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KOLMOGORQV'S HYPOTHESES AND EULECRIAN TURBULENCE THEORY

Robert H. Kraichnan
S

Peterborough, New Hampshire

It is argued that Eulerian formulations are intrinsically unsuited
for deriving the Kolmogorov theory because low-order Lulerian moments do
not express sufficiently well a statistical dependence of nonsimultaneous
amplitudes that accompanies the convection of small spatial scales by large
spatial scales. Illustration is made by applying the direct-interaction
approximation and a related, higher Eulerian approximation to an idealized
convection problem and to a modified Navier-Stokes equation. Convection
effects of low wavenumbers on high wavenumbers are removed in the modified
equation, and as a consequence the direct-interacticn approximation for it
yields the Kolmogorov spectrum. Low-order Lagrangian moments provide a
promisingly more complete description of the comvection of small spatial
scales by large, and a search for satisfactory Lagrangian closure approxi-

aations seems highly desirable,
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1. INTRODUCTION AMD SUMMARY

The similarity theory proposed by l(ol.logm'ovl'2 for the small-scale
structure of turbulence is intuitively attractive, and the theory has received
strong experimental support. Yet Kolmogorov's ideas have resisted deduction
from the Navier-Stokes equation. The present paper suggests that Eulerian
analytical formulations are intrinsically unsuited to the task of deriving
the Kolmogorov theory, and it ends with a plea for ettacks by Lagrangian
methods.

The argument can be summarized simply: An underlying assusption of
the Kolmogorov theory is that very large spatial scales of motion comvect
very ssall scales without directly causing significant internal distortion
of the small scales. The assumption usually is considered to be consistent
with, and to imply, statistical independence of small and large scales. 3ut
this is true only for the simultaneous velocity dist-ibution. It is pointed
out below that simple convection of small scales by large scales implies
statistical dependence in the many-time distributica and that this dependence
cannot adequately be specified by low-order Lulerian moments.

If only a few Eulerian moments are specified, it is not possidle to
distinguish between two quite different physical situations. In one, the
Eulerian tize-dependence of the small-scale structures is due to their being
swept by, undistorted, by the large-scale motion. In the other, the time-
dependence is due to intrinsic, internal distortion of the small scales.

The implication is that no closure approximation which retains only low-order
Eulerian moments uses encugh information about the flow to sort out convection
effects from intrinsic distortion effects. In contrast, low-order Lagrangian

aoments do appear to provide this inforwmation.
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These considerations arcse out of an investigation of the inertial-
and dissipation-range predictions of the direct-interaction Appmlntlons
and a related, higher appmlutien.. A pumber of results from this investi-
gation are given in the present paper in arder to build and support the
lrz_nt.s The direct-intersction approximation gives a self-consistent
closure of the Eulerian statistical equations at the lowest nontrivial level.
It expresses triple moments in terws of covariances and yields closed equa-
timns for the covariances. It is shown below that this approxiuation is
incapable of describing adequately the convection of small scales by large
scales. The higher approximation gives closure at the next level. It
@presses higher moments in terws of triple moments and yields closed equa-
tions for the triple moments. This approximation iz found to give an im-
proved but still seriously imperfect representation of convection effects.
Because of the difficulty with convection effects, neither approximation {s
capable, without modification, of giving correct predictions of the inertial-
range spectrum law.

These matters are clarified by considering a modified Navier-Stokes
equation in which the convection of any given spatial scale by much larger
scales is consistently removed. The modification may be interpreted as an
effective trensformation to the quasi-Lagrangian coordinate system invoked
by Kolmogorov.! Vhen applied to the modified equation, the direct-interactiocn
appromimation reproduces the Kolmogorev scaling iaws and inertial-range power
law. The higher appromisation offers the hope of yielding a reasonably
accurate numerical prediction of the Xolmogorov inertial-range constant and
the universal Kolmogorov dissipation-range spec:irum. However, this assumes

in advance that the Kolmogorov hypotheses are valid. It does not justify them,
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The paper concludes with a discussion of a Lagrangian framework which
seems capable of discriminating between convection effects and internal
distortion effects even at the covariance level of statistical description.
The associated equations are more complicated than the Navier-Stokes
equation, however, and it is not clear that simple but consistent closure

approximations can be formulated.

2, STATEMENT OF THE KOLMOGOROV HYPOTHESES

The basic assumption of the Kolmogorov theory is that dynamical effects
significant for energy transfer do not exist over indefinitely large ratiocs
or spatial scales of motion. An equivalent statement is that such dynamical
effects do not extend over indefinitely large wavenumber ratios when the
velocity field is Fourier-analyzed. The physical picture is that large-scale
motions should carry small eddies about .ithout distorting them. It is not
cbvious that this need be true, but the idea is certainly intuitively plausible.

The basic assumption suggests the following more detailed hypotheses
(but probably does not fully imply thes in a rigorous way): 1) The transfer
of energy from small to large wavenumbers at high Reynolds numbers proceeds
by a cascade process which is effectively local in wavenumber. 2) Detailed
information about the low-wavenumber structure is degraded and lost during
the cascade. 3) In consequence, there is an asymptotic high-wvavenumber range
whose structure is universal and depends only on the kineaatic viscosity v
and the rate ¢ at which energy-per-unit-sass is cascaded. &) The turbulence
is isotropic in this universal range, regardless of anisotropy at low wave-

aumbers.
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It follows that the universal energy spectrum has the fon2

E(k) = ;2’3k'5’3c(k/k.). k, = (erv)Hls, (2.1)

Here C is aome universal function and ks is a nominal dissipation wavenumber.
A final assumption is that S) there exists an inertlial subrange « << k' in
which direct effects cf viscous dissipation are negligible so that E(k)

depends only on ¢, The inertial-range spectrum is then
E(k) = c(0)e?/3%%/3, (2.2)

An extensive discussion of the Kolmogorov theory aud its implications

is given in Ref. 2,

3. AN IDEALIZED CONVECTION PROBLEM

It is not obvious that Kolmogorov's hypothesis about convection is
correct for actual flows. The small-scale (high wavenumber) structure of
high-Reynolds number turbulence appzars visually to include narrow but quite
long vortex filaments and sheets. It is not wholly clear that structures of
this kind are carried about by the large-scale motion without internal dis-
tortion. In the present Section, a very simple, in fact physically trivial,
problem is posed in which the large-scale structures unquestionably convect
the small scales without distorting thex. In Secs. & and Sy it will be seen
that this idealized probles presents severe difficulties for Eulerian closure
aporoximations.

