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A 7%
I~jenmpmpw=botumes consider, a set of approximately random binary digits obtained by

some experimental process, This paper outlines a method of compounding the digits of this
set to obtain a smaller set of binary digits which is much more nearly random, The method
presented has the property that the number of digits in the compounded set is a reasonably
large fraction (say of the magnitudegor;ﬁ of the original number of digits,

If a set of very nearly random decimal digits is required, this can be obtained by
first finding a set of very nearly random binary digits and then converting these digits te ¢
decimal digits, o

The concept ofAmaximun biaay/is introduced to measure the degree of randomness of a
set of digits, A small maximum bias shows that the set is very nearly random,

The question of when a table of approximately random digits can be considered suitable
for use as a random digit table is investigated, It is found that a table will be satisfac=-
tory for the usual types of situations to which a random digit table is applied if the
reciprocal of the number of digits in the table is noticeably greater than the maximum bjas
of the table, ( ) _

2, Introductidnfdnd discussion., With the development of the theory of games and the
more widespread use experimental methods for determining approximate distributions fer
statistics whose profiability laws are difficult to obtain analytically, a demand for large
sets of random digit¥ has arisen, The problem of obtaining a set of digits which can be
considered sufficiently random for the situations to which it would be applied, however, 1is
not an easy one, One approach to this problem consists in obtaining a set of digits by some
procedure and then applying tests to this set of digits to determine whether it can be
considered satisfactory. Although appropriate choice of the tests may result in acceptance
of sets of digits which are suitable for certain special types of situations, this approach
is of a negative character and does not prove that a given set of digits is sufficiently
random; it merely indicates thit this may be the case, VWhat is needed is a constructive
approach to the ;roblem, i.,e,, a method of constructing a set of random digits which can
be proved sufficiently random for most applications if certain intuitively acceptable
conditions are satisfied, A step in this direction has 1lready been taken by H. Burke
Horton {n [l; and by H, Burke llorton and R, Tynes Umith II[ in [2]. This paper presents
what is hopel will be another step in this direction,

In this paper, considerations will be limited to the case of binary digits, The

reasons for this are twofold:
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(a)s The method used for compounding the digits yields a sharp upper bound for the
maximum bias of the compounded set (i.e,, a bound that the maximum bias could
actually attain) only for the case of binary digits.

(b), Many of the experimental procedures for obtaining approximately random digits
consist in first producing binary digits and then converting to another number
base, Thus binary digits are produced directly. Hence, to use the results
of this paper, the only modification required in these procedures would be to
compound the binary digits before they are converted,

Now let us consider some definitions: A set of random variables each of which can
assume only the values O and 1 will be referred to as a set of binary digits, For con-
veniencg, each of the random variables making up a set of binary digits will be called a
binary digit; this is not to be confused with the value obtained for the random variable,
The absolute vaiue of the deviation from %- of the conditional probability that a specified
binary digit has the value O (or 1) is called the bias of that digit for the given conditions
on the remaining digits of the set, The maximum bias of a binary digit is defined to be
the maximum of the biases of that digit with respect to all possible conditions on the
remaining digits of the set, The maximum bias of the set is the greatest of the maximum
biases of the digits of the set, A set of btinary digits is said to bs randam if its

maxinum bias is zero.
The method used to prove that a set of compourded digits has a sufficiently small

maximum bias is somewhat similar to the situition encountered in mathematics where one
begins with certain axioms and then draws conclusions, If the axioms are correct, the
conclusions are necessarily valid. The first step in the compounding procedure consists
in obtaining a set of binary digits by some experimental process (perhaps from a random
digit machine which is basei on some physical principle). The experimental process is
so chosen that there is no doubt that the set of binary digits produced satisfies the two

conditions:

(1). The maximum bias of the set is less than or equal to some specified value a ((%).
(11). The digits of the set can be arranged in a specified array which has ‘he property
that the rows of the array are statistically independent,

