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The problem of flow over a circular cone inclined slightly to a 

uniform stream is solved using the technique of matched asymptotic 

expansions. The outer expansion is equivalent to Stone's solution of 

the problem. The inner expansion, valid in a thin layer nea.r the body, 

represents Ferri's vortical layer. The solution to first order in angle 

of attack so obtained is uniformly valid everywhere in the flow field. 

In the second-order expansion an additional nonuniformity appears near 

the leeward ray. This defect is removed by inspection. The first-order 

solution is in agreement with that of Cheng, Woods, Bulakh and Sapunkov. 

Formulas are given that may be used to render Kopal'e numerical result 

uniformly valid to second order in angle of attack. A uniformly valid 

solution restricted to the hypersonic small-disturbance approximation 

is also given. { J 
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1. INI'RODUCTION 

A curious singularity appears at the surface of a circular cone 

inclined at a small angle to an i viscid supersonic s ream . This phe.­

nomenon was unknown to Stone (1948, 1952) who expanded the flow quan ities 

formally in ascending powers of the angle of inclinatio and fond he 

first - and second -order perturbations. His results served as the basis 

for extensive num rical computation by Kopel (1947A, 1 9). The singu­

larity was discovered by Ferri (1 50) who gave a phys i cal descriptio of 

the flow near he surface. He deduced that streamlines crossing the 

shock wave at any circumferential location eventually curve around the 

body toward the leeward plane of sytmnetry. Though the ntire flow ield 

is rotational, a thin layer of intense vorticity lies near the surface . 

Ferri called this the vortical layer. All streamlines approac the top 

ray, and consequently the entropy in that neighborhood is many-valued . 

Ferri called this the vortical singularity ( see Fig. 1) . He has cor1 -

jectured that at high angle of attack the singularity leaves the surface 

of the body. The present flow problem is only one case of the occurrence 

of vor tical singularities. Indeed, they are present in any conical flow 

without axial symmetry . 

Cheng (1962 ) ob ained a mathematical description of Ferri's vertical 

layer for the circular cone . He firs solved Ston 's problem using the 

Newtonian approximation to simplify the analysis , and found a solution 

correct to first order in angle of attack everywhere except near the 

body . He then used a modifi d xpansion scheme - not restricted to the 

Newtonian approximation - to study the flow near the surface . The results 

thus obtained enabled him to render his formal solution valid to first 

order in angle of attack even near he body - except possibly in the 

immediate vicinity of the vort ical s i ngu ari yin he leeward plane of 

symmetry. Sapunkov (1963) pointed out ha Cheng ' s results for densi y, 

shock -wave shap , circ erer ', i al v loc y, and pressure are incorrec 

because of an algebraic error*). B lakh (1 2) used Stone's f i rs -order 

*)one may o ai h correc resul by cross i ng ou erms propor­
ional o log( l k) in Che ' s Eqs . (2 .7), (2. 8 ), (2 .9), (2. 0 ), and· 

( 3 . 19 ) and adding 2·€{ 1 k) l ( 1 k) to ( 3. 18 ) . Also in ( 2 . 9) a d ( 2 . 10) 
in th sam pap r, cos T hould be replaced by -1 . 



r sul s to study the flow near e surface. His results, which are not 

restricted to tbe Newtonian approximation, are similar to, but more 

general than, hose of Cheng. Woods (l 2) also used the Stone theory 

to study the flow near the surface, but did not attemp to give solutions 

valid in the entire f low field. His results agree with Cheng and Bulakh. 

Sapunkov (l 3A) used t e N wtonian approximation and a modified xpan­
sion scheme to extend his own results, (Sapunkov 1 5) and those of 

Cheng t o second order in angl of attack. His firs t -ord r resu ts dif fer 

by higher-ord r terms - which be subsequen y discard - from the r sults 

o Cher.g (1962) and Sapunk.ov ( l 5). He has also correct d a nonuni­

formity int e gradie t of normal ve loc t y compon nt which was not 

considered by Cheng and Bul akh. 

A somewhat differe t approach to the problem was t aken by Gonor (1958), 
Bul akh ( 1962A), am Sap.Inkov 0.963A) . Goner obtained a solution for the outer 

f l ow, valid for arbitrary angle of attack using the Newtonian approxima­

tion. Bulakh and later Sapunkov t reated the nonuniformity at the surface. 

Their results show the existence of a vortlcal layer at the surface, but 

no explicit results for flow quantities are given. 

In the present work the problem is studied using the method of matched 

asymptotic expansions (see Lagerstrom 1957, Erdelyi 1961, Van Dyke 1964). 
Stone's first- and second-order probl ems - representing the linear and 

quadratic effects of angle of attack - are shown to provide the first­

order and second-order terms in the outer expansion. The nonuniformities 

in both these terms are st died . A two-term inner expansion is found 

and mat ched t o the outer expansion. An additional nonuniformit y appears 

in the neighborhood oft vertical singularity . This is also rendered 

uniformly valid. The firs -order results agree in form with Sapunk.ov's 

nonuniformity in the normal ve l ocity. component , though they show that he 

made a computational er ror. Inde d, it would be impossible to construct 

a second-order expansion wit o ta knowledge of this nonuniformity. 

Results otherwise are in agreement with those of Cheng, Bulakh (1962), 
and Woods. The second-order t rms give additional information about 

t e streamline shape, especial ly in the vic inity of the vertical 

s i ngularity. Formulas are glven that correct Kopal's tabulated results 
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to second order everywhere in the flow field. In tbe earlier phases of 

the research the hypersonic small-disturbance approxi ation (Van Dyke 

1954) was used to simplify the problem. Since the simpler solution so 

obtained is a faithful Dl<'del of the full solution, we include the results 

for it. 

Holt (1954) made a local analysis of the flow near the vortical 

singularity. His results do not egre~ with either the present work or 

the results of Cheng, Bulakh, Sapunkov, or Woods. 

After the completion of this work the author learned that Mr. R. I. 

Melnik of Grwmnan Aircraft Company had obtained a solution to this and 

the related problem of the flow over a cone of elliptic cross section. 

The method used is almost identical to that used here, but differs 

greatly in detail. The results are in agreement. 

