operation. For

maximum efficiency, however, the fundamental-frequency current term



(n = 1) must be maximized. The n=1 te*mis a maximum when J . (x)
takes on its greatest value; this occurs at x = 1,84, Thus, under the con-
dition of maximum cfficiency, it is not possible to neglect the n =2, 3,

4 ... terms of the series, because the condition for linear operation as
given by Equation (2) is violated. When operated at maximum efficiency,
therefore, the klystron is a nonlinear device and the spurious signals are
harmonically related to fundamental frequency. Since, for klystrons, the
ballistic theorv neglects space-charge forces, this discussion of the gener-
ation of harmonic signals is useful only as a first-order approximation.
Scveral theories have been proposed to correct for space-charge debunch-
ing: however, none of these theories has been developed to provide a com-
plete description of the modulated electron beam.

In this investigation, the first few harmonic signals generated by
two klystrons (Sperry Model SAL-36 and Varian Model VA-87C) were
measured in the laboratory. The equipment arrangement, measurement
technique, and results of the measurements for both klystrons are discussed.
In these measurements, both the r-f drive level and beam voltage were
varied in order to d 'termine the relative change in harmonic signal level

as the bunching parameter was changed.

A. MEASUREMENTS ON SPERRY SAL-36

The eqripment used to support the tube-under-test (SAL-36) con-
sisted of the prototype AN/FPS-2 power supply and modulator. The

SA1.-36 is an experimental tube and is completely demountable. The

signal-sampling network used to measure the second through the fifth




harmonic signals of the tube consisted of a small undercoupled loop in the
output cavity, band-pass filters, and a receiver.

The measurements of the harmonic signals were made by sampling
the harmonic power with the small undercoupled loop and feeding the signal
through appropriate band-pass filters to a mixer, wherec it was combined
with a local-oscillator signal to produce a 30 Mc/s signal that was first
amplified by an i-f amplifier and then further amplified and detected by a
receiver for display on an oscilloscope. The vertical displacement of the
signal on the oscilloscope was kept constant in making the measurements.
The relative change of the signal was measured by a calibrated attenuator
in the output line of the harmonic signal, and by a calibrated attenuator in
the receiver. The relative change in a harmonic signal in decibels was
the amount that the attenuators had to be changed to keep the display on the
oscilloscope constant. The circuit used to make these measurements is
shown in Figures 1 and 2.

The relative change in the level of the second, third, fourth, and
fifth harmonic signals of the SAL-36 is shown in Figures 3 and 4 for the
indicated changes in beam voltage and r-f drive level. Specifically,
Figure 3 shows the changes in the harmonics for a beam voltage of 65kv
as the r-f drive level is varied. Figure 4 shows the changes in the har-
monics for a beam voltage of 80kv as the r-f drive level is varied. The
nominal operating beam voltage of the SAL-36 is 120kv . From both
Figures 3 and 4, it is seen that, in the small-signal case, the rate of change
in the fundamental or in the harmonics with respect to r-f drive power is

at the rate predicted by small-signal theory.4 The drive level for which
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this small-signal analysis is valid as a function of the beam voltage of
the tube -under-test, as shown by a comparison of Figures 3 and 4, where
the beam voltage is the o.ly parameter changed for the two se¢is of data.
Note that as the beam voltage is increased, the harmonics saturate at a
lower drive level.

These measurements of the second, third, fourth, and fifth har-
monic signals in the output cavity of the SAL-36 show that as predicted
by theory, spurious signals do indeed exist. The absolute power level
of these spurious signals was not determined because only one small
coupling ‘oop was used. A number of small coupling loops would be re-
quired to determine the mode pattern present in the cavity at a specified
frequency. If the cavity mode pattern were known and if the coupling
coefficient of each loop to each mode were known as a function of fre-
quency, then absolute power levels would be determined for the harmonic
signals in the output cav'ty. Since the measurement of CAL-36 harmonic
signals was one task of a general exploratory program, no effort was

made to determine the absolute power level of the harmonic signals.

B. MEASUREMEN7TS ON
THE VARIAN VA-87

Another klystron. the VA-87C, was obtained, together with the
necessary power supp.ies, modulators, and signal generators and a
wave-guide signal-sampling network. With this equipment, it was pos-
sible to measure the second and third harmonic signals that were coupled

out of the tube into the output wave guide.
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1. VA-87 Test Set

The VA-87 test set can be considered as three units: the support
unit, the test instrument, and the measurement unit. A block diagram
of the test set is shown in Figure 5 and a photograph of the sy-tem is
shown in Figure (. The support unit includes a high-power modulator
and power supply, a r-f signal source, a r-f driver, a water-cooling
system, associated power supplies, and necessary protective circuits.
The unassembled test instrument, a portion of a modified four-cavity
Varian VA-87C klystron, is shown in Figure 7. The test instrument
consists of the electron gun, input cavity, second cavity, third cavity,
and high-vacuum ball valve. The measurement unit consists of the
Emtech signal-sampling network, filters, and power meters for the
direct reading of the spurious energy level as a function of frequency.

The support unit provides d-c and r-f power for the test instru-
ment. Water and protective circuits are provided for both the test
instrument and measurement unit. Pulsed d-c power at 110 kv is re-
quired for the one-microperveance elcctron gun of the test instrument.
This d-c power is obtained from an AN/FPS-6 power supply and modu-
lator. The addition of a three-phase autotransformer (Variac) to the
a-c input for the power supply permits a variation from zero to 110 kv
in the beam voltage supplied to the test instrument. The r-f oscillator
is a light-house tube in a cavity (part of the AN/TS-155E/UP signal
generator), and the driver is a small three-cavity, c-w, spuce-charge-

focused klystron (Sziri'y model SAS-60). The drive level of the r-f

~13-
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input to the test instrument is continuously variable from zero to 6 w

peak. This signal generator also contains the system trigger unit. It

1s possible to vary the r-f pulse width in this test set and to adjust the
various timing circuits so that (1) the pulse envelope of the r-f signal
is centered in the beam voltage pulse, (2) the pulse envelope of the r-f
signal and the beam voltage pulse occur at the sume time with equal pulse
widths, and (3) the beam voltage pulse is centered inside the pulse en-
velope of the r-f signal. The pulse envelope of the r-f signal discussed
here may be either the r-f drive signal or the fundamental output signai
of the VA-87

The test instrument (electron gun and first three ce vities of a
VA-87C) was modified to permit recoating of the cathode, continuous
pumping, and changing of the output structure under test without letting
the electron gun down to air. Figure 7 shows (1) the vacuum flanges
added to the electron gun, and (2) the ball valve added to the drift tube
after the third cavity. Any output structure for which hot-test charac-
teristics are desired can be connected to the test instrument at the flange
on the ball valve. The system rcquires that the output structure include
a collector, operate between 2.8 Gc/s and 2.9 Gc,s, and provide or
the location of the ''output cavity pole piece,'' but these requirements
do not restrict the flexibility of the system.

The unit installed for measuring the spurious output signal in this
test set was built by Emtech to Cornell sp>cifications, and a block dia-
gram of it is shown in Figure 8. This signal-sampling system can mea-

sure signals that are 60db or more below a fundamental signal of 2Mw

peax power. These signals are two, three, four, five, and six times the




;frr.u':w%wo? . e ->$ECOND HRARMONIC
| mixer [ ] section [>TH'RD HARMONIC
ATTENUATOR > FOURTH HARMONIC

FIGURE 8, Block Diagram of VA-87, Signal-Sampling Device.

fundamental signal and are therefore propagated in the S-band wave -
guide outside of the usual frequency range (r:commended operating
range). This means that these signals will propagate 1n more than one
mode.

In the measurement unit installed at Cornell (Figure 8), all the
energy passes through the multimode attenuator and is reduced by a
known amount. The mode mixer accepts the incoming modal distribu-
tion pattern and rearranges it to a known pattern. The sampling section
and external band-pass filters provide for frequency separation of the
signals as they leave the mode mixer and go to the power-measuring
device. The measurement unit is calibrated by launching a known modal
distribution at its input and by measuring its insertion loss as a function
of frequency for several differeat mode distributions. The results make
it possible to define the insertion loss as a function of frequency (inde -
pendent of modal distribution). The range of these results defines the
accuracy of the system. The unit is as precise as the power-measuring

device, since the signal-sampling network 1s passive.

2. VA-87 Measurements
The Varie n VA-87 klystrons are a series of S-hand, four-cavity,

pulsed klystrons. The only difference between tubes of this series is the
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‘uning range. The VA-87B can be tuned from 2. 7Gc/s to 2.8Gc/s ;
the VA-87C can be tuned from 2.8Gc¢/s to 2.9Gc/s . The second
harmonic of a VA-87B and the second and third harmonics of a VA-87C
were measured at the General Electric Microwave Laboratory using a
multiprobe signal-sampling network. The second and third harmonics of
a VA-87C were measured at Cornell using a mode-mixer signal-

samplir g network.

a. Multiprobe Measurcment55'6 on VA-87

A signal-sampling network of the Forrer and Tomiyasu type (multi-
probe system) was used to obtain measurements. This network gave modal
power information, and the accuracy of the systemi1s + ldb . The results
shown in Figures 9 and 10 illustrate the variation in spurious output signal
level at the second harmonic. The onily changes made to the tube were

1

"normal operating parameters' and were well within the specified operating
range.

The limited number of measurements made at General Electric
of spurious output signals generated by a VA-87C were made under the
conditions of synchronous tuning at a fundamental power level of 1.33Mw .
The fundamental frequency was 2. 798 Ge/s , which is Just below the
lower limit of the specified tuning range of 2.8Gc/s to 2.9Gc/s . The
second harmonic signal level observed was 44.0db below the funda-

mental signal level, and the third harmonic 50. 4db .

b. Measurements on the VA-87C

The limited number of measurements of spurious output signals
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generated by a VA-87C* at Cornell were made under the conditions of
synchronous tuning at a fundamental frequency of 2. 82Gc¢/s and at a
beam voltage of 100kv . The magnets were adjusted at 3. 0w drive
to give maximum output. Figure 11 shows the relative change in the
fundamental, second harmonic, and third harmonic signals as the r-f
drive level 1s changed. The maximum value of the fundamental signal
is 2.1 Mw ; the maximum value of the second harmonic is 46 db below
this, while the maximum value of the third harmonic is 51 db below

this.

C. COMPARISON OF RESULTS

Four sets of data on spurious output signals, taken on four dir-
ferent klystrons, and measured on three different signal sampling net-
works have been presented. Figures 3 and 4 and Figure 11 show that
a relative change of spurious energy in a klystron output cavity 1s ob-
served as a similar relative change of spurious energy in the klystron's
output wave guide. The measurements on the various VA-87 klystrons
proviue information for a rough comparison between two types of trans-
mission-line signal samplers. The multiprobe unit (G E.) and the mode
mixer unit (C.U.) under similar operating conditions tor the VA-87C

klystrons give resuits which compare with cach other within the range

There were two VA-B7C klystrons. One VA-87C was modified and
hecame the test instrument. The other VA-87C was not altered.  Thes
measurem-nts were made on the unmodified VA-87C.
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of instrument accuracy, the multiprobe unit being accurate to within
+ 1db and the mode mixer unit to within + 3db .

In general, it is casier to obtain absolute power measurements
in a transmission-line signal-sampling network than in the output cavity,
because the number of independent measurements required in the trans-
mission line are smaller than those required in the cavity. If the aim of
a program is to determine the magnitude of the spurious signals on the
electron beam, however, the coupling loop of the output cavity to the
main output transmassion line presents as many unknown coupling-loop
coefficients (one for each mode) as the single small coupling loop placed
on the SAL-36 did. In other words, if the klystron is considered as a
black-box amplifier with an input and output, the measurements can be
made in the output line. If the signal levels at various points inside the
black box are to be determined, the signals must be sampled at these
various points. Furthermore, for a un que solution. enough independent
measurements must be made to obtain a set of n algebraic equ‘ions
with n unknowns.