On the basis of these two assumptions (which play the same role as the axoms mentioned
above), it can be proved that the maximum bias of the resulting compounded set of binary
digits never exceeds a specified value which depends on a. Moreover, the upper bound fer
the maximum bilas of the comstructed set of bimary digits can be made extremely small even
for large values of a.
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If the experimental process is suitably chosen, conditions (i) and (ii) can be satisfied
beyond any doubt, FPFor example, let us consider 1000 people located in different parts of
the world and not in contact with each other. Let each person flip an ordinary coin high
in the air so that it will land on a flat hard surface, record the result (say O for a tail
and 1 for a head), and then repeat this procedure until 5000 binary digits are obtained. If
a is set equal to 3/10, condition (i) is obviously satisfied for the resulting set eof
5,000,000 binary digits. Condition (ii) evidently holds if the array is taken to consist
of 1000 rows where each row contains 5000 binary digits obtained from one person,

The ideal choice for a would be the actual maximum bias of the set of binary digite
obtained from the experimental process, Then the coumpounding procedure for obtaining a set
of digits with a specified upper bound for the maximum bias would be simplified; also the
number of digits in the conpounded set would be a larger fraction of the original number ef
digits. Invariably, however, the properties of the experimemtal process are not known with
sufficient accuracy for obtaining anything but a safe upper tound on the maximm bias of
the set of digits produced, This situation is analogous to that of estimating the length
of a stick which a very rough measurement has shown to be about 10'' long. Although one
might be very hesitant to believe that the length of the stick lies between 9.9'"" and
10.11", the contention that the length lies between 5" and 15" can be accepted with
virtual certainty and any logical conclusions based on this contention can also be accepted
with virtual certainty.

Given the number of bimary digits in a set and the maximum bias of the set, is it
possible to determine whether the set is suitable far use as a set of random binary digits?
An important comsideration in answering this question is the use that is to be made of the
set of digits, This must always be taken into account before the suitability of the set can
be decided, For exsmple, if no more than 1/1000 of the digits of the set are to be used for
any particular situation, the set might be satisfactory for the types of cases to which it
would be applied; on the other hand, the set might not be suitable for cases of these types
if all the digits of the set are used for each situation, This example calls attention te
an important point, namely that the suitability of a set of binary digits depends on the
number of digits in the set, Let a set have a fixed non-zero maxdmum bias p, If the set
contains a sufficiently large number N of dgits, relations and expressions involving the
digits of the set can be found whose probaldlities, moments, etc.,, can differ greatly frem
the values which would be obtuined if the relations were based on the same mmber of truly

random bin ary digits, As a sjecific example consider the relation

All the digits of the set have the value zero.
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If the reciprocal of the number of digits in the set i{s of the same order of magnitude or
snaller than the maximum bizs of the set, the ratio of the probability of this expression
to its hypotheticali value can differ noticesbly from unity. Thus, at least in certain
special cases, a necess.ry condition for the suitability of a set of tdnary digits ie that
1/ > > p. This condition, however, is also sufficient for most situations to which a set
of random digits would be applied, The approximate sufficiency of the condition is a direct
conseguence of the fact that any set of N Wlnary digits can be considered as a sample value
from an N-dimensional population consisting of 2N discrete points, The 1/N > > p restriction
implies that the provability concemnt rated at each of the 2N points is very nearly equal te
the hypothetical value of (%)N for all possible conditions on the renaining digits of the
set,

The 1/N > > p condition is very satisfactory frem the viewpoint of probatilities, The
probatility of any relation bused on a subset of the digits of the set (possidly conditioned
on other digits from the table) can be interpreted as the sum of the probabilities of those
points included in a certain region (defined by the relation) of the N-dimensional probability
space of the set of digits., By expanding (% t p)N it can be shown that the ratio of the
probability of any relation based on one or more digits from the set to ths corresponding
value for a truly random set of digits will be very nearly equal to unity if 1/N > > p.