Consider a total velocity field U ¢+ v with the following proverties: v
is constant in space and time and has 4 Gaussian and isotropic distribution
Over an ensemble of reallzations; u varies in space and is very weak compared

to v; at time t 2 0, u is statistically independent of ¥ and has a Gaussian,



homogeneous, isotropic ensemble distribution. /ssume that viscous effects
and terms bilinear in u both may be neglected in the Navier-Stokes equation,

Then any Fourier component of u satisfies

dulk,t)/at = -i(ksv)u(k,t), (3.1)
whence

ulk,t) = e W 0y g, (3.2)

- -

All roments of the u field can be obtained from (2.2) and the stated

statistical properties of v and u(k,0). For example, the time-correlation

ROGE,E') = Cutk,ta (et /0 ut, 0 1D utk,t ) |32 (3.3
has the value

R(k;t,t') = <e-i!.5(t-t"‘> = exp[- %-vozk?(t-t')z]. (3.4)

where Yo it the rms value of ¥ along any axis. The last member of (3.u) is
obtained by expanding the exponential in the average, using the rules for
evaluating moments of a Gaussian distribution, and then resumming the series.
Any other desired moment can be obtained similarly.

At t = 0, the u and v fields are statistically independent by assumption,
Since v gives simple translation of U, clearly the simultaneous values of
the two fields are alsc statistically independent at any later time. However,

the many-time distributions are not independent. The joint distribution has

nonzero cumulants of all orders. For example, it follows from (3.2) that

* 2 , 1 .22 2., *
\viu}.(l‘(,t)u-(f,t'b z -xvoki(t-t )exp(- 5 vok (t-t?) ]\uj(b,O)u-(g.OD
(3.5)

Similarly, it may be verified that the more general cumulant of the form

& ]
\'i"n'"vl“j(k't)“-(k't' » -<vivn'“v!)\u].(k.t)un(k.t' ) (3.6)



does not vanish unless t = t', These results illustrate an important fact:
Simple convection of small-scale flow components by large-scaie components
doss not imply statistical independence of the two scales. On the contrary,
it requires a statistical dependence which involves cumulants of all orders,
It has been assumed so far that the initial u field is purely Gaussian,
which implies statistical independence of different Fourier amplitudes. Now,

sSuppose that at t = 0 an increment
1 3 * 7
Auj(_lg.O) . k.(ejn-kjkn/k )uu(g.O)u-(g_.O) 3.7)

is added to the amplitude for a particular k, where )4 and q are two wave-
vectors such that k ¢ Pt qQ*0. As before, let \3_(2.0) and \_1.(3.0) be statis-
tically independent of eich other. The factor D:‘( ¢ jn'k jkn/kz) ensures that
8u(k,0) is incompressible and real.

Consider the triple correlation

0‘1"1‘2-" )uj(g.t")Auj(g,t»

S(E.B,,g;t.t'.t") ] (3.8)

<kxui(2,0)uj(E,O)Auj(l_t.o)> '

The quantity au(k,t) evolves according tec (3.2). It then follows readily

that

S(kepigityt' ,t") = (o'i(-'-'!"!'ft.'!'st”)) = exp(- %véltﬁgt'ogt"lzl.

(3.9)

This triple correlation is of a kind vhich, in actual turbulence, would be
associated with energy transfer among the modes k, Py and q. Note that on
the diagonal t = t' = t™ the correlation is independent of t [since
ke Prgr: 0]. This is a formal expression of the fact that translation
by the uniform v field does not distort the u field. Avay from the diagonal,
the translation does induce a time-dependence, as it does for the double

correlation R(k;t,t').
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The results for R(k;t,t') and S(!.g.g_;t,t'.t") have been cbtained under
the assumption that v is strictly constant in space, However, these results
also represent asymptotic limits for a more general situation, in which v is
confined to vary small (but ncnzero) wavenumbers, has a homogeneous, isotropic,
Gaussian, statistical distribution, and is statisticelly independent of the
initial u field. This correspondence is fairly clear physically but not
ismediately obvious mathematically. If v varies slowly in space, (3.1) must
be replaced by

dulk,t)/at = 1] Koyt Julk-k' ,t), (3.10)

which, in contrast to (3.1), couples di fferent wavevectors of the u field.
However, it is not difficult to verify by direct calculation (expansion in
povwer seriss, averaging using homogeneity 1>x~<:1;wx~tics.2 and suzming) that (3.9)
and (3.4) still are true, provided that the following conditions are satisfied:
1) The quantity (|2(3,0)|2) is a smooth function of k. 2) Equation (3.7) is
replaced by

5’§’§.0

[ 3 ®
bu (k,0) = ¥, (8, =k k_/k7)u (p,0)u (3,0), (3.11)

by I° %
where k is any wavevector vithin some finite volume of wavevector space and
the suamation is over allz and q which fall within some other finite volumes
of wavevector space (the three volumes not overlapping). 3) The wavevectors
excited in the v field are very small compared to k, p, and q and also very
small compared to the width of the volumes invoked in condition 2). 4) Times
large compared to (vgk)'1 are not conridered. Conditions 1) and 2) (dense
distribution in wave-vector) ensure ergodic properties. Conditions 3) and

%) ensure that the shear associated with the v field produces negligible

distortion of the u field in x space.
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This more general example still differs in two ways from real turbulence.
In an actual flow the clean split into low wavenumber v field and high wave-
number u field is not possible, Moreover, the assumption of statistical
independence of low and high wavenumbers at some given time is not clearly

justified in actual flows.

