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AIBTRACT or THI DISSDTATIOI 

On Fir1t Order Rece11ary Condition■ tor 

Variational and Opt·iul Control Probln1 

by 

Theodore Guinn 

Univer1ity or California, Loa Angele■, 1964 

Prote11or Ma.gnu■ R. He1tene1, Cbainu.n 

A general variational problem 11 con1idered vbich contain■ 

IIO■t control probl ... a■ 1pecial ca■••• Included are differential 

con1traint1 a■ vell a■ i1opar•etric and finite inequalitie1 on 

both atate ud control vairable1 . 

The Mthod ot M. R. Re1tene1 tor proving tir■t order nece11ary 

coDClition1 i1 u■ed to obtain 11.ailar condition■ under weaker 

bJpothe1i1, principally requiring Lebepe integrability ot all 

function• vitb re1pect to tiae . It 11 then 1hovn th••• re1ult1 can 

be euilJ eatended to inclwle the probl• vith inequalit) con.a • .... ••..-. 

ltraint1 on the apace Y&riabl•• independent ot control variable■• 
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l . IITRODUCTIOII 

In the r r1t ccaprehens i ve study or pti.mal control probl•• 

rrca a variat i onal calculus v evpo nt , Hestenea in 1948 [l]• 

derived nece11ary condi tion, for a broad range or control probl•• 

b7 shoving tbea to be a spec i al case or the problea or Bola. 

Bia roraul.ation ncluded not onl y the cl ass i cal Eul er Lagrange 

equation, and the Weieratraas cond t i on, but al ao a roraulation 

in tera1 ot a Builtonian-type function - the latter baa 1ince 

beccae known as "Pontryagin • maximum principle . " By uae or a 

device or Valentine ' s [2], he vaa able to include probl•• with , 

inequality con1traint1 vbich are funct i ons or both state and 

control variables o 

Scae ten years later, Pontryagi n and his 1tudent1 published 

a aerie• or papers (10, 11, 12, 13, 14] and principally [3], wbicb 

developed the "auiaua principle," a combination or the Euler­

Lagrange equations and the Weier1tra11 condition u1ing a 

llaailtonian-type fo1"11Ulation . The proota eaploy a Y&riation ot 

the aetbod u1ed by McShane (15] t o der ve the Weier1tra11 condition 

without noraa ity a1suaption1 . Where McSbane u1ed both weak and 

1trong variation,, however, Pontryagin va, able to obtain bit 

reault1 u1ing onlJ 1trong variation, and under 1011evbat weaker 

• luaber1 in 1quare bracket, refer to the bibliography . 
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bn,otb•••• • Tb• liaitation which originall7 peraitted con1traint1 

OIUJ OD control Yariable1 Y&I partially r•oYed by Oaakrelid ze [ 4] 

to include a ccabination or inequalit7 conatrainta on the control 

Tal'iablea and on the 1tate Yariable1, but bot Joint conatrainta . 

Becau1e hi• aethod require■ 1eparating an optiaizing arc into 

1ubarca on which con1traint1 on atate Yariable1 are equalitie1 

an4 on which the7 are 1trict inequalitiea he baa dirricultiea 

with continuity or the Lagrange aultipliera . BerkoYitz [8] 
1111111 the cl&11ical Yariational theory trca [9] reproduced all 

but one or Oll■krelida'• reaulta but baa the ••e ditticulti••· 

The paper• ot Pontr1agin et . al . were finally incorporated in (5). 

Beaten•• in 1963 (6) uai111 a aiaplitication or McShane'• 

Mtbod obtained allot the re1ulta in (1) uaing only 1trong 

Tal'iatlou . Tlli1 paper con1ider1 i1oper1Jletric inequality 

coutralnt1 ccabined vitb inequality con1traint1 which are 

twactiou ot tiae, the 1tate Yariable1 and control Yariable• 

1ia&l taneoulJ, and obtai111 nece11ary condi tion1 under only 

■li&htlJ 1tronaer bJpoth•••• tb&D required by the Pont17agin 1chool. 

ID Sectiou 2-6 ot tbi1 paper the method uaed by He1tene1 ia 

1bcnna to procluce allot the reaulta in (3, 5, 10-14] and uny ot 

tho■• in (6) un4er the a11aption that the tunction1 appearing in 

41tterential and i1oparuetric conatraint1 are Lebeaque intecrable 

with re1pect to tiae tor ADJ adai11ible control . Tbe bypoth•••• 
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are eaaentially thoae required tor existance, uniquene11 and 

•bedding theoreaa tor a ayatea or ord nary differential equations. 

In Section 7 the problem considered by Gamkrelidze [4] and 

Berkcnitz [8] is shovn to be a aimple extension or the problem 

considered by Heatenea o lot only are their result■ obtained but 

alao it is tu.rther ehovn that the Lagrange mult plier■ here uaed 

can be cb.01en to have l e11 di continui t ea t han the i r a and an 

additional inequality for one 11 obta ned . 

We here only consider tirat order necesaary conditions that 

a given tUDCtion be minillizing . The problems or aecond order 

nece1aary condition,, autticiency conditions and ~xistence are 

not diacuaaed . 

Section 2 contain, ba1i1 deti nitiona as vell aa re1ult1 tor 

function• ot a finite number or vairables vhich are tundaaental 

tor later theorem■ • Thia include, a very apecial form or an 

iaplicit t\mction theor• tor continuoua f'unctionw vhich bave a 

ditterential at a aingle point . 

Section■ , 3-5 , deal vith control-type probleaa involving 

differential and integral constraints in the caae that the control 

tunctiona do not depend explicitly on the state variable . Section ,3 

con1ider1 proble111 in the state vari ,lea are abaent . In Section~. 

the caae in vbicb the state variable■ appear l nearly 11 reduced 
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to the prnioua cue bJ a 1tandard trautoraation. Section 5 

racne1 the reatriction ot linearity in any Y&l'iable . 

Tb• probl• in vllich the control Y&l'iable1 are dependent 

on atat.e nriable1 11 couiderecl in Section 6 tor• broad claa1 

ot pro'bl-■ • Thia probl• 11 uten4ecl in Section 7. 

5 



5 

2 FUICTIOIS or A rIIITE IUNBER OP VARWLIB 

The problea cons idered here vill be that or ■iniai1ing a 

twlction t (x) tor x • (x1• x2
1 o • , x0

) in 1011e set X aubJect 0 

to the condition tha 

(2.1) 
( a • l, ... , ■) 

The uin reault is contained in theorem 2. 2 which ia uaed ex­

tenaiTely in th remaini ng sections . 

Let X be a aet or points in n-diaensional Euclidean apace 

Rn and let t(x) be a t'unction defined on X. 

linaar t'unction i n h tor fixed x and it 

It t ' (x • h) ia a 
0 

0 

(2.2) lia 
X • X 

0 

r(x) - t(x) - t'(x, x - x) 
0 0 0 • 0 (x in X) 

then ve vill call t ' (x • h) the differential or r(x) at x . 
0 ------ 0 

A aequence {x } in X vill be said to conTer4e directiopal1Y q 

to x it it ia distinct troa x, conTergea to x and it the aequence 0 0 0 

( 2.3) 
X - X 

h 9, o 
q •1x - x I q 0 

conTergea to a Tector h. It t(x) baa a ditterl!lltial a~ x and 
0 

{x} conTergea directionally to hit tollova trca (2 .2) tb&t q 
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Let x be a point or X and let {x } converge to x in the 
0 q 0 

> direction h. For auch vectors h, the set or all vector, ah(a • 0) 

tol"II a closed cone vb~ch ve shall call the tangent cone at x
0

• 

Theora 2.l . Let r(x) be a tunction continuoua on X and - ------------ -
baTip& a differential at x0• 

t(x) OD X then 

It x artorda a local minimum to 

- -
> t' (x • b) • 0 

0 

- 0 

tor eTery vector h in the tangent cone C or X at x . 
- - - - 0 

ligear apace then t'(x
0

, h) • 0 £!!. C 

Thia tollova tr011 (2 4) . 

It C ia a - -

lov ve conaider the probl• or minimizing a function r subject 

to condition, (2.1) . To prove the main theorem ve need a011e 1-•• 

Ls•a 2.1 . Let F (x, t) (a• l, ••• • m) be continuoua tor 
- a 

I I < < < 
X ■ P anc1 0 ■ t ■ c. Let -

F (x, o) • A ixi a a 

vbere the utrix (A01 ) ot co tan1lha1 rank m. Then there exist 

t\lnctiona xi(t) (0 !. t !. cS, cS !. c) and a constant Mauch that 
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(2.6) F (x(t), t) • o, lx(t)I ! Mll(t) ! p, lia x(t) • 0 a t • o• 

where 

(2 .7) IB(t)I • sup IF(x, t) - F(x, O)I 
< 

lxl • P 

To prove this result let A81 (S • m+l, .•• n; 1 • 1, ... , n) 

be 1uch that 

Set 

Th• f\mctions F1(x, t) satisty the bypothe■is or the theorea. 

Let (A1J) be the inver■e or (AJ1) and set 

Ther 11 accordingly a constant M such that 

(2.10) IG(x, t)I ! Mll(t) 

Cboo1e 6 1ucb that 

MB(t) ~ p < < (0 • t • 6) 

The transroraation 

(2 .11) 1 1 y • O (x, t) 
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tor tixed ton O ! t ! 6 up■ the 1phere 

(2.12) 

onto it■elt . By the Browder fixed point theorea [16) there i ■ 

a point xi(t) in thi ■ 1phere ■ucb that 

(2.13) 

Bence, rJ(x(t), t) • 0 a■ va■ to be pro•ed . 

We 1hall nov introduce a particular convex cone K- ot 

Yector■ k • (k, k, • • • • k) defined by the relations k < O, 0 p 0 

k
0 

> 0 (a• l, •• • • p'), t 8 arbitrary, (8 • p' +l, ••• • p") 

aD4 ky • 0 (y • p" +l, • • • • p) . For thi1 cone ve b&Ye 

L • 2,2. Gi•en a linear functional• 

L{k) • l k p p 

tbf 1Mguality L(k) ! 0 bold1 on K- it and only it 

In order to pro•• tbi1 ob■ene that i" • (-1, o, . . . , 0) 

•&ere and tollovinc the ■llllll&tion con•ention bold■ tor repeated 
indice1 unle11 otbervi ■e noted . 
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is in the closure of K o If L(k ) -0 on K - ve have-). • L(k) < o. 
0 --Similarly for o on the range 1, 0 0 (. t p let k be the vector 

- -having k • l and k a: 0 otherv Se o Agan, k is in the closure 
0 0 

of K- and = L(k) _ 0 F nal ly, for o on the range p + 1, •• • • f' 
0 -choose k such that k = 1 and k • 0 otherv ae o In this event 

0 p 

*A • L(i') 0 Hence, (2ol4) holds o The converse is immediate . a • 

This proves the lemma ~ 

A second convex cone K+ vill be said to be separated from 

K- if there s a non-null linear funct onal L(k) such that -
L{k) ~ 0 on K- and L(k) ! 0 on K+ 

are equival nt : (1) The con + -K is separa ed from Kt ( 2) No -
vector in K- + -a nter or to he convex cone K - K; (3) The -

♦ 
cone K - K- doe conta n all vec ors ko -

Suppos f rs + that K s separated from K- and let L(k) 

be a non-nul l l inear f'unct onal such that L(k) ~ 0 on K- and 

' + L(k) _ 0 on K c Then L(k ) Since L(k) > 0 on 

the interior it follovs tha (2) and ( 3) hold o 

Suppose next ha there is a vector k n K- interior to 

K+ - K- , Then t her s a ona ant > 0 such that k' + k is 

interior to K+ - K- f or al l k such that lkl _ . Given k such 

that lk l . + -we may choose vectors k • k such that 

~, + lt • k+ ~- H -. r.. o ence 
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♦ - ♦ -11 in K - K, that 11, every vector k 11 in K - K . Con■equently 

(1) and (3) hold . 

Let K be the clo1ure or K+ - K- . Ir K contain■ all vectors 

k, th n a vector k- in,- 11 interior to Kand hence al10 interior 

♦ - ♦ - { .to K - K, 1ince K - I 11 convex . Hence, if 3} hold• there 

11 a vector k' vhicb 11 not in K. Choo,e k" in K ■ucb that 

It' - t" I i1 a ■iniaua . The nW1ber1 

A • k" - k' p p p 

are not all aero and 

L(k) • A k p p 

baa the property that L(k) ! 0 on K 

and L(k) ! 0 on K- . 