It is evident that the higher order moments of an expression based on one or more digits
of the set can differ noticeably from its hypothetical value even if 1/N > > p; any deviation
from the ideal situation, no matter how small, can become important for high order moments,
Fo° the first few moments, however, deviations from the hypothetical values are not uppreciable
since these momert s are based on the probabilities at the 2N points in the N-~dimensional

probabdlity space and these probabilities are very nearly equal to the hypothetical value ef
/1N
)

3, in all cases,

The above discussion shows that the values of N and p are sufficient to determine whether
a set of binary digits is suitable for use as random binary digits for a wide variely of
situations, Analogous considerations apply for digits to any number base,

A magnitude definition ef the relation 1N > > p is difficult to specify. If p is the
upper bound for the maximum bias of a set of digits obtained by the compounding procedure
outlined in this paper, however, it seems that a reasonable condition would be that 1/N > 50p,
This condition implies that the probability of any relation based on digits of the set can not
differ from its hypothetical value by more than approximately 4f. In most practical applica=
tions the value obtained for p would be noticeably greater than the true val.s of the maximum

bias of the compounded set.
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Since the maximum number of digits which can be taken t;'om a table is the total number
of digits in the table, the above considerations su;gest that a random digit table should
be constructed so that the reciprocal of the nunber of digits in the table is noticeably
greater than the maximum bias of the tcble, Any table having this property would be satise
factory for most situations to which it would be applied,

Now let us consider two different compounding methods wi.ict produce gets of bh\lry
digits with the same upper bound for tie maximum tias, If the computational difficulties
of applying the two methods are of co.paraible magnitudes, it seems reasonable to prefer the'
method which yields the larger set of digits, For e:uirle, if the number of digits in the
set obtained by the first method is only 1/8 of the orizinal number of digits while the
number in the sct obtained by the second method is 1/3 of the original number, the second
method would seeu preferable even if it roquired as much as 100% more computation. The
compounding method presented in this paper has the property t.hat the number of digitl in
the compounded set can be,held to 2 reasonably large fraction/ of the original number of
digits at the same time that the upper bound for the naximum bias is made extremely small,
The method presented by iorton in [1] does not iXve this property, For example, let
a = 1/10, Applying Horton's method, when the comp;mn'ded set consists of 1/8 of the orizinal
number of digits the upper bound for the maximum bias is 12,3 x 10-7. The example presented
in section 3, however, shows that = compounded set 1huss number of dizits equals 1/3 of the
original number and which has an upper liiit of1l.7 x 10~ hi for the mximn bias can be
obtained using the method presented in the ne:t section,

Although the compounding method outlined in section 3 is’ presented as a series of steps,
the value of a digit of the compounded set can be written as a linear function (mod 2) of
digits of the original set, This was not done in what follows because of the complicated
nature of the general form of such expressions, In uny particular case, however, thess
expressions can be written without much trouble and the compounded digits computed fm the
original digits in a single step. S ‘

. 3« Qutline of compounding method and statement of theoremg., This section contains a
description of the compounding method mentioned in the preceding two sections as well as
statements of the basic theorems concerning this compounding method, P}oofa of the resulte
stated in this section are given in section 4,

Let us consider the array of mmn binary digits
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X210 Xo20 77 0 X
Q) s $

Xal® Xa2 °*° 5 Xy
which satisfies conditions (1) and (ii); i.e., the maximum bias of the set (1) is less than
or equal to a while a2 digit Xov is independent of a digit X.o
X,y 13 not necessarily independent of x").
Let a new set of (m-1)n binary digits

if rfu (if r = u, however,

(2) ’1,1 » - (1= lycceym=l; § = 1,°**,n)
be formed as follows:

Tiy © in * Xy (mod 2), (1 =1,°c*ymel; J =1,°°2,n),

Then the biases of the ¥y 3 have the properties

Zheopem ). Let U be a specified set of t-l of Ygg0°°°» Y(1-1)4° 7(1,1)Jn°"o Y(ne1)3’
(1<t gn-l), whiloVggmm_se_tggzerog_rmoreg_mym'owithqu. Also let
® consist of the set of integers such that p €@ if p3 €U, Then, if Y, ® maximum bias for
the set X.10°° 9 X0 (u = 1,000,n),