&, DIRECT-INTERACTION APPROXIMATION
The direct-interaction approximation has been described in a series of
papcrs.a'u's-g The basic idea may be most simplv described as follows, for
the case of homogeneous turbulence: The energy transfer among the fourier
modes is associated with triple correlations among triads of interacting modes.
In the dimct-interaction approximation, it is assumed that the correlation
of any given triad of Fourier modes is induced by the continuous direct
dynamical interaction of the triad, acting against a relaxation process which
destroys the correlation, The relaxation process involves two contributions:
viscous decay and dynamical relaxation due to interaction of each of the
three modes with all the rest of the fourier modes. A consistent analvtical
expression of these ideas yields formulas for triple correlations in terms of
two functions, the velocity covariance and the average response function of
a Fourier amplitude to infinitesimal disturbances. The approximation then
yields closed integrodifferential equations which determine these functions.
Numerical integration of the direct-interaction equations has suggested
that the approximation gives a fairly adequate quantitative description of

the decay of isotropic turbulence at modest Reynolds nu-bers.7 At high

Rsynolds numbers, the approximation yields a universal high-k <pectrum
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1/2k-3/2

E(k) = (tvo) C'(k/kd). (&.1)

where N is the rms value of velocity in any direction and C' is a universal
function. The dissipation wavenumber kd is related to the Kolmogorov wave-
number k. by

/6
’

-1
: ks(RAh/IS) (8.2)

kd
where Rl is the Reynolds number based on Yo and the Taylor nicmcah.2
The inertial-range spectrum corresponding to (&.1) is

B(k) = (cvo)"’k"’”cwo). (%.3)

It was deduced in Ref. 3 that the direct-interaction approximation
yields a local cascade of energy, as called for by Kolmogorov's assumptions.
By this it is meant that contributions to the energy-transfer into an inertial
wvavenumber k from modes p, q is negligible if the ratio of any pair of the
wavenumbers k, p, g is large. The discrepancy between (4.1) and (2.1) arises
from a rather subtle effect. According to Kolmogorov, the excitation in the
energy-containing range does not affect the intermal dynamics of the energy-
transfer process at high wavenumbers. In the direct-interaction approximation,
the rate at which local transfer takes place at high k depends on the magnitude
0 of the excitation in the enmergy range. This is because the energy-range
excitation turns out to contribute to and, in fact, dominate the relaxation
process which destroys triple correlations among high wavenumbers.

10 gives strong support to (2.1) and rules

Recent experimental evidence
out (4.1) as a correct asymptotic law. In the present Sectiomn, theoretical
support for this conclusion is obtained by aoplying direct-interaction to
the idealized problem of Sec. 3. The approximation is found to yield a

relaxation effect of the v field on triole correlations of the y field which
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here is clearly spurious. This does not establish the Xolmogorov theory,
but it does mean that the result (%.1) should not be considered evidence
against the theory.

In order to formulate the aoproximation for the idealized convection
problem, it is necessary to introduce the average response function Glk;t,t')
of the Fourier mode k to infinitesmal perturbations. This may be defined,

in the present case, by

(kitat) = 8u (k,t)/8f (K '),

where f is a solenocidal forcing term introduced on the right-hand-side of

cn(g;t.t'):o (tet'), (&,8)

(3.1) and §/8 desotes functional differentiation. (See Refs. 3 and 7.)
Once induced, &u is simplv translated by v. hence the exact value of G is

o l¥-k(t-t y b -

Glkzt,t') = ( R(kzt,t') (t 2 t'). (s,5)

The direct-interaction approximations for G and R have been obtained
previocusly for problems formally identical with the present one. The results

are
Glkzt,t') = Jllhok(t-t')l/vol(t-t') (t 2t"), (8.6)

R(kjt,t') = Glkjt,t') (t 2 t'), (&.7)

where J1 is the first-order Bessel function. This result for G can be
represented as a particular partial susmation, to all orders, of the series
cbtained by expanding the middle member of (4.5) in powers of t-t' and then
m.. Equation (4.6) can be derived in either of two ways. If the

v field is strictly constant in space, as assumed at the beginmning of Sec. 3,
the problem becomes formally identical with the random oscillator orobles

treated in Ref, &, and the direct-interaction results are obtalined by



a)l=
)
- considering a collection of systems. If the v field contains small nonzero
wavenumbers, the same results are obtained by the more physical analysis
of Ref. 3.

The direct-interaction approximation for S(k,p,q;t,t',t") is
S(E.p.g;t.t'.t") z G(k;t,0)R(p;t',0)R(q;t",0). (&.8)

This result also is cbtained for either choice of v field. For present
purposes assume that the v field contains nonzero wavenumbers. The initial
correlated increment Aui(g.O) given by (3.11) may be considered the result
of an impulsive interaction among the u field modes at t = 0. For t > 0,
there is no further direct cdynamical interaction among t, o, and 3. The

procedure of Ref. 3, Sec. 2 yields
(ui(g.t')uj(i.t')&uj(!.t)> - “‘-“m"‘r"n"‘z’
® ® X 2
- \uitg.t)un(g.o)u].(i,t')u_(i.a)cjr(l_x;t.m) = ik (8 -k k /k°)
® / ® /
. (ui(g,t)un(?.0)>\uj(g.t")u-(i.O))(Cir(E;t.0)>, (%.9)

whence (4.8). The factoring of the average is not part of the aporoximation
but is an exact consequence of hcaogeneity.s The direct-interaction approxi-
mation is invoked only in asserting the first equality in (%.9). The approxi-
mation excludes the "indirect™ contributions to S(k .g.g;t.t'.t") which arise
from initial increments Auj(l_n-g'.c). where k' is a wavenumber excited in the
v field. If no approximation is made, the interaction with v induces a
statistical dependence of lu

(k,t) on 8u_ (k-k',0) and a dependence of

b j
“i(P't')“j(i't-) on ui(_gol_x'.O)uj(q..O) and ui(p.o)uj(gg'.O). In addition,
more complicated dependencies are induced.