(p • o, . . . • p} 

♦ 
Hence, L(k) ! 0 on K 

i..1 2 4. It a convex cone K+ 11 not 1eparated rraa K­

t.be[e 11 a vector k !,! K- vhicb 11 the IWI or r • p - p" + l 
♦ 

vector■ k1, . . . , k in K vho1e aatrix r-

(2.15} (y • p" + 1, • o• , p, o • 1, • • • • r) 

bu rank r - 1. 

In order to prove thi1 re■ult ob■ene that K+ - K- contain■ 

all vector■ k, by IAw1 2. 3. A vector k' in K- 11 there ore 

l 



~· - + + -expressible a1 the ■WI k' • • - k, vhere k is in K and k 

11 in K- . The vector k+ • k- + k i s therefore n K- also . 

baa 

k• 
a 

Let k• (o • 1, •oo , r ) be chosen so that the matrix po 

rank r 

( k• ) yo 

- 1 and k• yl 

• {k• 
00' • • • • k• ) po 

k• • k 
+ 

- k 
0 0 

+ oo • + k• • 0 The vector, yr 

are expre11ible in the form 

-
0 

vbere k+ are in K+ and k- are in K- o Since k• = k+ ve may 
o o yo yo 

+ + 
replace k•

0 
by k 

0
• ThP ve tors k•

0 
are then in K and the vector 

ha■ 

The vector 

k• • k• + o• + k• 

k• • 0 y 

1 r 

k. k+ + tk.• 

{y • p" + l, • •• • p). 

is in K- and K+ if E i1 small and positive . The vecotrs 

k 
0 

1 + 
• - k + r 

+ -are in K, have k a, their &WI, and its matrix (2 .15) or rank 

r - 1. Thia proves the lemma . 
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Consider nova ■et or p + 1 real valued funct i on, J , • • • • J 
0 p 

defined on a spaces . Let x be a point ors . A cone K+ vill be 
0 

said to be a derived cone tor J, 
0 • • • • J at x it it ia convex 

and it given any ■et or vector, 

♦ 

in K, there i1 a function 

p 0 

0 < b < c 
- J -

vhoae range i1 in S, containing x tor b • O, and having the 
0 

property that the function■ 

r (b) • J (x(b}) - J (x ) p p p 0 

are continuou■ and have 

t ' (0 b) • k b 
P I 

PO 0 

aa differential ■ at b • O. ♦ Ir K' i1 a ba1i1 tor K, and every 

■et or vectors k1 , •• • • k
4 

in K' baa the property described 
♦ 

above then K i1 a derived cone for J • ••• • J at x • x0• 0 p 

Theorem 2.2 Let K+ be a derived cone tor J • • . , J 
- 0 p 

at a point x
0 

!!!, s. Suppoae t\&rther that 

{2 .16) J (x) • 0 (1. p ! p', p" < p ! p), J (x) > 0 0 0 p 0 

( p' < p ~ p") . 

13 
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• 

Ir x minimizes J on S subject to the conditions 
- 0 0 - -

J ( x) > 0 ( l < p "). J (x) = 0 (p" < p < p) 
p - - - p .. 

+ 1!l!.!!, K is separated fro~ K- . 

Suppose that K+ is not separated from K- . Then there exist 

vectors i. k1• ••• • kr having the properties described in Lemma 2. 4. 

Let 

be points in s . such that x(O ) = X • and 
0 

f ( b ) = J ( x( b)) - { x ) 
p p 0 

are con inuous and have 

f • ( 0 h ) = k h 0 • a o 

as different a s a b = o. Let h • l . The vector h bas 
p 

property tha 

r• ( o h) = k • p • p 

Set 

( 2. 18) F (y • • !. f ( th + ty) t 0 ( y • p" + l, 
y t y 

t = 0 

The functions F (y. are continuous for 

< £ -

the 

• • • • p) 

14 



tr 6 L ■ 1urr1ciently small . By Lau 2.1 there are function■ 

y(t) 0 

(2.19) 

Setting 

(2.20) 

t < c' 1uch - -
F (y(t), t) • 0 y 

b(t). th ♦ ty(t) 

11■ y(t) • y(O) • 0 
t•o• 

It ii 1een that 

t ( b( t)) • 0 y (0 < t < 6'; y • p" + l, ... , p) - -
and that 

g (t) • r (b(t)} (p • O, l, •••• p) p p 

-ba1 k u it ■ right bllnd deriYatiYe at t • o. Since p 

- -k < O, k > 0 
0 p 

it tollov1 that on an inte"al O < t < 6" ve have -
r (b(t)) < o, r (b(t)) > o 

0 p 

<1 < p < p') • 

(1 p ~ p') 

vhicb 11 iapo11ible. Thi ■ prove, the theorem. The proof or 

tbi1 theorem and the proceeding four leaaa■ va1 repeated from 

the appendix or [6] tor c011pletene11. 



We .nov con■ ider the problem or 11ini11izing tbe t'unction 

r ( x) 1ubJ1ct to the condi.tion1 tbat 
0 

(2 . 21) f (x) > 0 a • (a • l, . .. , m) 

n Here ve take X to be R • in vhich ca e tbe tangent cone at a 

point x is again all of Rn . 
0 

(2.22) k • ft ( X h 
P o' 

+ Tben K 11 given by 

With thi ■ ve have the following theorem 

Theorem 2.3 . Let f (x), r1(x), ... , r (x) be m + l function■ 
- o m -

n continuous on R and having a differential at the point x
0 

vhicb 

llinimize1 f 
O 

( x) subject to ( 2. 21). 

There then exist con1tant1 
0 

! O, A
1

, . .. , A
11 

not all zero 

such that 

(2 .23) A r• (x , h ) - ). r• (x , h ) > o 
o o o a a o • 

(all h in R
0

) 

For a• 1, · •• • m, A > 0 and if t (x) > 0 the equality hold■• - a• -----ao 

If the function• are linear then A can be cho■en a1 land the 
0 

). cho■en 10 that a------

(2.24) A r• ( 1 • h) - ). r• (x , b } ·• o o o o a a o 
D (all bin R) 

The firat oncluaion follova fraa Tbeorem 2,2, For the aecond, 

+ 1ince K 11 the iaaae or a linear apace it is linear. 
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♦ 
The Yector (-1, O, • •• • O) i1 not in IC 1ince if it vere 

by linearity 10 al10 vould be (-t, o, ... , O for O < t < 6 - -
and x vould not ainillize r (x) 1ub~lect to r (x) > O 

o o a -

(a• l, • • • • 0) Vhicb proves the tbeorea . 
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3o ELD1EITARY MIIIMUM PROBLDCS INVOLVING INTEGRALS 

In thi1 section minim ution problems are considered vhich 

involTe integral con1traint1 independent or the apace variable■• 

The Min re1ult1 are contained in Theorem 3. 2 for the fixed 

endpoint case and Theorem 3o3 tor the variable endpoint ca1e. 

The results obtai ned here are fundamental tor proofs or theor-■ 

in later section, . 

The problem cons dered ia that ot ainiaizing a function 

t l 
I(u) • J r(t, u(t))dt 

to 

in a cla11 ot functions 

having certain prescribed properties . 

Let R be an open set in (t, u) - apace . A11me that 

11 integrable vith re1pect tot on t 0 ~ t ~ t 1 for fixed u . 

Let u(t) be a runction vitb (t, u(t)) contained in 1oae 1ub1et 

ot Rand such that f(t, u(t)) is integrable tort on the range 

tor vbicb u(t) is defined . Then a poi nt t vill be called 

18 



ordinary tor u(t) i t tis a point ot det nition tor u(t) and if 

T 

(3 . 2) ~ / t(t u(t))dt • t(t , u(t) ) < • 
a 

For breYity, a poi nt t vill be called ordinary i t the particular 

f\uiction u(t) tor vbi ch i t 11 an ordinary point i a clear tr011 

the context . It ti■ an ordi nary point tor u(t), then (t, u(t)) 

rill be called an ordinary point tor t(t, u(t)) . A point t vbich 

ia not an ordinary point vi ll be called a singular point . 

Let U be a 1ub1et ot R vi tb the property that it (t, u) 11 

-in U except po11ible tort in a ■et Tot linear aea■\ll'e zero 

there 11 a tunction 

(t-6<t<t+6) - -
tor ■oae 6 > O ■uch that the tolloving hold tor It - ti! 6 

1) (t, u(t)) 11 in U 

11 t(t, u(t)) 11 an integrable function ot t 

111) u(t) • u 
iY) t 11 an ordinary point tor t(t, u(t)). 

Then an el•ent (t u) in U vill be called adai11ible. Denote 

b7 U(t) the ■et ot all u tor vhicb (t, u) 11 adai11ible . 

By an adai11ible function vill be aeant a function vboae 

el•enta (t, u(t)) are adai11ible and ■uch that t(t, u(t)) 11 

integrable . lote that tor any adai ■aible function u(t), the 

19 



~et or ord nary po nt a t has ful l measure . 

Remark l . The ■et T of measure zero vill, in general, be 

the set or po ntat for vh ch f (t, u(t ) ) is s ngular for any 

choice of u( t) . Wi thout excluding such a set the theory 

being developed vould not even apply to functions f(t, u) 

which are p e ev se cont nuous n t . 

Remark 2. Since integrable functions can be Yaried on 

arbitrary sets of measure zero without effecting the Yalue 

of the integral ve vill avoid repetition by making tvo 

convent ons The statements "an ordinary point t" and 

"all ordinary po s " mean "an ordinary point not 

contained i n a possible set of measure zero" and "all 

ordinary points except po11 bly a set or measure zero" 

respectively . 

Theorem 3.1. An admissible function u (t) affords a 
0 

mini.mum to l(u) in the class of all admissible functions u it -
and only if tor almost all points t 2!!. t 0 ! t ! t 1 , the eleaents 

(t, u (t)) ■iniaize f(t, u) in the class ot admissible elments 
0 

(t, u) . 

Suppose that u minimizes I (u) on the class ot admissible 
0 

elements u. Let (s, u (a)) be an ordinary point tort vitb 
0 

t 0 <a< t 1 • Let (a u) be an admissible element and let 

20 



u(t) 

be an &dai11ible f'unction euch that u(a) 

u(t) • u (t) 
0 

• u. Let 

The f\ulction u(t) 10 defined i1 adai11ible tor all 6 > 0 and 

1utticiently 111&11 . Then 

I(u) I(u ) 1+6 
o < ----0- ■ ! / (r(t, u(t)) - t(t, u (t)))dt - 6 6 0 • 

Taking the liait a1 6 tend• to zero ve haYe that 

0 ~ r(1, u) - r(,, U) 
0 

tor all ordinary point■• Tbue, (t, u (t)) minimize• t(t, u) 0 

at alao1t all point, ton t 0 
< t < tl . 

The conYer1e ie iaediate . 

We next con1ider the ca1e in which the admi11ible functions 

u are 1ubJected to additional con1traint1 

I ( u) > 0( a • 1, • • • , q ' ) , I ( u) • 0( a • q' + l, . • • , q) a • a 

or the tona 

1 
I (u) . ft t (t, u(t))dt - C a a a 

to 

He e it i1 ••••ed the function, r h&Ye the eae propertie1 •• t, a 

and adai11ible function, u(t ) bave the same propertiee with reepect 

to !
0 

a, before vith re1pect tor . 
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Theorem 3, 2. Suppose that, u
0 

minimizes I(u) subject to 

condition■ (3. 5) . Then there ex st multipliers A > o. A • • • • • A 
- o - l q 

such that for almost all po nts ton t 0 ~ t ~ t 1 the element u
0
(t) 

minim zes the funct on 

3.6) F A f A f o a a 

2,2. U(t) . Further 
1 

_ O, ... , Aq' ! 0 and the equality holds 

for all a(a • l 0 •• • 

I 

q) for vhich J (u) > O. 
a o ConTersely 1 11" 

such a runct on exists v th A O then u minimizes I(u) on the 
0 - 0 

class or admissible functions satisfying (3 5) . 

Assuae u is am nim zing function for I subject to (3 . 5). 
0 

Set r • f and let K' be the set of all (m + l) - dimens ional 
0 

vectors of the form 

k • r (t, u ) - r (t. u (t)) p p p 0 
(p • o. 1 •. • • q) 

where (t. u) i1 admissible and tis an ordinary point for 

K be the set of all Teeters of the form 

u . 
0 

Let 

k • h k + • •• + h k 
l p p 

(b _> 09 ••• • h > 0) 
l p -

for any finite number of vectors k • 
l 

CODYG, 

•• •• k in K' • p Then K is 
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Lemma 3 ,1. The cone Kia a derived cone for I • • • ••I o Cl 
at X , 
- 0 

A11ume tat the emma has been roven. Then by Theorem 2 2 

there ia a · in • functional 

( 3 9) L( k ) • 

vitb pro ert e 

k -
0 0 

k 

ven i n emma 2 2 

We also have that L(k) 0 for all kin K, hence for all -
kin K' . Sett n 

(3 .10) F(t, u) • 

gives 

r -
0 0 

f 
a a 

(3.11) ~ k - k • F( • u) 0 0 Q Q 
F( t, u ( t)) 0 

0 -

for all u in U(t) vhere 0 1 ia an ordinary point on t < t < t. 

