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ON A CRITBRION OP INSTABILITY IN THI !NSE OF L?APUNOV OF WTIONS 
OP A LINEAR SYSTIN OF Cfi.DINARY DIFF!JllHTIAL UATI S 

R.. E. Vinogr&d 

(Presented by Acadaician I. G. Petrovak ' 7 12 III 9 ) 

The problell concern~ the stability or aolutiona or the •qua iona• 

y' - ·A (t)y ( ) 
(y 1■ an n-dialnaional vector, A( t) i■ a continuous or piecewiN continuoua on he 

aeaiaxia O ,t <.o0 real atrix) in th• particular cue A(t.) conat. A i■ solve 

by study ot the eipnval\1111 and elea■ntary divi■ora of aatrix A. 

acceptabla for \9&riabla A(t), u t.he exaaple (IN al.ao [ ., ) show 

x;- (- 1 - g ce11,6t + 12 s n 6t cos et) x, + ( 2 cos1 6t g s'tn 6t cos 6t) x,. 

x;- (- 12 n• 6t + g n 6t c-:> 6t) x, - (t s n• 6t - ·12 r\61 cos 6t) x,, 
' 

way Wl-

since eigenvalue• or aatrix ot the right aide are - J and -10, i . e., do not. •- . 

pend on l, are real and are negatin, and aes.nwhilA u.-a a,at• is wteta le, havin 

a tund-nt.al ayata of aolut ona X11 - '(cp ~t + 21 n 6t) (l) x_
1 

x, ·' (co 6l - 1 n 6t) • x ' .. rut ( 1n 6t - 2 o t , 

$ co t); 

when t. ◄ - .- all aolutiana are wtbounded except thoN proportion& to C, ) ; when 

t.➔ + • all are bowlded except thoN proportional to (II). 

•It 1• known [ l l that all aolut ona or equatian (1) are 1ia lt.ane aly ■tabla 
r not ■t.at.,le; therefore, tor brevit7 .- will talk abou he at.abill . y or t.he 

ac ual equation (l), :iaply ng at.ability ot all aolut. on■. 

J. 



HWII.,.., Id.th t.be help ol •t.hoda. bui~ reducinl t.o t.he Mcand •t.hod ot 

~ lll, ~ (4) eb..cl t.bat a ■-ri•• ot ccnch&aicna canc•rniJII th• 

atablllt.y 1811 lnAablllt.y ot (1) can be Md• bJ at.ud71ng eigenvalu•• not ot A(t), 

but of B(t.) • l/2[A(t)+A•(t.)]. Wint.n•r and Antoaievich [5, 6J give anq an incc:a­

plat.e repet.1t.1on ot t.he relNl.t.a ot Walftllki. 

In tbia note 1• at.udied a caM, not covered by t.h• above-nt.ioned inveat.i-

1at.iana. W1t.b the help of a new •t.hod, a caaponent part. ot ~ich 1 reduction or 

equat.icm (l) t.o a epeci&l tara (4), 1• derived a criterion ot inatabillt.7 (l and 

it.a .......,Uaat.icm to cvt.ain cl.a••• ot ncnllne&r equation■• 

l. Let. A(t.) uad -N(t.) d•■icn&t.•, reapectively, t.h• largeat and aalleat. (in 

•ftl'J pal.at, l,) •icenval•• ot t.he •1 st.ric o,-rator B(t) • l/2[A(t)+A•(t)J. It 

1a poaaibla t.o allow that. 1n t.h• ca• ot boundedn••• troa above ot one or the in-, I 

t.ep-a1a ~A(t)d, •1ll(-:)dt the queat.icn about the 1t.&billt7 ot (l) ccmpletely • • 
ia aolftd bT joint, application ot the t01"111.lla ot L1ourtll• and t.he theorem r 

I 

"9.-.ld [4], and na..q: it sup A {,)d1:c;_oo, then (1) 1• ■table, and it 
' ~ 

sup} A(,)~ - •• , but sup' . [(1:)rl1 < , then (l) ia unstable; tram the tonaula • • ot LlauYille 91\IIIM■ alao 1nat.ab111ty or (l), wien 
I ~ ~ 

up I: a11 (1:) d,: - oc ( t a,. (t) 
,_, ·-· • -1• a true of the •trix A( t.). To at.udy will be subjected U,e remaining doubt! l 

C&N I t • I 

: 111p ~ A (1) d, - aup l( (1) dt - oo, sup~~ a, (1:) d-c < oo, 
" 'J I •l 

(2) 

Th"•• lt ia found that, ccntining OW"aelvea to only such Wormation a out the 

eipn..i.u-1 ol operat.cr B( t. )., it 1• iapoeaib • to M7 anything about the at.ab ty 

ot (lh therefore it 1• nece■aary to introdu additional conditions, o which on 

ot t.lM aoet 11 tcnmlat.ed t.hua: 

Let .. wnl ot th• •icenY&lu•• ot B( t) be ••ignated bJ (t • a t), .•• , t , 
and \be .-..in1ng bJ t'a(t).'...:. .... ~_.. ';...,_· '~ t UI &88\IM that 

A t ) - m X 1 (t , 
1<J<l 

{t) ... m n (t 
<A . . 