To what extent are the direct-interaction results faithful approximations

to the exact 5, R, and S functions? The results for C and K may be considered
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qualitatively acceptable. They give relaxation and correlation times ~(vok)-l.
in accord with the exact results. The principal flaw in the direct-interaction
expressions i{s ssall damped vscillatioms which have no counterpart in the
exact expressions. (See Fig. 2 of Ref. 3.) The approximation far S shows
& such more serious fault. The exact function is constant on the diagonal
t s t' s t", wvhile the direct-interaction result decays on the diagonal.
Avay from the diagonal, the qualitative behavior of the two expressions is
similar.

For t = t' = t", S i{s the kind of triple correlation which, in actual
turbulencs, is associated with energy-trensfer. It was pointed out earlier
in this Section that when direct-interaction is applied to actual turbulence,
relaxstion effects associated wvith energy-range convection account for the
differencs between (2.1) and (8,1). These effects are precisely analogous
to the spurious decay of S(!.g.g;t.t.t) given by (4.8) in the present example.
The exact nature of the interection between high and low wavenumbers in
actual high Reynolds number flows cannot be inferred from the present con-
siderations. However, it would be mireculous if the spuriocus effects
associated with direct-interaction here were somshow exactly cospensated in
actual flows. Hence there is 0o justification for considering the result

(8.1) as evidence against the Kolmogorov hypotheses.

S. A HIGHER EULERIAN APPROXIMATION
The direct-interection approximation closes the Eulerian statistical
equations at the lowest acntrivial lewel. It provides a formula for expressing

*
triple soments in terws of the velocity covariance (u(k,t)-u (k,t')Dand the
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averaged response function G(k;t,t') of an isotropic flow field. The final
equaticns contain only the latter two quantities. For the probles of Sec. 3,
this closure gives a qualitatively acceptable approximation to the double
correlatian R(k;t,t') but a seriously faulty representation of convection
effects o~ the triple correlation S. The question naturally arises of
whether this situation can be remsdied by a higher closure approx.mation in
whick the final equations are at the level of triple moments. An apparently
self-consistent approxisation of this kind was introduced in a previous
mr.“ When formulated for isotropic turbulence, the final equations
involve the following three kinds of higher statistical quantities:
Qo atIug (DU (@™, Quy (K, t)8u(p, ) /6503, t0),

(82uy (k0 /86 (p, Y81 (gt
wvhere k ¢ p ¢ q * 0 and f is an ardbitrary infinitesimal farcing terw added

on the right-hand-side of the Navier-Stokes equation. An extended treatment
of the higher approximation is in preparation. Some results obtained for
the idealized convection prablem of Sec. 3 vill be stated now and compared
with the direct-interaction results.

The exact equation for G(k;t,t') in the idealized praoblem is

G(k;t,t')/9t = MH(k;t,.t') (t 2 t'), G(k;t,t) =1, (5.1)

H(k;t,t') =-1(;-gcuj(5.z)/sfj(5.t'),\ (not summed oo §) (5.2)
if v is constant {n space,or

H(k;t,t') = .xik.\g-v(y)suj(g-y.n/af (k,e' ) (5.3)

|

if v contains very small nonzero vavenumbers. Here f is an arsitrary forcing



ters added to the right-hand-side of (3.1) or (3.10). It is convenient to
introduce the Laplace tremsfore

G(k,a) = /:-""‘"’s(k;t.t')d(t-t'). (5.8)
The trensfors of (S.1) is

aC(k,a) 5 1 + H(k,a). (5.5)
The direct-interecticn closure forwuls for H(k,a) is

ek ,a) = -vax(G(x,a))%, (5.6)

If (5.6) is substituted into (5.5), there results the transforwm of (8.6).

The higher spproximation yields the closure equation
H(k,a) = (v 2060, - (v o) "2 (Gak, 072k 000, (5.7

Bote that (5.6) expresses H as a function of G while (5.7) contains H oo

both sides of the equation. Equations (5.5) and (5.7) may be solved together
to yleld G(k,a). The result has been cbtained and discussed previously."
The higher approximation for R(k;t,t') satisfies (8.7), in agreemsnt with
both the exact and direct-interaction results.

let -
A -
S(k,p.qiacbec) = [Jff ¢ P "5k boqit, et e aran arn. (5.0)
P oq o koped

"
The diiect-interectiocn closure forwmula for S is
A A A A
S(!.g,iga,b.c) s G(k,a)R(p,b)R(q,c), (5.9)

a
the trensfors of (8.8). The higher approximation for S satisfies the

somswhat complicated equatiomn

A A A A - -
S(E.g.s;a,b.c) s Gk, 8)R(p,DIR(q,c) ¢ D(k,p,qi#,b,c)S(k,p,q;8,b,c), (5.10)

whare
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B(I_:,P.i;a.b.c) z xY(p.b)Y(q.c)oy;(q.c)Y(k.a)n!(k.a);(p.b). (s.11)

Y(k,a) = (vgk) "hCk a) /Gik ) = (v 2{Gk a1 a), (5.12)

The quantities x, y, z are the cosines of the interior angles opposite k,
P» Qs Tespectively, in a triangle whose sides are kK, Py 4. Equation (5.9)

yields N N N
G(k,a)R(p,b)R(q,c)

S(k4pogiasd,c) = . (5.13)

1l - 6(59P0g3‘ob <)

It will be noted that the higher approximations for ;l and § consist of
the direct-interaction contributions plus terwms which involve i; and ; th =~
selves. The added terms correspond to the inclusion of sdditional infinite
subclasses of terws from the expansions of the exact H(k;t,t') and
5(502"13"‘"") in powers of the time-arguments. In the diagram language
of Ref. &, the added terms -ocnstitute iterated vertex correctiouns.