Therefore, u m nimizes F( , u) for a ost all ton t 0 ~ t 0 

The converse follovs from the fact that 

I(u) - I (u ) I(u) - (u) • I(u) a a - o a a o o 

Bene 

I ( u) _ (u ) + I (u ) 
0 Q 

and by a11uaption, 
0

I
0

(u ) _ O. 
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To prove Lemma J . l it ia aurficient to consider vectors 

of the form 

where 

(3.12} 

and tj is an ordinary point for fp. 

We can assume that 

t
1 t 2 < • •• < t 

- - - p 

Choo1e admissi le functions 

(h > O, a = l , •• , p) a • 

(p • O, l, ... , q) 

(t < t < t + c) 
j - - J 

such that u / t J) • u J . Choose 6 > 0 ( 6 < c) so small that 

are disjoint if 1; J . Let b • (~1 , . .. , bp} be a point on an 

interval 

B: 

Set: 

C = 
0 

(J • l, . • • • p} 

(J • l, ,, •. • p) 
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Let : 

u( b): u( t, b) 

be the admi11ib le !unction efined by 

u(t, b) • u/t ) , t " + CJ - l ~ t ♦ CJ 

u(t , b ) • u (t) . otherviae 
0 

lote that u(O) • u . The function ■ 
0 

(3.13) 
p 

( b) • I ( u( b ) - l ( u ) 
p p 0 

are continuous on B. The tangent cone C to Bat b • 0 is defined 

by hJ. 0 ( J • l, ... , p). 

We vi ll nov abov that• (b) has a differential at b • 0 
0 

Note that ♦ (0) • 0 and consider p 

vhere J i s not WIiied in kpJbJ on th r ght hand aide only, A 

typical teni or the sum 11 maJorized by 

2'. 
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t ·~ (3 .15 ) f "i' J . I r ( t , uJ ( t ) ) - r ( t • u ( t ) 
~ , ·, p p 0 

J 

tJ+cJ 

! f lf/t, uJ(t) ) - r P( tJ' uJ) ldt /l b l 
tj' 

tJ+cJ 
... ft lfp(t, u

0
(t )) - f / tJ' u

0
(tJ ))ldt /l bl 

! 

vhere both quantities in the second line tend to zero vith lbl 

since tJ is an ordinary point tor uJ(t) and u
0
(t). 

Therefore: 

and K is a derived cone a1 to be shovn, 

We nov extend the result• to problems involving paraaeter1. 

Theorem 3.3. Suppose that the functions g (v), T0 (v), T1(v) p 

are continuous for v in a neighborhood N and have a differential 

at v in ( v , . 
- o-

u : 
0 

r , v ) - apace . Suppo1e that an adai11ible function 

( T0 
( v ) < t < T{ v ) ) 

0 • • 0 
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affor4p a ainiaa to 

T1 (v) 
I (u) • 1 (v) + J t (t, u(t))dt 
o o To(v) o 

in a cl&11 o.t adai11ible tunctiona 

u:· k a 
U (t), V 

v !a I yl aati1tziy 

(3.16a) I (u) ! O (e1 • l, ••• q') • I • O (ca • ,• + l, ••• , q) Cl Cl 

T1 (v) 
I (u) • 1 (v) + J f (t, u(t))4t. 

Cl Cl To(v) Cl 

DII£• plft alt.iplier1 1
0 

! o. 1
1

, 

\111$ fw It all t 2! 

\bf 1m,a11 t1 

(3.lT) 

•••• 1 aet all avo !Mb 
' 

bolff tor ada111i'bl• fl••at• ( t., u). !2£. Cl • l, • • •, , • • 1. l. 0 

DH! ty •9,ualitz bol4f if ICl(uo) > o. No£ms, it T0
(wo). 

! 1(v) Kt O[fiPN7 &9iptp \b•g 
~ 0 
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(3 .18) 

holds at v = v, vhere 
0 

(a • l, . . . • r) 

(s • o. 1) 

We con ■ truct the cone K' as in Theorem 3. 2 and to it adjoin 

all vec o s of the orm 

a 
(3 .19 ) k' = (...::J?.. + f 

D O P 
V 

--0 
V 

• k' h' 
PO 0 

( h' arbitrary) 
0 

vhere t e art alder vative are ev ua d at v • v and 
0 

•

8 

• f ( t 8 

u (t 1

)) p p • 0 (s• O,l) . 

Call the re■u t K" and et K be th convex hull of K". K is a · 

derived cone for . . , I at x . q 0 

consider vector of the form 

k • h k + 
l l 

• • ♦ h k + k' p 

For th proof ve need only 

(h _ O, J • l• • • ' p) 

Extend the definition of he funct ons uk (t) to a larger interval 
0 

to - t t 1 + E - - ( C 

Choose 6 as in Tbeor m 3 2 and such that T8 (v) is in the extended 
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interval if via in a 6- neighborhood or v . Irv 11 10 reatrictecl 
0 

then the function 

u(v, b) : u{t, b ) 

a■ 4et'ined ifl Theorem 3. 2 11 adai11ible and 

♦Jv, b) • J (u(v, b)} - J (u ) 

~ " " 0 

11 continuou■ on 

B: O < b < 6, -6 < v0 
< 6 

- J- - -

t'or 6 1ut't'iciently aall . Aleo, ♦ (v, b) bas a differential at 
" 

(v, b) • (v, O} gi~en by 
0 

k b + k' h' 
pJ J pa a 

a1 ve 1bov by con■idering 

(3 . 20} 

p t +c 

! I 1/ J J (r {t, uJ(t)} - r (t, u {t)))dt - k JbJl/lbl 
J • l t +c " " o P J J-1 

1•1 T1 (v) 
+ I I f {! (t, u {t}}dt -

1•0 T1 (v) " o 
0 

- t' (t

1
, u (t

1 1) 
1 

_ _a(v

0 
- v

0 
)I/Iv - v I 

P O v- 0 0 
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The first awn is aa in (3.14) and the e1timate (3.15) holds. The 

reaaining term■ tend to zero a1 v tend• 

T1(v) have a differential at v and the 
0 

to v 1ince g (v), T0 (v) , 
0 (l 

points T0 (v ) , T1(v ) are 
0 0 

ordinary for u (t). Hence, ♦ (b, v ) ha1 a differential at 0 p 

(b , v) • (0, v ) . 
0 

Ju~t as in Theorem 3.2 ve see ~hat K is a derived cone. Tbu1, 

there 11 a linear functional 

L(k ) >. k - k 
0 0 <l <l 

vith vhich conclusions re1arding the '• and the inequality for 

F follov a in Theorem 3.2. 

Setting 

G • g - ).(lg(J 0 

gives for ordinary points to, t that 

a•O 
dG + [F8dT1] 0 

s•O 

for all dv, vbich give■ (3.18). 

Nov aseume that F(t, u) ha1 a bounded derivative vith re1pect 

tot almo1t everyvbere on R vbich is integrable along u (t). 
0 

Also. &ISUDlf bat if (t. u ) 11 in u. except possible for t in 

T there 11 a con1tant 6 0 such that (t , u) is in U for 

t - 6 < t < t + 6. Then ve have t e folloving additional result. - -
Theorem J.4. Under the a11uaption1 of Theorem 3.3 and those 

Juat given,!!, 
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a I • 

&amte1!'1 

bold• tor all II l!. U( \) !!le 

' (J,11) ,(t, Me(t)) •/ f,(e, U (1))4a ♦ e ,o 0 

'8E, ca f COD■tyt M4 (pr e),e .. t all t i! t O S I i , 1• Tb•t 11. 

"'• ••''> > 11 •tw a1p1t mmh!n to M W9R\tlz coptJalPM 
111,,. ,, t. 

Ln I lte 1M clue f/t au Ll,.8'ltsl• tantw 11(1) • , 0 
~, ~ t.1 

... ._ 11(1°) • 11(11) • 0, 019" 11(\) lat, • fwlnl• 

aucb tllat l(t0
, ,) • t•, S(t1, c) • t. 1• IJ uauaaptloa 

• (S(t, c)) 
0 

11 aaiaalble tor,., fcl ! I. !be tunctioa 

• 



• 
tl 

J(c) • / F(t 1 u (S(t, c)))dt 
to o 

tl 
/ F(s + en( ■), u (s))(l + cn(a))da to o 

ha■ a minimum at c • o. Hence 

(3.19) 

where 

(3 .20) 

tl 

J'(O) • f (M(t)n(t) + N(t)n(t))dt • 0 
to 

M{t) • Ft(t. u (t ) ), N(t) • F(t 1 u {t)) 
0 0 

Let a and t be tvo ordinary points for t 0 ~a< t ~ t 1 and let 

fl( 8) • 0 (t
0 ! a! a, t ! 1 ! t 1) 

l 
- a) (a< s <a+ c . • - ( 8 

C - -
• 1 (a+ c 1 < t - c) - -

l 
- a) (t - t < 8 < t). • - ( t 

C - -
for O < c < (t - a)/2 For tbia function 

t 
1 a+c 

1 t 
f M(a)n(a) da + - / N(a) ds - - / N(a)da • O. 
a c a c t-c 

Taking the limit as c tends to zero give,, since a and tare 

ordinary points that 

t 
J M(1)d1 + i(a ) • N(t ). 
a 
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Bettin, 

a 
o • - J M(a)d1 + l(a) 

to 

giYe1 the de1ired re1ult tor all ordinary point• t . 

We note in pa11ina the tolloving re1ult known aa the 

tund-ntal 1- ot the calculua ot Y&riationa vaa proYed. 

Lea• 3.2. ~ M(t ) ~ N(t) be iotearable on a! t ! b. 

~ Y be the clu1 ot all Lip1chit1ian twiction1 on a! t ! b 

vbicb Yaniah at a and b. Then - -
b 

/ (M(t)"(t) + B(t)~(t))dt • 0 
a 

bold• tor al~ r, ,!A I if and only it 

t 
N(t) • / M(1)41 + o 

to 

vbe e o ia a coo1tant . --

a.e. 
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4. EXTERSIOll TO PROBLEMS IIVOLVIIIG LINEAR EQUATICA,S 

In thia sect on the results of Secti on 3 are extended to 

problems inTolving linear differential constraints. 

Let f(t, u) r (t. u) ~ as n Sect on 3. Then for each 

adaiaaible funct ion 

u: uk(t). v0 

a aolutioo 

x: x1 ( t ) 

of the different al equat one 

(4 .1) ii• A~( t )xj + r-(t, u) 

1 vhere Aj( i • 1, ~oo e n. J • 1 , o o e n ) are ntegrable, 11 an 

abaolutely continuous funct i on vhich transfer, an initial point 

(t 0
• x(t0

)) to a f nal po nt (t , x( t 1)) . Let A be the clua 

of all admi11ible u for vhich there is a solution x vhicb trana­

rera the point (t 0
, x(t 0 ) ) • (T0 (v ) .x0 lv )) to a final point 

(t1 • x(t 1)) • (T 1(v).x (v )) o The problem is to find a function 

u in wb ch minimizes a functional of the form 
0 

T1 (v ) 
I( u ) • g (v) + f r(t. u(t ))dt 

T0 (v) 

relatiTe to all u in A Here it is awned that g(v ) , T8 (v} 

haYe th _ aaae properties aa in Theorem 3.3. 
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u : 
0 

Theor• At.l Suppoae that 

uk(t-) ,va 
0 0 

11 a 1olution or the abOYe proble■ vi tb 

( t 0 < t < t 1 ) - -
X : 

0 
x1( t) (T°(v ) < t < T1(v )) 

0 • • 0 

a1 the corre1pondi n4 10luti011 or {4 .1} ~en there exi1t1 I 

conatant A >O and a 1oluti011 
~ 

p: pi(t) 

ot the ditterential eg.uaticn 

P1 • - pJAi(t) 

IUCh that 

( t 0 
:_ t !, t l i i • 1, • • • t n) 

(1) Ao, p1{t), •• • pn(t ) do not Y&ni1b 1iaultaneou11.Y 

at anz point t ~ 

t 0 < t < t l to • T° ( V ) t l • T 1 ( V ) 
• • 1 0 t 0 

(2) the function 

i P(t, u) • A
0
r - p1r 

H(t,x,u,p) • -Aot + piA~xJ + P1r1 • P1~~XJ_, 

ha•• the property that tor &lao1t all points t 29.. t 0 
:. t ! t 1 

(4.2a) 

(At . 2b) 

r( t. u) 

tor all u in U(t , . -

r(t, u (t)) 
0 

(3) The tran1nraalit1 oadition 

• bold• if t 11 an ordinu:z poi nt tor 1•0,1 . 
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( 4) It . n add t on F ~ H have bounded deri va ti Tel vi th 

respect tot 11121t exembea on R vhich are integrable tl9PC 

x
0 

( t) ~ . u , had the property that if (t' • u ) are in U • except 

po■1ibl7 fort!!:!, T there 11 a 6 > 0 such that (t, u) 11 in U 

tor It-ti <6 - then also 
t 

(4.4a) F{ , u (t)) • f Ft(a, u (s) )ds 
0 0 

+ a 

to 

t 
(4.4b) H{t, x

0
{t) , u

0
{t), p(t)) • J Ht(s, x0(1), u

0
(1),p(s))d1+8 

to 

for &lmost all points t ~ t 0 
• t ! t 1 where o ~ 6 are con-

1tants. 