2. FORMULATION 

2.1 Coordinate system and dimensionless variables 

A spherical coordinate system is chosen as shown in Fig. 2. The 

angle between the axis and the position Yector is t, the distance from 

the origin is r, and t is the circumferential angle. The velocity· 

at infinity, of magnitude U , lies in the plane ~ = 0 and makes an 
00 

angle a with the axis of t1 ~ cone. The velocity components u*, vlf', 

and w* are in the directions of increasing r, t, and ~, respectively. 

The pressure and density a?'e p* and p*. The cone half-angle is T • 

Dimensionless variabl ·Js are defined as: 

v* w* 
v = U sin T ' w = U sin a 

00 00 

(2.1) 

- p* p = 8 2 , 
p tf sin T 

00 00 

sin t - sin T 8 =------sin T 
(2.2) 

It should be noted that 8 is measured from the surface of the cone. 
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2.2 Differential equation and boundary conditions 

&lbstituting the dimensionless variables into the inviscid rotation­

al equations for a perfect gas yields 

[ o w aJ 2 2 2 
JV ~ + 0 l + e ~ U = Sin T( V + aw ) (2.5a) 

3 2 w aw o u 
2 [ J I = 0 p 1 8 - p V ~ + J(l + 8) ~ + J V 

(2.5b) 

op [ J v ~ + 1 " e ~ + u] " = - 1 ! e [ ~ + ru PY¥ J (2. 5c) 

2(1 + 8)pu + J d8 ((1 + e)pv) + o ~[ow] = o (2. 5d) 

r o o w o JL - o c1 V d9 + 1 + 9 dq> p'Y -
(2. 5e) 

./ 2 2 I 
J = cos~ = Vl sin T(l + e)_ sin a 

0 = sin T 

In addition, since the flow is isoenergetic, the Bernoulli equation may 

be used. 

(2.3f) 

These equations are not all independent. Indeed, any one except 

(2.5d) can be eliminated. It is convenient, however, in the subsequent 

analysis, to consider all of them, and at certain points to particularize 

to a given set of five. 

The boundary condition of tangent flow at the surface of the cone is 

v(O, q:>; o) = 0 (2.4) 

At the bow shock wave the Rankine -Hugoniot re : ations must be satisfied. 

They ar : 

u - J cos a = o(l + 8)sin2 T cos q:> (2.5a) 

- 4 -



e 
J[pv + (1-+e)cos a - Jo cos~] = o ~ [pw + si~ ~) 

8 
oJ[sin m + w) + ...!£_. [v + (1-+e)cos a - oJ cos~)= 0 

't' 1-+e 

[
J2 + 

0! ][P __ 2
1 

2 ] + {J[-(l~)cc a + oJ cos ~] 
(1 + e)2 

-yM_ sin T 
00 

q,}{Jv - aw:~ + J(l+e)cos a - oJ
2 

cos q, 
8 

+ o ~ sin 

- o ~sin~} = 0 1-+e 

+ 2 _2 2 
~ sin T 

1 

(-y-1) [-.r(l+e)cos a + oJ
2 

J2 • (:~r 
2 8 

-J(l-+e)cos a+ aJ cos ~ + a~ sin~ 

1 
'Y+l 

(2.5b) 

(2. 5c) 

(2.5d) 

Here the subscript ~ denotes differentiation with respect to ~. 

A solution to this problem would furnish a complete flow picture. 

There are two practical difficulties, however. The differential equations 

are nonlinear and the ~osition of the shock wave is unknown. Bec~use of 

this latter difficulty, some of the boundary values must be imposed at an 

unknown surface. 

In order to circumvent these difficulties, Stone perturbed the well­

known basic solution for axisymmetric flow by expanding in powers of 

angle of attack. 

3. OUTER PROBLEM 

3.1 The ou er solution, expansion in powers of o. 

Stone (1 48 ), 1952 ) assum d ha the dependent variables could be 

expanded in ascending powers of the angle of attack, the coefficient of 

each tenn being i self a Fourier series in the az imuthal angle ~. He 

found that homogeneity of the equa ions of motion and boundary conditions 

requires that all Fourier components vanish except those shown below. 
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2 
u(e,~;o) = u0(e) + au11(e)cos ~+a [~0(e) + u22 (9)cos 2~]+... (3.la) 

2 
v(e,~;a) = v0(e) + av11(e)cos ~ + [v20(e) + v22 (e)cos 2~]+... (3.lb) 

v(8,~;a) = w11(e)sin ~ + aw22 (9)sin 2~ + ... (3.lc) 

p(e,~;a) = p0(e) + ap11(e)cos ~ + cf[p20(e) + p22 (e)cos 2~]+... (3.ld) 

Substituting (3.1) into (2.3) and equating coefficients of like powers 

of a gives the fo l lowing systems of ordinary differential equationR 

for the basic axisymmetric flow 

Po 
~ = constant 
Po 

for the linear effects of incidence 

- 6 -

(3.2a) 

(3.2b) 

(3.2c) 

(3.2d) 

(3.3a) 

(3.3b) 

(3.3c) 

(3.3d) 



and for th quadratic ff cs of incid nee 

U I • 

2m 

2 sin T 

J 
2 w

11 
sin T) 

1 pl l 
-- v 
2 Po 11 

_! pll v ) v O ( 1 pll p2m ) 
2 Po O J u2m + 2 Po ull + Po uO 

_! Pll ) . ( l )m/ 2 wll ( vll + ) = O 
2 Po uO 1+8 J " 11 

2 
wll 

J(l-+e ) 

v2m v2m ( l +Q :~ ) 

( - l )m/2 p w1 
- 2 J ( +0 ) PO 

2 
( v0v2m 

2 4 (- m/2 2 ) . 2 UOU2m 4 11 4 vll ) w 11 sin T 

2 
_'.L Po 

( 
. p2m 011 1 p l pll 1 P2m) 2 

2 --- - - - Si T = 0 'Y 1 0 Po 2 Po 0 2 Po 
0 

m = O, 2 

- 7 -
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(3 .3f) 

(3. 4a ) 

(3 .4b) 

(3.4c) 

(3 .4d) 

(3 .4f ) 