To what extent is the higher approximation an improvement? The pew
values for G and K turn out to be very close approximations to the exact
values and represent a marked quantitative improvesent over the direct-
interaction approximation (see Ref. s, Fig. 13). The question of prime
interest here is the behavior of S on the diagonal t = t' = t", which aay
be explored by taking the inverse transform of (S5.13). The analysis is
cumbersome and leads toc numerical evalustions. rowever, an estimate of the
improvesent in the behavior cm the diagonal may be obtained easily. In all
three cases, exact, direct-interaction, and higher approximation,
S(l_x_.g.g_;t.t',t") decays away from the diagonal in more or less the same vay.
Thus the behavior oo the diagonal may be crudely estimated from the value
of the integral g(l_x.g,S;O.O.O). For the exact S, this quantity is infinite

because there is zero decay on the diagonal., In the direct-interaction




approximation,

vgkpqg(l_(.g.i;o,o.O) s 1. (5.18)
In the higher approxisation, :5(5.2.3;0,0.0) resains finite, wvhich shows that
decay on the diagonal still occurs. However, there is an increase over the
direct-interection value, which indicates that the decay is slower. The
factor of increase depends on the shape of the triangle formed by k, p, and
q.

Table 1 shows the valusi of g(E.B,Q;O,O.O) given by (5.13) for several
choices of wvavenumber ratiocs. The increase of Q(E.g.g;o.o.m comes from
two factors. Firet, ?;(x.o) is bigger in the higher approximation (the
direct-interaction, higher-approximation, and exact values of voke(k,o) are,
respectively 1,{(1 ¢ /s)m”’ z 1,272, and (-/2)1/2 z 1,253]). The second
factor is the denominator in (5.13). This factor alone is actually a more
valid measure of the decay of S(K,p,qit.t,t) than is S(k,p,qi0,0,0) itself.
The lat_ter quantity reflects, in part, changes in rate-of-decay perpendicular

to the diagonal.

”
TABLE 1. Values of S(!.P.g;o,o,o) in the higher approximatiaon.

k:p:q 1/701-D(k ,p,q30,0,0) ) v:kpqg(l_x.P,%;O,o,O)
1:1:1 13.711 28,21
1:2:2 6.66 13.70
l:8:8 8,09 8.3
lio:e 2.62 5.39
J:u:S 7.82 15.27
1:1:72 7.9% 16.38

Another seasure of the improvesent in the higher approximation is the

behavior of S(!.‘P._q_;t.t.t) at t = 0,

In the direct-interaction approximation
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the second derivative with respect to t is negative. In the higher approxi-
mation, it is not hard to show that the first three derivatives vanish and
the fourth derivative is negative.

in the prese_nt context, the fact of principal interest is simply that
the spurious relaxation effects of the direct-interaction aprroxisation are
reduced, but not eliminated. Direct-interaction provides closure at the
covariance level and gives a qualitatively satisfactory double correlation
R(k;t,t'). It might be thought, by analogy, that the higher approximatiom,
which gives closure at the triple moment level, wvould give a qualitatively
satisfactory triple correlation 5(502-13-"-")' But clearly this i{s not

the case.

6. MODIFIED NAVIER-STOKES EQUATION

The Navier-Stokes equation can be altered 30 as tc remove consistently
the convection effects of low vavenumbers on high wavenusbers. The modified
equation serves to give a precise statemert of Kolmogorov's basic hypothesis
and to confire the role of convection effects in producing the discrepancy
between the direct-interaction and Kolmogorov spectra.

The modified equation may be writeten
(i/itwkz)g(g.t) = -i{f.[g(g_-g')-3_'39(5'.”45-(5.:). keul(k,t) = 0, (6.1)

where v(k,t) is the Fourier amplitude of kinematic pressure and )::, omits all
terws such that
[k-k'| < k/a or 'k-k'l < k'/a, (6.2)

The parameter a is an arbitrary cut-off ratio >l1. The case a = » gives the

unmodified Navier-Stokes equation,
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2:,!(§~5'.t)‘£' is the Fourier transform of the convection operator
u'? . To see the significance of truncating this sum, consider a given wave-
vector triad tk, tp, q such that l.ums 0 and either q < k/a or q < p/a.
The interaction of this triad is rcopresented by a set of terms in the Navier-
Stokes equations for u(k,t), u(p,t), and u(q,t). The terms in this set which
are omitted and retained in the modified equations are shown in Table II.
The omitted and retained terms separately conserve the anergy of t“e triad.
Thus the modified equations are energetically consistent. The terms omitted
correspond to the convection and straining of small spatial scales by large
scales. It is clear from Table Il that these terms are not associated with
epergy transfer out of q into k and P since the terms do not contribute to
the change of \_a(cl.t) in the unmodified equations. However, these termws do
represent a straining action which can yield energy transfer betwsen g‘and_g.
The terms retained represent a trangport of the momentum of the large-scale
motions by convective action of the small scales (small and large here are
relative terms). These terms comprise the eddy-viscosity mechanisa (v .altered
from the original Navier-Stokes equation) by which energy is transfered from

q to k and p.