Let P (to < t < t l . J 1 ) b 1 ti # J - - • • • • 0 0 • • n e IO u ODI 01 

the system 

These funct ons are absolutely continuous o 

Set 

r
1
(t, u{t)) • P1J(t)rJ{t, u(t)) 

Then if u( t) 11 an admissible f'unction and x 11 the corre■-

ponding soluti n to (4.1) ve have that 

Hence 

t 
(4 6) f f (t, u(t))dt • P1J(t 1)xJ (t1 ) - P1j(t0 )xJ(t 0

) 

to 
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lov aet 

. - ••l 
[Pi j(T9) r1 '] 

••o 

t 
(4.7) J

1
(u ) • g1(v) + / r (t, u(t))dt 

to 

For eYery adlli.11ible funct i on n vitb corre1ponding 1olution x 

to (4.1) w haYe that 
i•l 

Ji(u) • (P
1
j (ts )( xj(t8 ) - xJ1)]

1
•

0 

vhere the detendnant ot P J doe• not Yanish . Therefore it 

xi ( t O ) • X O ( v) , J 
1 

( u) • O 1 r and only 1 r xi ( t • } • x1 1 ( v) , 

that 11 if' and only it u 11 in A 

Thus the problem posed 11 equi valent to 11.inillizing I(u} in tbe 

clua ot all u such that J1(u} • O. Hence by Theorem (3.3), 

there exi1t functions r and G or the fora• 

r • A
0

t + A1t • G • A
0

g + A1g1 

where A
0 

1 o, A1, • •• • An are constant, not all r.ero such that 

r(t, u) i F(t, u (t}) 
0 

tor alllo1t all point■ t. Setting 

giYel 

F • A
0

t + AiPiJrJ ■ A
0

t - pJrJ 

ao that (4.2a) and hence (4.2b) tollov fro■ {4.7) . 

• We o t the co 
pliers resu t .. 
for mul era r 

ng th p ua 1 n for multi­
on traints an he n s ign 
ra constraints 
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lov 

dO • A
0
dg + Ai~i • A

0
dg -

• A dg - [AP XJ 1 dT8 
+ o 1 iJ 

Writing the trana•ersa.l ty condit on (3 ol8 ) in differential 

fora gi Te■ that 

so (4.3) bolds . 

8 a•l 
dT ]8 • 0 • 

■•l 
A dg + [(F - p A~J 8 )dT1 

+ p a.r' 1
] o k J i .ao 

I _-1, ■•l • A dg + [-BdT + p1dx- ] •0 
o ••o 

Also ( 4. 4a ) rollovs imaed ately from Theorem ( 3 ... 1 When 

X • X (t), U • U (t) and p • p( t), 
0 0 

d J • _i • 1 ii (p1Ajx) • -p1r + p1Ajx a. e. 

Bence by definition or H 

Ht• -Pt+ h- (piA~xJ) a.e. 

Thia together with (4.~a) gives 4. 4b) . 

Since further generalizations or tbi ■ tbeore■ are ■pecial 

cue■ ot later results ve proceed ■-ediatel,y to probleu vbicb 

&110 are non.a.linear in the apace variables . 
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5. EXfDSIOIS TO 101-LIIEAR PROBLDtS 

We nov con■ ider the ca■e in vhich all 1'\uictiona appearing 

a.re peraitted to be non-linear in all Y&riablea . Here ■ till it 

11 a11aed that the cho ce or adai11ible control function■ u 

doe■ not depend explicitly on x. 

The problea considered ia that or finding in a cla11 or arc■ 

(t0
<t<t 1• 1 l k•l l } __ , • , .. . ,n; , . .. .-, o• , . . . ,r 

aati ■fying conditions or the fora 

(5 .1) 

( 5. 2) 

vbere 

•1 1 
X • f (t, x, u, v} 

I (x) ! 0 (y • l, ••• • q'}, I • 0 (y • q' + l~ ••• • q) y 

tl 
I (x) • g (v} +J r (t, x(t}, u(t}, v)dt Y Y to Y 

one vbich ■iniaize■ 

t l 
I(x) • g(v} + J r(t, x(t}, u(t), v}dt to 

We a■■lme that T
1
(v), Xi 1(v), g(v), g (v} haTe continuou■ y 

a partial deriYatiYea vith reapect to v . 
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Let R be a reg on in Ct. x. u, w) - apace which i1 convex in 

x and w for each t . Set t 0
: f. f11+Y • f and •••um• the followina y 

hold on R for j = o, . •• n + 

a) fjCt, x, u, w) is def ned 

b) fj is c,ntinuous in x, u, and w for fixed t and locally 

C5.4) integrable int for f xed x, u, and w 

c) fj i' f 
0
(i - 1. e•• • n, a= l , . • • r) exi1t and 

d) 

X W 

satisfy b) 

j for each funct on u(t) for wh ch f Ct, x, u, v) ia locally 

inte&rable for fixed x and w there is a locally integrable 

function S(t) such that 

ltj i(t , x, u(t), w) I < S(t) 
X 

holds or (t, x, u(t), WJ Ol R. 

That under these assumpt ons the system (5 . ) has solutions with 

properties used in proving subsequent theore sis shown in 

Theorem A-1 of the appendix . It should be noted that any set 

of hypotheses for which the conclusions of Theorem A-1 hold may 

be substituted for ( 5 ) . W now a i u e that f , f • f do not 
Q 

depend on w, a restr ction that w 11 e removed later. 

Let R be as reg on o R with t he prop rty that if Ct, x, u) 0 

is in R • except poss y for r n T there s a function 0 

(S.S) -< t < t + 6) - = 



for some 6 0 sucb tbat for It - ti! 6 tbe following bold for 

J • O, 1 , • • , n + q . 

1) (t, x, u(t )) ii in R for Ix - x i 
0 

6 

11) for f i xed x, fj ( t, x, u( t)) , rJ 
1 

( t, x, u( t)) are 
X 

integrable function■ oft 

1.i i) u(t ) • u 

iv) tis an ordinary point for fj(t, x, u(t)). 

An element ( t, x, u) vill be called admi11ible if it is in 

R. A function u(t ) vill be called admi11ible if it ia defined 0 

for t 0 
< t < t, r1(t, x, u( t )) is integrable for fixed x and - -

solutions x(t ) of 

are such that (t, x(t), u(t )) are in R . 
0 

If x(t ) is a 1olution of (5 .1) for &dmi11ilbe u • u(t) such 

that x(t) = x then iv ) implie1 tbat t 11 an ordinary point for 

-t+6 

16 f_ ( (t, x(t ) , u(t )) - f(t, x, i) )dt l t • 

-t+6 
- Ir/_ (f(t, x(t ) , u( t )) - f(t, i', u(t)))dt l 

t 

t+6 
+ I¼ /_ (f(t, i', u(t)) - f(t, i', i) dt l 
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The firat term on the right band side tends to zero vith 6 becau1e 

of (5 . 3c) and the second also because or iv) . 

By a !ifferentially &dmisaible arc 

x: 1 k o X (t), U (t), V 

vill be meant one such that u(t) is &dmiasible . A totally 

&dmi11ible arc 11 ad rrerentially &dmiesible arc vbich 1atisfie1 

Let A be the class or totally &dmissible arcs . 

an arc in A such that 

X : 
0 

and 

I ( x) > I ( X· ) 
- 0 

for all x in A satisfying 

Let X be 
0 

Ix( t) - x ( t) I < t 
0 (t0 

< t < t 1 ) - -
for aaae £ > O. We say that an arc or thia type arrord1 a 1tro91 

relative minimua to I in the class or totally admiaeible arc,. 

Theorem 5 . 1 . Let x afford a strong relative ainiawa to I - 0 -

in the class or totally admi11tble arc ■ Then there exist multiplier■ 

A , A , pi(t) such that if ve tet 0 y 



B( • ) • p #
1 • \ r \ r ~. x, u, Pt v 1~ A . - A y y 0 

G(v) •AI - Ag 
0 y y 

then -
(1) The aultiplier1 A , A , •••• l , are non-ne4ative 

0 1 q 

con1tant1. F\lrther, A• 0 tor each y > l for vbich I (x) > O. 
y - y 0 

The aultip ier1 A , ~ , pi(t) do not vaniah simultaneoqaly at !:SY 
0 y 

point or t
0 ! t ! t 1 • 

( 2) There exiat con1tant1 c1 1ucb that on x
0 

t 
p • - f H . d1 + ci 
1 to xi 

(3) The inequality 

(5,7) H(t, X (t), u, p(t), V) ! H(t, X (t), U (t), p(t), V) 
0 0 0 0 0 

bol41 tor alao1t all ton t 0 t < t 1 and for all u 1uch that - - -
(t, x, u, v) i1 in R • 

0 0 -- 0 

(4) ll t 0
, t 1 are ordinap p0int1 1 the tranaver■ality condition 

1•1 t 1 

dO + [-HdT1 + p1 (l')dX1■] - f H dv0dt • 0 ( 5 .8) 

bold• on x tor all dv0
• 

0 

1•0 t 0 v0 

We vill tir1t prOTe the theor• tor the caae vbere v appear• 

only in 1(v), 1 (v), Xi1(v) in vbicb ca1e (5,8) ii replaced by 
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I l 
dG + [pi{ l)dX11 ] • O 

a•O 

and all totally admissible arc ■ are defined on the fixed interval 

t 0 
< t < t 1• - -

Set r • f and define 
0 

{ 5 . 10) Aij {t ) • ri j(t, x
0
(t ) , u

0
(t)) 

X 

B j(t) • r j{t, x
0

(t ) , u
0
(t)) 

e ex 

(1 , j • 1, . .. , n) 

By hypothesis each Aij' B
8

J is integrable on t 0 ! t ! t 1. Let 

qe(t) be solutions on t 0 ! t ! t 1 or 

( 5 . 11 ) 

Then q
8
(t) is an absolutely continuous function and q

8
{t) satisfies 

(5.11) almoet everywhere. I f xis a differentially admissible arc 

a.e. 

Setting 

ve note that by aseumption Fe is integrable . 
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Then 

tl 

• Os(v) + Ito F8( t. x(t). u(t))dt 

tor all totally adaisaibl e area x. Hence. 

tor all x Joining x (t0) and x (t 1) . Thia representation baa 
0 0 

been cboaen 10 that along x 
0 

F • 0 
Sxi 

Let P1J be 1olution1 or the 171tea 

( 5.15) 

Then PiJ(t) are abaolutely continuous t'unction1 on t 0 ! t ! t 1 

and tor any differentially adai11ible arc x 

a.e. 



Nov set 

t l 

Jq+i(x ) • Gq+ (v) + J F +i(t , x(t) , u(t ))dt. to q 

For every totally admissible arc x 

t l 

Jq+i(x) • Gq+i(v) +Jt0 rr (PijxJ)dt 

s•l 
c [Pij(ts)(xJ(t8) - XJ 8)] 

sao 

Therefore, if xJ(t0
) • xJ0 (v ), Jq+i = 0 if and only if 

xJ(t · ) • xJ (v) . 