3.2 Boundary conditions 

Stone (1 8, 1952) obtained boundary conditions at the shock wave 

by expanding ivs position in ascending powers of o about th~ position 

for a = 0, and transferring the expanded flow variables by Taylor 

series from t he actual shock posit ion to the position for o = o, i.e., 

and for example 

p(esh) = Po(eO) + (esh-QO)pO(eO) + ½ (esh-90)
2
po(e0) 

We follow his procedure and obtain for t he basic axisymmetric flow 

1 
Po - -2--2- - (l 

~ sin T 
00 

for t he linear effects of incidence 

pll = ( 
vo811 

- PO V 
0 

vll ) 1 

VQ - p0811 

811 
( VQ (1 80)] - 1 wll = --Jo 

811 --
VQ 

- 8 -

Jo 

VQ 

(3.6a) 

(3.6b) 

( 3.6c) 



2 g11 •Jo 
V = -v•~ - l:l (e -J ) 

11 0~11 ~+l 11 0 (~+l)f(,sin
2

T (1~0 )
2 

and for the quadratic effects of incid nee 

2 2 1 2 i 8211+292m( 1 iGO) 
M• J i 18 I 8 i ~ 

u2m = T Os n T•Uo 2m· 2 ull 11 • s n T 2J 

1 2 
"'22 = - 2 sin"!" 

p' 8 
11 11 _ m-2 (l'o) i 2 
2 4VQ ~Q 6 n T 

0 

{3.6d) 

(3.6e) 

(3.7a) 



m-2 2 
- 82m + 4 sin T 

m = O, 2 

Stone's results differ sl ghtly from (3. 6 ) and (3 .7) because he used 

wind rather Jhan body axes. 

The outer expansion will later be sen not to be uniformly valid 

near the surface, because of the vertical layer . T is therefore not 

correct to satisfy the boundary condi ion at the body surface by sub­

stituting (3 . lb) into (2.4 ). Since , however, no layer exists at zero 

anglt' of attack , we can conclude that 

(3.8a) 

It will be shown later that the correct boundary conditions for the 

higher-order perturbat i ons are 

(3.8b) 

m = o, 2 (3.8c) 

These condi ions woul d e obtained if one substituted (3.lb) into (2.4). 
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3.3 Behavior of the outer expansion near the surface 

The nonlinear Eqs. (3.2) governing the basic axisym:netric flow were 

solved nwnerically by Taylor and Maccol (1933) end Kopel (1947). The 

equations governing the linear (3.3) and second-order (3 .4) effecte have 

been solved numerically by Kopel (1 7A, 1 9). Roberts and Riley (1954 ) 

have given formulas that can be usea to transform the numerical results 

of Kopel to the present coordinate system. Thus solutions to the systems 

(3.2), (3.3) and (3.4) are available in the literature. 

We will now examine these systems of equations and ascertain the 

behavior of the solutions near the surface. From (3.8a) and (3.2c) it 

follows that for small 8 , v O - 0 while v O is finite. Therefore 

near the surface we have 

From (3, 9) both the first- and second-order equations possess coefficients 

that vanish near the surface. The possibility therefore arises that some 

of the first- or second-order quantities are singular near the surface. 

Since both of these systems are linear and the individual equations are 

first order, they may be integrated formally and the resultant integrals 

examined near the surface. Stone (1948) has shown that the first-order 

quantities are regular at the surface. Clearly, from (3.4e) and (3.9) 

the second-order correction to either the pressure or density or both is 

singular at the surface. Indeed, for small e we have: 

( :-1 )m/2 J w 11 d d8 + terms finite at surface 
2Jvo 

It can be shown that P2m and u2m are the only second-order 

quantities that are singular at the surface (dv2m/d8 is singular, 

however). So we have: 

( 3.10) 

/2 wll(O)d 
-(-l)m ----- log 8 + terms finite at surface ( 3. lla) 

2'yJ{O)v0(0) 

- 11 -



,I 

2 
m/ 2 w11(O)[u11(O)+w11(o)sin T] 

u2m = (-1) 2J(O)v'(o) log 8 + terms finite at surface 
0 

(3 . llb ) 

Some useful relations between the zero-incidence, first-order, and second­

order quantities at the surface are: 

2uO 
V I - -0 - - J (3 .12) 

:011 (3.13a) ~wll = -
Po 

v' = 
2ull wll 

( 3 .13b) -- --11 J J 

pouo l'..:.! pll P11 ( 3 .13c) 2 'Y ull = ---
Po sin T 

Po Po 

(3.14a) 

V
1 + - + 2 - + V - • · ----- --- = 0 

mw22 u2m ( P2m )
1 

(:,l)m/ 2 Pllwll 
2m J J o Po 2 J Po 

(3.14b) 

u
O

u2m + i u2
11 

i (-l)m/2 w2 sin2 
T + ..L :Q (- P2m 

'+ '+ 11 -v-1 Po Po 

(3.14c) 

where J(O) = cos T. Stone (1952 ) and later Cheng (1962) noted this 

singular behavior of the second-order quantities but Kopal (1949) ignored 

it when he obtained num rical solutions to the system. This behavior 

is an indication that some of the quantities are not given correctly at 

the surface to second order by the outer expansion . From the following 

expression for entropy it will be sen that even the first -order 

variables are not given correctly there . If we define bJ3 to be the 

- 12 -



differ nc e we n he val u o e r opy a incidence and he va lue a 
zero inci enc , he 

(3.15) 

- = d cos 
C 

V 

It can be co eluded dir c ly that (3 .16 ) predicts an entropy variation 
on the body surface to first order w er as we know the entropy should 
be constant . From (3 .3e), the coefficien of a cos~ in (3 .16 ) does 
not vary with 8 and h nee can be computed from the shock-wave rela ions . 
From thes r la ions i follows tha only for shock waves of zero strength 
is his co fici nt zero. The second-order correction to the entropy is 
of course i nfini eat the surface. 

3.4 Region of nonunifonni y 

The form o he singularity, i .e ., he fact hat 

p2m ~ log 8 

sugges s that near he surface the fi rs t -order density perturbation is 
a proportional to i . This in ur n suggests that the behavior of the 

solu i on near the body ca e described better in t erms of e"' than in 
t erms of 8 itself . 