The measurements on the SAL-36 and VA-87 show that the
harmonically re'ated, spurious output signals are generated and coupled
out of the cavity into the wave guide at sufficient power levels to reduce
the number of systems that can be operated at the same time in the same
general geographic location without ¢reating ciectromagnetic spectrum
problems. The signals measurced during this investigation were all
eventually fed into a dummy load; in an oprrational system. these signals
would have been radiated into the surrounding «nvironment hy the system

antenna.
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IV. PROPOS D METHOD OF REDUCING THE
SPURIOUS OUTPUT SIGNAILS IN HIGH-POWER KLYSTRONS

The cavity design technique discussed here is @ method of re-
ducing the harmonically related, spurious output ignals in multicavity
klystrons, which solves one problem in electromagnetic compatibility
analysis, The problems resulting from spurious emissions from kly-
strons are illustrated by the resalts of the measurements on the SAL-36
and VA-87 scries klystrons discussed in Section III. There it was seen
that even though a4 spurious signal might be very small when compared
to the fundamental, the absolute power level of the spurious signal might
be greater than the power level of the carrier of a communications system,
For example, a spurious signal which is 50 db below a 2-Mw fundamental
signal has an absolute power level o. 20w, which is four times greater
than the absolute power level of 5w (carrier power) used in many micro-
wave point-to-point relay systems today,

This electromagnetic compatibility problem can be solved by
eliminating the spurious output signals without degrading the performance
of the klystron at the desired frequency of operation., Two different methods
muay be used to reduce the level of spurious output signals, One method is
to suppress the spurious output signals after they have been generated in a
nonlinear device and then coupled into the system s transmission line,
Wiile this can be done by filters, the method is inefficient, because the
addition of filters gives no new information about the operating mechanism
of a klystron, and there will always be some insertion loss at the funda-

mental frequency because of the filters,  The other method, used here, is
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to improve the design procedure for the devices that gencerate or amplify
m.crowave signals. The design procedure must take into account the
generation of spurious output signals as well as the fundamental output
in a high-power microwave tube that would normally be used as the final
or power-amplifier stage of a high-power radar transmitter,

In approaching the problem for microwave tubes, one can study
cither the active portion, i, e, the electron beam and interaction phe -
nomena, or the passive portion, 1.e, the tube circuitry, These ap-
proaches are not independent, but this study approaches the problem
primarily from the passive standpoint.

The specific method used here to effect a reduction in the level
of spurious output signals in a klystron is based upon two known facts:
(1) All cavities will resonate at many frequencies, and the signals are
not necessarily harmonically related. (2) There are many signals on
the electron | eam, and they are harmorically related.  The impedance
of a cavity as presented to the electron beam is a function of frequency.
The transfer impedance, which relates the amount of encergy trans ’erred
from the c¢lectron beam to the cavity, 1s high near a resonance and ap-
proaches zero away from any of the mode resonances of the cavity, The
amount of energy transferred from the ¢!ectron beam to the cavity in-
creases asthis impedance increases; therefore, if the harmonically
related spurious signals on the electron beam occur at frequencies
away from any mode resonance of the cavity, the impedance presented
to the beam at the spurious signal frequency will be low and the transfer

of energy from the beam to the cavit - will be low., That s, the spurious
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sigi.als generated by the velocity modulation of the electron beam will
stay on the beam and be absorbed by the collector. Thus, one method
of reAdacing the spurious output signals in klystrons is to develop a
cavity design technique that allows for the selective piacement of the
cavity's higher-order modes. This boundary value problem is the basis
of the proposed solution.

The cavity analysis technique used in this study is the normal
mode expansion of the given boundary value problem, where Maxwell's
oc¢aations are to be satisfied. The normal mode expansion will contain

[l the desired information about the higher-order modes ot the cavity.
The usual coupling loop, probe, or wave-guide 1ris coes not load the
cavity symmetrically with respect to the electron beam. The presence
of any of these couplers in a cavity crecates problems in the mathe-
matical formulation when higher-order mode information is to be retained
because these counlers are unsymmetrical with respect to the electron
beam. Therefore, a requirement of the cavity is that it have a coupling
scheme that 1s symmetrical with respect to the electron beam. This
requirement, of course, is important only for a cavity that is heavily
loaded, as for the input and output cavities of a klystron. [t is not im-
portant therefore for the intermediate cavities. MacKenzie's workl*

did not consider the presence of a coupling mechanism and 1s, there-

The method of approach used to develop the design of the symmet-
rically loaded chvity 1s based apon MacKenzi:'s work  Many details
of the boundary value problem solution, such as test for series con-
vergence, are not repeated in this thesis.
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fore, complete only for intermediate cavity analysis. Since there will
be harmonic signals on the beam regardless of the input cavity con-
struction, this study will deal with the design of a klystron output
cavity that is heavily loaded, but the analysis technique is the same

for ar input cavity or any other externally loaded cavity.

A. PROPOSED OUTPUT STRUCTURE

The structure to be considered for this study (Figure 12) is
a typical re-entrant, gridless-gap klystron cavity with in axially
symmetric output-coupling iris that feeds a coaxial line. Since the
kiystron's collector is also the center conductor of he output coaxial
line, some mechanical and w. ter-cooling problems arise, but they can
be solved. Since the majority of high-power radar systems use wave
guide as the output transmission line, there will normaually be a tran-
sition from the tube's coaxial line to the wave ouide, This transition
may be achieved in several different ways, where the primary electri-
cal consideration is that the transition present a symmetrical load to
the output cavity,

The structure used in the analysis is that shown in Figure 13,
In going from Figure 12 to Figure 13, the effects of the annular ad-
mittance that is associated with the drift tube in the interaction gap
and with the top of the cavity at the coupling iris have been removed
by 1ssuming that both the drift tube wall and the top of the cavity have
zero thickness, The removal of these effects de es not influence the
basic solution of the mathematical model, because these two effects

ma /s cack be considered as short transmission lines,
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B. SOLUTION OF THE BOUNDARY VALUE PROBLEM

The normal mode analysis will be used here to obtain a solution
to the boundary value p- oblem. From this analysis, an ''equivalent''
adiaittance will be defined for each region of the structure and will be
expressed in the form of a Fourier (Fourier-Bessel) series. The total
admittance function for the structure will be the sum of the admittance
functions of all the regions. The absolute value of the total admittance
function is a m.nimum at a cavity mode resonance. This means that the
analytical model consists of a sequence of ideal, parallel, resonant,
lumped-constant circuits.

For convenience in finding the field expansions, the structure
shown in Figure 13 is divided into two cavities, shown in Figures 14 and
15, each of these cavities will in turn be divided intot. regions. The

regions are:

Region 1 - Interaction cavity (Figure 14), all of the cavity where
the rangeof r is a<r <b.

Region 2 - Interaction cavity (Figure 14), all of the cavity where
the range of r is 0 <r <a.

Region 3 - Coupling cavity (Figure 15), all of the cavity where
the range of z i1s 0 <z < L.

Region 4 - Coupling cavity (Figure 15), the coaxial line, where

the range of z is z > L.

The resultant admittance expressions for each of these regions will be

added to give the total admittance function. Since the principle of super-
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position :ll valid for Maxwell's equations, it is possible (but certainly

not necessary) to follow this convenient procedure,

The procedure used to match the various boundary conditions
follows. The field component equations for the cavities shown in
Figures 14 and 15 are determined; then since E, of Figure 15 (Region
2)is zero at r = a, the E fields which must be matched across the
interaction gap are the Ez field components from Region 1 and Region 2

at r = a, Similarily at the coupling iris, the E fields which must be

matched at z= L are the E_ components of Region 3 and 4, because
the E_ field component of Region 2 is zero at z = L. The field com-
ponent equations for Regions 2 and 3 are then added. The H-field com-
ponents are then matched at the interaction gap and the coupling iris by
defining a gap voltage and gap current and determining an '"equivalent"
admittance. At r = a, we can determine Yg1 for Region 1, and Y
for Regions 2 and 3. At z =L, we can determine Ycl for Region 4,
and YC for Regions 2 and 3. The effect of the system load on the
electron beam is shown in these admittances through the H field com-
ponent equations. Theterms Yg’ Ygl ; Yc' and YCl are defined in
Equations (17), (21), (26), and (18) respectively..

The '"equivalent'' admittance functions of the interaction and
coupling cavities can then be combined to form a set of two equations

with two unknowns. Solutiors to this set of equations will yield the

resonant frequencies for the structure. The first zero or eigen value

of this set of equations will be the desired fundamental resonance.




The normal mode definitions of the coaxial line are used in this
study. The usual fundamental mode of oscillation of the cavity is the
TMO 16 mode, where the subscripts refer to spatial variation of the
fieldinthe 6, r, and 2z directions respectively. In order that the
desired signal produced by the interaction of the active (electron beam)
portion and the passive (tube circuitry) portion of the microwave tube
be capable of reaching the system load (antenna), neither Ez nor Er
can be identically zero. Thus, for a symmetrical mode (no variation
in the 0 direction) to be capable of transferring a useful signal from
the electron beam of the klystron to the system load, the mode must
be of the TM type and not of the TE type. This analysis assumes
symmetry in the 0 direction, since, in theory, this assumption is
valid for the operation of these cavities, The conductivity of the metal
walls is ass'imed infinite, and the drift tube wall and the top of the cavity
(z = L) are assumed to have zero thickness, These assumptions are
those usually made, and are good approximations for a symmetrically
loaded cavity that is physically realizable,

The general field expressions for Regions 1, 2, 3, and 4 given
below in Equations (4a) and (4b) are derived from the wave equation of

the form
viE =V E . (3)

The general field expressions for TM_ .. modes are

_r jwt
l’.:z = E-Am Jo (kr) + Bm No (kr) J cos Bzz e ,
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p
E, = =CA_J (kr)+B_N (kr)]sinps e’

Hy = j‘il EAm J, (kr) + B_ N, (kr) ] cos B2 vt ; (4a)
Ee = Hr = Hz =0 ,
where
2 2 .
k™ = -ﬁzz =% and Y, = JwVpe .

The general field expressions for the coaxial line TEM mode which

will propagate in Regions 3 and 4 are

" K jlwt - Bz
Er Ve Znr © )
(4b)
. K j(wt - p2)
Hy = 777 ©

where P = wipe .

As the first step in the solution of this boundary value problem,
a field will be assumed at the interaction gap (Figure 16) and also at the
coupling iris (Figure 17) of the cavity. These fields are of the same
form as those found in the TEM mode and are similar to the higher
order TMomn mode fields, They thus, provide a reasonable approxi-
mation of the actual fields at resonance, but are not as good approxi-

mations away from resonance, Since the location of the higher -order
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resonances (zeros of the total admittance function) is the primary pur-
pose of this analysis, these assumptions are not expected to alter the

solution of the problem severely.

The E field boundary conditions that must be satisfied by the

solution of this problem are:

E =0
Tlz=0
(0 a<r<c¢
clE:r
E =4—°ejwt c<r<h ,
rz=L r
‘0 h<r<b
Ez = 0 ;
r=b
{ d
0 0<2<8«—
2<gsg >
E = (E e‘iwt 3-2(2(5.}2
zr:a z, 2 2
0 d< <
\ l+-z z<L ' (5)

1. Analysis for Regionl
In the field component equations determined for Region ] (inter-
action cavity), all field quantities associated with Region 1 are designated

by a subscript or superscript 1. The boundary conditions for the inter-

action cavity (Figure 14) are
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E =0 ,
r
1z=0
e=L
Ezl =0 ,
r=b
r 0 O<:z'<g.-2
2
E, = {Ez ot s-3czcsasd
1 o
rza
0 s+ <z <L . (6)

From Equations (4) and (6) the Region 1 field component equations are

found to be

dD (k. r)
E :1 .—£L—£L—
z
1 LDo(koa)
\
2 4cosp(zl) 8 sinﬂ(zl) % Do (kmr) cos ﬁ(zl) z
+ m m m }E -
m;i "z o ma)
m /
(7)
4cosp‘zl) 8 sinp(zl) d Dl (kmr) sinﬂ(l) z
E = m m 2 zm E
r ’
1 . L k-m Do (kma) z
m=1
(8)
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LR (kor)
Hel = joe ‘ ko L Dy (kg@)
\
4 cos p‘zl) s sin p‘z” % Dl (kmr)'cm ﬂ(z” z \:
+ m m m__\ g . (9)
s Lk, By D, (kya) . %

m i
where in Equations (7), (8), and (9),

2 | 2
km = ‘(ﬁ(z"))z 'Yo ’

- 1) _ mn
ko = WY pe , [3(2 = T ’
m

L

D (kr) = N (k b) I (k_ r)-J (k _b)N_ (k_r) |,

D, (kr) = N (k_b) J (k 1) -J (k B)N, (k 1) .