Let K' be tbe set or all vectors k or the form 
p 

(5 17) k_.. 1" :it, x (t), u) - F (t, x (t), u (t)) ,(p•O,l, .•. ,q+n) r,-- P O p O O ~ 

for all ordinary points t and all u for vbicb (t, x (t), u) is in 
0 

R
0

• Let K" be obtained by adjoining to K' all vectors k'P or the 

fona 

k' • G ( v )h ' 
P O O 0 pv 

vnere h' is arbitrary . Let K be the conTex bull or K" a 

• 

46 



L ••G 5. . Tbt cone K 11 a derived cone for tbe tunction1 

J • 
0 • • J + at x

0
• q n -

A11U11e th leaaa ha• been proven . By Theorem 2~2 there 11 

a linear tu.net onal 

L(k) • k - A k + k 0 0 Y q+i q+i 

vith properties given there . Setting 

F(t. u) • F - l F + l F 0 0 y y q+i q+i 

and uaing that every vector of the fora (5 .17) 11 in Kit follova 

that 

F(t• X t)• u) F(t, X (t). u (t)) 0 - 0 0 

for all ordinary point, t and all u for vbich (t . x (t). u) i• 
0 

in R . 
0 

Setting 

(5.21) i B(t. x, u. p) • pir + r - l r y y O 0 

ve haYe that 

1 J B • (p1A J - l B + l B J)x - F Y yJ O 0 

Bence, along x 
0 

(1 • l, . , n) 

4 



H i• p AJ - B + B 
X i Y yi 0 Oi 

But rran ( 5.22) 

• • • 
pi• - q+j pji + ~ <lyi -

vh ich vith (5 .2) give• 2) . Applying (5. 20 to ( 5*23) give, (3). 

Nov setting 

• g -
0 

(y • 1 • . .. • q) 

giv I fo r ordinary poiota t 0
, t 1 that 

( 5 . 25) 

But. aince all vector■ of tbe fora (5.18) are in K 

(5 26) 
a•l 

dG + (p
1

dXi 1
] 

a•O 
> 0 -

0 for all dv, hence the equality muat hold. 

Returning to Lemma 5el, ve need only prove it for vector, 

or the fora 

k • h k + b' k' 
P J pj o po 

vhere 

k' 
po 
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and t , •.• , t are ordinary point, ror u ( t) . We aa a11uae l n o 

Ch001e t > 0 and tunc:tion1 

t - t < t < t ♦ t) 
J - - J 

a1 in (5.5) . Choo■• 6 > O 1uch that 86 < t and the intenala 

are on t 0 
< t < t 1 and di1Joint 1r 1 ~ J. Let bJ be reatricted 

to the ■et 

B: 0 < b < 6 
- J -

and ■et 

Set 

• \l (t) 
0 

It 6' i1 1utticientl.J aall then 

h&1 an ab1olutely continu0111 1olution 

(J • 1, • •• • I) 

(J • 1, ... , R) 

othervi1e. 

(to< t < t 1 , 0 < bJ < 6') - - - -



vbere x(t, 0) • x (t) . 
0 

L-e,pa 5. . he funct oos x (t , b, v) have a bounded difference 

quotient vith reapect to band vat (b , v ) • (o, v ). - - - - 0 

We v u e the emma here an pr ove it l ater Tbe function, 

(5.31) ♦ (b , v ) • J ( x{b , v )) - J ( x ) {p • 0 , ••• • q + n) p p 0 

are continuoua on 0 _ bj _ 6, Iv - v
0

1 _ 6. Io vhat fol ova, to 

aimplify notations ve vill aasume v • 0 o ahov that ♦ {b, v) 0 p 

has a differential at (0 , v
0

) given by kpjbj + kp
0

h~ , consider 

I ♦ (b, v ) - ♦ (0 , 0) - k jbj - k' val/ lb l + lv l) P P P pa 

< IG (v) - G (0) - k' v0 l/(l b l + lv l) • P P pa 

N t +c 
+ 1 If j j ( F { t I X ( t I b I V) , UJ { t ) ) 

J•l t +c P 
J J-1 

- F {t, x {t), u (t)))dt P O 0 

- F {t, x (t), u ( t ))) dt l/{l bl + lvl) P O 0 

vbere kpJbJ in the tecond tera on the right band side is not 

t\11111ed on J and t 6 •1+c6 = t • On the interval {tJ + cJ-l' tJ+cJ)' 
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• • 

x(t, b, ) 11 the 1olution or 

vbere x(t
0

, b, v) • x0 (v) and initial condit one for each interval 

are cbo1en to be the final value or the so utio~ on the previous 
intenal . 

We e1tiaate a term rrc. the tir1t IWll by 

- P (t, x ( ), u (t) )) dt - k JbJ I/ ( lbl + lv l) P O O p 

- P (t, x (t), uJ(t)) 1tj/( lbl + lvl) p 0 

t +c 
+ /tJ JIFP(t, a0 (t), uJ(t)) - FP(tJ' a

0
(tJ)'uJ) Jdt/Jb l 

J 

tJ+cJ 

♦ /t ,, (t, X (t), u (t)) - F (tJ' X (tJ). u (tJ))ldt/ lb l J P O O P O 0 

: I + I + I 
1 2 l 
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Next, ve estimate a term from the second sum by 

I 
I+ 

- F (t, x ( t ) , u (t)))dt l/ ( lbl + lv l) 
P O 0 

i ( t, x
0

(t ) + 8( x(t, 
0 PX 

• v) - x (t)) , u (t))d8 
0 0 

i i 
( x (t, b, v ) - x ( t ))/( lb l + lv l) I t 

0 

vhere ve uae that x(t , 0 , 0) • x ( t ) . Since by Lemma 5,2 
0 

x(t, b, v ) baa a bounded difference quotient at (b , v ) • (O , v ) 
0 

and F 1(t, 
PX 

x ( t ) , u (t) • 0 ve have immediately that I • 0 
0 0 I+ 

at ( 0 • v ) . 
0 

ov I can be represented by an integral of the same 

form as I vith an upper lim .. 
uJ(t ). E1t1mating f i (t, XO 

PX 

or tj + cj and u
0

( t) replaced by 

t ) , uJ(t )) by the function S(t) 

in (5 . Jd) vhich corre1pond1 to uJ(t ) and using Lemma 5 2 again 

give, that II+• 0 at (0, v
0

) . Alao, I
2 

• I
3 

• 0 aince tj is an 

ordinary point for both u
0

(t ) , uJ(t ) and the integrands are 

independent of b. 

Hence, ♦ (b ) ha• a differential at (b , v ) • (O , v ) and 
0 

Kia a derived cone as to be ahovn . 

We nov prove Lemma 5, 2. For this purpo e again let v • 0 
0 

a and aet bN+o-v (o-= l , •• • r ) . With this notation conaider 
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1 
1 {t, b) 1 i • (a (t, b) - z (t))/lbl 

0 

= Az1(t. b)/lb l 

ile note that 

lov consider the 1y1t• or equations 

- r1 
( t. s ( t t 

0 

1 i 
•ft k(t, x

0
{t) + 8Ax(t, 

0 X 

0 

vhere 1 or each b; O A k are integra e 

a or Theorem A-1. He c 

( t}) 

I C , 10 0 t V satisf • 

s a un q soluti on 

vith 1n1t al condition• (5. 5) v ich clear y s i ven y (5 .34). 

We must ov ov y(t, b) hu , i · t = Q vh c. s boun e o 

t < t 
J -

has a _i 

' D .. ( .. 
V • • V , y''·( 

aolutio 

at ♦ C . 
0 

By Theorem A- _: vi " r. ( 5.35 

nt : vbich is b y . 

.. ) = Xio v ) is 6 

0 ) ounded. He ' 8 t .. eo ·e . i, - • .s . 

~-3 ) vi this 1 t !. 

-1..i• .. 
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Since for each J(J • 1 , • • • N), t J is an ,ordi nary point for u (t) 
0 

and u/t), 
i 

z / t, b) ii bounded at b • o. Hence, J O i s 

( 5. 38 ) yi (t l b ) 
i b ) + 

1 (t b) ♦ C • • y (t ♦ C t z ♦ C t 
l 1 0 1 1 

In general , ua i ng the notation or Theorem A-1, 

1 
By inductive hypotbe1e1, y (tk + ck, b) 11 bounded for b • 0 

Hence, aa above, 10 i1 the 1olution or {5 .36) vith thia in tial 

i 
condition evaluated at tk+l + ck given by the value or y on the 

right hand 1ide . Tbi1 conclude■ the proof of Lenaa 5.2. 

To remove the re1triction1 in the proof or Theorem 5.1 

ve u1e the technique in (6) or introducing nev variable ■ 

o l r o ~ ~ x, y, • • • • y, u, v • . , v 1ubJect to the condition that 

0 u > O. Nov ve con1ider the equivalent problem of finding in 

the cla11 or arc■ 

x: 

1ati1fying 

a - a 
V t V (t 0 

< t < t 1) - -



• O O • i i O O 0 
X ■ U, X ■ f (x • X, U1 y)u • f ■ 0 

J (x) ! O(y • l, ••• • q'), J (x) O(y • q' + l, ••• • q) y y 

vbere 

tl 
J (x) • g (v) + f t (x • x, u, y)u0dt 

y y to y o 

one vbich lliniaize1 

tl 

J(x) • g(v) + / t(x • x, u, y) u0dt 
to o 

Por tbi1 1tat•ent of the probl•• the minimizing arc x 11 given 
0 

by 

X : 
0 

Bettine 

- i B • (p
0 

+ p
1
r + A f - A f)u • p u + Bu 

Y Y O O O O 0 

0 • ). g - ). g 
0 y y 

and appl7ing tbe conclu1ion1 or Theorem 5.1 in the for■ Ju1t 

proYed giYe1 

- - 0 ~ • - B , p • - Hi'~ • - H • - H u i'o O i k'D<J•O O 0 
X X Y V 
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and since uO 
• l aaximizee 

H(t, X {t), U (t), u0
, W • p, q) 

0 0 0 

0 and ie an interior point in u apace 

10 

-H • p + H • 0 
0 0 u 

p • - H 
0 

Therefore, the tranaversality condition becaaea 

s•l 
dG + [p

0
(t1 )dx0 {t1

) + pi(t1 )dxi• + pn+a(t1 )dw] • O 
1•0 

or 

-The inequality tor H follows f'raa the inequality for Hand the 

proof' ot Theorm 5.1 ie caaplete . 

llow a11uae that H(t, x, u, p, w} baa a bounded derivative 

vith re■pect tot on R which i ■ integrable along x
0

(t} and that 

the function■ uk(t} in (5 . 5} can be cho■en ae constants . Then 

ve haYe the following additional re■ult . 

Tbeor• 5 2. Under the a11uaptiona or Theorem 5.1 and tho■e 

Ju■t ai•en 1 it, u
O

(t} ia an adaieaible tunction tor which at alao■t 

all Point■ t 2!!. (t
0 

! t ! t 1} the inequality 
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H(t. X (t), U p(t), V) ! H(t, X (t), U (t), p(t). V) 
0 0 0 0 0 

holds for all u such that (t. x (t) , u, v) is n R then 
0 0 0 -

t 
H( • X (t), u (t). w) 

0 0 0 
f Ht(s X (s). u (s). V )di+ C to o o o 

for almost all t That s, His equal almost everywhere to an 

abso utely continuous funct on . 

By (5 . 23) 

i 
F • (p A J AB J + B J)xj - H Y Y O 0 

Hence, 

But, 

H i 
i 

X 

and ve nov apply Theorem 3.4 to this representation of F. 

We nov consider a particular case in which the set R is 
0 

defined by c rtain inequaliti s . 

Lemma 5 3. Suppose the functions 

are continuous and have continuous part l der vatives vith respect 

~ u on some region U. Suppose further I that at each point. (t • u) 
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ot Uthe utrix -
a+ 

(-L) 
auk 

ha■ rank b vhere o •oQ , ah is the aet or nlues or o tor which 

♦ (t,u) • o. Then there ex ate continuous functions 
G 

(t - 6 < t < t +6) - -
tor aoae 6 > 0 such that (t, u(t) ) a n U ~ u(t) • u. 

A proof or this leua ia given in [6) . 

For (5 . 4b) ve nov substitute 

b) rJ is continuous int, x, and u 

vhile retaining the remaining assumptions . The~ we have the 

following result . 

Theorem 5 3. Suppose R _i_s _t_h_e ___ c_la .. s ... s ....... o_r_a_ll __ e_l_em_e_n_t __ s 
' 0 

(t, x, u) .!!!,R satisfying (5 . 42) under the hypotheses or Leama 

5.3 . Then the conclusion■ or Theorem 5.1 ~ -

The proof consists or applying Lemma 5. 3 to obtain functions 

uk(t) which because ot (5 . 4• ) clearly are the functions (5 .5 ). 

Hence, the hypotheses of Theorem 5.1 are satisfied . 
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6 THE PROBLEM OF BOLZA AS FORMULATED BY HEt>'tDES 

In this sect on ve consider a general zation o the problem 

or Bolza,investigated extensivel y by Hestenea [6], in which the 

variables (t, x, u) are Jointly restricted . 

The probl• considered ia that of minimizing I(x) aubJect 

The !unctions r, ri, t vill be 
y 

asaumed not only to aatisry (5 .4), but also to have partial derin-

tivea vith reapect to u which are locally integrable int tor 

t ed x, u, and v and continuoua in x, u, and v ror tixed t, 

tor {t, x, u, v) in R. 