““""LJ = olv, v) - %, s 71[1 - ;'J;(% e Yk)/(% : ’k)]/[l ’.:g;(%‘ Yk)/é i Vkﬂ

for all possible selections of U, V and of the values for the digits of these sets.
Mo E m t-l 2{ ylj’."’y(i-l)j’ y(iol)J""”(m-l)J have known mm.
he maximum blas of the binary digit y,q is less than or equal to

1 t, /1 \3 1 t /1 \)
Q[],-(E-ﬂ)/i’ﬂ)]/[l’(z-ﬂ) /(3")] °
Sopollagy 2. Ihe maximum bias of the set (2) is less than or equal to
T m=l m=) m-1 1
p-G-9 B eGSR TT].
The basic operation in the method of compounding binary dizits is outlined in the
procedure given for obtaining the Ty from the X, Letm= (1«.1)-"(10(1(). Then a set
of tl"'t‘n binary digits can be obtained fron the original set of mn digits Xy by

continually applying this basic procedure, The first step consists in dividing the rows
of (1) into (101’.2)---(1*0.‘) sets each consisting of (10t1) rows in some specified fashion,
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Each of these scis is an array of (lotl) xn bina;'y digits for which the rows are independ-
ent, Apply the method used to obtain the: Yy from the x y YO each (101.1) X n arrey
separ-tely, Then each array yields a set of tyn binary digita and there are (1let )'"(1".‘)
such sets, In each set :.rrange the t.ln digits into a single row in some specified manner.
This furnishes a new array of [(lot.z)---(htx)] % l_tlrﬂ binary digits for which the rows are
independent, Repeat this procedure with respect to tz thus obtaining a new array of
[(lot.j)---(lot.x)] % [_t.lt.zn] binary digits for which the rows are independent; etc., until a
(l’tx) x (tl'"t.x_ln) binary digit array for which the rows are independent is obtained,
Then form a set of binary di-its !81’1’ (¢ = Lyeooyty; b= 1,000, tl'"tx_ln), from this arrey
in exactly the same manner that the ¥y § More obtained from the’ X,y* Ihen the biases of the
th have the properties

Theorem 2, Let Po? F1e°%s By be defined by Po ™ @ and

t t t t
Py w-l[l - (.21‘ = w-l) w/(% ¢ "w-l)w]/[l b (% = :,,,.1)'/(% » 3,,.1)']» (w = 1,00, K).

Then, if exactly t-l of rlh’."’z(g-l)h’ Y(g*l)h’""!txh have known values, (1 <t < '.‘),

the .udnun bius of the digit Y, is less than or equal to

i t, 1 t \] : t
"’};-1[1 -(3- ) /G- "x-l)]/[l i (32i = 1) /G 3 “x-l)]'
In Qarticulor, the micimun biss of the entire set of Y o is less than or equal to dxe Also

"x.l[l 5 ( = % 1)t/ (2 * Pk 1)t]/ [1 ' (‘2‘ g "K-l)t,(% ! "x-l)t]

(2) -
522x°l- t . t.K o t." tgx-z. tix 1- azl.

The inequality (3) is frequently useful from a computational viewpoint. Although the
right hand side of (3) is usually noticeably greater than the left hand side, in many cases
this rough upper bound is itself small enough to show that the upper bound for the maximum

. blas is of the desired order of magnitude,

: If the set of compounded digits is to be used for a random binary digit table, Theoream 2

t shows that advantage can be taken of the position of the digits in the table, Let M = tl'“
ty_in and enter the values of the Y 2h? (g = 1,"-,tx, h =1,°°*,M), into the table in the

order
!11' !120 °°t !ll’ !?.1' *ee, !m: !313 o2ty 1'_‘10 Sy &l..