This same conclus on can be arr i ved at by o her considerat ions. In 
reducing (2 .3) to (3.3e) i is necessary to drop 

while r aining 

- 13 -



As long as 6 does not approach zero the former is smaller than the 

latter, but near the surface the situation may be reversed since by 

(5.9) v0 is proportional to e for small 9. We must therefore 

consider a small region in which 

0 e ~ = o( a) 

If we define 

we magnify the region such that 

0 e ae = o( 1) 

4. INNER PROBLEM 

4.1 Inner variables and differential equations in inner variables 

New indep ndent variables that are of order unity in the vertical 

layer are defined according to 

e = e0 

To exhibit the zero in the velocity we define: 

V v - ­- e 

The other dependent variables are defined according to 

u = u 

p = p 

R = P 

- 14 -

(4.la) 

{ 4. lb) 

(4.2a) 

(4.2b) 

(4.2c) 

(4.2d 

(4 .2e) 



We substitute the above into (2.3) and obtain : 

( 4. 3a) 

w l/ ai + ¥ )(01/ v)~ ( 4 • 3b) 
J( 1+e ) IJ 

/. W ~ . 1 ( P 1/ a ) 
oR \aJV8 d8 + a 

1 8170 di+ u/w = l+elfo di+ oe JRVW ( 4 . 3c) 

(4.3d) 

( aJVe ~e + w ) P o 
o" l+alf a di iY = 

(4.3e) 

(4.3f) 

4.2 Inner expansions 

We expand the inner variables in ascending powers of a according 

to 
00 

W( B,t;a) = E on-l Wn(e, t) 
n=l 

00 

u(e,t;o) = L 
n=O 

00 

nu (e,t) 
n 

v(e,t;o) = E ol'lyn(e,t) 
n=O 

00 

P ( 8, t; o) = [ o~ n ( 8, t) 
n=O 

00 

R(8,t; ) = L o~n(e, t) 

n::.-0 

(4.4a) 

(4.4b) 

( 4 .4c) 

(4.4d) 

(4.4e) 
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W s s i ut hese expr ssions into Eqs. ( .3) and equate coefficients 

of lik ov rs of z ro- incid nee qua ions simpl y express he 

fac ha t seq anti s ar no functions of 8, i.e ., they do not 

change across th layer . This is th result ve xpect intuitively. We 

find be following sys ems of qu.etions for he linear effects of incidence 

(4 .5d) 

(4. 5e ) 

(4.5f ) 

and for the quadratic effec s of incidence 

( Jv0 e d8 + w1 ~) u2 + (JV1e d8 + w2 ~) u1 = 2 s1n2nrl2 (4 .6a ) 

(4.6b) 

(4. 6c) 

(4.6d) 

- 16 -



.! u2 
2 1 2 Wi sin

2 
T 

4.3 Boundary and matching conditon 

( . 6 ) 

( .6f) 

The boundary cond ion at the surfac is obtained by r equiring that 

(2.4) b satisfi d. This s shown in detail in Section 5,3. 

The inner expansion is valid only in a thin layer near the body and 

canno b xp ct d o sat sfy t h shock conditions . Therefore the 

boundary condi io s ar obtained by matching with the outer expansion . 

We app y th f ollowing matching principle : 

m-term inn r xpansion o (p-term ou er expansio ) 

= p- rm ou r expans ion of (m-t rm inn r expans i on) . (4 ,7) 

As an exampl of app ca on of h mat er ng pr i nciple consider the 

three -term o t r and inn r expansions for th pressure. 

2 
3-term inn r xpansion of [p0

(e ) crp11 (8 )co q>+o (p20
+p

22 
cos 2q>) ] 

= 3- rm ou er xpansion of [P
0 

8,¢) oP
1
(e, ¢) +cfp

2
(e,t)] (4 .8) 

We construe the o t er xpans i on oft 

t rms h r in n • v r a 1 s 8 and 

f irst brack by rewri ing he 
1/ o 

¢ .g. , p11(e )cos¢] and 

expanding in pow rs of o . Analytici y is assum d . Therefor we obtain 

- 7 -



Similarly, w he ou er xpansion of th expr s ion in brack sin 

(4 .9 ) by wri ing he func ions in inn r variables and expanding in pow rs 

of o . Se Sc ion 5.3 for xampl soft is . 

5. UNIFORMLY VALID SOLUTIO S 

5.1 n ra l proc dur 

In what follows w will solv the system of equations governing th 

first-order perturbations, apply th matching and boundary conditions and 

imnediately mod ify each inn r expansion so that the r esult is uniformly 

valid throughout the flow fi ld . W, will solve the second-order problem 

in the sam flishion. Befor w do this , however, we will firs obtain 

a solution for th pressur. 

5.2 Pressure 

Pressure is in a cl ass by its lf and can be disposed of first. 

The equations for the firs - and second-order pr ssure perturbations 

state that these quanti ies ar independ nt of 8. From this fact and 

(4. 9 ) w obtain: 

(5 .la) 

(5.lb) 

( 5. le) 

'Then th out r xpansion (3 . ld) is uniformly valid to second order 

everywh r . This r sult i s not r stric ed o second order . From (4.3b ) 

it follows hat 

p 
n dB = 0 for all n. 