(t) - m X l'J (t)}, 
I~ 

.. (t) - min r .. , (t)J 
I~ 



It. la NCl'liNd that 

-. (t) > O, (t)> 0, ). (t) + I' (t) > 0 (0 ,< t < oo ). ( A ) 

Condition (A) 1• tullilled, in particular, it all and all 

• 

We will vrit.e (1) in th• tana 

v' - B (t) + Ca(t))y, ()) 

B (t) 1/ 1 [A (t + A• (t) and . l'.atrix ( t ) 

1• e,-etric, thi1 •an•, !Off' every 1 there uiete an orthogonal matrix U( t) • c 

that D(t) • tr1(t)B(t)U(t) 1• a dia«onal •trix. It U(t.) can be selected cont -

uoue}T ( or p1ecewiN continuou•~) ditterentiabl•, theri replacement ot 7 • U ( t )c 

reduc•• (3) to th• tOl"lll 
: 

• .r - {D (t) + C (t)) JC. . (4) 

and D(t) ie a diagonal Mtrix; matrix c1(t.) m u-l(t)C
1

(t.)U(t.)-tr1(t)dU(t)/dt 

alvaye tvna out to be ekw aswt.ric. 

One ot th• sufficient conditions ot continuity ot U(t.) and u•(t) • dU(t)/dt. 

le, tor enmple, auch: 

Let B(t) and B'(t) be continuous, and eigenvalue, ot B(t) be ditterent tor 

all 1,. 'nl•n ll(t) and U'(t) exiet and are continuoue. 

Another sutticient ccnd.1t1on 1 ■ th• anal,7t,icit7 ot B(t) (i.e., it■ el-nt. ) 

In thie caN U( t.) can &1111&,1• be aelected anal.7t,1c. 

Mat.rill U(t) conein.a ot atandardised eignvect.ora ot operatar B(t.), copied 

into th• coluama, bJ Illich ia detendned the proce11 or it.1 calculation. In view 

ot the crthoeonallty, U(t) will be ·1 I - !. U t x ii - ,.x ii 

of atabillt1, (3) and (4) are ccapl•t•~ equivalent. 

, ao t hat. in t.h• ns 

Special tan ot (4) &llowa ua t o pron th• following theONII: 

T!!•Of"!II 1. Let there be tul.ti 9d t ... ~~ condit.ion1 (2) and (A). Let u ••• 

• and 

3 



• < 1 r! 
it7 11 obevved &l.10 durina th• weak·er concUtlon1 

• When then • natabil­

and. it, ■t&rtinl 
ti-ca ,_. 1, there will be 

,,, 

,, .. t.h•n also durin« condit:1.on 

.. - 1· 

(A1 th• nora at· linear operator with matr.lx 

to a•- any of t.h• value■ 

econOlllcal.) 

m ,., 1 R 

t , ls poas. b 

the laat ia th most 
I -

There ui■t, •XMiple• ct • 1■te a or tonn ( 4), tor 1m ch c . 

thecrea tum out to, be accurate1: 

po11ible, tar U\1 

. aa constant Di( t ) and, ch 

to indicat such C( t. ) tha 

and (4 ) 1• at.able; then •• with • C(t) .t or Illich 

place, in1tabillt7·. The0N111 l is 1mpoa1ibl• t o a , t 

ons of t.h 

C&M it 11 po111bl• ■till ·to try •otherwi.M to break down ele nt.e ot .( t ) into 

group (t ) and-· I (t, It thla .impracticable as, ( ror examp e, tor n 

can be \&NCI th• .acre ccaplicat.ed Theorem 2. 

Th•ONpl • It t.h•" exi.■t• two runctiona • 1tJ1 and • ,( ), 

' (ll + 11 ◄ t are po .. t n , con 

tunctiana and that ,, (t - m [ , .); •• t aati atiea th cond tio 

h 

then f r inetab lit7 0:t (4) it 1• autticient, that we obs r • 
• 

th• ineqllality (ar,-.nt 11• cait.ted) 

Th• cand1t.1on m 
;-

0 

can be applied al.10 in. th a•and t.1on or 

in a th& 

0 bu • .aa a rul 1, I 

• Th• allowa. gen. ral1sat.10ll t.o a, ef.in1t c.laa ot no.n n ar equa 

t u• canaid•r equat on 

(S) 



.. 

Wlere D(t.) 11 a diqon&l trix, e1l nt■, of which Ntl1fJ'' ccndit.lon (A), and 

P(t, x) 11, 1n .. neral, a ncnllnear cantinuou1 operator,, •nauring t .e1 u:l•t•nc 

and uniqu•n•• ot aolut.ions or ( ) and, uc t at 

•• 
C ) 

I l " F ( ) 

G(t.) and g( ) Cm'lt1nuou1,; rac t. 1n (' ) are a ■ . or h 1 ■c ar 

prod ct ( exiatenc• ot g( t :> ) , I 

( ) bringa k:n Ml, 8COROIQ' • t i •a &8•\Ulll..u tha,t ( ) 

ax1 

'TheONII J. Let. 

fl\ t.ri-vi&l lut on o ( 5) 1 wi t&b • t ·: )1 

ex.in. 1 ch c,> 

i■ a 

en • 1. 

tlon o 1
/ 1• 

tha,t ) 

root at th quadrat c, equ.at 

then condition 1) can 

(t., x ) ar 

• 

t. t 

The character oC' 1:n■t.ablll t • 1 t: u1: 1n uy ne,1 .barhood ot Ul• tr a 

eolutian tor &IQ' t o there1 ,-...,wJ11<1•11•1 M 1 , trm t.h , polnt ot wh, c 

■olution■ W'lbounded at 

Thie theorem c4111 be a pll to 

t: . x• • D(t)x+[f{t, x )- (t)x. 1 and 

and F(t, x ) t(t, x.)- ( t )x condition■ 

can be u eel, 1n part cular, f 

t.o t (4) 11 ditt cult 

■1ibl•, t.h n 

1. 

l ct 

) 

&r eq\lat. 

to C&r17' 

&CC\&l"&t 

- t(t 

(t)ln 

) are 

x• 

t. 

" 

x ), by copy • it 

• ch & a 

ti1t1 • 

l ( ) r 

owe 1t 

t 

r , 

n a 
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