TABLE II. Terms omitted and retained in the modified Navier-Stokes
equation vhen q < k/G or q < p/a,

Omitted Retained
In k Eq. ilu(-q)-plu(-p) ilu(-p)-qlul-q)
In p Eq. ilu(-q)-kJu(-k) ilu(-k).qlu(-q)

1n q Eq. None ilu-k).plu(-preilu(-p)-k]Jul-k)
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Kolmogorov's basic assumption is that the action of large-scale motions
on sufficiently smaller-scale motions is a simple convection process that
does not affect appreciably the energy dynamics of the smaller scales. This
hypothesis can be given a precise statement in teres of the modified Navier-
Stokes equation: If the cut-off ratio a is taken large enough, the difference
in the energy spectrum E(k) for the modified and unmodified equations can be
Rade as small as desired, when the spectrum is normalized in terms of the
Kolmogorov similarity parameters. For given a, this difference is independent
of KA as Rl‘ -,

Since the sodified equation removes the convection effects of large
scales on saall scales, it represents, in effect, a transformation to the
quasi-lLagrangian coordinates called for in the original statement of
Kolmogorov's thcory.l In this regard, the modified equation has the ad-
vantage of being self-consistent for all t. It is difficult to construct
a well-defined transforwmation to locally co-moving coordinates in x space
which is similarly consisteat.

"he direct-interaction approximation for (6.1) goes through just as
for the unmodified Navier-Stokes equation. The only difference in the final
statistical equations is that the geometrical coefficients which occur now
have altered values. Th: new values are given in the Appendix. When a is
finite, the airect-interaction approximation yields an asymptotic spectrum
of the Kolmogorov forw (2.1) rather than (4.1). This comes abou: as follows:
The removal of cc-vection effects of the energy-rarmge on high wavenumbers
has the result that R(k;t,t') and G(k;t,t') for large k have decay times
determined by local excitation levels rather than by the energy-range

excitation level vor In consequence, the relaxation of triple correlations
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among the high wavenumbers is independent of Vor The Xolmogorov spectrum
then results inescapably because it turns out that the energy-transfer is
local, as in the unmodified case. R(k;t,t') and G(k;t,t') may now be
interpreted as correlation and response functions measured in quasi-lagrangian
coordinates.

Figure 1 shows some results of numerical solution of the direct-
interaction equations for several values of a, in the range RA ~ 6C0-800,
The curves were cbtained as follows. Random stirring forces, confined to
vavenumbers below those shown, were invoked in order to give a statistically
steady :tcto.3 The response and time-correlation functions were fitted to
Gaussian functions of difference time, thereby yielding closed equations
which contain only E(k) and the characteristic correlation and response
times ﬁ(k.o) and a(k,o).g These equations were discretized in 1/' octave
k bands by a previously tested scheme7 and solved by iteration., The overall
numerical error, due to the fitting of the response and correlation functions,
the discretizing in k, and truncation in k, is estimated as less than 10§ of
local value.

The function plotted is the one-dimensjionzl spectrum
0,0 = 3 [ (1 - k2/p%)p e(prap, (6.3)
k

normalized according to the Kolmogorov similarity scaling. Numerical investi-
gation indicates that the finite o curves differ inappreciably from the
asymptotic curves for R, = =, in the range of k/k’ shown. The & = = cyurve
(unmodified equation) differs inappreciably from the R, = = values, if it

is normalized according to the kd scaling associated with (%.1). It follows

from (4.2) that the position of this curve on the present Kolmogorov-scaled
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among the high wavenumbers is independent of Voo The Kolmogorov spectrum
then results inescapably because it turns out that the energy-transfer is
local, as in the unmodified case. R(k;t,t') and G(k;t,t') may now be
interpreted as correlation and response functions measured in quasi-Lagrangian
coordinates.

Figure 1 shows some results of numerical solution of the direct-
interaction equations for several values of a, in the range R, * 600-800.
The curves were cbtained as follows. Random stirring forces, confined to
wavenumbers below those shown, were invoked in order to give a statistically
steady stato.3 The response and time-correlation functions were fitted to
Gaussian functions of difference time, thereby yielding closed equations
which contain only E(k) and the characteristic correlation and response
times R(k,0) and G(k,0).° These equations were discretized in 1/" octave
k bands by a previously tested scbe-e., and solved by iteration. The overall
numerical error, due to the fitting of the response and correlation functioms,
the discretizing in k, and truncation in k, is estimated as less than 10% of
local value.

The function plotted is the one-dimensional spectrum

0, () = -;-! (1 - 2p0p " Ye(p)ap, (6.3)
k

normalized according to the Koimogorov similarity scaling. Numerical investi-
gation indicates that the finite a curves differ inappreciably from the
asymptotic curves for Rx = =  in the range of k/k’ shown. The a = *= curve
(unmodified equation) differs inappreciably from the R, = = values, if it

is normalized according to the Ky scaling associated with (4.1). It follows

from (4.2) that the position of this curve on the present Kolmogorov-scaled
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estimates of C(0) from different sources show a substantial spread.ll Grant,
Stewart, and Hoillietlo have obtained C(0) ~ l.ws from measurements in a
tidal channel at R, > 3000.

The higher approximation discussed in Sec, S does not remove completely
the spurious relaxation of high-wavenumber triple correlations due to energy-
range convection effects. Consequently, it leads, like the direct-interaction
approxisation, to an asymptotic k°3/2 inertial range law. However, the
spurious effects are sufficiently reduced that the higher approximation may
yield a rather accurate prediction of the Kolmogorov censtant and of the
Kolmogorov dissipation spectrum if it is applied to the modified Navier-
Stokes equation. For this to be so, there must be values of the cut-off
ratio a such that: 1) The exact normalized E(k) associated with modified
and unmodified equations differ very little. This requires that a be large
enough that the cut-off removes very little of the energy-cascade of the
unmodified equation; it is presupposed here that Kolmogorov's hypotheses
are correct. 2) The errors due to spurious relaxation are sufficiently
small that the higher approximation gives an accurate representation of the
dynamics of the modified equation; this requires that o be small enough that
the residual spurious effects are small compared to the real relaxation
effects associated with energy-transfer and internal distortion among local
wavenumbere.