- 8 -



'!'her fore he outer xpansion for pr ssure is uniformly valid to any 

order. This is in contrast to viscous boundary-layer theory where the 

second-order correction to the pr ssur varies across the layer (Van 

Dyke 1962), 

5,3 First-order solution 

We shall now solve (4,5) for the first-order perturbations. Since 

P is known from (5.lb), Eqs. (4,5a), (4,5c), (4 .5d) and (4,5f) are 

sufficient to determine the unknowns. First we evaluate the basic 

axisymmetric flow quantities. Because these quantities do not change 

across the layer the outer expansions are valid at the surface. There­

fore we can write: 

u0 = u0
(o) 

Ro = Po(O) 

v
0 

= v0(o) 

We have from (4.5c) 

and from (3.10a) 

(5,4a) 

(5.4b) 

Since the coefficients of (4.5a) are now known we ca.n integrate this 

equation, using the theory of characteristics for linear partial differ­

ential equations of first order. The result is 

where f is an arbitrary function and 

S CT 

1 +cos ~ 
1 - cos !I 

- 1 -

(5,5b) 



We mus va lue 

r q ir s a 

f from he mate ing condition (4 ,7), This condition 

ll( O)cos ~ = 2- t rm OU xpansion of (u
0 

au
1

) (5 .6 ) 

We now consid r h 

rms of e and 

W wri e this function in 
, xpand i n asc nding pow r s of a, and retain 

th firs rm . W ob ain 

1-t rm o ter xpansion of = -cos ~ 

Therefore o sa isfy (5 .6 ) w must coos f as 

l -t
2 
1 

7 1 

(5 ,7) 

From ( , 5f) [an substituting from (3.13)] we find that* ) 

( 5 .8) 

also from (4,5d) w find 

2 cos ~( 2 sin T - 1) 

(5. 9) 

It follows, from a comparison of (5 .9), (3.13b) and the definition of 
V, (4 .2a), that v

1 matches th first perturbation term in the outer 
expansion. It also follows, from fac that u11 and w

11 ar e well 
behave at s rfac, ha t e normal componen of the velocity, ev

1 , 
vanishes a 

satisfied . 

s r ac . Thus 

*)Many al r a i v forms of 
obtain d sing (3 . 12 ) , ( . ) an 

surfac - oundary condition is 

is and following equations can be 
( . 1 ) . 
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Uniformly valid expansions for the density and radial velocity are 

given by 

( 5. 10) 

(5.11) 

To construct a unifonnly valid expansion for the normal velocity we use 

the following rule for each tenn: 

uniformly val id expansion = inner expansion+ outer expansion -

- inner expansion of (outer expansion). 

Therefore we obtain 

To first order in o the outer expansions (3.lc) nd (3.ld) for w 

and p a r unifo rm l y va li d. The uniformly valid first-

order expansion for he entropy can be found by substituting {5.11) and 

the f~rst two t erms of (3.ld) into Eq. (3.15), The result is 

t::,s 
- = 
C 

(5.13) 

V 

Equation (5.13) agrees with (3.16) in the region where the latter is 

valid and predicts a constant value of entropy on the body surface. First­

order streamlines ar lines of constant t1 
(see Fig. 1). 

- 21 -



5. Second-ord r solu ion 

e sys m ( .6 ) xcep ing ( . ) is solv din th sam manner as 
was ( . 5). is , w

2 is eva ua ed from ( .6c) and (5 , l c) . Equa ion 
( .6a) is in grated and a c i ng condition ( . 7) appli d. The r oulting s cond -ord r expansi o is : 

2 [ w 11 ( 8 )ull ( 8 ) 
- sin T (e) 

0 

+ 2w
1 

( 8) [ 11 ( 8 ) 
11 

- 22 -

2 sin T 

continued 



,..11 ( 8 ) P11 ( 8 ) 

'Y Pc(9) 

+ ... 

3 vi ( e )]( t~ ~ ( 2 - 2 u ( 9 ) 2 log s 1 n t - og 

0 ( 1 t 2 ) 
1 

(5.1) 

v
2 

and R
2 

can no_. be val a d rom ( .6d) and (4. 6f) . Before th i s 

is don i t is d sirabl t o examine (5. 14 ). It can b seen tha u
22 

and u
2O 

al ,..ays occur in combi na ion ,..1th terms proportional to log 8. 

These :nns aris as a resul t of th appl icat ion of the matching principle. 

Equation (3.llb) shows that u22 
and u2O 

are themselves proper ional o 

log 8 near h surfac and a compari son of this equation with (5.1) 

shows that h t rms i n q stion are ,.. 11 behaved near the surface . All 

other functions i n (5. 14) are _.ell b haved near the surface except the 

terms proport ional to l og sin t and log 0. Because of the functions 

of t 1 that mul tiply these t wo logarithmic terms , they can be singular 

only at 8 = O, ~ = 0; that is , near the leeward ray. Thus we have 

r duced the regi on of nonuniformity from thee tire cone surface to the 

neighborhood of he t op ray. 

This additional nonuniformity can be treated t y observing that , as a 

result of the expansion procedure, a term of the form 0 would appear 

as 

1 " og e + •.. 

First we notice the fol l owing : 

log sin2 t = -log t2 
1 

loge 

1 -
1 cos ~ 

f
1
(e) af

2
(e) 

1 t 
e 

- cos 
f
1

(8) af
2

(e) 
1 

1 cos t 
1 ~ 

e 
- cos 

1 cos t 
fl (9) 

I ' 
e 

- cos 

1 
1 

= 

1 
1 
1 

2 
leg( 1 +cos t) 

cos t fl (8) 

~ 
e 

- cos 
f 

1 
(8) 

COB ~ 

t 
e 

- cos 

- 2f 2 (e) l og e 
1 cos t et1(8 ) 

1 
1 - t cos 

- 23 -

(5. 15a ) 

( 5 . 15b) 



(5 .15c) 

Equation (5 .14) can now be r written, using the above r lations, in 

the form: 

+ . . . (5.16a) 
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1 cost 

1 - cos t 

( 5, 6b) 

'!'he equation above is uniformly valid even in t he neigh orhood of he 
vertical singularity . Elsewhere it ~rees with (5 .1 ) o second order 
in o . 