X : 
0 

We nov diatinguiah one a.re in R aa 

xi (t), u1 (t), v0 

0 0 0 

vbere u (t) ia a function defined on t 0 
< t < t 1 tor vbich 

0 - -

(J • O, 1, •••• n + q) 

aatiaty (5. 4) as tunctiona or t and x and xi (t) ia the aolution 
0 

or 

i i I I i • r (t, x. u (t), v }, t • T (v} 
0 0 0 

(■ •O,l} 
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Let R be a 1Ub1et ot R containing x. Let I be a neigbbo -0 0 

hood ot x in Rand let N be tbe inter1ection ot tbe pr0Jection1 0 0 

ot R and I on (t, x, v) .. , "' • We a11uae that R ha• tbe 0 0 

property tbat there exi1t1 a 1et ot tunction1 tf (t, x, v) defined 
0 

tor eTerJ point in M 1uch that 
0 

i) . tf (t 1 X (t), Y) • U (~) 
0 0 0 0 

11) (t, x, U (t, x, v), v) 11 in R 
0 0 

111) The tunctiona 

( 6.la) 

rk + • tf (t, x, v) n a a (o • 1, . .. , r) 
OV 

(6.lb) (J • l, • • •• n) 

( 8 • o, ... , q) 

( 6. lc) Ai • ti 
n+a 

ai1t, and together vitb t, ti, t - vbere the unapecified r y 

argument a are all ( t, x, U ( t, x, v) , v) - are integrable 
0 

int tor fixed x and v and are continuous in x and Y 
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tor fixed t, tor all (t, x, v) in M except possibly int in T. 0 

Further, .1 require that for every point (t, x, u, v) in R , 
0 

except po11ibly fort n T, there 11 a neighborhood Mor 

(t, X, v) in (t, x, v ) - apace and a ■et of funct on1 U(t, x, v) 

vhich have property i) and have property iii) on M. Also, 
_i - - - -it -U-(t, x, v ) • u, and t i1 a re lar point for tf. 

The defini'tion1 of admissible funct on, differentially and 

totally admi1a ble area remain unchanged vith R as here defined. 
0 

Theorem 6.1. Th concl ua one of Theorem 5 1 bold under the1e 

aasum;etiona 1 ~rovid !!Si that r eI,?laced by H k Hi ' Ho are 
1 + H kr 1, 

't X V X k H + H r n equat ona ( 5 ) ( 5.8) respect vely . 0 k 
V \l n+a 

As._ in the proof ot b orem 5.1 ve will 1et xn•o v • In 
n+o this case x 1ati1tie1 the differ nt al equations 

n+o • o, 0 
■ V 

Hence, tor conven ence ve can a11ume that r, f , .r , and the aet y 

or t\ulction tf a11oc ated with x are ndependent of v . Under 0 0 

thi 1 a11W1ption the function■ defined n (6 le) do not appear . 

Wi th the function, def ned in (6 . lb) evaluated at 

{t, x (t) , u (t) ) and aubs tut d for thoae in {5 10) , the proof 0 0 

in Theorem 5,1 goea through without change to equation (5 .19) . 

Here, since U d~pend1 on x ve must vrite 0 

(6 . J) Ft, x, u) F 
0 0 
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again obtaininc that 

r(t, X (t), u) _> F(t, X (t), u (t)) 
0 0 0 

tor alao1t all t an4 all u IUCh that (t, X (t), u) ii in R. 
0 0 

Detining H •• in (5 . 21) giYe1 

ua4 1ince 

(6 .6) k 
p 1 + F kr 1 • O 

PX PU 
(p • O, •• •• q + n) 

the r-inder ot the proot 11 the aae, except tor the changes 

noted in the 1tat•ent ot tbe theor• . 

Lella• 6.1. The cone K i1 a derived cone tor J
0

, • • •• Jq+n 

at X • 
- 0 

We obtain point■ t
1

, ••• • t 1 a1 in Lemma 5.1. With each 

point (tJ' x
0
(tJ)' uJ) ve u1ociate the aet or tunction1 tfj(t, x) 

Which bJ hypothe1i1 eai1t tor ••ery pl1int in R
0

• Define c
0

, ••• ,cH 

u in LI 1 5.1 and ■et 

• U (t, x) 
0 

For 6' 1ufticientl7 aall the 1y1t• 

othervi1e 
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baa an ab1olutely continu01&1 1olution 

vitb bounded difference quotient vitb respect to band vat 

Cb. v) • Co. v) by Lalla 5.2. Define ♦ Cb. v) a1 in 5. 31. To 0 p 

proYe ♦ (b. v) baa a differential at Co. v) ve 1ub1titute p 0 

UJ(t. x) tor uJ(t) in (5 .18) . Since the re1ulting function■ 

F again only depend on t and x and (6 .6) bold•• the proot 11 p 

quite 1illilar to that in 5.1. The r•o•al ot re1triction1 i1 

&110 the 1ae. 

We nov con1ider a particular ca■e in vbicb there are 

additional con1traint1 ot the torm 

(a• 1. •••• p) 

vben t • t ~ are continuou1. Given a point (t. i'. u. v) tor 
Cl Cl • u 

which (6.7) bold•• let a
1

• •••• oh be the ■et ot value■ ot 

tor vbicb t (t. i', u. v) • O. We a11ae the aatrix 
Cl 

(6.8) 

ha1 rank b at (t. i', u. v). 

We DOV adopt Be1tene1 t definition ot a broken field• a u 

• We note that thi1 definition ot a f i eld ditter1 troa that u1ually 
ucle in variational. theory. See Bli11 [9]. 
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k a region in {t, • v ) - apace and a ■et ot function■ U (t. x, v) 
k k ncb that (1) the tunctiona U (t, x, v), U (t, x, v) are con-

xJ 
tinuou■ in (t, x, v) except tor a r n te ■et or value■ 

t • ••• • ~R' at vhich point■ they have left and right hand 
liait■ vhich are continuou■ n x and v and (2) the elements 
(t, x, U(t, x, v), v) are in R tor all (t. x. v) n~. By an 0 

arc in~ ve vill mean a ■olut on -
x: (t0 

< t < t 1 ) - -
ot the 1y1t• 

X. i • r 1(t. U(t ) ) k _ _k ( t ) x •• x.v.v.u •lr- .x,v 

For the rmainder of Section 6 ve v 11 a11uae, in addition 
to the bn><>tbe1e1 or Theor• 6.1, that all tunctiona appearing 
are continuoua and baYe continuoua partial deriYatiYea vith respect 
to x1 • v0 and uk tor (t. x • • ,v, in R. tbat R

0 
i ■ defined by (6.7) 

k and that all adai11ible tunctiona u (t) are piecevi■e continuoua. 
We note that all but a finite maber or points tare ordinary pointR. 

X : 
0 

t---a 6.2. A ditter n ial.ly adai11ible arc 

(t0 
< t < t 1 ) - -

ii an arc or. broken field a vith control tunction1 u (t. x. v) . o---------- 0 MoreoYer 1 it (i, x. u. v) 11 in R
0

, there 11 a broken tield~ 
defined OYer a neighborhood ot (i. x. v) vitb control tunction1 
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U(t 1 x 1 v) such that 

k - - - -k U ( t 1 x 1 v ) = u 

Thia is a trivial mod.if cat on to Lemma 16 in [6] o 

The rem 6o2u ~ R
0 

given by (6 7) 1 the conclusion■ ot 

Theorem 601 hold o Moreover, they hold at every po nt t 2!!. 

t 0 
< t < t 1o - -

The tirat conclusion follows immediately trom Lemma 6.2. 

The second tollovs by continuity . 

Theorem 6. 30 If the function H appearing n Theorem 5.1 

11 replaced by 

ii(t, x, u, p, v u) • H + µ • a a 

the conclu1ion1 or Theorem 5.1 bold tor all t 2!!. t 0 ! t ! t 1 

vbere in ,( 5,7) ii 11 evaluated at u • o. In addition t9 ,(5.6), 

Bk s O (t0 
_ ~ ~ t) ~ber 1 the multiplier• u

0
{t are non-

u 
negative unction■, continuoua except po11ibly at di1continutie1 

of u {t) . Al10 u t) • 0 {a• l, • , p) vben - o - a -
t (t, X t ) 1 U (t)) 0. a o o 

Sinc:e H(t, x t), u, p, v ) i1 maximuzed by u {t) for each 0 0 0 

t vbich • a poin of continu ty of u t) and all u 1ati1f'ying 
0 

( 6. 7) , by Th orem 2. 3 there ex at multi pl er■ \J 
1 ( t) 1 • • • '6 ( t) 

' p 
1uch tha 
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Bk• H k + µ (t)t jk • O. U U Cl Cl 

The continuity propertie1 ot 1.1 (t) tollov trca those or H k. a u 
t k . 

OU 

In (6] it 11 1hovn that under the a11umption1 on the function, 

appearina in (6 .7). U (t. x. v) can be chosen 10 that tor aoae 0 

6 > o. 

t (t. U (t. x. v ) . v) • 0 a o 

Hence tor u • U 

(6 .10) k 
t i + t kr i • O 

QJC Q~ 

(6.11) t + t rk • O. o k n+o aw au 

But by Theorem 6.2 

Uaing (6 ,9) and (6 .10) 

. - 1 - I.I (t)t 1 
X a caX 

• - ii 
X 

0 

The tran1ver1ality condition tollov1 11.Jl larly trca (6.11). 
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6 

7. AN EXT SIO OF THE PR VIOUS PROB~ 

In th s section a eneraliza on of a probl mi volving 

bounded phase coordinates consider d by Gamkrelidze [4] d 

Berkov tz [8] is obta ned as coro la.ry to Theorem . 2. As a 

conaequenc mor xtenaive result re obt i ned than in either 

reference . We here use a simpl ication of a devise employed 

in [4] to obtain certain result~ . 

Cooside'!" the problem of finding n a class r arcs 

x: i k( ) a X (t) 9 U t , V (t 0 
_ t _ t 1; i = l , .. . , n; 

k • l , ••• • m; am l , ••• • r) 

satisfying conditions of the form 

i i u , v ) X = r (t, x , 

(t, x, v) > 0 (a= l , . . . • 8} a -
(7.3) •s(t, x, u, v ) > 0 - ( 8 = l , • • • • p) 

(7 .4) ts = Ts ( v), xi (ts} = xis( ) 

tl 
IY = gy (v) + f fy(t , x(t ) , u(t), v} ! 0 

to 

one vhicb minimizes 

t l 
I= g(v} + f f(t, x(t) , u{t), v)dt 

to 

7 

{y 1 . . .. • q} 



We a11wne tbat all functions of (t, x, u, v) are or cla11 

C' in a region R, that f (t, x, v) ia or class c" and that 
Q 

grad f (t, x, v) doe■ not vaniah . Let R b the set of all a o 

el•ent1 (t, x, u, v) 11ati1tyin (7 . 2) and (7 . ) • t S be the 

■et or eleaent1 in (t, x, v} - 1pac vb ch 1ati1ty (7. 2) vith 

boundary s•. A11wae that if (t , x, v ) ie in s • then the vector■ 

grad (t, x, v ) are linearly ind pendent tor all 
a 

f (t, x, v) 0 
a 

such that 

Define an a4a111ible control u(t ) to be a pieceviae continuoua 

function such that if x(t) 11 a solution ot (7.1) r u • u(t) 

tben (t, x(t), u(t ) v) is in R tor t 0 

0 -
t < t 1 - . The corre-

■ponding arc 

x: (t0 <t<t 1 ) - -
vill b called differentially &dlli11ible and if (7,4) and (7.5) 

are also 1ati1f. ed, totally admi11ible. 

A11wae an arc x afford, a atrong relative minimum to I in 
0 

he cl 11 of totally admi11ible area . Appropriate nece11ary 

condition• t or a apecial problem vill be irst derived, then 

stated in Theorem 7 , Thea re1ult1 v 11 then be extended to 

a more gen ral probl a in Theorem 7. 2. 
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is Without oss of gener ity we can assume th t only X , g, 

ga de end on w since the remove.l of this restriction a Just as 

in Theor m 5. . 