2, Analysis for Region 3
In the field component equations determined for Region 3 (Figure 15),
all field quantities associated with Region 3 are designated by a subscript

or superscript 3, The boundary conditions for the coupling cavity are

E =0 , (10)

- -
nu
oo
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0 a<r<c
cEm
_ o
Er3 s { = c<r<h
z=L X
| 0 h<r<b i
Er3 = 0 . ] (10)
z=0

From Equations (4) and (10), the Region 3 field component equations are

' found to be
2~ ¢ «?xZ N2(n_a)ID (\_h)-D_(A_ec)ID_(A_r)cospl?
r
el s1nﬁ(3) LEN (_a) - N (x _b)] 6(3)
m
(11)
i N(L-2)
cln—e °
E = E
Ty L To
a
€0 A N, 3) DN ) - Dylh eI Dy o) simpy
-/ E,
‘r'nzl’ 2 sin 5(23) LENg (Xma) - ch,()smb):] °
m
(12)
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cn?a_ N2(\_a)CD (A _h) -D_(x_e)]D (\_r)cos p(:’ -

-jwe m E
L z?z:: sin p‘}i L ONZ (A a) -N (A_b)J r

ow'

where for Equations (11), (12), and (13)

(p(zi).)z =-xmz 2 p(:) = oVee .

(o]
o
Ny~

D (\,F) =N (A b) T (A7) -J (\ b)N (A 1) .

th

Note that Do(x mb) £ 0 and that Xm is the m  root of Do(xma.) = 0 and

also that

D,(\_r)=N_(A_b) Jl"(.)‘mr) I (b)Y N(A_T)

‘e

3. Analysis for Region 1 and 3
The field component equations and boundary conditions for the

various regions have been developed so that
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and

This is done in order to simplify the process of matching the E field
boundary conditions for the structure shown in Figure 13, The expres-

sion E"l = 0 is an obvious boundary condition for the structures

z=L
shown in Figure 15, likewise Eg3| ,=a =0 corresponds to Figure 14,

Next, the "equivalent'' admittance function for Regions 1 and 3

mu t be obtained together because Y = f(I) and I = f(H The field

9)'
coir.ponent He has a contribution from both the interaction and coupling
cavities at both the interaction gap and the coupling iris, It is this He
field component which relates the effect of the system load to the electron

beam (drift tube) and vice versa, The total field component equations for

Regions 1 and 3 are given by adding the following equations:

Ez = Equation (7) + Equation (11) : (14)
E = Equation (8) + Equation (12) , (15)
Hy = Equation (9) + Equation (13) . (16)

The interaction gap voltage Vg. the interaction gap current Ig, the
interaction gap admittance Yg' the coupling iris voltage Vc, the coupling

iris current Ic' and coupling iris admittance Yc will be determined from
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Equations (14), (15), and (16). The resultant equations for Yg and

Y are
c
4
¢ D, (k_a)
. (Zna” 1 Yo
Yg = - jwe v
d ko L Do(koa)
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h (3) . 3) d
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and

([ h
d f rDl(kor) dr Ez
n jw([ 2w . ] < C ‘E o
lc(h-c)lnz Lko Do (koa) L

h

© (-’;mcos 6(21) 8 sinpz(l) %—[ r Dl(kmr) dr E
m m z
o } < < °>
x

mk D (k_a)
m o' m

m=1

m

h
i © cmef;(xma) Db -Do(xmc)J cos p‘z"::lL [ rD (A _r)dr
C

! \
=T 5 ' '
2 5(23) [No ()\ma) - N(Z) (me)] sin ﬂ‘;” L
m=1 m m J
(18)
where
H
e, _
1 - [-—l—z‘l‘ dA
c h-c
A
b
vV = j E dr
¢ 3 rIz:L
and

IC
Y S ——
VC

-44.




For convenience in using these expressions in the subsequent discussio’,

each major term will be assigned a letter, for example, from Equation (17)

E
r T
Y = A +A, a *""3'*4E_D . (19)
z z
[#] o

The terms listed in Equations (17) and (19) are in the same order. Like-

wise from Equation (18)

E E
z0 zO
Y = B,+B + B, — -B, . (20)
r r
o o

4. Analysis for Region 2
The ''equivalent'' admittance associated with Region 2(inside
the drift tube) is an inner storage admittance. It may be determined in
the same manner that Yg and Yc have been found; however, the inner
storage admittance has been calcuiated by C. C. Wang.7 In terms of

the notation iused here, the inner storage admittance Y_ (i.e., Region

1
2) is
. 2ma € Jl(koa’
Y = ) — /= —
g d Bl (k a)
o o
o - )
_ 2a m 1-e? (21)
d 30 € ’
o 6
m=1

where §2 = R& - (k «’!)Z and R__ is the mth rootof J . The assump-
m m m 0

tions ma. by Wang are used in this study. However, there is the
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additional restriction that kma < 2.405 in order to eliminate modes that
can propagate down the drift tube in the z directior, i.e., propagating
modes of a circular wave guide. Wang also points out that, to be per-
fectly safe, one should have kma < 1.84 so that the circular wave guide
'I'Ell mode will not propagate, since any dissymmetry may excite the
mode. Neither of these restrictions gives any real difficulty, because no
klystron would be opera‘*ed with its fundamental frequency in this region.
The restriction (kma < 2.405) woes determine an upper frequency for

a klystron above which the total admittance function is not a good approxi-
mation. This frequency limit is usually above the fourth harmonic of

the fundamental frequency.

Again for convenience, Y is rewritten from Equation (21) as

8]

Y = A_ + Ab . (22)
Here too the terms of Equations (21) and (2Z) are listed in the same order.

5. Analysis of Region 4
The ''equivalent'' admittance associated with Region 4 (Figure 18)
is determined in the same manner as Yg’ YC , and Ygl. The general
field equations are the same as those for the cavity Equations (3) and (4).

The boundary conditions of the coaxial line are

E | 0 (23)
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From Equations (4) and (23), the field component equations are

@
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: th
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o m m ’
ﬁfn = 'an + WZ neE

and for the m=0 term of these series (coaxial TEM mode), the resultant

field expressions are
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The ''equivalent'' admittance for the perfectly loaded coaxial line (Region 4)

is found from Equations (24) and (25). It is

¥ =-zn," L
1 P'lng

h
2
@
e No(amc) Do(o.mh) cos mef r Dl(amr) dr
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H
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A
and Ic
1
Y = —
1 vcl
Again as before, YCl is rewritten from Equation (26) as
Ycl = -Bs - Bb (27)
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6. Analysis of Total Admittance Function
The admittance functions from Rerinns 1 and 3, Region 2, and
Region 4 may now be combined to form the total admittance function.
In Regions 1 and 3 and Region 2, the relationship between the magnetic
fieids is

l-Ie = -He
Region 2 Regions 1 and 3

Thus one of the two equations for resonance is

E_\ (E
rD rl‘.}
At A, S t A=A, tAg+tA, = 0 . (28)
ZU, \ z
o

In Regions 1 and 3 and Region 4, the relationship between the

respective magnetic fields is

HC' = -He
IRegion 4 Regions |1 and 3

Thus, the second resonarce equation is




If b/a=p/c, then B, - By = 0; that is, the characteristic impedance
of the output coaxial line and the coupling cavity are equal. Through the

remainder of this thesis, it is assumed that ap = Wb

7. Special-Case Checks of Solution
There are several special-case “hecks which may be used to deter-
mine necessary, but not sufficient, conditions for ascertaining the validity
of Equations (28) and (29) as a solution to the boundary valu“er};roblem.

The three cases discussed can be more easily visualized from Figure 13.

a. Casel

If ¢ =h, then Yc =Y 0 and the cavity resonances are deter-

€1

mined by

This is the ''resonance equation'' for the interaction cavity or MacKenzie's
cavity.1 The nomen..ature used in this study is slightly different from

that used by MacKenzie, but the equation for the interaction cavity reson-
ance is the same. Thus, the solution as presented in Equations (28) and

(29) is consistent vith previous work.

b. Case 2

If d=-0, then Yg = 0 and Ygl is not defined, because in the

formulation of the problem to determine Y_ , it is assumed that d # 0.

g]

Thus, the resonance equation becumes

5] -




as expected. If in addition, p = h, the equations“now express a jump
discontinuity between two coaxial lines where the characteristic impedance

of the coaxial lines is the same if a/b = c/p and is differentif a/b # c/p.

c. Case 3

h, the equation,

If d=0, a=c, and b=p

Y + Y =0
(o Cl

expresses the admittance of a short-circuited coaxial line as viewed from

the point z = L (Yg and Y, are still equal to zero as in Case 2).

8}
Thus, all the special-case checks are satisfied and the solution
of the problem as giv~n in Equations (28) and (29) is at least & solution
for these special configurations. Tue complete check on the validity of
this solution would be determined when a comparison of analytical and
experimental results is made. Some of the necessary laboratory equip-

ment required to make this check has been constructed, although there

are no definite plans to complete the study at the present time.

C. CONSTRUCTION OF PROPOSED OUTPUT STRUCTURE

AN 4

Part of the proposed output structure based on the solution of the
boundary value problem has been constructed. The entire output structure
is illustrated in Figure 19. The output cavity of this structure is as shown
in Figure 13. Figure 20 shows the constructed output structure minus
the output cavity. The wave-guide window, vacuum-pump connection,
collector water connection, the arm of the sliding short circuit, and the

coaxial output line can be seen in Figure 20. This structure may be used
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FIGURE 19. New Output Structure for VA-87,




for a variety of cavities, but the output cavity must be added to the struc-

ture. The structure as shown in Figure 20 has been vacuum leak tested
down to a pressure of 2 x 10.7 Torr.

Construction of the test instrument (electron gun and first three
cavities of a VA-87C) described in Section III.B.1 has been completed
and vacuum leak tested to a pressure of 2 x 10-8 Torr. The cathode
must be activated héfore the test insttument is put into operating condi -
tion. Some limited cathode activation was done. A dummy collector was

placed on the ball valve, since the test instrument does not include a col-

lector. During this work, it was determined that the perveance of the
rebuilt electron gun had not been changed and that the electron beam

passed through the ball valve into the dummy collector without drift tube

interception.
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V. SUMMARY AND RECOMMENDATIONS

The design of the general, symmetrically loaded, double re-
entrant, high-power, coaxial klystron cavity has been specified. The
background, the requirement, the reduction to system specifications,
and the construction of a high power spurious output test facihity is
described. Measurements on this system as well as measurements o de
on other systems, are reported and compared with other available per-
tinent data. The design techniques used in solving the cavity's boundary
value problem are general, and the general formulatinn of the problem
(but not necessarily the specific results) may be used if a special struc-
ture is to be considered. All the signal-sampling networks discussed
in this study have their application. The best network to use 1n a given
case depends upon the nature of the required information. The most
economical transmission line network, in both init:al investment and
time required per test, is the mode mixer system; however, other
systems will provide greater accuracy and modal power information.
The comparison of spurious output signal measurement results demon-
strates that all these signal-sampling networks provide for general
agreement between systems.

Effort on mechanical design, other cavity configurations, and
other coax-to-waveguide transitions are recommended as future work
areas. All these structures and the proposed structure discussed in

this thesis shouid be built and undergp hot-test.
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PART II

A\ STUDY OF SPACE-CHARGE WAVE PROPAGATION
ALONG A PERIODICALLY VARYING ELECTRON BEAM

M. Roberts




I. INTRODUCTION

Periodic structures are of considerable importance in much

of engineering and physics. The fact that the periodicity of most

manufactured and naturally cccurring structures, such as wave
guides or crystals, is fixed makes studies of periodicity-dependent
effects impractical, The electron beam, however, is an excellent
study vehicle because its periodicity is directly controlled by its
constraining magnetic field.