The previousl y detenni e uniformly va l id second-order expansion 
for the circumferential velocity is: 

[ 
1 ( u 11 ( 8 )w 11 ( 8) w = w11(e)sin t + o 2 2w22 (e) + u

0
(e} 

P11(e)pll(e) wil(e) 2 1 P11(e)) + ----- + --- sin T - - w (8) ---p~(8)u0(8) uO(Q) 'Y 11 Po(8) 
sin 2t 

2] 
2 d 1-t 

sin T -w 1 (8) 'Y) sin t -:-1' 
l+t2 

The expansions for the density and normal velocity are: 

+ ... ( 5. 16c) 

2 
d l - 2 

:Y? 
l P11(8) cos ~ - vo (e)d 6 wll( Q)ull( e) 
'Y Po ( Q) 41""i1 ( 8) sec T[ uo ( e J 2 

2 wll( 6)d] sin T 'Y 8 

1 P22(e) 
- --- cos 2~ 'Y Po(8) 

wy
1

(e)s c2T 
0 

[v0(e) J2 

- 25 -

con inu d 



- 2 -

22(e ) 

Po(Q) 

. . . ( 5. 16d) 



+ sec T [2u22(o) 

wll(O) P11(0) 
2'y p

0
(0} -

( 5. 16e) 

'!be previous expansion for the pr ssure, Eq. (3 . ld), is uniformly valid 

to second order in a. The uniformly valid expansion for the entropy 

can e found by substi uting (5.16d) and (3 . ld) into Eq . (3 . 15 ). The 

r sul is: 
- 27 -



6s 
- - - a 
C 

V 

2 2 
w

11 
( 8 )s c T 

P20(8) wll(8} 
sec T log Q 

1 d 

[ 

P22( 8) 

p
0
(e) v~(e) - 2 w

11
(e) p0

(e )u0
(e) 

2 
wll( 8) P11( 8) 3 wf1 (e)J 

4~2 "11(e) 2 2 
2 uo(e ) sin T -

'Y p0(8) 2 u0(e) 2 2 
(1 2 ) 

X [ log(l + cos a)
2 

- log 
~2 ] 

( l : ; ) 2 
( 5. 16f) 

6. UNIF ID sourrr I THE HYPERSO IC SMALL-DI TURBANCE 
APPR 

6.1 Genera l roe e 

It wa s fou d ha a solu io wi hin e fram work of hypersonic 

small-disturbanc th cry is a ai .ful mod 1 of he full solu ion . We 

will heref ore o ain h s r sul s by rd ci he ull solu ion to 

hypersonic sma ll -d s ur anc form . Fi r s w will re uc he quations 

of motion, (2 . 3), and Rankin -Hugonio r la io s, (2 .4), o hyp r sonic 

small -disturbanc form . We will h 

boundary condi ions gov rning he p r ur ba io is . Fi nally w 

wi ll rd ce dir c l y he unifo:nr 'y valid solu io o a f orm appropria e 

to hyp r sonic sma ll -dis ur anc .eory . 

- ,-,Q -



6 .2 Equatio s a boundary conditions red ced o hypersonic sma 1-
dis ur ance f o . 

w dime sio 1 ss variabl s ar efined according o : 

-u = l:-. (~ 
- 2 U 

T 00 

p 
p = -r1- 2 ' 

P 00 00 T 

v-11-
v = U T ' 

00 

(6.1) 

(6.2) 

We in reduce t hes variables in o (2 . 3a) through (2 .3e) and neglect 

te rms of 0(T
2 ) . The following equations resul 

-- w 

-- w 
o --

l +e cp 

2(1 6)p + ~ [(1 
8 

e)ovJ + o - (;;) = o 
cp. 

From (c! . 3f), the rnoulli equation , we ob ain 

- 1 -2 
U == -- {v 

2 
- 2 
0 W 

-
) - .i..i 

r' -1 -p 

By the same procedure th Rank ine -Hugoniot relations become: 

~ 
pv 1 9 - 0 cos - = - ...!L (ow + sin -) 

1 

(v 1 e - o cos 'P) = o 

- 29 -

(6.3a) 

(6.3b) 

(6.3c) 

(6 .3d) 

(6 .3e) 

(6 .4a) 

(6 .4b) 



I , 

~ 
- a i ; - a cos ~ 

1-+i 

'Y+l 

( 1 8) - o ¾ _ sin q>] = 0 
1-+6 

cos q; - (1 + e) + 0 sin~\ l 
1JJ 

Finally we find for the surface condition 

(6 .4c) 

(6 .4d) 

(6.5) 

Notice that, as a result of the hypersonic small-d isturbance approxima -

-tio~, the velocity component u is eliminated from the equations of 

motion (6.3a through 6 .3d) and from the boundary conditions (6 .4) and 

(6.5), but appears in the Bernoulli equation (6 .3e) . otice also that 

the differential equations and boundary conditions involve only the 

product MT and not either quantity alone . 
00 

6 .3 Reduced out er problem 

Equation (3.1) takes the form : 

+ . .. (6 .6a ) 

+ ... (6 .6b) 
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w(8,-;o) = w
11

(9 )s i - o sin 2 

- (8,-;o) = Po(e) op l(e)cos - + i[P20(8) P22(8)cos 2q> ]+ .. . 

o (9,-;o) = Po(e) op l( e)cos qi i[o20(e )+p22(9 )cos 2q> ]+ .. . 

(6 .6c) 

(6 .6d) 

(6 .6e) 

Subs i u i (6 .6 ) into (6 .3) and equating like powers of o [or reducing 
( 3 .2) , ( 3. 3) and ( 3. ) ] yields he following systems of ordinary differ -
n ial equations fo r the asic axisymmetric flow 

v ') 
0 

for the linear effec s of incidence 

- p' 0 - - , 
(1 + vO)vll 

0 = 0 VOVll -- -2 
Po Po 

- - , 
VOWll (1 vo )- P11 

1 +G "" 1 - ( 1 ~)oo = o 

(1~ p' ) wll - ( 
0

11) - 0 -
vll - V - + v -- l - 0 -

Po 1 Po 

- 31 -

I 

= 0 

(6 .7a) 

(6 .7b) 

(6 .7c ) 

(6 .7d ) 

(6 .8a) 

(6 .8b ) 

(6 .8c) 

(6 .8d) 

(6 .8c) 



and for the quadra ic eff cts of incidence 

-- e = 0 
m 

(6. d) 

- -
1 P11 °11 1 

·2=- =- + 2 
Po Po 

We follow the procedure ou lined in Section 3.2 and obtain from (6.4) 

the following re lations for he basic axisymmetric flow: 

1 e - o 0 -
(6 .lOa) 
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(6 .lOb) 

(6.10c) 

for the linear effects of incidence 

(6.lla) 

(6.llb) 

( 6. llc) 

(6.lld) 

and for the quadratic effects of incidence 

(6.12a) 

(6.12b) 



' 

-,. 