An investigation now in progress indicates that values of a satisfying
these two opposing conditions should exist and indicates alsc a way of esti-
sating the residual errors, on the assusption that Kolmogorov is correct,

The difficulties of numerical solution posed by the final equations are severe.



-23-

7. MOTIVATION FOR LAGRANGIAN APPROACHES

The preceding analysis has made clear that direct-interaction gives
spurious relaxation effects by low wavenumber flow-components on triple
correlations among high-wavenumber compoments. It is pertinent to ask why
this particular kind of trouble should arise in an approximation which is
energetically consistent and which appears to provide a reasonably faithful
description of turbulence at Reynolds numbers low enough that a wide range
of wavenumbers is not strongly excited. In the author's judgment, the
underlying trouble is elementary and can be expected to afflict any closure
approximation which expresses triple correlations as a functionm of E(k),
R(k;t,t'), and G(k;t,t").

In the case of turbulent interaction among wavenumbers similar in
magnitude, the function R(k;t,t') expresses the less of correlation associated
with disordered internal distortion of the flow patterns. The nuserical
success at low Reynolds nu.bers’ suggests that this internal distortiom
produces relaxation of triple correlations in a way that is reasonably well
described by the direct-interaction closure formula. Om the other hand, the
energy-range convection at high Reynolds numbers produces a loss of correlation
in the amplitude of a high-wavenumber mode which is not associated with
significant internal distortion. The difficulty here is that it is impossible,
given only R(k;t,t'), to say how much of the correlation loss is due to dis-
tortion and how much to simple convection. In order to distinguish the two
effects, it is necessary to specify the higher statistical structure of the
velocity field. In particular, it is necessary to say something about the
cumulants of form (3.6) which describe the joint-distribution of low and high

wvavenumbers. This higher statistical information has no way of entering the
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direct-interaction schemes In effect, the closure foreula maxes tlre decision
that the loss of correlation in incividual mode amplitudes is entirely
assocjiated with intrirsic, internal disordering of the flow natterms,

Since direct-interaction gives jualitatively correct beh..icr for the
double correlation R(k;t,t') even when convection effects are strong, it
might be hoped that ciosure of the Lulerian statistical equations at one
step higher would give jualitativelv correct triple co-relations. The
results presentec in Sec. 5 do not support this hope. The failure might nave
been anticipated. In order to specify that the u field is suffering pure
convection over finite times of evolution, it is necessary to give proter
values to the entire infinite set of cumulants of the fore (3.6), It is nct
too surprising that a finite-order truncation of the statistical ejuations
fails to accomplish this.

The analysis in this paper has been basecd on the many-time distribution
of the velocity amplitudes. The cumulaats (3.€) descriding interdependence
of low and high wavenumbers all can vanish if the amplitudes are measured
sirultaneously. why not then seek a closure approximation involving oniy
sisultaneous amplitudes and thereby avoid all the difficulty? The guasi-
noreality approxiutionu is an energetically conservative closure of this
kind. If this approximation is applied to the idealized convection srobies
of Sec. 3, it is easy to see that spurious relaxation of tricle moments of
the u field in fact does not occur. The trouble is that, when appiied to
actual turbulence, the approximation a.so gives no relaxation of triple
correlations produced by interaction of similar spatial scales. GSince only
simultaneous amplitudes enter the equations, the approximation has no way

of describing loss of correlation ana consequently embocies no mechanise at
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all for dynamical relaxation of dynamically induced correlations. The com-
sequence is an unphysical overshoot of initially built-up energy-transfer
and an eventual prediction of negative energies in the spectrum regions

13,18 Because of the failure to

wnich have strongest initial excitation.
embody relaxation effects in interactions of nearby wavenumbers, the approxi-
mation does not yield Kolmogorov's spectrum.

In contrast to R(k;t,t'), an appropriately constructed Lagrangian
double correlation appears tc permit a clear specification of whether loss
of correlation in a single Fourier mode is due to intermal distortion of
the flow structures or to simple convection of these structures. Let
u(x,t|s) be defined as the velocity at time s of a fluid element which
arrives at the point x at time t. This will be called the Lagrangian velocity
in what follows, because it is measured along the trajectory of a fluid
particle. If t is fixed, u(x,t|s) may be identified with the Lagrangian
velocity as more customarily defined,ls with x serving to label the particular
particle whose path is being followed. The full function u(x,t!s) may be
regarded as giving an infinite set of Lagrangian wvelocity fields (according
to the restricted definition) with each time t specifying a different labeling
of the particle trajectories.

The statistical structure of 3(5,t!s) may be specified by its moments.

If the field has zero mean, the simplest nonvanishing moment is the covariance

Uij(_x_,t;g' L' leat) » \ui(x_t_,tls)u‘(g' t' s ). (7.1)

-

This function has four time arguments instead of the two which appear in the
Eulerian covariance (u, (x,t)u.(x' ,t')). Consequently, it conveys more infor-

mation. Consider again the idealized convection problem of Sec. 3. Under



the assumption of spatially constant v field and negligible terms bilinear
in y, the Lagrangian welocity is

ul(x,t|s) = uix,t), (7.2)
since the unifore translation by v does not change the velocity of any

particle. Let the Lagrangian time-correlation be defined by

N )
R(kzt,t']s,s') = {ulk,t]s)-u (e, s D /0 ulk,tl )] 2w, |91 D142,
(7.3)

where u(k,t|s) is the Fourier coefficient of u(x,t|s). By (7.2),
R(k;t,t'|s,s") = R(k;t,t'). (7.%)

According to (7.8), R(k;t,t"|s,s") exhibits no dependence on s and s',
the times at which the velocity field is measured. It varies only with the
times t and t' which specify the particle labeling. On the other hand, if
the u field exhibited intermal distortion also (change with time in a frame
moving with v) there clearly would be a dependence on t and t'., Thus it
appears pgossible that the lowest-order Lagrangian time-corre=lation may convey
enough inforwation to decide how much of the change in given Fourier components
of the velocity field is due to simple convection and how much to intermal
distortion. This suggests that it is worthwhile to search for a consistent
Lagrangian closure approximation at the level of Uij(g,t;_x_',t'ls.s').