In the years 1952 to 1954, much theoretical work and some
experimental work was done concerning the effects of periodic inter-
actions with space-charge waves in beam i1bes. Rydbeck and Agdur
presented a general treatment of periodic interactions of space-
charge waves which showed that the behavior of the waves is des-
cribed by solutions of Mathieu's Equation. About the same time,
Birdsallla reported that a simple theory could be used to predict gain
with either a velocity jump, a rippled-wall or a rippled-stream type
of periodic interaction, and that some experimental evidence of
rippled-wall amplification was cbserved. Bloom2 analyzed the prob-
lem of space-charge waves on a scalloping beam in detail, including
the effect of confined beam-reduction factors, Shortly afterward,
Rich3 prescented a rigorous mathematical treatment of the same
problem to explain the gain experimentally observed on a scalloping

: 4 )
beam by Mihran. = In recent studies of a Brillouin beam, Gilmour

reported experimental evidence of a '"locking' phenomenon between




the plasma half-wavelength and the scallop wavelength at magnetic
fields below the Brillouin value. This experiment is designed to
verify quantitatively the applicability of the Mathieu-Equation model,
and with the highly controlled environment available, determine the
effects of any imperfections on the beam, if possible. Although the
detailed calculations and experimentation here apply solely to Brii-
lovin beams, the same analysis is valid for any beam in which there
is a periodic density variation caused by improper focusing condi-
tions.

In any practical situation where Brillouin focus conditions
are Yeing used, some scalloping of the beam is likely to occur.
Thus, either gain or some other effect of the scalloped-beam ampli-
fication mechanism is a real possibility in beam tubes,

To verify the model, a complete study of the effect of the
plane of excitation was made using a sliding input cavity. The ratio
of plasma-to-scallop wavelengths was continuously varied giving rise
to a transition between stable and unstable solutions of the Mathieu
Equation. The question of saturation levels and effects was briefly
explored.

As the interaction phenomenon can take on the properties of
either amplification or attenuation, it is possible to exploit this in-
herent beam property for either signal enhancement or, under cer-
tain conditions, for reduction of a properly launched noise wave. It
is also conceivable that this ever-present interaction is the cause of

second-order effects in beam tubes where even a slight radial motion

of the beam is possible.




II. STATEMENT OF THE PROBLEM

The problem under consideration is to determine what effect the
scalloping of an electron heam has on the propagation of space-charge
waves along the electron beani. In this particular case of a Brillouin
beam, the electron beam emerges from a shielded cathode gun into a
drift region and is constrained by an axial magnetic field. Generally,
the balance of forces - space charge, magnetic, and centripetal - will
not be exact and an oscillatory radial motion, i.e. scalloping, of the
beam will result. As can be shown,6 for a moderate force imbalance,
the radius of the beam can be described as a sinusoidal function yielding
a wave number. This scallop wave number is proportional to the axial
magnetic-field strength. This condition of force imbalance violates one
of the standard conditions of Brillouin flow; however, for lack of a better
name we consider this beam to be a sczlloping Brillouin beam.

If a modulating cavity is placed along the beam and r-f bunches
formed by the action of the r-f fields, how is the propagation of these
space-charge waves affected by the various parameters describing the
electron beam-space charge-wave situation? In particular, what is the
etfiect or importance of the ratio of effective-plasma wave numbers to
scallop wave numbers, and of the depth of scalloping, modulation fre-
quency, cavity position, magnetic field, power level, beam voltage, or

perveance? This study is designed to answer these questions.
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III. PHYSICAL EXFLANATION

A simple physical explanation for the interaction phenomenon can
be given for the case of optimum-gain conditions; other conditions between
optimum gain and pure attenuation can be understood by extension of this
explanation.

The most important feature contrasting a scalloping beam with the
ideal Brillouin beam is the periodic change in electron density. This
density variation will be shown to cause the interesting gain phenomena
observed. It is convenient to use the standing-wave concept of space-
charge waves with the current and velocity waves in space quadrature.
Associating the current wave with potential energy, and the velocity wave
with kinetic energy will aid in understanding the processes involved.

On an ideal Brillouin beam, energy is given to the beam by the
velocity-modulating cavity in the form of an ordering of the electrons
against a space-charge force. This kinetic energy is transformed into
the potential energy of a current bunch after a quarter plasma cycle, and
the transfer of energy between kinetic and potential forms persists until
the signal energy is abstracted from the beam. As the density in this
ideal beam is constant with distance, an exact interchange of energy re-
sults each quarter cycle; i.e. the beam acts as a passive, lossless me-
dium of transmission only.

The case of the scalloped beam with the periodically varying elec-
tron density is fundamentally different in that this beam is a possible
energy source, an active device. The source of energy is the radial motion

of the electrons which are travelling along what has been described7 as a
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potential trough. (This description is based upon the use of a generalized
potential involving all the energy of radial motion.) The electronin a
scalloped beam continually rolls up and down both sides of this trough

as it moves along the force-free drift region; the outer side corresponds
to the higher energy of rotation at radii greater than the equilibrium value,
and the inner barrier corresponds to the greater energy needed to ove: -
come the repulsive space-charge forces. It is this energy of radial oscil-
lation which is tapped by the interaction process and converted to axial
energy in the form of an ordering of the electrons into growing r-f waves.
It follows directly that as the forward ''r-f energy'' is enhanced, the
radial excess ''d-c energy'' will decrease, and hence the amplitude of
the scallops must be reduced by some small amount.

In the optimum case for scalloped beam amplification, the scallop
wavelength and the half-plasma wavelength are nearly identical. The
velocity-modulating cavity is at the plane where the radius is increasing
and at the equilibrium value. In the quarter plasma wavelength that is
required for the current bunch to form, the density of the beam is always
lower than average. This average density represents an equivalent un-
scalloped beam that would exist were the mugnetic field adjusted to the
proper value. Thus, for a given modulating field strength, higher-level
bunches can be obta.ned as the resisting space-charge force is lower.
Corresponding to the higher level bunch, the bunching distance increases
beyond the usual quarter plasma wavelength. As the bunch is drifting
and beginning to dissipate, the density is always higher than average,
making the bunch more dense thioughout this entire half-cycle. This
compression of the bunch is, in effect, an addition of potential energy to
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the space-charge wave with the accompanying loss of transverse energyv
to the beam. The higher-energy bunch is transferring this additional
energy to the kinetic form, and the velocity standing wave consequently
reaches a higher amplitude than it would on the corresponding non-
scalloping beam. This two-stage process of weak space-charge forces
during bunching and strong compressive forces during debunching provides
an energy-pumping mechanism analogcus to a parametric amplifier and
results in exponential growth.

As might be expecied, more efficient energy transfer would re-
sult if compression of the bunch were applied at a constant level over a
full half-cycle rather than with the sinusoidal variation applied by a
scalloped beam. This condition is met in the two region, stepped-beam
discussed by Mihran.4 He showed that for the same ratio of densities in
the two regions the stepped beam is 4fr times as effective as the scalloped
becam. This factor corresponds to the fundamental component in the
stepped beam and shows the null role played by higher-periodicity density
variations.

It is also interesting to note that this explanation can be applied to
any type beam, whether Brillouin or confined, pointing up the apparent

insensitivity of this mechanism to a particular type of electron dynamics.
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IV. THEORY

A. MODEI

The development of the theory proceeds as follows: The beam is
thought to be characterized by its envelope (all assumptions are clearly
stated in the next section), and the envelope in turn is typified by one
electon. The dynamical motion of this edge electron is examined using
the force equation, the continuity equation, the definition of current den-
sity, and knowledge of the boundary values. The conditions used in this
analysis are those for a one-dimensional problem, even though the essence
of this phenomenon is in the radial motion of the beam. The results of
this analysis, which look like transmission-line equations, are generalized
to include a sinusoidal density variation and also to account for the con-
sequences of a beam of finite extent in a finite magnetic field. In this
process, one is led to a Mathieu-Equation relationship for the a-c cur-
rent or a-c potential along this ''transmission line'' formed by the beam.
The r-f current and velocity are connected to the transmission-line vari-
able by a traveling-wave exponential factor and the Chu8 equivalent kinetic
potential.

This model is admirable for its simplicity and ability to predict
essentially all the observable phenomena with only small quantitative errors.
The major drawback lies in the fact that it is a linear theory capable of
treating only first-order effects. The second-o.der effects of power
saturation and the means of energy exchange are not included in this model.
A more extensive study allowing for a slow change in the density varia-

ion would probably show the energy-e.:.change mechanism with some clarity.
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B. ASSUMPTIONS

The assumptions made in the course of the argument in the next
section are discussed here in the order of appearance. A discussion of
the validity of these assumptions in this particular experimental situa-
tion is contained in section VB,

l. Laminar Flow. This statement of axial symmetry and non-
interacting layer-like behavior of the beam allows us to generalize from
the behavior of one electron to the behavior of the entire beam. By elimi-
nating crossovers and other multivalued conditions, much simplicity is
gained in the analysis.

2. Single Axial Velocity. 71nis requirement refers to the average
drift velocity of the beam and implies a negligible velocity spread. This
simplification permits the use of straightforward differential equations.

3. Sinusoidal Perturbation. This form of time variation, (imag-
inary part of) exp (jwt), is not actually restrictive, although prac..cal in
allowing the time-derivative operator to be handled as a simple multipli-
cative factor. More complicated time variations can be treated by using
Fourier methods which then reduce the problem to summing solutions of
this sinusoidal form.

4. Small Signa! Level. This requiremnent does not allow any
saturation effects to enter, but does allow linearization of the various
equations. The separation of d-c and a-c parts leads to simple closed-
form results.

5. Strong Magnetic Field. This assumption, prohibiting any trans-

verse motion, appears to be out of place in this discussion of radial
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interactions. It is, however, a major simplifying step and is relaxed
by Assumption 10 at 1 later step.

6. The Beam is Open Circuited to a-c Current. This boundary
condition means the total a-c current is zero initially. It also implies
that the modulating cavity applies only longitudinal accelerating fields
and no transverse fields. This requirement is also part of the one-di-
mensional apnroach to the analysis.

7. Small Scalloping. This condition on the allowable variation of
the cross-sectional area is sed to generalize the one-dimensional analysis.
This relaxation of Assumption 5 allows finite magnetic fields, and is anal-
ogous to the requirement of a sinusoidal time variation. The use of sinu-
soidal space functions puts the equations in the form of Mathieu's Equa-
tion, permitting use of the substantial body of work done on this subject.

For moderate values of scalloping, even up to three-to-one ratios of dia-

meters, the trajectory, in theory, departs very slowly from a simple sine
wave.6 Higher order density variations do not enter into the interaction
because thei: effect over a full period of the fundamental variation is zero.
8. Lossless System. This restriction does not affect the results
in any substantial fashion. It does, certainly, obscure the energy-exchange
mechanism and is probably the first assumption to be relaxed in an expan-
sion o. this theory. Making the assumption reduces the equations to ele-
mentary forms.
9. Traveling Waves. This statement of spatial dependence of the
form exp (-jpz) is certainly not exact for the Brillouin case, in which the

r-f current travels as ripples along the surface. A more exact treatment

would need a spatial dependence of the form exp (-jf- D). Introduction of
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the simpler factor permits the analysis to proceed using the envelope func-
tion of the current and not the entire solution.

10. wq = pup . The effective plasma frequency is given by the plasma-
frequency reduction factor times the plasma frequency calculated on the
basis of an infinite beam. This relation introduces the plasma-reduction
factor and brings into the theory the effect of a beam of finite extent in a
finite metal tunnel. This situation of a beam in a tunnel is characterized
by fringing electric-field lines which reduce the longitudinal field strength.
As the axial field is less strong, the beam is more compliant, the plasma
frequency correspondingly lower, and the plasma wavelength longer.
Assumptions 7 and 10 serve to make this analysis a generalized one-
dimensional approach capable of describing the interaction under investi-
gation.

11. A Drifting Beam. This condition provides that the average
forward velocity be constant throughout the drift region and unaffected
by the interchange of energy expected in this amplification process. By
requiring constant velocity, it is possible to associate the forward a-c
velocity with an equivalent a-c potential leading to the transmission-line
equations.

The three remaining assumptions must be made to s>btain numerical
results in a particular beam dynamics problem:

12. Brillouin-Flow Beam. By this less than standard use of the
term Brillouin flow is meant: a) no flux threads the cathode, and b) the
force balance is attainable by proper adjustment of the magnetic field.

The extension of the terminology is required when the magnetic field is

deliberately varied from the Brillouin value to cause scalloping. The
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essence of the assumption is that the published reduction factors for a
strictly Brillouin beam are applicable to this generalized Brillouin beam.
This requirement also eliminates positive ions irom the beam.

13. A Large Ratio of Wall-to-Beam Radii. This condition is nec-
cssary to obtain a value of p, the plasma-reduction factor, versus fb,
the argument of the field variation. This assumption is certainly not
restrictive since this ratio parameter ceases to have an;.i;po;'tance
above the value of two.

