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difference between the value of entropy at incidence and the value at

zero incidence, then

A Po "
w5 () o

Substituting from (3.1) gives:
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5 cos g v _2*9.-7_%9+g(_11) _%<._13)

v Py o o Py

2 2
P P P P

+ 22 -y 22 - }(——ll) + é-( —ll) Ccos 2Q)+. ..

Po Po o 0

(3.16)

It can be concluded directly that (3.16) predicts an entropy variation

on the body surface to first order whereas we know the entropy should

be constant. From (3.3e), the coefficient of o cos ¢ in (3.16) does

not vary with € and hence can be computed from the shock-wave relations.
From these relations it follows that only for shock waves of zero strength
is this coefficient zero. The second-order correction to the entropy 1s

of course infinite at the surface.

3.4 Region of nonuniformity
The form of the singularity, i.e., the fact that

°2m ~ log ©

suggests that near the surface the first-order density perturbation is
proportional to e’ . This in turn suggests that the behavior of the
solution near the body can be described better in terms of Oa than in
terms of © itself.

This same conclusion can be arrived at by other considerations. In

reducing (2.3e) to (3.3e) it is necessary to drop

oo 2 [P y o1
140 ? Po o

while retaining
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4.3 Boundary and matching conditon

The boundary condition at the surface is obtained by requiring that
(2.4) be satisfied. This is shown in detail in Section 5.3.

The inner expansion is valid only in a thin layer near the body and
cannot be expected to satisfy the shock conditions. Therefore the
boundary conditions are obtained by matching with the outer expansion.
We apply the following matching principle:

m-term inner expansion of (p-term outer expansion)

- p-term outer expansion of (m-term inner expansion). (4.7)

As an example of the application of the matcring principle consider the

three-term outer and inner expansions for the pressure.
3.term inner expansion of [p,(8)+op (8)cos ¢H02(p +P.. CO8 29)]
0 11 20 “22
= 3-term outer expansion of [PO(9,0)+0P1(8,0)+02P2(6,0)] (4.8)
We construct the outer expansion of the {irst bracket by rewriting the

terms therein in the variables 8 and & (e.g., pll(el/c)cos ¢®] and
expanding in powers of 0 . Analyticity is assumed. Therefore we obtain
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po(o) + Opll(O)cos L 02(p2o(0)+p22(0)cos 20)

= 3-term outer expansion of [P

o(e,o)+ap1(e,o)+d°'p2(e,o)] (4.9)

Similarly, we take the outer expansion of the expression in brackets in
(4.9) by writing the functions in inner variables and expanding in powers
of o0 . See Section 5.3 for examples of this.

5. UNIFORMLY VALID SOLUTIONS

5.1 General procedure

In what follows we will solve the system of equations governing the
first-order perturbations, apply the matching and boundary conditions and
immediately modify each inner expansion so that the result is uniformly
valid throughout the flow field. We will solve the second-order problem

in the same fuashion. Before we do this, however, we will first obtain

a solution for the pressure.

5.2 Pressure

Pressure is in a class by itself and can be disposed of first.
The equations for the first- and second-order pressure perturbations
state that these quantities are independent of 6 . From this fact and
(4.9) we obtain:

Py = po(O) (5.1a)
P, = pll(O)cos o (5.1v)
P, = pzo(O) + p22(0)cos 20 (5.1c)

Then the outer expansion (3.1d) is uniformly valid to second order

everywhere. This result is not restricted to second order. From (4.3b)
it follows that

oP
5§2 =0 forall n. (5.2)
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w(8,9;0) = 311(5)sin ©+0sin 29 + ... (6.6¢)
p(8,9;0) = 50(_9-) + 3311(-9-)608 D + 52[320(5)+522(5)008 209]+... (6.64)
0(8,9;0) = () + 3-011('5)cos @ + 32[320(5)+322(5)cos 29)+...  (6.6e)

Substituting (6.6) into (6.3) and equating like powers of o [or reducing
(3.2), (3.3) end (3.4)] yields the following systems of ordinary differ-
ential equations for the basic axisymmetric flow

Py = PVl + v4) (6.7a)

2(1 + 5)'50 + [(1 + 6)'5070]' =0 (6.70)

_{ P

vo<:Y-> =0 (6.7c)
o

- 12y Po 6

o= z% " yI= (6.74)

o

for the linear effects of incidence

vvio o+ (1 +V)v +§i_1__°11po -0 (6.8a)
o1l 0’''11 - =2 B ’
Po o
- - Vo \ _ 3
Vo =i, - =m0 (6.8b)
148 (1+§)oo
3 v 2.\
5o 2 -v-n+..1._.l_+;o<:£> iy (6.60)
1+0 DO 1+9 DC
P o _
R S S (6.84)
Pg Po
A/ P o
T3y . o0 21 "1
U T VeV, 71 o - = (6.8¢c)
%\ Po %
























7. DISCUSSION

To obtain a picture of the flow it is sufficient to examine the first-
and second-order expansions for the entropy, since lines of constant

entropy are projections of the streamlines onto any surface r = const.