Sup e hat for some ( 1 a a) T ( t • x ( t) ) = 0 for 
- - • a o 

t 
1 - - t . Then since, (t, x) 

a 
s of cl as C", we can choose 

a nei bborhood of (t , x (t)) and a vector (t, x} of class a o a 

C' on M such that he inner roduct 

( ( , x} • grad f ( t • x)) _ 0 a a ( ( t, X) in M ) • 

The magnitud of ( t, x) is at our di1po1al . For conv nience a 

( 0 ~ n (n + l} - dimentional we denote by y y I y t • • • • y ) • the 
t 
I 

i xi( vector vith com onenta y 
0 t, 1 , • • • • n) • Then y = 

for lv l _ 6' and 6' sufficiently small , if y satisfies 

' ( y + v ( y)) 0 , th n y ia in M • Further, if v ~ 0 the a a a 

efinit on or 

set 

(y) assure, th t y is in S. 0 Define f 

i (y))f (t , x, u) . 

1 and 

( • 1 , .. . , a) 

Then for any o nt (t , x) in • w must have that 

for all a 1uch that, f ( t • x) • Oo a 
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We first con■ider the ca■e vhere (t. x (t)) is in s• for 
0 

t 0 t < t and i1 interior to S fort • • 1 1 
t < t 1• By a suitable -

-:be.nge in parameter ve may tak t 0 
• o. t 1 = l. We aoume that 

on O t < t • the matr x 
- - 1 

h&I IUJtUIWII r'Lllk. for al 1ub1cripts p • p ♦ h IUCh that 

•p♦a(t. x, u, v) • 0 and all aubscri tsp• Bk such th t 

•s(t, x, u). o. 

Set 

♦ + (t ,x (t).u (t) , O) = t + (t) p a o o p a 

Then the 1yate of equations 

♦ + (t,x,u.v) - ♦ + (t) • 0 p a p Cl 

(a = 1 , ... • s) 

(a a, a• ... ) 
l 2 

(B B, B, ... ) 
l 2 

ha• a aplution for each oint ton the extended interval 

0 < t < t + t for some t > o . By Lemma 6.2. x is an arc in 
- - 2 0 

a broken fielda on the larger interval . For v 0 9 an arc 
1 -

x(t) in~ i ■ in R provided that,<o, x(O)) _ O. Hence , in l o r/ 

addition to (7 ,7) ve muat r uire that 

I +1+ l • - V ! 0 
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ext we ume tha on t 
1 -

< 1 he mar x -

has maximum r&nk for al subscr s 8 as a ove . Then. a ain 

by Lemma 6. 2. x is an &re in a broken f eld ~ on t < t < • O 2 1 • • 

We extend th arcs in ~ n R to th 
l o nt rval 0 < t 1 

using those in ~ fer t 
2 

+ t < t t 1• - -
- -

Th r su arcs l e 

in R and the corr spon ing control functions U{t . x) atisfy 0 

the hypotheses of eorem .2 s nee ve have at most introduced 

a di continuity at t + • Hence , the conclusions of Theorem 6.2 1 

hold, where ecau■ o {7.9) the function Gin the tran versality 

condition corres ondi to {5 .9) becomes 

G = g 
0 y + 

0 {0 , X {v )) + 

The f nction o {t , x, , v) giv n by 

F(t , X (t), u, 0) 
0 

V : 0 q+s+l 

correspond! to ( . ) minimized by u (t) for each t which is 0 

a point of continuity of u (t) and for all u such hat ( , x (t) , u) 0 0 
is in R

0
• H nc , by eorem 2. 3 ther x st multi liers "t (t) , ... , 

l non-n tiv a ch hat 

F (t , X {t) , 
0 ' O) = IJ P P k 

u 
( = 1 , . . . • 

u 

for all such . Forts ch ht 0 {t , X {t) , U (t)) 
p O 0 

o, 

+ s) 
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"a• 0(8 • l, ••• • p) . Fw-tber, ■ ince th eign ot tp+o(t, x
0
(t),u,O) 

11 abritrary When ,
0
(t, x

0
(t )) > O, "p+a(t) • 0 for auch points. 

Set 

(T.12a) (p. 1 •. .• • p) 

♦ (t) ■ ♦ (t, X (t), U (t)) 
P p O 0 

(T.12b) k 
'f • 

p k(t, x
0
(t), u

0
(t), 0) (p • p + l, . .. , p + 1) 

PU 

and let p , •• • • Pb be the value, ot p tor Which ♦ (t) • 0 
l P o 

vhere t 11 a point ot continuit7 ot u (t) , It p - pJ 
0 0 

(J • l, ·•• • h) then "P • O. Hence, 

in 1011e neighborhood ot t . Since tbe ~unt ot tbe 
0 

coettlcient1 ot" • • • ••" 11 non-aero bJ bypotbeal1, the 
, Pl C>b 

t\mctlon■ " (t) • ••• , " (t) are eon\laou and baTe at leaat 
Pl Ph 

•• ll&QJ continuou■ dn-iTa1.ift1 u the le11er ot F It' t k' In 
U PU 

puUculu-, ... will UIUM that thQ' U'e ot clu■ C' &D4 t.hu1 

tba\ the d11continuitie1 ot \I (t) and~• (t, (p • 1, •••• p + ■) p p 

are at 1101t tho■• ot u (t) , 
0 

I • 

2 



2 

ov a t 

( t ) ri + ~ , • x, . P , lJ , V • YL - 01 + \JP p 

.,,here p 
1 

( ) ls v n by ( 5. 2 ) . Usin ( 7 .1 ) we h v a 

(7.15) H ( , x , ( ) , u ( ) , ( t ) , \J, 0) • 0 
0 

nd a befor 

(7 , 1 ) H( , X ( ) , u ( ) , ( ) , 0 ,0) < H{ , x (t) , u ( ) , ( ) , , ) , 
0 0 0 

' . e fac tha for hi H 

~1 • - H i 
X 

along x is o taine b 1rr r n in h 
0 n i 

(7 .17) H(t , x, u ( 
0 

t x, 0) , ' 0) 

• { p 
i B 1 + B )x - ( , x , 

u O 0 
( , x, 0)) 

+ lJ ♦ ( , x, U { , 0)) 
0 0 0 

with res ect 0 xi a.nd us n e 1 ion o 1· 

ov, s nee ( t X ( ) ) i n s• for O < < t OT t eaa 
0 - ) 

one v e o a, (p + < + s ) ( , X ( . ) , u (t ) , O) • 0 - - 0 0 

at each point t . or sim cit e h ' • a, a con ant. 

Take a( , x ) • 0 ( ;. a ) an a( t X) • 0 a 0 a.n y 

conaideri n v o be an addi on& ram r v, no in 

appears i n H on y in • n a 

(5 , ) , ve h ve ha 

yin h ran ver a i ty conditio 
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l 

(7 .18) A +i♦ l- f Hv t • 
0 

t1 
+1+1 - / ~ dt • O, a av 

0 

> 0 +s+l • 

ong x • o eve.lu t t e.lon x v de tin y a bef' ore and o av o 

■et n1 11 
+ vN1(y) . Then a 

vbere a i ■ not ■umaed. Bence, I.long x 
0 

vbere t0 
• l, y1 • r1(t, x

0
(t ) , u

0
(t )) (1 • l, ·••• n) . But 

t.110 

(7 . 20) d (, 11 ( ) ) • J1i i • J dt i . a 1 • ' 1 j Y a + ' 1 N J1 • • av ay ayy ay ay 

I.long x . Integrating (7 .18) by part, ve haTe that 
0 t 

t2 tat 2 i 
- J ~ • dt • _, (y)Ni(y) I 2: J dt' illadt ! 0 a av i a ay 

ti ay t-t1 tl 

The boundary tenu Te.ni1h by choice or N (t, x) . a 
, 1 

1 ! 0 by (7.6) , N,.(t, x) 11 e.rbitrary on O < 
ay 

.... 

Since t.110 

t < t, e.nd 
1 

~ 11 continuou■ except po11ibly at di1cootinuitie1 or u
0
(t ) 

d a 
ve have that dt ! 0 except at the■e point . With thi ■ ve 



have proved 

afford a a 

(7 .21) 

(7.22) 

H( • X . 

0 

the fol oving con 

( ) The 

con 

for vhich J ( x ) y 0 

+ 

o' • 

o. 

if + y 

( o ' XO ( v )) 

I • t t +a 

ions I let ( t) 
0 

+ \J 
0 P 0 

are non- negative 

• 0 fore ch ( ! y ! q + 

iera • y' pi(t} 0 

a ) 

do no vanish s p( ) ( p• ,. • • ,p+a ) 

0 t tl ~e non-nega on - -
excep 

0 
( t) . A so , -

vhen 8( t X ( ) t u ( ) ) o, \J ( ) ·• 0 (B • 1 t •••• p ), 0 0 

u + (t) • 0 ( t ••• • ) vhen (t ,x (t) ,v ) > o. p du 0 0 

rther , ~ non-post ve function vith the same dt 

( 2) Along x 
0 

P • - H i H 
X U 

( ) _Th _____ _...Y 

rt es as u (t). 
0 

■ 0 

(7.2)H(t , x ( ) , 
0 

• p( ) , V , 0 , 0)<H( ,x ( ) , ( ) , p( ) , V , 0 , O) 0 - 0 0 0 

ho on_g x for a ( , x ( ) , u, v ) .;.;,_;._;;__;=~- 0 0 0 

i n R • 
0 
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( 4) The tran1Ye1•1ali ty cond1 tion 

a hold• along x
0 

tor all dv . 

H dv
0
dt • 0 

0 
V 

lext 1uppo1e that tor t 0 
< t < t and t < t < t 1 , x 11 
• l 2 - o 

interior to S vhile ins• to, t < t < t, vbere t < t . By 
1- ·2 1·2 

0 a 1uitable change or paraaete ve can take t • - 1, t • O, 
1 

and t 1 • 1 . A11uae that tor O < t < t , ·the condition corre-
- - 2 

,ponding to (7 .8) hold• and 1Wlarly tor (7.10) OD 

- 1 < t < 0 and t 2 < t < 1. - - - -
Let 

Set 

i'(t) • x(-t) 

u(t). u(-t) 

P(t, x, u) • .. , x, u) 

• 0 

r(t, i, u) • r(-t, i, u) 

• 0 

(0 < t < 1) - -

(0 < t < 1) - -
othervi1e 

( 0 < t < 1) - -
othervi1e 

uad 1Wlarly tor other tunction1 or (t, x, u) and (t, x). 

Con1ider the probla or finding in a cla11 or arc ■ 

i -1 k. -t o 
X: X, X • U • U, V ( i•l, . . . ,n; k•l, .• . ••• o•l, ••• ,r+n) 
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sati1t'ying conditions or t.he fora 

(7 . 3') 

i 
X • F (t, x, u) 

.!.J. :i - -X - ~ (t. Xt u) 

, (t. x) _ 0 
Cl 

,Cl(t, x) • 0 

•a(t. x. u) !, 0 

•a(t. i. u) !, 0 

t 0
• 0, t 1 • 1 

r+i 
V 

xi(l) • x11 (v) 

i'1(1) • xi0 (v) 

l 
I g (v) + f (F(t. x. u) + F(t, i. u))dt !, 0 

y y 0 

I+ •, (o. x(o)).o q Cl Q 

I • - v 0 q+s+l • 

one vbich minimizes 

1 
I g(v) + f (F(t, x, u) + F(t, i, ;)dt 

0 

Thi• problem correspond• to the previous case . Hence, 

if x minimizes the ori n 1 problem, tor the transformed 0 

proble■ there exist multipliers A • A • ••• •A++ 
0 1 q I lt 

µ (t), •• ·• µ + (t),; (t), ••• • µ + (t), p (t), ••• • pn(t), l P I 1 P S 1 

p (t), • •• • p (t). and function, 
1 n 

(7 . 26) -:i -H • p F - piF + A (F + F) i y y y 

- A (F + F) + µ. + µ ♦ 
0 p p p p 

11 



0 • A I - A I - A .,,,_,, (o, x(O)) + A+ l~ 0 Y Y (lTW Q _ q I♦ 

1uch that the conclu1ion1 or Theora 7.1 hold along x
0 

giYeD b1 

X • o· x1(t), i'1(t), u (t), u (t), v0 
0 0 0 0 0 

(1 • 1, • • • • n, J • 1, ••• k, a• l, •••• r + n) 

Applyi111 the tran1Yer1alit1 condition (7.25) 11••• 

(7.29) 

-Ve note &110 that the aultiplier1 ~
0
(t) 0 (cs-1, ••• ,1) 

1inc• l
0
(t, x

0
(t)) > o. 

On O < t < 1 ■et -
(8 • 1, ...• p) 

and oba•n• that 

•• ~ 
i(t) • - x(-t). 

8ub1tituting th••• in (7.1') throuch (7.5•), (7.26) an4 (7.27) 

n baYe the concluaion1 or Theor• 7.5 hold except that DOW 

~.(t), pi(t) 11&1 be di1conti1NOUI at t • 0 with the 411COD­

tinu1ty tor p1(t) ot the tora (7.29). 