14. Lowest Radial Mode of Propagation. This requirement is also

necessary to identify a particular p versus @b curve, and otherwise

should not affect the results.

C. FORM OF THE ARGUMENT

This discussion is based upon the work of Bloom and Peter,9 and

Bloom.

1. Notation
All the pertinent variables can be written in the form of a d-c

and an a-c term; the a-c term is written as

vac(z,t) = v'(2) ejmt

where the time dependence is separated from the spatial dependence.

2. Analysis
The analysis begins with the a-c force equation for a beam

electron
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cE F - m-— , (1)

where e 1s the algebraic charge of the ele tron; m, the mass; E, the
axial electric field; F, the force on the electron; t, the time variable; and
the subscript ac has been dropped. Equation (1) can ve rewritten ex-
panding the derivative and using the charge-to-mass ratio ot the electron

n and the d-c axial velocity v, as

E - dv av o ov
T ot o9z
Performing the time-derivative operation and cancelling the time factor,

the force equation takes the final form:

Q ov'
' — | ‘Z
nE 4 J("V ¢ v -5— 0 ( )

where w is the excitation radian frequency. Assumptions 1 to 5 involving
laminarity, monoenergetic electrons, sinusoidal time variation, linearity
and one-dim :nsional flow have been used in deriving this expression.

The second important expression, using Assumption 6 that the total

beam current is zero, is

oD . '
J+~5t—:0'J'+_]wfoE 0

where J is the current density; D, the electric flux density; €, the
permittivity of free space; and j is the complex number -1 . Writing

the current density in terms of the a-c convection current I', and the

cross-sectional area ¢ as J' = 1'/o , the relation between current and

electric field is
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[' + ju€ o E' 0 (3)

The third important equation is written as the defimition of cur-
rent density in terms of the d-c space-charge densaty 1 and the a-c

space charge density p'

J! POV' A MR (4)

where Assumption 4 has been used to linearize this equation.

The fourth necessary relationship is the continuity equation:

DIVJ+£AO ,
at

which reduces to

I' :
—_— — + ' 0 ,
Y 0) Jwp

where the divergence operator becomes the axial differential operator
by virtue of Assumption 5 concerning transverse motions. This equa-
tion can be simplified by saying that the fractional change in cross-sec-
tional area is much less than the fractional change in convection current.

This assumption, number 7, 1s expressed as

N v
8z .. 9z
o - I' '

and except for the current nodes, is certainly valid since the area varies
as A + Bcos ¢(z) and the current varies directly as a sinusoidal function.

The continuity equation can now be written as
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28 e 0 (5)

o

Since the time dependence has been removed, the partial derivatives can
now be written as total d_rivatives
Equations (2), (3), (4), and (5) relate the four variables E', v',

I'' and p'. E' can be eliminated from Equation (2) and (3) to yield:

o e, Yo v
jwe o 1 n dz '
which ~an be rewritten as
j I - Jwv' r v_o dv' (6)
we o n n dz )

The p' term can be eliminated from Equations (4) and (5) to yield:

which can be rewritten as

. Jwsp V'
dI' Jwl' o)
@ v TV (7

There are now two equations, (6) and (7), for the quantities '
and v'. These two equations can now be put into forms analogous to those
describing a transmission line. The traveling-wave space factor of
Assumption 9 is introduced as

. W
-Jl=—'&

v =
vi - mle)e 2 = wz) ORE (8)
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wheoere

It is convenient to write an expression relating the total potential and

the total velocity of the beam as

2n(V +V) (v é\')z vz' t 2w v ,

(0] (&4 O (@]

where only hincar terms are kept VO and V are the d-c and a-c
potentials. A relation for the equivalent a-c potential on the beam 1n

terms of the velocities describing the beam 1s now

<
<

0O

A

If now Equation (8) is differentiated and multiplied by v/

v v
o dv. o jpBz dv' : v'  jBz
n dz 7 © dz ' JBVU n ©

Multiplying Equation (6) by OJBZ, and noticing that

A ¥4

K g_\z/ ) 0_]‘3'1, jl
n wE o we o
yields the compact equation:
dVv jl
e (9)

dz we o
O

Similarly, difierentiating the relation between [ and 17,

dI N [ X dlI'  jpz
3= _]ﬁ( I' ¢ a-;— ¢ y
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and multiplying Equation (7) by c"pz, it is scen that

di 9P,V pp dwIp v
—_— Y —_—_—,———. e D e————
dz Yo Yo

But some of the factors can be rearranged as

op J o I 1
o "o el o)
Vo VZ vZ ZqVO
o o

the second compact equation,
jwl
dI 1%
Iz (z;-v—) v : (10)
o o

can be obtained.

At this point the one-dimensional analysis can be generalized
to include the effects of both finite beams and finite r'nagnetic confining
fields. The finite beam is introduced by means of the plasma reduc-

tion factor, Assumption 10, which can be thought of as generalizing the

permittivity. This procedure is first:

~Th-




and then:;

1
P

L%

1R
Tllu\‘l ,:pnlo\
wq_P“’p:fVU) '!('VO’) :
) \oo

where p - p(pL, , radial mode of propagation). The finite

wall’ beam
magnetic field can be introduced simply by permitting the hitherto con-
stant cross-sectional area to be a sinusoidally varying quantity in all
subsequent equations. It is here that Assumption 8 is relevant, since
¢ 1s not allowed to have any slow decrease or increase corresponding

to gain or attenuation of the space-charge waves. Equations (9) and (10)

are the envelope functions of traveling waves having oscillatory factors of

ert -_)Bz‘ These envelope equations look like the transmission-line equa-
tion

dv . dl  _ . .

dz JXI ' - A JBV ; (11)

if the reactance X and the susceptance B are written as

2 2
P - .H_
oS we o b '
o o)
on wIO'n
o o v,

Since the drifting beam has constant average axial velocity by
Assumption 11, B is a constant. The reactance, however, 1s a compli-

cated function of distance because both ¢ and p vary along the axis.
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Thu ,

_ - O
B - B , X X0 (1+k cosén X‘) , (13)

S

where again the small scalloping assumption is used and the reactance
modulation index k, which is different than the scallop percentage
index A, is introduced.

Combining Equations (11) yields

dl dZI dv

3 - JBV . jB 3,  -BXI ; (14)

substituting E.quations (13) into Equation (14), it is found that

441
+ B X (1+kcosZn—z>I 0 ,
O 0

dzZ xs
but
2 2 2 2 2
B x = wIOn PZ g I()p n = p p()n p ‘)J)— - fﬂ = ﬁ Z
= v3 we b2 vie an vl € ve vé A
o o oo 0 o0 0 0
(15)
Using Equations (15) and the definitions
Ly 2
A - Ghs kA . mz
= N ’ q = T ) X = ‘):" '
q S
(where )‘s and \_ are the scallop and reduced-plasma wave.engths)
the resultant equation for the a-c current is
dZI
— * (A + 2q cosZx)l - 0 5 (16)
dx

Fquation (16) is a form of Mathieu's Equation, the behavior of which has

been thoroughly studied. 10
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The solutions to the Mathieu Eqguation take the forms e'ﬂlxcb(x, A, q),
where g i1s a constar deternined by the values of A and q, and
d(x, A, q) is a periodic function of sines and cosines. If p is imagi-
nary, the solutions are oscillatory and stable; if p is real, the solu-

tions are unstalle and cither grow or decay. The dependence of the

srowth factor p upon A and q 1s shown in the Mathieu d 1gram, Fig-
ure 1, which i1s a small portion of the comnlete map of the Mathieu solu-
tions. ?

The physical boundary condition that kmax be unity limits pos-
sible solutions to the left of the line A - 2q. It is shown later that for

a Brillouin beam, A is always less than two, further restricting the
possible values of the solution.

The regions of instability occurring on the Mathie diagram are
centered about the values A nZ, where n is a non-zero integer.

These unstable regions for n greater than unity are progressively nar-
rower with respect to the variation in A ; the growth factor also gets
smaller as n gets larger. Although it might be possible to use the
higher regions under other conditions, it is only the first and broadest
instability region that is of interest in this study.

The stable regions give rise to space-charge wave solutions whose
envelopes are periodic; the solutions are perturbed from the unscalloped-
type waves by a phase factor, exp(jlplx). These waves are not con-
sidered in the following discussion which concerns only p real.

It can be noticed that the value of A for maximum growth rates

is exactly unity for vanishingly small values of q, but is slightly greater
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than unity for finite values of q. There is no clear physical reason
for this slight deviation, which appears in the mathematical expressions
for th: diagram in Figure 1.

As the general solution to the Mathieu Equation is rather involved,
it i1s convenient to invcstigate the solution in the major region of interest,
1.e. where A is approximately unity. The solutions in any part of the
unstable region are of the same form, but the multiplying constants are
simplest for A - 1. Considering A - |, the approximate solution1

can be written as a combination of the two linearly independent solutions:

B 1
- 8- 3q)°
I(x,q) - age™™ fey(x.q) - [—==d)  se,(x,q)
8 + 3q
[ !

o 2
+ azc*px C“i(x'q) + (%_;2) sei(x, 3) .

where a, and a, are arbitrary constants to be fixed with initial condi-
tions; and cey and se, are the lirst cosine and sine Mathieu functions,

which take the foll_wing form (sei. in terms of sines, is similar):

2
ce = cosx-g cos3x-9— (cos3x--1-c<)55x + ...
1 8 64 3

Since Equation (16) could have been written in terms of the a-c
potential V, and V and 1 are related by Equations (11), it is seen
that V and | have the same form By replacing the arbitrary constants

with the initial conditions we can write the matrix of the transmission

line as




I(x.q) K(x“.x 1) E(x“.x,p)—\' IR

V(x.q)_i Tlx,. x.w) Dlx .x.p) Ve

— — —

where x s the puint of excitation; 1° and V°, tne imtial excitations,
Q

and A, B, €, D are combinations of Mathieu functions and growth fac -

tore. For the specific case involved 1n this experiment. the excitation

was pure velocity modulation or

I“(x ) = 0 . I(x.q) Bve

where the coefficient 1s expressed:

X M X . (17)

B G(xo, x) e 7

TSR ¢

Finally the normalized current atter n + 1 2 scallops can be

written as

1 ( 1) + .
IG‘O+(“+E) n.q) . e- nts|mu . n+s|m
BS
X

+ . (18)
vo

where f(xo.q) is the function describing tane effects of the cavaty posi-
tion relative to the scalloping beam. The function f and its correlation
with the radius of the beam are shown in Figure 2 It should be noticed
that only for q - 0 and X, = either m/4 or 3wm,4 1is the solution strictly
growing or decaying; f(q, xo) is actually f(q&, x()) and becomes very
small or very large, but finite. These statements say that 1n general

the solution is a mixture of the growing and decaving solutions with the




(a) T

50

—>8

Xo

FIGURTE o Werontiae Fanctoon s L g) Versas Cavity Position x

)

Shevwrnge Soaorotianw th Gaan Factor g, by Normadized Radius ¢ b
)
S Coavate Positia s 0 {Taken From Bloom. )

C oorreesanen



growing solution dominant after some large number of scallops.

The last analytical step is to relate the reactance modulation index
k and the gain factor q to the physical quantity A, the percentage scal-
loping. The relation between k and A is not direct because of the form
of the reduction factor. The nonlinear behavior of the reduct.on-factor
curve causes a given amount of scalloping to be less effective for low
Bb bearns than for high Bb beams.