Unfortunately, the equation obeyed by u(x,t|s) is much more complicated
than the Navier-Stokes equation. Wwhen the pressure is eliminated, the Navier-

Stokes equation may be written

(3t + wDu (x,t) = Wi (x,t) + 1 (M)lu (x,0)u_(x,0)], (7.5)

where

-2.3
.1-") =9 3 /3:131-3xn,

v 2u(x) = (o) | xext | ezt , (7.6)
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for any suitably behaved function w(x). The field u(x,t|s) satisfies

s
ui(g,tlo) = cxp.[-_i_(g.tlo)'j)ni(_x_,OIO) + [ ar exp [-£(x,tir)-¥]

0
- (vl (x,rl) ¢ 1 (Mlu (x,r]P)u (x,r ()]0, (7.7)
where ¢
g(g_.tir) = f u(x,t|r')dr’ (7.8)
r

measures particle displacement in the interval (r,t) and u(x,0/0) is the
prescribed initial field. Note that ulx,t|t) = u(x,t) by definition. The
notation exp signifies that in the expansion of the exponential all V factors
appear to the right of all 5_ factors; that is, V does not operate on {. The
derivation and interpretation of (7.7) is simple. The operator exp [-£°7]

is a displacement operator; e.g.,

exp [-£+9Ju(x,0) = u(x-§,0). (7.9)

Thus (7.7) states that the velocity field at later times is the result of
self-convection of the initial velocity field, together with convection of
all the velocity increments induced at later times by viscous and pressure
forces.

It has so far proved difficult to carry out consistent closures of the
statistical equations generated by (7.7). The nonlinearity is transcendental,
in contrast to (7.5). A related fact is that the incompressibility conditiom
for the full field u(x,t|s) has an awkward forw. Incompressibility for all
times is automatically guaranteed by (7.7), if u(x,0/0) is divergenceless,
but it is difficult to make statistical approximations which preserve this
property.

A preliminary application of the u(x,t!s) formalism to dispersicn of a

scalar field by homogeneous turbulence has been x~¢p<:l'tev:l.1'6 Closure was
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cbtained by the crude approximation that f£(x,tls) is sultivariate-Gaussian.
This gives some reasonable predictions for the evolution of the scalar
spectrum. (The results are quite different from those of the Lulerian quasi-
normality approximation.) In particular, the result for the straining effect
of large eddies on small scalar-field structures seems gualitatively plausible.
In contrast, the direct-interaction approximation for this prableu,” exhibits
spurious relaxation effects on the scalar field very similar to those dis-
cussed in the present paper.

The assumption of multivariate-Gaussian £ is exactly valid for the

idealized problem of Sec. 3 and yields both (3.%) and (3.9). The reason is

that under the conditions imposed there

E(x,tls) = (¢t - s)y,
and v is Gaussian. However, this closure approximation can violate
incompressibility and thereby lead to serious troubles if it is aoplied to
(7.7) under more physically interesting conditions. Other closure approxi-
mations should be sought, and alternative Lagrangian formulations shculd

be explored.
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APPENDIX

The final isotropic direct-interaction equations are given in Sec. 3 of
Ref. 3, for the statistically steady case, and in Sec. 2 of Ref. 7, for free
decay. Wwhen the Navier-Stokes equation is modified to remove nonlocal con-
vection effects, the geometrical coefficients a(k,p,g) and b(k,p,q) which
occur in the final equations have altered values if any pair of the wavenumbers
k, P, qQ has a ratioc which exceeds the cut-off parameter a. There are no other

changes. The new values are

a(k,p,q) = alk,gq,p) = é-(q2/k2)(1 - xz)(l + yz) (k > ag or p > ag),
_1 2.2
a(k,p,q) = alk,q,p) = 5 (1 - xyz - 2y'3) (p > ok or g > ak),
b(k,p,q) = -;-(qukz)(m * xzyz) (k > aq or p > ag),
b(k,p,q) = 2alk,p,q) - blk,q,p) (k > ap or q > ap),
_ 1,2 2
b(k,p,q) = alk,p,q) + 5 (z" -y) (p > ak or g > ak),

where x, y, and z are the cosines defined in the Refs. and the present text.
The elimination of L from the asymptotic inertial-range functioms R(k; t,t')
and G(k;t,t') can be traced to the factors (qzlkz) in the expressions above.
There are alsc other ways of removing nonlocal relaxation effects from
the final statistical equations. Let the direct-interaction equatioms be
written as separate equatioms for E(k), R(k;t,t'), and G(k;t,t') (Egs. (».2),
(5.1), and (5.%) of Ref. 3]. Let the E(k) equation be unaltered, but in the
R and G equations eliminate nonlocal convection effects. This can be done by
excluding from the integratioms in (5.1) and (5.%) all regioms of the (p,q)
plane such that k > ap or k > aq. The result is to eliminate spurious
relaxation effects on triple correlations but to retain in the emergy-balance
equation the transfer effects associated with straining of small scales by

large scales. Detailed energy comservatiom is exactly preserved.
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FIGURE CAPTION

FIG. 1. One-dimensional energy spectrum at high wavenumbers according to
the direct-interaction approximation. Curve 1, unmodified Navier-Stokes
equation (a = =), l’(l ~ 820. Curve 2, modified Navier-Stokes equation,
a = /2, R~ 800. Curve 3, modified equation, a = 2/2, R, ~ 610. The
dashed lines show slooes of -3/2 and -5/3 for comparison. The circles
represent data points measured by M, M, Cibson on the axis of an air jet

R~
at nx 800.
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