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ABSTRACT 

A ■at.h•atical ■odel i1 der ved 
for acoustic ray trac n1 wh! ch tak•• 
into acccunt th• effects of t-,.rature, 
winds, and earth curvature, m,d a cal­
culation pro01dure ia outlined, 
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111• new a r and pac 1y t pla d a nqu nt for acou tic 
ray trac n to altitude of 6 k th ••e ti , a far 1nat r •ount 
of wind and t ,penturo data 1n le up to 60 than r b fon, 
and lar,e-1cal, coaputen w h e r ncnas ng s d an capac ty an a 
standard f :xtun at all ■ajo·r n1tallat ons. Th s re ort wu undartaken 
to dat•• ne the fi u bil y of us n ■ore soph st c t d ■ath at cal 
■od 1 for acoust c ray trac in1, ut 1 1 n advanced c t r fac 1 ti 
and roe et1onde teorolo1 al nfo111at an. 

nEO 

F san 1 llu1trate1 a v rt cal pl ,e contain n1 a ray path R. The 
eardl I tak• to be a • en w th no local anaaal es t o ~fleet the wr-
ti.cal •xi•, Z • i .. , p t c, utTOn011ic, d .. ocentric left th po nts 
coincide. la tens of th aovin1 Y-Z coordinate syst shown n Fiaun 1, 
this acoustic ray trace ■odel us s that the zenith m.11e • e • ■ ade by 
the nomal to the wave frant with the local wrtical to th earth'• sur­
face, can be obtained at any point, r, alon1 th• r.y path., R, by the 
follawin11 ne inte1ral : 

when 

r 
• • • • I ( 

G1in8 • Hsi, e • C1in8+W ) dr ( 1) 
0 ft e e(N+t) 

r o 

• • 0 
Initial left th anal at ro 

C • Vert cal telll)eratun radi nt (de1rees le 1 vin p r •t•r) 

T • Absolute tnperatun (de1 K 1 vin) 

C • V locity of acoustic propa1ati.on ( n p r second) 

W • C011poneftt of the horizontal wind velocity in the direction 
of the ·v-axi1 (■ ten per second) 

H • Vertical rat• of chan of ( 

• Earth's radius (■eten) 

n per second per •t•r) 

1 • Elevat on of a 1iven point above sea-level C•t•n) 

It i1 u11.1Nd that tnperatun • a function of heipt on ~y, that 
then an no vertical wind coapanents • that the only effect of a con1t•t 
wind velocity ls to translate th wave fTCnt with no chana• 1~ the direc­
tlan of it1 nonaal, and that the only wind 1radient havin1 any effect on 
I 11 that defined u H above. It I well with n th• pncisi.on of the 
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•t•orolo1 cal data available to usu. that th tap rature and w nds 
vary 1 nearly fraa one reported layer to anoth r, and therefore, the 
1radient1 an con t•t throu hout each la er. It I ne~1sary to use 
Snell' la, in th fo 

S nl • L c"" • (2) 

•d cons derabl 1illpl f cat on ~ obtained if the v loci ty of acoust c 
propaaat on I taken to be d net ly prc:wportional to th quare root of 
the absolut t p rature 

C • MTt (3) 

wh re M is a ccnsta,t. 

In addition to the s)'llbol used n the dlrivatio of Equation , the 
fol1011in1 di fin tions are u d • 

Q • T associated with ach po nt on the ray path, R (nconds) 

U • Sea-lev 1 proj cticn of the ray path, R (•t•n) 

X • Collponent of th• horizcmtal wind wlodty at riaht 1111l•s 
to the Y-Z pla,e (Mt n per seccnd) 

V • Sea-1 vel projectia, of the displac ent (t1'111tslation) of 
th• wave front at ript anal s to the Y-Z plane due to I 
above (■eten). 

M acoustic ray pu1in1 thrcaa1h a re1ion in which there 11 a wrt 1-
cal t•p•rature 1radient, H, will nfract, and the ch1111• in I u previously 
defined can b deteniined by cons derina th• properties of a plan• curw 
(Fiaure 2) and applyina Snell'• lllW. 