Recalling the expression for the reactance of the beam

X

X - Xo(i +kcosz~ni) ,
S

an analogous statement for the rad.us of the beam can be written using

the same sinusoidal approximation,

A

P = b(i - A cos Zni) g
s

where b is the equilibrium radius and A the scallop-'nodulation index of
the beam. The reactance can be presented in a more advantageous form

than Equation (12) as

Using the restriction for a Brillouin-beam reduction factor as stated in
Assumptions 12,13, and 14 yields the relation as given by Beck“ and

taken from Rigrod and Lewisizz
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This equation and the reciprocal factor (originally defined by Rigrod and
Lewis) are plotted in Figure 3. In order to proceed, the normalized-
plasma reduction-factor curve (also plotted in Figure 3) must L. approxi-

mated by the linear relation

B%: a-mBPr ,

where the small-scallop assumption has been invoked, and m is the
slope of the normalized p curve. But this can be expanded in terms of

the scallop percentage A as

Br

a-mpBb(4-pcos2x)= a-mpPb + mpPb A cos2x

(_P_) i+ml@bAcost
Br/o (_P_) |
Pr/,

where the subscript o indicates the quiescent value of the normalized

reduction factor. The reactance can now be written in two ways:

2
= -“—’i'oL" (&)ji+£n(—£jb—coslx
o

= X (1 + k cos 2x)

The correspondence between the first-order terms is made giving this

important relation:
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We can then write the expression for the quantity q, A as

9. Am ._pb__
fa

(7).

whose synchronous value (q, 8) (q; 8)/A 1is plotted in Figure 3 also.
In summary, it has been shown that once the entrance conditions
arc known, and ' : equilibrium radius and percentage scaltlop calculated
or measured, one can compute q since the ratio (qy A)O is calculated
once for all cases. Also, A can now Le calculated from the known
reduction factor and beam parameters = plasma frequency and magnetic

ficld. Therefore, p can be computed from the relation

1
p - 2 {L01-A) +q] C(A-1) +q }z
2

. i . : ;
given by McLachlan 8 from the theory of Mathieu-Equation solutions.
Once pu is computed from the given parameters in the situation and
the excitation plane known, the problem is solved. A fuller discussion

of the theoretical predictions of this analysis follows in the next section.

D. PREDICTIONS

Nearly all the phenumena of importance are contained within the

framework of the Mathien Equation and the behavior of its solutions. In
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this small-signal linear theory, there is no treatment of second-order
or nonlinear effects. Thus, the energy-exchange mechanism (a
second-order effect) and the power-saturation characteristic (. non-

linear phenomenon) cannot be analytically covered here.

1. Growing Solutions
Many physically realizable paths of operation on the Mathieu
diagram will give rise to a region of stable solutions and a region of
unstable solutions. The maximum growth rate possible is p - .25
corresponding to 6.8 db gain per scallop. This figure is suspect, how-
ever, as the small-signal as well as the small-scallop assumptions

would quickly be violated.

2. Effect of Initial Conditions

As there is always a nonzero component of the growing solu-
tion, this solution must dominate after some large number of scallops.
In practice, the number of scallops is usually on the order of ten; thus,
this paper is only concerned with situations involving a small number of
scallops.

For a very small degree of scalloping in the unstable region, low
gain rates will prevail with the plane of excitation placed anywhere in the
low-dcensity half-cycle. Conversely, low decay rates will prevail with
the cavity placed anywhere in the high-density half-cycle. As the product
nq is raised by more scallops or greater scalloping,the region of initial

conditions yielding growing solutions incrcases. In the high-gain limit,




nearly the full cycle with the excepticn of an attenuation ''resonance'!'
at x = 3n/4 yields growing solutions.

It is seen, then, that under high-gain conditions the cavity posi-

tion is not critical. Only if the deamplification feature is desired must
care be taken in fixing the excitation plane. The quantitative effect of
the excitation-plane position on the gain rate is calculated using the
function f and the paramet rs A and q. One particular case is shown

with the corresponding experimental results in Section VC.

3. Relative Periods of Plasma and Scallop Waves

Associated with the possibilities of exciting unstable waves on the
beam is the matter of the rel-tive pericds of the plasma wave and the
scallop wave. This subject is related to the interpretation of the para-
meter A and to the nature of the periodic Mathieu functions themselves
where A represents the square of the ratio of the scallop wavelength to
*he unperturbed effective plasma half-wavelength. As will be shown,
however, under certain conditions the unperturbed plasma wavelength
is a mathematical fiction used for calculation purposes only and does not
exist on the electron beam.

The solutions of the Mathieu Equation become particularly simple
when the conditions A >> q > 0 and A non-integer hold. In this
limit, the cosinusoidal term can be taken over to the right-hand side and
considered a small perturbing term to the homogeneous equation. The
1/2

solution to the homogeneous equation has the form exp jJA ' 'x which is

equal to exp quz. This is a solution with the periodicity of the plasma
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wave such as one would expect. As the forcing term becomes larger,
the periodicity of the solution is altered by an increasing phase term
until the parameters are such that y becomes real. For p real,
either A fé q* or A~ 1, and the periodicity is that of the forcing
function cosZx, which is equal to cos (ZnZ/)\S) .

The result of this interesting behavior is that excitation placed
at the position of optimum gain will lead to a plasma wave having the
periodicity of the scallop. This wave can be thought of as the unper-
turbed space-charge wave with a continually increasing phase shift.
Excitation placed at the position of maximum attenuation also gives
rise to a periodicity of the scallop wavelength. For any other cavity
position, the total solution is aperiodic. This solution can be interpre-
ted as the sum of contr 'butions froin the two periodic wiaves, one grow-
ing and the other decaying. Therefore, as the growing solution domi-
nates, the total solution becomes more the variation exp + ux, and
the minima shift to the position X, w/4. This locking of the phase
to the optimum condition can be shown analytically by writing the general
solution, Equation (17), with the actual Mathieu functions. Now, let
X = X +(n+1)m + &, and calculate the shift in the argument 6, ol the
Mathieu functions for a null. That this i1s reasonable can be scen from
the fact that the total solution, Equation (17), is the difference of two
terms. The first term is a growing ¢xponential times a periodic func-

tion of x, and the other term is a decaying exponential times a similar

%
A is no longer much greater than q.
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periodic function of x. Thus, the total solution is slightly aperiodic
uatil equilibrium is reached, whereupon the periodicity is that of the
scallop, and the minima fall at X, n/4. [wo effects are involved
here. The first is a synchronizing of periods occurring whenever the
factor p is real, and the second is @ phase locking 1ependent upon
initial conditions.

It is seen from the Mathieu diagram that for small scalloping
(small q), the unstable region is narrow about A - 1, and the locking
phenomenon is not possible far from synchronism. The locking does,
however, become possible far from synchronism at moderate scal-
loping. This tends to give the physical interpretation that the fields
associated with a moderate scallop are strong enough to warp the
space-charge waves into the periodicity of the scallop. The plasma
frequency is related tc the density, which ie varying constantly, so
that the usual definition of a plaéma wave seems to lose its straight-

forward meaning.

4. Nonsinusoidal Shape of the Envelope

As a direct consequence of the density variation, one would ex-
pect a non-sinusoidal shape to ¢(x, A, q), the p: riodic part of he solu-
tion. The standing wave of current or velocity whose phase is initially
optimum (sitarting with velocity modulation) would then have the first
quarter-wave in a region of low density and the second quarter-wave in
a region of high density. This would cause a standing wave cycle a-
symmetric about the maximum amplitude. It is this change in curva-

ture that necessitates a more general interpretation of the term
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''plasma wavelength'' to mean only the distance and not the wave form

between the nulls.

5. Relation Between Experimental
and Mathematical Parameters

Noar that the behavior of the solutions has been discussed, it is
important to relate the experimental parameters to pu, A, andq. It
is clear frem previous déecussions that the most desirable case would
be ‘vith moderate scalloping and synchronism between the unperturbed
effective plasma wavelength and the scallop wavelength. For a Bril-
louin beam, the scallop wavelength is proportional to the square root
of the beam voltage and inversely proportional to the magnetic field;
the effective plasma wavelength is proportional to the square root of
the voltage and inversely proportional to the magnetic field and the
plasma-reduction factor. Thus, the parameter A is proportional to
the square of the plasma-reduction factor only. The plasma-reduc-
tion factor, in turn, is a function of the excitation frequency, and the
square root of the perveance, and is inversely proportional to the mag-
netic field.

The other parameter needed in the anaiysis is q, which is a
function of both k and A. And k is a complicated function of the
plasma-reduction factor and also proportional to the percentage scal-
loping. Scalloping can be induced by varying the magnetic ‘ield, the
accelerating voltage, the perveance, or the beam-focusing conditions,
i.e., by varying one condition with the cthers adjusted for possible

Brillouin conditions.



Thus, the only parameters that can be adjusted to give inde-
pendent motion on the Mathieu diagram are the voltage and the focusing-
field conditions. Since the reduction factor is proportional to Bb, and

:

the value of A as q is varied. This feature should allow a simplea

p is proportional to V-% and b to V¢, there should be no change in
control of the pessible gain by changing either the design veilSfy e gun
configuration.

Variation of any other parameter is seen to affect bot® A~ and
q and generates motion along some diagonal on the plane. Far example,
decreasing the magnetic field from the Brillouin value serves tosin-
crease the equilibrium radius b and hence raises the reduction factor
p, which in turn raises both A and q. Thus, lowering B, the mag-
netic flux density, should move the operating point along an upward
diagonal on the Mathieu diagram.

The special properties of the Brillouin beam in this connection
are interesting. The plasma-reduction factor for a Brillouin beam
approaches 0.707, as opposed to unity for a confined beam, limiting
the range of operation of the Brillouin beam on the Mathieu diagram to
somewhat less than that { r a confined beam. Reference to the values
of A versus pZ shows that the muximum value of A for this type of
beam is approximately 2.0, indicating that only the first unstable
region can be attained in Brillouin flow.

Motion on a positive diagonal line does not necessarily imply
increasin. gain rates, as can be shown by a consideration of the in-
stability region. If the path runs parallel to the p contours there is

no enhancen ent of the gain rate; if the path runs across the p contours,
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however, an increase in the gain rate can be expected. Theretfore, the
gain rate is always increased by raising the voltage and can be increascd
by raising the perveance or frequency, or by decreasing the magnetic
field.

In summary, a change in the frequency, which affects p only
through the reduction factor, is seen as reasonably critical for b < 1
and essentially unimportant for b > 1. As will be shown, the curve
of effective plasma half-wavelength intersects the curve of scallop
wavelengths (both versus magnetic field) at a small angle. Thus, a
change in frequency shifts the point of synchronism, which in turn
effects p. Under a given set of conditions, increasing the frequency
will shift the possible gain region to higher magnetic fields. In the
limit of very high frequencies (above 10 kMc,'s), p becomes equal to
0.707 Aand )\q/Z £ )‘c . However, )\s 2 1.414)\C , and there can be no
gain as A - 2.

The magnetic field also influences p through the reduction fac-
tor as well as through A . Like the frequency, 1ts effects on p would

be more noticeable for Pb < 1 and less noticeable for b > 1.

6. Importance of Factors Suppressed by the Theory

The final part of this discussion concerns tour factors that were
assumed not present, but which do appear in many practical situations.
The first is the presence of a slight amount of cathode flux; the second,
the possibility of some translaminar clectrons; the third, the influence
of positive ions on the beam; and the fourth, the possibility of a limita-

. : . i :
tion on the gain mechanism by saturation. It has been shown using
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the lanunar theory that flux threading the cathode will shorten the scallop
wavelength on the beam.  Thus, 1t 1s nossible that the inclusion in the
cathode of 4 traction of a percent of the axial flux could bring A closer
to umity for a given percentage scalloping. This change in A ould
cause a higher gain than anticipated with the simple theory presented
here. Thus, the unavoidable result of a difficult shielding probicim can
in some cases be used advuntageously for increased amphfication.

Similarly, translaminar currents can affect the scallop wave-
length and, therefore, the ratio A. Translaminar electrons can be
considered as streams of particles violently scallcping and periodically
poing from beam edge to beam axis and bd(‘k.14 These small streams
move in the nearly force-free (depending upon the extent of the depar-
ture from Brillouin flow) region of the interior of the beam and take
on a4 vavelength shorter than that of the scallop. The translaminar
clectrons affect the remainder of the beam by '"'pulling'' the scallop
wavelength of the majority of electrons slightly toward a shorter wave-
length.

On the other hand, the inclusion of positive ions in the beam
tends to neutralize the space-charge force and create more scalloping
for a given set of conditions. It is, therefore, possible that the presence
ol 1ons can enhance the gain in 4 given situation.

Although it will become clearer with the presentation of the curves
N (B), \q(}’)) . and A(B) in Chapter V, it is helpful to summarize the
effccts of the various parameters at this point. It s the interrelation-

ships between )\q(B), \q(B), a(B), and p(pb) that determine p.

To moke this more meaningful, one can say that w affects only )\q(B) :
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cathode flux and translaminar electrons affect )\5(15), and positive ions
affect only A(B). The parameters involved in the simple theory affect
more than one of these curves.