= 
-,- Po - 2 

( l )2 - Po 2m - 4 11 

+ (1 -ol ( Vf 
-" - _, 
VO - 2 V 1 1 

+ 4 11 + 2 

( - l )m/ 2 
+ + 2 

2 

_ ( - l )m/ 2 _ll ) 
2 -

0 

2m 
( - l)m/2 -~-

2(1~ 0) 

- -
-
V + ( - l )m/ 2 wll 11 

2(1~ 0 ) 

For h oun ary co i i o a he o y surfac w o ain 

'v0
(o) -= o 

v
11

( o) = 0 

v (o) = o m = 0, 2 

(6. c ) 

( 6 . 12d) 

(6.13a) 

(6 .13 ) 

(6.13c ) 

So l ions xis i he li era ur for only he basic axisymm r ic 

flow (Va Dyk 95 ). um r cal 1 gr ion o (6.8) and (6.9) wi h 

boundary co i i ons (6.11 ) an (6 .12 ) can carr ied out follow n h 

proc ur u y Kopal f or h full ro 1 m, how v r . From h differ -

e ia qua ions i f ollows ha as i h full pro lem, th basic 

axisymm r i flow quan ii sand h firs -or r qua ii s ar re ular 



at the surface. Of the second -order quan i ies, p2ru and u2m are 

singular a hes r face . The res are regular . The following usef 

relations hold a the surf ace : 

m/2 wll(O)d 
(-1) 4y log e+ terms f inite a surface 

v' - -2 0 -

- 1 ( )m/2 y Po u = -r. - 1 w - - -2m 4 11 Y-1 -
PO 

- 35 -

(6.1) 

(6. 15) 

(6. 16a) 

(6.16b) 

(6.16c) 

(6. 17a ) 

(6.17b) 

(6.17c) 



6. R u fo ly valid solu io 

Equa io (5.1 ), u ifo y vali solu io o h f ull pro 1 , 

1 VO S 1 1 ly h ou r low qua 1 s . A ir c r uc io is 

hr for oss e . Fir w fi n w in er var i a 1 s accor i o : 

(6 . 1 a) 

( 6 . 18 ) 

We now su s 1 u e h arr d qua 1 is efin d 1 (6.6) and (6 .18) 

i o (5 .16) and gl c rms of 0(T
2 ) . We o· ain or th radia 

veloci y compon 

; 11 (e) 

vo (9) 

; i1 (9) P11 (9) 

" i,0(9) 

X 
( )

2 ,:-2 
1- -

2 - 2 
~ + cos Ill -
1 P2 1 ~ 

1 

2w11 (e) 

- 2 - 2 
2 l - 2 

2~ 
(1+ :) l+ 2 

; 11 (9)a 

r' 

- 2 ~ 
log(l cos ~) - log --­

~ 2 
( 1 2) 

( . 19a ) 



for the normal ve locity componen 

v= v('e)-+ov (e)cos ~ 

+ ... 

for the circumfer n ia ve locity component 

for the densi y 

- 1- i> (Q) v
0
' (0)a:2 

:0=:0 (e) ao (e) i --2 +l 1 cos i 
0 0 'Y 1 -r-22 'Y -po(8) 'W (8) 

~.... r" 11 

l (~ ::._g 
2 'Y 1 

2 

- -- cos ~ 
i P11 (0) -) 2 

'Y p
0

(e ) 

1 P22 (e) 

'Y i,
0
(e ) 

; i1 (e) P11 (0) 

'Y i,
0

(e ) 

(6 . 1 b) 

( 6 . 19c) 

con i ued 



[ 

-2 
2 P2 

log(l cos f) - log 2] 

(1 ~) 

(6 .1 d) 

and for h ropy 

wf1( e) 

vo (e)i 
0 

[v6 (0) 12 ~ 1- 2 
i£ 

1 - ;:'2 - d 2 + - 2 
- = - o 8 - 1 2 -
C ~ ~\1 (e)'Y (1+~) l+~ 

V 

2 2 

- ~ 
[ 

P22(e) P2?(0) 1 ( P11 (e)) _ t ( : ll~Q) ) 2 'Y - 4 - (- ) o
0
(e) p0

(Ei) Poe p
0

(8) 

3 - 2 ] 
+ 2 "-'11 

+ . .. ( 6, 19e) 

vher 

2w 1(8) [ -
1 - 0 

~ = 1 cos i 9 'v6 (e) w (l; ) 

2 -1-cos ~ 

Th unifonnly valid solu ion fo r he pressure is (6 .6d) . 
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7, DISCUSSIO 

Too ain a pie re of he f low i is s ici o ex ine he f i rs -

and second-order xpansions for he ropy, Si C 11 s of co s a 

entropy are projections of he s r amli es o o a s ac r :: con 

From (5 .13) it can be s n a i he o err gion is c-.,ns a 

on lin s of cons an as in Figure ar h surface , s r amli s 

bend around the body toward he t op ray . 
1 

varies fro zero 0 

infinity, the con 6 fac and :1e stre lin i he pla e of symmetry 

on the windward side of h con corr spending to 1 :: 0 . Fro his 

fact it is clear that he body is we ted y he s reamline carrying he 

maximum en ropy. 'l'h s r amline i:1 .., e leeward plane f symme T""J carri s 

the minimum entropy and is descried by 1 = ~ . These t wos ream ines 

meet - as do all o her streamlines - at 8 = O, ~ = 0 (see Fig . 3) . 

Thus it is clear hat the first -order solution represents Ferri's 

vertical layer oge her with he vertical singulari y at 8 = O, ~ = 0. 

The analytica l results of Cheng , Bulakh , Woods , Sapunkov ad Mel ik ar 

in agreemen wi h hes r sul s. 