{
!
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Then, if a set of digits is taken from this table in consecutive order (!u follows !"K‘).
the upper bound for the maximunm tias of this set is dependent on the number L of

digits in the set, From Theorem 2, the muximum bias of a set of L dizits taken in consecutive
order from a table formed in this manner is less than or equal to

e~ B o) 7G5 ) VR G- mea) /G v ) ]

for values of L such that (t=1)M < L < tM, where 1 gt S ty. Thus, if a small set of digits

is taken from this table in consecutive order, the upper bound for the maximm bias of this
set will usually be noticeably smaller than the upper bound for the maximum bias of the table,
Since many uses of a random digit table require only a small fraction of the total number of
entries in this table, this property would seem to be desirable, It should be emphasized,
however, that the maximum bias of a set taken from this table is always less than or equal to
3: irrespective of the positiois that the digits of the sets occupy in the teble, Thus nothing
is lost by constructing the table in this manner but something can be gained for small sets if
the digits are taken from the tauble in consecutive order,

Now let us consider situations in which it is required that the number of digzits in the
compounded set is at least a specified fraction, say 1/C, of the original number mn of binary
digits, This requires that K and tl,“-,tx be chosen so that

t.luotx/(lﬂ.l)---(lot.x)‘ > 1/c.
Also, for given values of K and C, it seems preferable to choose tl,'",tx so that the value
of "x is at least approximately minimized, Examination of the results of Theorem 2 indicates
that a reasonable method of determining the values of tl,"' "’K with this in mind consists in
first choosing t’l as small as possible, then (given the value of t'l equal to its minimum
value) choosing t2 as small as possible, etc. This method is 2lso recommended by the fact
that the resulting values of tl,"- ’t'l are readily determined, The explicit procedure for
finding tl,-",tx is given by

M, Let the values of the intejer K and the constant C (> 1) be given and consider
the integerst,,«<-,ty subject to the condition

t'1'’‘*'x/(l‘*»:l.)'"(lﬂ.x) > 1/c.
Ihe minimun valye of t, is the smallest integer 3 ‘tisfying
t, > 1/(c-1).
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In general, < _<_ w g K=1, having alre:ziy determined t'l’".'tw-l as their minimum values, the
value of t 1s the smallest integer s-tisfying )

t' > 1/[Ct1'..twol/(l’tl)...(l’tH.].) - 1] .
Finally, gciven t1s°°osty ) as their minimum values, the minimum'value of ty is the smallest
integer satisfying

tx 2 1/ hl' ¢ 'tx_l/(l’tl) ¢ '(1"*_1) - 1] .

Now consider the -~eneral situati.n encountered in the application of the compounding
process outlined above, Here the values of a, C are given and it is required to choose K
and "1o"""x so that the upper tound for the maxirmn bias of the compounded set of t.l"'tln
binary digits Y &h is less than or equ:l to a specified value b, The following procedure
furnishes a method of solving this problems

Let X = 1, obtain tl according to Theorem 3, and then compute Bl' If :11 < b, a solution
has bLeen obtuined, If ﬁl > by let K = 2 and repeat the procedure to obtain pz. Ir 32 < b,
the values of tl' t.2 and K = 2 apre 1 solution, If py > b, repeat the procedure for K = 3; etec,
In practical situations, the value of K is usuall’ bounded (e.g., by independence properties of
the original set of di;its), If ‘,ix is still grester than b for the naximum permissible value
of K, no solution is cbtained, This means that either b nmust be increased or 1/C decreased or
both if a solution is tc be found, In many cases, a larce anount of compatati;n can be avoided
by using the inequality (3). For marginal situations, however, a solution may be missed by
using (3) inste:d of computing P
Example of nethod. The following table represents an example of application of the above

methods
g =1/10 Ye=1/3 be=2x10%
K=l =1 8 = 2x1072
K=2,t) =1, =2 3, € 1.6 x 107
Ka3,ty=l,t,=3, 8, =9 » a3£1.01.x1c.);“
Kedytyml,t, =3, ¢, =10, ¢, =4 8, * 147x 107 ,