The question of saturation, as mentioned above, is not explicitly
covered by this simple theory. The analysis is dependent upon the ratio
of a-c to d-c¢ quantities being small, usually taken to be about 0. 1.
Even though the solutions for the unhnearized equations would not be
the same as for the Mathicu Equation, it is not certain that the behavior

would be qualitatively different.
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V. EXPERIMENT

A. METHODS

In (his experiment the behavior of r-f current and velocity waves
propagating along a periodically varying (scalloping) electron beam was
investigated. Three parameters were varied during the course of the
experiment: the magnetic field, allowing motion on the Mathieu dia-
gram; the position of the exciting cavity, permitting complete investi-
gation of initial conditions; and lastly, the power parameter, for possible

saturation effects.

1. Experimental Conditions

The excitation frequency was 2917 Mc/s, and the power levels
for most of the data were 8 mw for current and 1 w for velocity pro-
files. The 8-mw level was chosen as a compromise between the power
available and the linearity characteristic of the detection equipment.

The 1-w level was similarly chosen for suitable definition in the curves
without incurring saturation effec's.

Most of the basic components of the electron-beam analyzer used
in obtaining the data for this report were those described by Gilmour15
and Hallock.13 The electron beam was electrostatically formed with an
area convergence of 50:1 before it entered the magnetic field region.

The beam emerged from a magnetically shielded gun with a leakage

0

ratio of approximately .004 (B /B The cathode was pulsed

cathode axial) 3

negatively at a rate of 60 pps with a 16.7-ps pulse width for a duty
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cycle of .001. The accelerating voltage was 5200 v, and the peak power
in this 1.15-pperv beam was 2 kw.

Measurements were genecrally made with the pressure in the drift
tube below 1 x 10-7 Torr. The chamber was maintained at these pres-
sures by two Vaclon pumps. It was constructed to permit the scanning
mechanism on its set of two stainless-steel rods and the modulating
cavity on its rods to be moved in and out of the vacuum chamber. There
was no appreciable rise in the pressure and no waiting period between
data runs.

The voltage pulse was adjusted to coincide with the zero of the
filament current, eliminating effects of stray magnetic fields at the
cathode. E en though the heater was a bifilar, non-inductively wound
filament, Gilmour found disturbing effects on the otherwise perfectly
uniform electron-beam cross-section for arbitrary phasing conditions.1

The fixed-frequency,doubly re-entrant cavity was attached to two
rods enabling it to be moved along the scallop. Thus, excitation could
be placed at any plane up to about 8 in. from the beginning of the drift
tube, which is 1..5 in. from the anode exit of the gun. The drift tube
was separated from the anode exit by a quarter turn 5/16-in. ID ball
valve; in this manner, the gun region, pumped with a small Vaclon pump,
was continuously evacuated while the drift tube was opened for changes
o1 repairs.

The magnetic field rose to its full value within a distance on the
order of the beam diameter and was constant along the length of the

drift tube whose usable length was 17 in. and diameter 4 1/4 in. Very
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little scalloping, as low as a few per cent, was achieved near the Bril-
louin field of 285 gauss. The range of variation of the magnetic field
in the experiment was from 180 to more than 550 gauss produced in
the solenoid.

After passir.g through the cavity, the beam drifted along the tube
until it impinged upon the combination scanner-collector mechanism.
The scanner could be moved the entire length of the drift tube on its two
5/8-in. rods. The surface struck by the beam was carbonized to pre-
vent secondary emission and had at its center a .010-in. hole. The
Faraday cage, located about 1/32 in. behind the pinhole, was insulated
from ground by a ceramic sleeve and received the minute portion of
the beam which passed through the pinhole. The Faraday cage was
attached by a flexible connection to a 50-ohm line formed by the stain-
less-steel rod and an inner copper rod. The cage entrance together
with the pinhole formed a gap to detect r-f currents as well as d-c
currents. The gap coupling coefficient was essentially unity, and the
coaxial line was nonresonant for signal frequencies up to 6000 Mc/s .
A schematic diagram of the electron-beam analyzer is shown in Fig-

ure 4.

2. Means of Taking Data
The untuned probe (pinhole and Faraday cage) could be positioned
anywhere in the beam cross-section and was automatically driven
through various sequential operations. R-f current data was taken

by scanning horizontally across the beam, indexing the supporting
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carriage along the axis 0.4 in. and again scanning horizontally. This

procedure was repeated along the entire length of the drift tube and
took some fifteen minutes. D-c beam profiles were also taken in this
automatic sequence to determine beam shapes. Most of the d-c
current data used for scallop percentages were taken from scans at the
center of the beam along the axis. From space-charge wave theory,

it is known that the peak velocity with r-f drive applied varies as
Io(pr) . This function varies slightly for b < 1. For this reason the
velocity data from center-line scans was considered representative of
the beam cross -section.

Mcasurements of d-c current were made by viewing the voltage
developed across a termination resistor. R-f currents were first
amplified in a low-noise TWT, * then mixed down to 30 Mc/s and ampli-
fied in two stages at this i-f frequency. The i-f signal was rectified,
detected, and then displayed on an oscilloscope.

Velocity measurements were made using the technique of re-
tarding field potentials. A voltage, approximately 5000 v in batteries,
was applied to the cage allowing discrimination between smail values of
voltage at the 5200-v level. The current overcoming this bias passed
through a 10-kMQ resistor into an electrometer in which the input im-

pedance was set at 10 M2, The voltage across the 10-kMQl resistor

“Donated by RCA.




increased the bias, preventing the electrons with lesser energy from

entering the Faraday cage. The electrometer amplified the .1 per
cent of the bias appearing across its input; this output was then dis-
played on an XY recorder as a function of position. There was no
difference in this procedure for measuring d-c or r-f potentials,

as only peak velocities were measured. This measurement was inter-
preted as an indicator of the extent to which the velocity distribution
had been altered. Only a small fraction of the high-energy tail on the
distribution was collected_. Knowledge of the velocity distribution could
not be gotten from this measurement. The additional measurement of
velocity distribution should be made for completeness, but is by its
nature only a point determination. Because of the time needed for

this type of measurement, velocity distributions were not measured

in this experiment.

The current measurements on the other hand were more refined
after detection and yielded much more information. The r-f or d-c¢
current signals were displayed as time functions on an oscilloscope.
An oscilloscope plug-in unit had as its output the trace amplitude gt
any desired 5-nanosecond interval along the puliie. Using this piece
of apparatus, it was possible to display the current on an XY re-
corder as a function of two spatial dimensions (continuous in x and
stepped in z) at any desired time in the pulse. With this technique,
the effects of ions, pulse ringing, or finite rise and fall times could
be eliminated. Conversely, it was possible to study in detail a spatial

oscillation as a time function, or the effects of ions, if necessary.
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lon effects were easily detected if the pulse length was increased up to

the limit of the pulser, 30 ps. The data were taken at a time of 6us
after the bcginning of the 16.7-us pulse used in the experiment. Voltages
proportional to either the horizontal or axial positions were developed
across helipots and were used to providc the two spatial dimensions

on the XY recorder.

The veloci.- data, averaged over the pulse cycle, was reduced
by measuring wavelengths and amplitudes directly from the XY re-
corder plots. The current data, however, had to be reduced by inte-
grating the XY recorder plots to find the area representing a slice
of the annular current. The total annular current was finally obtained
by multiolying each annular slice by the radius extending to its centroid.

Because of the formidable task of reducing the r-f current data,
a decision was made to use the more readily obtained velocity data if
possible. Extensive r-f current data were taken at one value of mag-
netic field and many cavity positions (at each 1/8th of the cycle) and
compared to velocity data taken under the same conditions. As the
optimum growth rate and the effects of varying the excitation plane were
essentially the same, it was concluded that a comprehensive study of
velocity distributions (in co-ordinate space and not in velocity space)
on the beam would be sufficient to characterize the general problem.

The experimental procedure for measuring gain rates was to
vary the msgnetic field in steps of approximately 7 gauss, with the
cavity placed at the optimum growth position in each case. Investi-

gation of position effects was made at certain magnetic fields with

cavity increments of about 1/32nd of the scallop wavelength.




3. San. ple Data

Sample data of r-f current distributions are shown in Figure 5.
Figures 5a and 5b present the growing and decaying conditions on a
scalloping beam; Figure 5c shows the stable propagation of space-charge
waves on the Brillouin beam (in the strict sense), Figure 6 gives a de-
tailed plot of the d-c current density on the beam used for the data in
Figures 5a and 5b. The r-f current data actually used were recorded
at much higher sensitivities to facilitate accurate readings on the inte-
grating planimeter used for data reduction.

Most of the gain rates and scallop percentages were determined
from the data shown in Figure 7. The interesting growth of the velocity
profiles at the end of the drift tube for the higher values of magnetic
field is actually an increase in the no-signal peak velocity. The last
curve in Figure 7a is taken with no signal applied to the cavity and shows
the growtn o: the peak velocity of the beam. This phenomenon is dis-
cussed more fully in section VD. The data shown in Figure 7b are the
d-c currents at the center of the beam as a function of distance along
the drift tube for different magnetic fields.

Data showing the distribution of r-f and d-c current across
the cross-section of a beam are given in Figure 8. It i1s seen that the
r-f current does lie in the annulus described by the outer shell of the
beam and that the d-c current is uniform across the beam. (This data
was taken by the author '.sing an identical gun which did not have pro-

visions for a sliding input cavity.)
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4. Expcrimental Difticulties
The elec*ron-gun asscmbly built for this experiment became
misaligned during the final stage of construction. External machining
was done to restore the tolerances, but the resultant beam entered the
ficld at some »° e causing a cyclotron spiral. Aft r some investigation,

it was concluded that the mechanical warping altered the symmetry ot
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the magnetic field paths in the interior of the gun and could not be re-
paired. Eliminating the construction faults of the previous gun, a de-
sign for a new gun assembly was prepared and executed. The new gun
was accurately aligned mechanically, but still produced a spiraling
beam. Electromagnetic degaussing reduced the amplitude of the spiral,
but a residual level could rot be eliminated. In this case it was con-
cluded that an asymmetry in the magnetic material of the gun near
the cathode was probably at fault.

Lesser difficulties were experienced with the vacuum system,
the scanning mechanism, the detection equipment, the r-f shielding,

and the secondary emission problem.

B. VALIDITY OF THE ASSUMPTIONS

The validity of the various assumptions made in the analysis
is discussed in terms of the actual conditions of this experiment.
1. Laminar Flow. The question of laminarity was the subject

of a report by Hallock13 on the Sperry STL-100 TWT gun. The general

result was verification that the optics of this gun were reasonably good.
The calculated Brillouin field did provide the least amount of sca'loping
(@ few percent), within the exy erimental accuracy. Small transiamin.r
streaming was detected, however, and its effect appcared to be a short-
ening of )\S by a few per cent from the predicted laminar value. The
design for the gun used in this experiment incorporated the critical di-
mensions of the STI.-100 gun. However, difticulties arose with the

appearance of aberrations that seemed to be large translamirar currents.
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These disturbing electrons were eliminated by recarbonizing the col-
lector plate to suppress secondary emission. Thus, the assumption
seems justified for all but a few percent of the electrons in the beam.
The discussion below shows that the small translaminar currents play
an important role in determining accurate quantitative results.

2. Single Velocity. Although there was no actual check on the
velocity spread of the quiescent beam in this experiinent, previous
measurements of this type16 have shown the spread about the nominal
beam voltage to be less than 5 percent. Further experimental work
is necessary to determine the actual effect of the small velocity spread.

3. Sinusoidal Perturbation. Since the excitation was from a
stable klystron feeding a sharply resonant cavity, this assumption can
safely be considered valid here.

4. Small-Signal Level. For the current and velocity data, the
powers used were 8 mw and 1w, respectively, on the 2-kw beam.
These ratios would appear to insure small-signal behavior. As is dis-
cussed below, however, saturation effects were observed when the input
power was on the order of 8 w.

5. Strong Magnetic Field. This assamption was made for the
initial analysis and was relaxed subsequently so that it has no bearing
on the experiment. Implicit in the notation was the constancy of many
quantities with axial position, in particular, the magnetic field. This
property was measuicd by Gilmouv'15 on this apparatus and found to be
constant along the entire usable drift tube.