The second-order pertur a io is a correc ion to he vor ica l layer 

solution . The surface streamline and the streamli es in he wi dward 

and le ward planes of symmetry are unal ered . As show in Fi . 1, h 

other st aml n s depar s ightl fro lines o 2· 
nly of 

ear 

vor ical singulari y, however, /c v is a func io Thus , 

in this ne ghborhood we can approxima e hes r amlin 1fy 

2 
of'

1
(o) a f

2
(o) 

(7 ., 
e 

= cons n 
cp 

The functions f and f2 ar hose i he xpo n of 8 i ( 5. ) . 
Clearly , he sec01 d-ord r corr c io 0 hes ream i shape in h 

neighborhood of th vert ical si lar i Y - i.e .' 
2 

a r2(o) - alters he 

str eamline shap slightly bu does no change he analytic nature of 

the curves (see Fig . 3) . 
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The second-order perturbations agree in form with those of Sapunkov 

everywhere excep in the neighborhood of he vertical singularity. In 

that region Sapunkov's result for he streamline shape is 

/i agl ••• ) 

ogl a262{1 
2 

-
8
---------- = constant 

To compar hese wo results, we con sider generalizing hem o n h order. 

We woul d obtain for the ft•nction in (7 .1) an nth.order polynomial in a 

in the exponent of 8, whereas for the function in (7.2) we wou ld obtain 

a very complicated expression with an escalating exponent. If we sub­

stitute this latter function into he equations of motion we arrive at a 

result that is not consistent with any sensible local expansion. It is 

on this basis that w prefer (7.1). 

The question naturally arises as to whether or not the present 

solution supports Ferri's conjecture that the vertical singularity leaves 

the surface of the cone at high ar.~le of attack. Indeed, one might 

suspect that the additional nonuntformi y that appears in (5 .14) is co -

nected with this phenomenon. If ~e assume that this is true, it follows 

t hat the vertical singu arity wilJ. be located at 

~ = 0 , 8 = ko 

where k is a constant . Then th,~ first -order terms will be of the form: 

f of2 1 a 
1 - (8 - ko) l + cos 

1 - cos a 
f of2 ~ 

1 + ( e - ko) l 
+ cos 

1 - cos (I 

We now expand this expression for small a and try to identify the 

result with terms in (5 .14 ). The result of the expansion is: 
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Sine 

tha 

1 ~ e 
fl 1 cos ll e 

fl cos Ill 
ll 1 - ~ k9 - l - cos - 2o 

cos 
2 ( f 2 

lo e -
fl cos (l! 

1 e - cos ~ 

o e r oper io 

o s cond order in a 

9 1 1 cos <I 
<I 1 - cos 

o e-1 appears in (5.1~) , w ms co c ude 

le of attack h si lar i y r emai son h 

surfac . Th app arance of such a erm i higher -ord r per ur a ions 

would be an indica io ha h singular i y eaves he surface . 

um rica l valu s or the firs -order ou r q~an i ies can e o ai ed 

by applying 

of Kopel (1 

he 

7A) . 

r ansforma ions of Robers nd iley (1 5 ) o he resul s 

Sine Kopel (1 ) ig ored he ogarithmic singular-

i ies in the compu a ion of he secon -order quan i ies , h r sul s of 

Ro rts and Riley pro ably closely approximate the correc second-order 

qua ti is wi h sing lari ies remov d . For xample, the second-order 

densi y per urba ions one would o ain rom applying Ro erts and Riley's 

formulas o Kopal's resu pro ably closely approxima e 

Th 

th 

the 

( - l)m/ 2 wlld 
2'y v ' log 

0 

same is ru f or e radi 

Our solu 0 -' sp ays the 

only d sa r eing wi 

layer . T pr se resul 

1 veloc i y 

as c ea 

h Ferri ' s 

and also t 

Woods, and M lnik indica e that the layer 

rt r a ion . 

res of Ferri's vor ical layer, 

es imate of he hickness of 

e r sul s of Cheng , Bulakh, 

. s hinner than any power of 

a . Th solu io carried o her o second order in o could be 

extended o any order , ough acer a~ amoun of ingenui y would be 

r equi r d o t ree h vor ical singulari y i self o highe r order . 

The r sul so Bulakh (1 2 ) are in bas c agreemen with the pr ese 

first -order solu ion . His sul for the rad ia v loci y i s i den ical 

wi h ( 5.10) if on chang s ux 
1 

0 u1 (9 ) i his Eq . ( 5. ) . Th pr se 

re sult s correc h onuniformi yin no al v loci y ha h overlooked. 
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The solution of Woods (1 2) contains some of the features of the present 

first -order solution, bu no explicit results for the flow variables 

throughout the flow field are given. 

The present first-order solution can be compared directly wit h the 

r sul ts of Cheng and Sepunkov ( 1963, 1963A) by t aking the Newtonian 

limit of the zero i cidence and first -order quantities. This is done 

by writing uO, vO/£, pO, and €po as functio s of ~ and 8/ €, 

and expanding them in ascending powers of € = (~-1/~+1) . The process 

has be n carried tar enough to check f i rst -order r sults, i.e., coefficients 

of a , and € • The results obtained agree with Cheng's corre~ted r e­

sults in the outer reg ion and wit h those of Supunkov. The Newt onian limit 

of the inner expansion is obtained in the same way, except that the in-

(e / €)
0€ 

d~pendent variables ere end ~. With the exception of t he 

normal component of velocit y, these r esults agree with t hose of Cheng. 

The present results confirm the presence of the nonuniformity in normal 

velocity that was discovered by Sapunkov (1963A), but show that he made 

an algebraic error in removing that nonuniformity. 

correct result by replacing the coefficient of e~ 
equations (7 .2) by 

2 
-2 sin T sin w 

COST 

One may obt ain the 

in the first of his 

The second-order terms are corrections to the basic vertical l ayer 

solution. The st reamline shapes are altered in the entire flow fie l d. 

In part icular, in the ne i ghborhood of the vertical singularity they are 
"\ 

given by (7 .1). The unpublished results of Melnik are in agreement with 

(7.1). Kopel's ulated results can be corrected to second order every-

where by using Eqs. (5.16). To second order in angle of attack the 

pressure 1£ unaffected by the presence of the vertical layer . 
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BODY 

SHOCK WAVE 

1st-order streamlines 

2nd-order streamlines 

FIG. 1, Projection of Streamlines on v = constant Surface 
(schematic). 
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FIG. 2 . The Coordinate Syst em 
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1st-order streamlines 

2nd -order streamlines 

IG. 3. Projec ion of Streamlines in the Neighborhood of the 
Vertical Singularity on v = constant Surface 
(schematic). 
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