From (5.13) it can be seen that in the outer region As 1is constant
on lines of constant ¢ as in Figure 1. Near the surface, streamlines
bend around the body toward the top ray. Cl varies from zero to
infinity, the cone surface and tue streamline in the plane of symmetry
on the windward side of the cone corresponding to Cl = 0. From this
fact it is clear that the body is wetted bty the streamline carrying the
maximum entropy. l|he streamline in the leeward plane ¢f symmetry carries
the minimum entropy and is described by gl = @, These two streamlines
meet — as do all other streamlines — at 6 = 0, @ = O (see Fig. 3).
Thus it is clear that the first-order solution represents Ferri's
vortical layer together with the vortical singularity at 8 = 0, ¢ = C.
The analytical results of Cheng, Bulakh, Woods, Sapunkov and Melnik are

in agreement with these results.

The second-order perturbation is a correction to the vortical layer
solution. The surface streamline and the streamlines in the windward
and leeward planes of symmetry are unaltered. As shown in Fig. 1, the
other streamlines depart slightly from lines of constant §2. Near the
vorticul singularity, however, As/cv  1s a functior Ppnly of §2. Thus,

in this neighborhood we can approximate the streamlinge Wy

2

of (0)+d°f

(0)
o 2

el = constant (7.
P

X

The functions f, and f, are those in the exponent of 6 {n (5.16b).
Clearly, the second-order correction to the streamline shape in the
neighborhood of the vortical singularity = i.e., 02f2(0) - galters the
streamline shape slightly but does not change the analytic nature of

the curves (see Fig. 3).
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The second-order perturbations agree {n form with those of Sapunkov
everywhere except in the neighborhood of the vortical singularity. In

that region Sapunkov's result for the streamline shape is
ag * L N
5 1

o)
9

= = constant (7.2)
P

e

To compare these two resulte, we consider generalizing them to nth order.
We would obtain for the fvnction in (7.1) an nth-order polynomial in 0
in the exponent of ® , whereas for the function in (7.2) we would obtain
a very complicated expression with an escalating exponent. If we sub-
stitute this latter function {nto the equations of motion we arrive at a
result that is not consistent with any sensible local expansion. It 1is

on this basis that we prefer (7.1).

The question naturally ariges as to whether or not the present
solution supports Ferri's conjecture that the vortical singularity leaves
the surface of the cone at high argle of attack. Indeed, one might
suspect that the additional nonuniformity that appears in (5.1&) is con-
nected with this phenomenon. If wve assume that this is true, it follows

that the vortical singularity wil.. be located at

where k 1is a constant. Then the first-order terms will be of the form:

f1+°f2 1 + cos &

1 - (8 - ko) 1 - cos @

f'lﬂ’fz 1 +cos &

1+ (8 - ko) T —osd

We now expand this expression for small o and try to identify the
result with terms in (5.1&). The result of the expansion is:
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1 8 1 1 +cos & 9 11 +cos @
-« e
1] -cos & - 2 l] - cos & (f. log 8 - f ke'l)
f f 2 2 1
1+ 6 1 1 +cos @ 1+ 8 11+ cos &
1 - cos & 1 - cos &

-1
Since no term proportior to © appears in (5.1%), we must conclude
that to second order in angle of attack the singularity remains on the
surface. The appearance of such a term in higher-order perturbations

would be an indication that the singularity leaves the surface.

Numerical values for the first-order outer quantities can be obtained
by applying the transformations of Roberts and Riley (lQSh) to the results
of Kopal (104TA). Since Kopal (1049) 1igrored the logarithmic sirgular-
ities in the computation of the second-order quantities, the results of
Roberts and Riley probably closely approximate the correct second-order
quantities with the singularities removed. For example, the second-order
density perturbations one would obtain from applying Roberts and Riley's

formulas to Kopal's result probably closely approximate

The same is true for tne radial velocity perturbation.

Our solution displays the basic features of Ferri's vortical layer,
the only disagreement being with Ferri's estimate of the thickness of
the layer. The present result and also the results of Cheng, Bulakh,
Woods, and Melnik indicate that the layer 1is thinner than any power of
o . The solution carried out here to second order in ¢ could be
extended to any order, though a certajn amount of ingenuity would be

required to treat the vortical singularity itself to higher order.

The results of Bulakh (17%62) are in basic agreement with the present
first-order solution. His result for the radial velocity is identical

with (5.10) if one changes u® to u.(8) 1in his Eq. (5.4). The present

1 l(
resulte correct the nonuniformity in normal velocity that he overlooked.
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