6. B.am Open Circuit to a-c Currents. This requivement is

in two parts, the first with respect to a-c current on the beam before
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modulation, and the second regarding transverse modulating fields.
There are certainly no r-f currents on the beam prior to the cavity other
than the possible noise components at this frequency. Perturbation mera-
surements of the field were not made on this cavity, and one can only
take this part of the assumption as possible if detailed calculations are
not made. In fact, Beck11 proceeds with the analysis in a different
fashion in which there is no requirement for a vanishing transverse field.

7. Small Scalloping. Experimental deterininations showed the
maximum degree of scalloping to be about 35 per cent, where by this
is meant the deviation of the normalized maximum or minimum radius
from unity. This measurement was made by taking the square root of
the axial current-density variation. Reduction of the continuous axial
current-density plots, as in Figure 7b, was more accurate than reduc-
tion of the stepped piots of I(x,z), as in Figure 6, showing the variation
of the radius. Even for scallops as large as 35 percent, the edge equa-
tions (solved to third order by iteration proceduresb) predict sinusoidal
bebavior. Although the radius varieu essentially as a sine wave, the
current density for the large scallops was departing from simple sinu-
soidal behavior. This assumption has questionable validity and would
certainly be difficult to justify for any larger scalloping.

8. Lossluss System. Small systematic changes in the scallop
amplitude could not be detected because of tke small cyclotron spiral
of the beam. The saturation or lessening of the gain rate observed at

r-f signal levels of 20 w implics the validity of this assumption for

smaller signal levels. .s the probable cause of the saturation is .he




r-f signal level being an appreciable {raction of the transverse energy,

this assumption must be relaxed if the saturation effectis to be analyti-
cally treated.

9. Traveling Waves. Phase measurements were not made during
this experiment. It is taken as a matter of fact, along with the existence
of the standing waves, that this assumption 1s valid.

10. Plasma-Reduction Factor. The reduced wavelengths cal-
culated with the published reduction factors12 agree well with the experi-
mental findings over most of the stable region of operation. Throughout
the unstable region, the plasma wavelengths were identically equal to
the scallop wavelengths; therefore no direct check on these values could
he made. The predicted wavelengths were, however, used as the un-
perturbed wavelengths in the theoretical gain rate calculations,and one
can say the assumption is justified in the general success of the model.

11. Drifting Beam. Peak velocity measurements taken along
the axis with no signal applied to the cavity showed only a variation of a
few volts in 5200. This variation was traced to the slight skew caused
by the cyclotron spiral. Thus, this assumption is acceptable.

12. Brillouin Beam. This assumption implies no positive ion
neutralization, an exact balance of forces, and no flux throagh the
cathode. Measurements usually showed no ions present during the 16.7-us
pulse used. Displays of the output curreat pulse showed constant ampli-
tude along the entire pulse width. By increasing the pulse width to 30 ps,
the presence of ions was detected as the increasing or decreasing of

total current depending upon axial position.
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The second implication of this assumption was certain'y not true
for this experiment, because it was designed to show whether or not re-
duction factors for strict Brillouin beams could be used for scalloping
Brillouin beams of which the equilibrium radii were used as equivalent
Brillouin becams.

The implication of no cathode flux was found by l-lallock13 to be
incorrect. He calculated a flux-leakage ratio of B," /Ba.xis = .004, re-
sulting in a few percent decrease in the scallop wavelength.

In summary, this assumption was found to be substantially cor-
rect except for the effect of the cathode flux, which can be taken into
account during the calculations.

13. A Large Ratio of Wall-to-Beam Radii. The actual value of
the ratio was about 25/1, depending upon the axial position. As t..e re-
duction factor curves vary almost not at all for the ratio greater than
two, this requirement is completely satisfied.

14. Lowest Radial Mode of Propagation. This last assumption
is co.. idered valid because the entire experimental system is axially
sy am :tric, and there should be no excitation other than that uniform

with anrgle.

Most of these assumptions were verified completely on experi-
mental grounds. The only invalia, apparently critical assumptions con-
cern the fr ction of a percent of flux in the cathode and the small trans-
lamira~ streaming of electrons. The correction for cathode flux is

found from a straightforward extension of the laminar theory. The
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correction for the translaminar streaming must be made on the basis of

experimental measurements.

C. DISCUSSION OF THE PREDICTED RESULTS

1. Maximurin Growth Rate

The experimental gain rates as shown in Figure 9 were mostly
calculated by setting the ratio of adjacent standing-wave maxima equal
to the factor exp pm and finding the average p over the number of
scallops in the trace. The smaller growth rates were determined by
measuring the slope of the line drawn through the maxima of the stand-
ing wave and setting this equal to the initial slope of the ~xponential pw.
The agreement is seen to be within experimental error, although there
is some gain at rield strengths above the theoretically possible value.
The values for the solid line were calculated by finding A from the
calculated values of scallop (corrected for the small amounts of cathode
flux and translaminar electrons) and reduced plasma wavelengths. Next,
q was found from the calculated curve of (q/A)O. the calculated value
of A, and the measured value of the scallop percentage as shown in
Figure 9b. It was necessary to fit the curve p/Bb versus @b with

the equation:

P 1 1-(9""75 , for .15<pb <1.5
2(Bb)

tc obtain values for the slope m needed in the q/aA relation.
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The maximum gain rate achieved experimentally was p = .097,
which corresponds to 2. 64 db/scallop or 0.61 db/cm. This figure
is not competitive with those attainable in existing devices, but must
be considered as an important secondary instability.

It should be noted at this point that the effect of the cathode flux
and slight translaminar behavior is significant. Calculations of A and
q based strictly upon the assumptions (including no cathode flux and
laminar flow) yield values of p that are essentially zero over the entire
unstable region of operation in this experiment. It is apparent that
these two types of non-ideal behavior and their effects on the scalloping
need to be known to at least a first-order approximation for quantita-
tive calculations. The occurrence of this sensitivity is apparently caused
by the form of the reduction factor which varies rapidly for Bb less than
unity and slowly for Bb greater than unity. Reference to Figure 12 below
shows that the plasma wavelength varies nearly as the scallop wavelength
below the Brillouin field, and rather differently than the scallop wavelength
above the Brillouin field. A slight shift in the scallop values is seen to have
a large effect on the value of A in the growth region. A comprehensive
discussion of the necessary corrections to the simple theory is contained
in the section entitled ''Wavelengths.'

Negative growths or decays were also measured, but not with
sufficient accuracy to allow meaningful quantitative comparison at this

point. This matter is discussed as a part of the following topic.
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2. Cavity Position

Effective gain rates averaged over the scallops available were
taken from the data in Figure 10 and plotted in Figure 11 along with the
curve of calculated gain rates versus cavity position. The growth rates
are not very reliable rear X, = n/4 and 3n/4, as only a few scallops
could be measured at these cavity positions at one extreme, and as
the behavior was nonuniform at the other extreme position. (The non-
uniform behavior is discussed in the next section.) It can be seen that
at these relatively low gain rates, just over half the scallop cycle pro-
duced gain although the calculated values indicated a wider range for
growth. Because these data were taken at 10-w drive level to achieve
sufficient definition, some saturation effects are present. These effects
have caused the highest gain rate to be lower than tne maximum avail-
able at this magnetic field.

Although gain was realized with the cavity placed over a range of
half the scallop cycle, only a very small portion of the scallop led to
the maximum gain available. This verifies that at low gains, at least,
the gain-position curve is not flat-topped, which necessitates careful

placement of the cavity to obtain the maximum possible amplification.

3. Wavelengths
Figure 12 shows plots of the theoretical plasma half-wavelengths
and scallop wavelengths. The curve (c) represents scallop wavelengths

13

measured on the beam edge by Gilmouris and again by Hallock. Curve

(d) is a plot of the theoretical cyclotron wavelengths. In addition to the

ellb=
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209 gauss (Figures a,b,c, and d show a Continuous Variation of
Cavity Position through a Full Scallop Cyclie Starting with X, In/4).
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measured values of Xq/.’. and )\5, there are experimental data labelled
)\w where w stands for wobble.

The plasma wavelengths were calculated using the relation for
an unscalloping Brillouin beam wé ) a2 ui which resulted in
Kq ’\/Z}p )\C . The values for the scallop wavelength were calculated
using another Brilluuin beam relation )\s = \/'Zq )\c . The reduction 1n bean.
velocity caused by finite dimensions was calculated by Gilmuurir’ to be
5 percent.

It is interesting to notice that for b - 1, p is essentially equal
to 1,2 making )\q/Z g )\s . Reference to Figure 12 shows that for the
condition A - 1, i.e., where curves (a) and (b) intersect, the magnetic
field is equal to the Brillouin value for this beam voltage. Thus, we can
make the statement that for a Brillouin beam with 3b - 1, the scallop
and Lalf-plasma wavelengths arc¢ coincident at the true Brillouin value
of magnetic field. This line of rcasoning also leads to interesting re-
sults concerning the possible gain rates on the special b - 1 Brillouin
beam. For this particular kind of beam, A = 1 right at the Brillouin
field and becomes larger or smaller as the field is lowered or raised.
At the same time, however, the percentage scalloping (for the ineoretr-
cal Brillouin beam we are discussing) is zero where A 1 and in-
creased a+ A is changed from unity. Thus, it is not at all possible to
attain favorable gain conditions under these circumstances. In fact, if
one could make a perfect Brillouin beam with pb 1, there would
apparently be two regions of slight gain with an absolute aull at the

Brillouin va.ue.




The experimentally determined plasma wavelengths appear to agree
reasonably well with the theoretical values. The disagreement ot the
higher-field values can possibly arise from the presence of the anoma -
lous velocity growth referred to previously. As the magnetic field was
increased beyond the Brillouin value, the velocity profiles showed in-
creasingly disturbed standing waves. This disturbance, making mean-
ingful averaging impractical, probably accounts for the disagreement,
and is discussed in the next section.

The plasma half-wavelengths below the A = 1 ficld strength are
seen to correspond exactly with the scallop wavelength showing conclu-
sively the locking phenomenon already d scussed. Data ot this form,
as reported by Gilmour,i'7 motivated, 1n part, construction of a sliding
modulating cavity for this study of scalloped-beam phenomena. Fig-
ure 16 of Gilmour's report shows evidence of the locking phenomenon
beginning at a magnetic field strength of approximately 205 gauss.
Similar experimental results presented in Figure 12 of this report show
the critical magnetic field to be about 270 gauss . This difference is
casily reconciied by remembering that different frequencies were used
in the two experiments. Gilmour's work was performed at 1940 Mc/s
making fb smaller for a given magnetic field. This, in turn, com-
paratively reduces p, which increases \(i and shifts the synchronous
point to lower magnetic fields; thus agrecing with the previous statement
that increasing the frequency will shift the synchronous point, and cor-

respondingly the gain region, (o higher magnetic field strengths.
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A ‘' Urough study of the scallop wavelength and its variation ith
the two parameters of interest here, cathode flux and translaminar cur-
rents, was made by Hallock on the same apparatus used in this experi-
ment.13 He showed that, by allowing flux in the cathode, the laminar
theory predicted a shortening of the scallop wavelength. The form of
the variation caused by the flux is identical to that taken by the scallop
data in this experiment (represented by triangles in Figure 12). For
the leakage ratio of about .004 applicable to this experiment (dctg;-
mined by Hallock), the shortening appears to be a few lpercent at low
magnetic fields and nearly 7 percent at higher fields. Even with
this refined theory, it was no! possible to explain the scallop data
taken by Gilmour (represented in Figure 12 by the dashed iine). The
anomaly was eliminated by hypothesizing the presence of a small, vio-
lently oscillating translaminar stream that moved with a wavelength
much shorter than the actual scallop wavelength. As there was also

flux thrcugh the cathode, the translaminar current could not go througn

the axis, and therefore would not affect the axial electrons as much as

the electrons spread throughout th e beam and near the outer edges.
Hallock veritied this theory by measuring the scallop wavelengths along
the axis and also along the beam edge. The wavelengths measured

along the axas corresponded to the values predicted by the laminar theory,
1.¢. to the triangles 1n Figure 12 which are the resuits of measuring velo-
c:ity profiles along the axis of the beam.  The wavelengths measured
along the beam edge corresponded to the anomalous values represented

by the dashed nne in Figure 12, There 1s then clear proof that the

-12:-




translaminar strearn 'pulls't the scallop wavelength at the beam edge
and throughout the body. with the smallest effect at the axis.

Experimental evidence of velocity across the diameter of the
beam shows no variation which is syvimmetric about the center.  These
data tend to support the view that the beam s laminar, except for a
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