Thus K = 4y t) =1, ¢, =3, t; =10, t, = 44 1s 2 solution,
L. Derivations, The purpose of this section is to furnish proofs of the results stated
in the preceding sections,
4ol Proof of Theorem 1, Let us consider the conditional probubili'ty that an arbitrary but
fixed y, j has a specified value when the values of a fixed subset of zero or more of the remaine
ing y's are known, For convenience, assume that m is the binary digit considered and that
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values of Tops Y3p0° ¥y (where t is o fixed inteser such that 1 <t < m=l) "nd a set

re given while the values of the remaining y's are unxnown, Here 5 represents an arbitrary
fixed set of zero or nore of the yij's for which J > 2 while ¢t = 1 has the interpretation
t none of the y,,, (1 > 2), are yiven, Let

Pr(xml «0|S) = % * o, ond Pr(xkl - bkls) - %'0 a (k = 1,°°°,t),

n, using the independence conditions satisfisd by the x's,

Pr(Yu . bl"ll = bg:."n’tl . bti S)

G T[T G0 TG-w)

boo[TGea)-Ta-o)]/[T60 T 6 )
398

|5 l- (1-)/(1eF) 1£ 0 < P < 1 and equals (P-1)/(1+P) if P > 1, where P =

i
)(z - uk)/(é + ak). Let Ty be the miximum bias for the cst of binary di-its X Xy

@« 1,°*°,m), Then it is easily seen that

m|5|<[1-"n’(3-,y 7]/[ @-Yk)/@wk)}

Pr . ) a
| (yll bilyﬁl - b2, » Ty " bt; S) - 3

571E‘ i(%“’k)/(%’*k)}/[l’:‘i(%‘ *k)/('zl"Yk)]

)r all possible selections of bl’ ,bt and all possible selections of S and the values for
1@ digits of S, It is to be observed that this inequality is valid fort =1,
Evidently this result can be nodified to apply to an arbitrary yiJ for which t=1 of

heve given values, This obtvious modification results in

us
1

130" T (1-1)8* V(100) 3?0 (1)
1eoren 1,
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e Proof of Theorem <. By Corollary 2, the maximnm bias of the [lﬂ’.z)’"(lﬂ.xg x[tln]

array is less than or ejual to Bl. In general, 2 < w < K, by Corollary 2, the maximm bias

N [N N ] o0 0 1l
of the [(m,wl) (1oty)] [t.l t.n) 45T ds less than or equal to § . Finally, by

wn-
Corollary 1, if exactly t=1 of Ylh’""!(g-l)h’ Y(gOl)h'.“’!t have known valuoo,(lsbst‘).
ua! to

the maximum bias for the binary digit !Sh is less than or eq

t ¢ t -
51(-1[1 - (%" "x-l)/(% * Pgal )J/[l * (% - 51{-1)/(% * ‘35-1)_! y

The inequadity (3) is an immediate consequence of the relation

-GG Goa)Geaf] s
Le3 .roof of Theorem 3. From the given condition
te 2 1f[oty ety /(L0 b)) (L ety ) - 1.

From this inequality for t'K it follows that

Ctl'"tx_l/(l + t.l)"'(l + "x-l) -1>0,

Tlus

tgy > 1/ [ty oty /e ) -y ) -1,

In general, 3 < w < K=1, ygiven
t’w 2 ]/[Ctl“.tu-l/(l * t'1)."(1 E t'u-l) - ];]
it follows that

Ctyoet /(L et)eee(let ;)-1 >0

t, g > 1/E~z1mtu_2/(1 ct)eee(let ) - 1] :
t, > 1/(c - 1),

ReEFEAZNCE

(Il H. Burke !lorton, "A method for obtaining random numbers,® Annals of Math, Stat., Vol. 19
(17‘*8)’ pp. 81=85,

[2' H. Burke Horton and R, Tynes Smith III, "A direct method for producing random digits in
any nuaber system," Annals of Math. Stat,, Vol. 20 (1949), pp. 82-90,