To 1enerali1e thi1 re1ult 1uppo1• that tort• O, l &D4 2 

78 



x ia interior to S vhile ins• on one subintenal of 0 t < l 0 

and one subinterval or l t 2. 

Let 

Set 

i (t) = x(t - 1) 

u(t) • u(t - l) . 

F(t, x, u) • f(t, x, u) 

0 

F(t, x, u) = f(t - l , i, u) 

• 0 

(l < t < 2) - -

(o < t < 1) - -
otherviae 

(0 < t < l) - -
otherv ae 

and aiailarly for other functions of (t, x ) and (t , x, u) . 

Thia reduces to the previous case vbere nov 

l • f ( , X (0)) > 0 q+a a o 

10 Aq+l' ••• • Aq+s are all zero . Hence, the transversality 
condition gives 

Setting 

i -i p (0) • p (0) 

µp(t + 1) = ;p(t) 

pi(t + 1) pi(t) 

ve have that because of (7 , 30)tbe funct ona 
1(t) are ontinuoua 

at t • o. 
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We define a poin x
0
(t) o be a contact point f for some 

O, x {t) is interior to S tort 
0 -

6 t - t vb lex (t) is 
0 

ins• . We call ta contact tim o Thens nee Theorem 7ol aa 

proved nclud I the cas 

generaliiat on to vber 

vbere x lies entir ly n s•, the 
0 

x ha• a f nite number of contact points 
0 

ia clear . Hence ve hav proved 

Tbeore 7 2. Under the above a11uaptiona, Theorem 7.1 hold■ 

except that the ■ultipl er, pi(t), µP(t) uy be di continuou1 

at contact ti■e1, vhere di1continuit e1 in p1(t) are of the 

:tora ( 7. 29) • -
dµ 

The conclusion that dta _ 0 (a• p + 1 , ~•• • p + a) vaa 

fir1t obtained by amkrel dze (4] for the problem vhere (7 .1) 

ia independent of v, (7 . 2) dep de on x alone, (7 . 3) on u alone, 

and (7 . 4) and {7 o5) are not giv n. The method tor this result 

used here • an adaptation or hi, . He does not determine that 

~ itaelf i• non-negative . Berkovitz (8) , using methods based 
Q 

on (1], derive, the condit on onµ but not its derivative and 
Q 

for a proble■ vhere {7 . 5) oe1 not appear . 

Gaakrelidze • definition or "JWllp point" includes both a 

contact point s ere defined and also a o nt at vbich x 
0 

leave, s•. The ■etbod1 or [4] and [8] g ve a possible discon­

tinuity or pi(t) at wa po nts rather than at Ju1t contact points. 

either author above that 

hy'potheaes . 

0 
can be chosen continuous under tbeae 
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APPE X A 

In Section 3 - 7 i t bas be n a umed that under the stated 

bypothe es , solut ions or a sys or ord i nary i.ff r n i equation 

have cer t ain pro er ties . The ollov n th or m Justi fies h s 

aaumpt i on. 

Theorem A-1. 1!,1 R be a r egion n ( t , x , v ) - space and 

~ t 0 ! t ! t 1 be any i nt erva in the proj ect i on or R on t - space . 

Conaid.er t he system 

(A-1) ( i = 1, ... , n) 

~ R and t he funct i ons r1 
have the ro lovi ng properties . 

(1) R is convex in x and v for e ch fixed t . 

(2) ri is defin on R. 

(3) ri is continuoua in X nd v or fi xed t , 

integrab e int for f X d x and v. -
(4 ) i i exist for ( t . x, v ) .!,E. R nd r J • a 

X V 

fu on S( t ) ntegr a 0 
< t le on t -

ch tha 

(A-3a ) 
i v ) I _ S{ t ) Ir /t , x, 

X 

(A- 3b) I r1 
( t . 

a 
x, V) I - S( ) 

V 

and is 

there ia a 

tl -

( t 0 t t 1 ) - -

fo r • 1 , . . ' n; • 1 , .. . , n, a • 1 , • • • ' r • 
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Then , tor 0 ny t on t _ t !, 1 and any(, v for vb ch 

(t • t , v ) is n R , there i I a 6 > 0 and a funct on x ( t ; , t , v ) 

■ucb that 

(A-4) 

X : 
0 

(a) 

(b) 

(c) 

(d) 

(e ) 

(t , x(t; ' t, v ) , v) s n R ~ It - I !. 6. 

x(t; . (. v ) i un 9,ue function , abaolut ly continuous 

int - . vh ch oat everyvhere on 

It - t I . 6 and 

i 
X (t; t , ( , v ) ti 

The 1 funct ons x (t; t , t . v) a.re cont nuous i nt, t , ( , V 

0 
T < t 1 It - ,. , ! 6 , {t, v) in R. fort c. - - - . -

For al.moat al ton t 0 t t 1 1 v) has a X (t; T t t . - - - . 
ia bounded t or - t i . 6. 

Aaaume furthe r that is a so ut on --
X 1(t)

1 VO 
0 0 

or {A- ) for v ch (t , x (t) , v ) is i n R. - ---- 0 0 
Then -

there ia an ighborhood R' of x such that for - 0 
any point ( t , t , v) in R' there ia a unique 

10 ut . on x(t; l t t , v) £!_ (A- ) vith 

( t, x(t ; t , C, v) , v ) in R fort n the p1"0Jection -
or R - on t - ■pace . 

Without lo I of gen rality ve c n con i er the case i n vhich 
v does not appear. To ■hov th •• defin 

8 



n+o o 
X W ,,, • r ) 

\ - . . ... 
Then for he syst o ons 

.. , { i l , .. , , n) 

n+o o+o 
= 0 

all hypot heses ar sa s 

need only e n 

for fj{j - , ••• • o + r ) nd ve 

0 
V • 

0 

Further {a ) , ( b) , { c ) 

t 0 
• t 1 and xi (t) • t i . 

0 0 

ol ow f r om t he r oof of {e ) by ta.king 

Heoc , ve v 11 f i r st r ove ( e ) . 

Sine R a conv x n x fo r ach , t ·ollovs 

from {A-2) that 

{ A-5) lr{t , x ) - f( , y) I _ s{ )I x - YI 

Fixing y , r (t , y) is int grable nd 

(A-6) lr( t, x ) I _ I f( , y) I + S( ) IYI + S(t) l x l 

- S{ ) { IX I ) 

vh re 

S(t) = e.x (I f( • y )I + S( )I YI , S( t )) 

ediatel y 

ia so in r able on h s e r . Sine S( ) S(t ) ve can -
replace S( ) by S( ) in (A- 2) nd ( - 5) . 
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Let 6 > 0 b uch ha (t , x ( )) s i n R for 
0 

t 0 
- 6 _ t _ 1 + 6, and ex nd x ( ) 

0 
o be con nuous on th 

/2 , there i a 
l arger nterval , We no e that g en O 

6 > 0 ,uch that for any 

le11 than 6, 

(A-7 ) /s (t )d 
A 

A on ° < t 1 + vi h measure - -

c/2 (i • l , •• • • n). 

Nov let It - 01 - 6/2 , le - co l - /2 , vbere i y t to be 
cbo1en and the choose of de en on c o b ( A-7 ) hold . We 

define tor It - , j _ 6 , 

vhere 

f (I ) n f (S t X ( B )), 
D D 

Then 

t t i lxi (t ) - xi ( t )I lei - e1
1 + If r1(1) d - / r ( s)da l n+l o • o n o r ,. 

0 

_ le
1 

- t
0
I + I/Tri ( • x

0(~) •I 
0 

+ I f Ir ( s , x ( )) - r ( . x (a ))I •I• n o ,. 
Hence , ta.kine mn.x a ov r It - t i _ , nd a, n (A-7 ) nd (A- 5) • 

/( - ) 2 
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sine 

1' 
I xl ( ) - x o ( ) I - IC - C I + 0 I (s . x (s))d I 

0 
£. 

1' 
0 

o for u fici ntly all , ( t X (t)) is in R for It - t i _ n 
and for n. 

ain 1 t k max ma ov r I t - I ~ 

Or 

t 
_ 21 J lxn+l (s) - xn(x )I 

1' 

< £ I i i ax l x 1 (s) - x {s)I x (s) - x . 
1
{s)I . + n n n-

1 ax lx + ( t) - x ( ) I n D 

Therefor • x ( ) conv r n 

n 
t 

uni ormly on - I _ to contin oua 

function x(t) n by th reviou res 1 • ( • x ( )) 1 in R for 

thi int rv , ov 
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t 
lx

1
(t) - C - ff ( t, x(t)dtl 

l 

_ Ix (t) - x (t )I + n 
t 

_ Ix ( t ) 

Since the left hand side a independent or n and convergence is 

uniform. x( t ) atisr es {A-1) for It - ti _ 6 and x( t) • t . 

Suppose y(t) also sat er es (A-1) and y(t) • t . Then 

t 
lx(t) - y(t)I ! I f S( s) lx(s) - y(s)lds 

! c/2 maxlx(s) - y(a)I 

and clearly this can bold only f x(t) y{t ) for It - t i ! 6. 

Lett • C be such that I - t I < 6/2. It - t I < t/2 . 1 1 1 o• 1 o 
Then 

lx(t, t ; t ) - x(t; t • t )I 
l 1 

T i _ It - t I + I fr (s x (s ; t • t ))dsl 
1 O T 1 1 

1 

t 
+ I J Ir (,. x(a. t • t ) - t(a x{s. ,. t) ldsl 

l l 

< 1: + c max I x ( t • t • t ) - x { t ; t • t ) I 
1 1 
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or 

maxlx(t; . t ) 
1 1 

so a solution x(t ; T 1 t) 

uniformly int for It - ti 

x(t; t 1 t) is continuous 

x( ; t • t) I < 2 

s cont nuous int, t near t , t 
0 0 

6. Therefore, by Osgood 's theorem 

n t, T, t . 

The interval t 0 6 ! t ! t 1 • 6 can be covered by a finite 

number of such sub ntervals For each there is a neighborhood of 

x
0
(t) through every point of vhich there is a unique continuou1 

solution x(t) or (A-1) such that (t, x(t)) remains in R. Hence , 

(e) follows by continuity . 

To prove (d) ve define 

(A-8) i y (t, b) 

and note that 

(A-9) 

Nov consider the system of equation, 

(A-10) y1(t, b) • (f1
(t , x(t; t • b, t + b )) - r1(t, x(t; t, t)D/lbj • t 2 

• /
1 
r j(t , x(t ; , t ) + e~(t , b))d8AxJ(t, b) /l b l 

0 X 
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By bypotbe1i1 IA~ (t, b)I I bounded by S(t) o (A-10) has a aolutioc . 

Since orb; O, i(t, b) given by (A-8) solution or (A-10) 

vith initial condit one (A-9), it 11 the un ique aolu ion . 

Let t be an ordinary po int r or S ( t) . Then 

(A-11) 
1 lb I l t+bl 1 I 1 (t. b) I ! + + "T"I J ( r ( t, x ( t; t + b • t + b ) ) lb I I u I T 1 2 

But by (b) x(t, t, t) 11 uniforaly continuous on It - ti! 6, 

lb
1 
I! 4, lb

2
I ! 6 hence a11wae1 its ll&lti.mwl M. Therefore, 

t+b 
l1

1
(t, b)I ! l + ,:,1 f S(t)dtl 

t 

(A-12) 

So 

(A-13) 

tor alao■t all ton t 0 
< t < t 1• - -

B7 (A-10) and (A-2), tor b ; 0 and taking ll&ltiaa cr,er 

It - ti ! 6 

t 
l1

1
(t, b) I ! l11

{t, b) I + I J S(t} lyi{t. b) ldt l 
t 
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,. 

So 

I Y ( • b) I !. IY ( • b) I/( -
) 

Hence, by (A-12), y ( , 0) 

is then boun don ° t 

bound d on 6 nd s b fore -
- -

Corol ry L 

b = 0, ~ t (b) h ve a bound d difference 
quotient at b = O o ~ x(t 

(b) , t (b)) has a d ff rence quotient 
with respect to b !... b = 0 vb ch s bounded pn t 0 

!, !, t 1• 

With appro riat chang s n nota ons in (A-8) and (A-9) ve 
have that 

I ~ T l (b) 
!Clb) J~ ls{O!. + l~J I (a{ S(t) Jx(t ,t (b) ,C(b)) 

!t(b) - t( O) 
- jbj 

Using the hypotheses on t(b) 

bounded for almost all 0 on t 

- x(t (0) ,t (0))ldtl 

M t(b) 
+ !bi',.(~{ S(t)dt I 

i nd t (b) g vs that y ( 0) s 

- ua on (A-14) and 
resulting conclusion rema n unchan ed . 
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