111• curvature of a plane curve (the reciprocal of the radius of 
curvature) in the Y-Z pla,e 1 1i n by 

-6_ 
w 

K • -------- (4) 

If th usuaption s ■ade ( nell' 1 111W) that for all the points en 
the curve R 
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Sinl L 
~'• . 

where L ii ., unknown can1ta,t of proportionality• then 

Sinl • 0. 

and by di ffenntiatian 

Cost de • L dC • Sine dC 
Ti Ti -,.:- Ti 

or 

(2) 

(5) 

(6) 

de Tane dC (7) Tz • -r_r- Tz • 

Since acoustic propa1ati011 velocity i1 u .... d to be nlated to 
t•• ratu n by 

C • MT~ (J) 

it fol lows that 

After 1ub1titutin1 Equation, 3 and I into 7, there nsults 

di Tani (dT) rz·,,,- cli • 

Also by dafinition of derivatlw (Pi1un 2) 

d2z_ • Sec21 * 
d12 I 

• 

Sub1tltut na (9) • (10) • and (11) into (4) and 1illplifyln1 u in 
idelatuiaa aiv 

s 

(I) 

(I) 

(10) 

(11) 



l • ~(¥.) • 
ly def nit icn 

di • KdT 

111d, therefore, 

di • C.lnt dT. 
2T 

(12) 

( 13) 

(14) 

11111 11 th fint fraction in Equatian 1 and repres nts the c:hange 
in zenith 11111• of th nonal to the wave front u the acoustic wave s 
refracted by a vert cal t•peTature ,radient. 

Aa, .. ., (F aure 3) that a di ff; rential eleant of wave front, Al, 
lyin1 in th• Y•Z plan• i1 displac din distance dy • 00' <kae to the •an 
hori1ontal wind c°"'onent, but ell to a 1radlent, H, in the horizontal 
wind ccapanent the el nt is twi t d thrauah a sull an le, di, and falls 
alon1 A' I' instead A"I". 'Dlen 

di • II' • M' . 
Xi 

Let dq • arc AB. By 1•ca•t ry 

"" "" clq' • cli Sine. 

A.110 

dy. -~-

'11\en 

de • clq ~ • Tz s ne~. 

(15) 

(16) 

(17) 

( l ) 

( 19) 

(20) 

111• t • 1nd veloci.ty of propa at an alon1 the r,.y path w 11 b 
related by th usual oquat on 
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• dr 
• ( 1) 

0 

di • H nl d c r ( ) 

Th • s h cond r ct on n an 1 and 
t n t 

the lee 
t an of the no al ~ to vert cal 
w nds. 

• hor zon al 

nee th zen th anale s fin d o a local rt cal, 
an appar nt de lect an w 11 take pl c rant ove o r th 
surface of a curv d earth. During the t , ell, the ray prop ates a 
hori ontal tance Sinedr (F re ) d i d splayed by , ( gure 3) 
an add t on 1 d 1tanc . Tak n the alue of quat 1 and 
cons derin1 Fisure 4, 

and 

dy • Csint dr c 

1'11at th s correct on st e subtracted can e seen y 
F sun J. Th s t e th rd ract on n Equat on 1 an 
apparent reduct m n the z.eni t an1le <kl to rotat on 
ui1. 

( ) 

(24) 

an inspect 
repre ent th 

of th vert cal 

It should also b apparent that th ea-le 1 arc, dU, w 11 e 
by 

and that f the cro w nd at a po nt, the place nt at ri t 
111 le to clJ w 11 be, when reduced to ea le 1, 

26) 

thus allo.-in1 an a luation of a tr1111lat onal ef ct due town not 
in th Ian of propa at o . 
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ta al pu 0 he n e T l n qu i 1 • lace 
y 

[ - --] • 0 + ♦ r ( ) 

wh a e d n 
By r. C {l) d 

•TY a ct n o o in e cond -
t on that 1' 1 l 11 n O. /H. u t 
tut n the f n E 

de 0 .1 ine .ooo T 2t - ra an . ( ) 

Sub1t tut n the s cond nto q t . on 

d o. HS n .ooo rad ans. ,r c .. (29) 

Th th rd ract on o Eq at on • alway 
th• f nt two. 

a d uch le t an 
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