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Situations where n is not unique but represents a set of points cause little diffi- 

culty if suitably interpreted.    An equal-tail sign test of the null hypothesis ^ - no is 

merely a method of deciding whether u    is a point havin; the property that Pr(x < u )  ■ . o o 
Pr(x > n ) • T for each population.    The location of n   among the 50% points of a 

population is usually not of inportance.    Thus the null hypothesis M ■ ^0 has the inter- 

pretation n   iß» 

Let the n independent observations on which a  test is based be denoted by 7i»'" >?*,* 

Subtract yi   from each of these observations.    Then n non-zero numbers will be obtained 

(the probability of tne number zero occurring is zero).    The equal-tail sign test for the 

median can be expressed in terms of the signs (♦ or -) of these numbers.    Let p be the 

number of positive signs (then n-p is the number of Negative signs).    The equal-till sign 

test for conparing ^ with the  given hypothetical value ji   is 

Accept ^i / u   if either P > i or p < n-i , 

where i > (n*l)/2u    An equivalent way to state this test is in tenns of order statistics. 

Let x, »•••jX   represent the values of y-i»,**,y   arranged in increasing order of magnitude. 

Using crder statistics, the eounl-tail sign test  for the median is 

(1)                                  Accept n / u    if either x. < u    or x   -,   . > u   , x   ' * '   'o i      ^o —   n+l-i      Ko ' 

where i > (n*l)/2.    The significance level of test (l) is a function of i and n which has 

the value 

3 -i 

wl en conditions (i)  and (ii) hold. 

The statement of the equal-tail si^n test in terms of order statistics is convenient 

because equal-tail confidence intervals for \x can also be derived. Since i > (n*l)/2f it 

follows from (1)  and (2) that 

(xn*l-i' xi) 

is an equal-tail confidence interval for (i with confidence coefficient 

,,n-1   n „, 

[11       *-.   sl(n-3)! s »i 

if (i)  and (ii) hold. 

When conditions (i)  and  (ii) are not necessarily satisfied, test (1)  is no longer 

exact.     Its significance level may differ sub tantiaPy from the  value of (2).    The null 

hypothesis may not be expressible in the  form ^ = ^.^    In many cases,  however, the equal- 

tail sign test furnishes a reasonably close approximation to a  fairly lanje class of 

tests.    This approximation  is  close in the sense  that  each  test  of the  class  has a sig- 

nificance level which is near the v ilue of (2) when conditions (i)   and  (ii)  are even 
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roughly satisfied.    The principal purpose of this paper is to define this class of tests 

and investigate their significance level properties. 

First, let ua consider th* form and properties of the null hypotheses for the class 

of tests to be investigated.    Since condition (i) is not necessarily satisfied,  the null 

hypothesis can no longer be expressed in the form ^ ■ ^i .    Let ^. represent the median 

value (or set of median values)  for the population from which the observation y. was 

drawn (j ■ 1,•••,!»).    For each test of the class, the null hypothesis is required to be 

some funct .on of ^, ^"»ti   which reduces to ^ - u   when condition (1) is satisfied. 

Since these null hypotheses represent generalizations of the null hypothesis for the 

si^n test (^ - ^0), they will be referred to as generalized null hypotheses.    Hence the 

generalized null hypotheses considered will be of the  form 

h^, —^n) -^ , 

where the set function h is restricted so that it represents the set of 50^ points coranon 

to ali ;)o ulations  (denoted by n) when condition (i)  holds.     If h is not unique,  the 

generalized null hypothesis has the interpretation u  4 h. 

The function h is also restricted so that it is  nearly the same as ^ when condition 

(i) is approximately satisfied.    Stated in another way, the function chosen for h should 

not be sensitive to oondition (1); i.e.,  a moderate deviation from the existence of a 

coramun rneilan value should not have an appreciable effect on h.    For example, let 

^i•J,,••,^l    be unique and large.    Then the function 

^   n n-1 2 

„Z^j ♦ v^^i-^ 

would not be suitable for use as h even though it reduces to n when all the ^. have the 

value ^. 

Now let us define the class of tests which are investigated in this paper.    All tests 

of the class reiuce to the equal-tail sign test when conditions (i) and (11)  hold, 

Consc uently, each test of the   class will be referred to as a generalized test,    A 

gener'-lized test is defined by 

(3) Accept h / a    if either x. < u    or x   ,   .  > u    , * no — ——   i     ^o —   n*l-i       o ' 

where i > (n*l)/2.    The significance level  of this test  equals 

U) Pr(x1 < ^o| ^o 6 h)  ♦ Pr(xn+1_1 > M>0 e h)  . 

The value of (4)  is not completely determined by 1 and n.    It also depends on many other 

f.'ictors such ns the populations  fron which the obüervations  ^ore drawn and the value of 

^ . In apite of this  inexactness, the value of {h)  is usually rather closely fixed if h 

is a reasonable type of function and conditions  (i)  ani  (11)  are even roughly satisfied. 

Expression  (3)  defines a class of tests  rather than a single test because of the possible 
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choices for the function h. 

It should be pointed out that test (3) does not necessarily have equal-tails.    That 

is, the value of Pr(x. < ^ |ufh) is not necessarily equal to the value of 

Pr(x   -i J > H IM0^ h).    In extreme cases, test  (3) might even be one-sided. 

The main problem of the paper is to show that in practice the value of (2) is 

usually a close approximation to the value of (4),    This, of course, is not always true. 

For example, consider the eise where some or all of the populations  from which the 

observations were drawn have a large proportion of their probability concentrated at or 

near the median.    Then the value of (/») may differ greatly from that of (2) even though 

conditions (i) and (ii)  are very nearly satisfied.    For populations of the type 

ordinarily encountered in practice and a reasonable choice of h, however, the value of 

(2) is usually near that of (4) even when conditions (i)  and  (ii)  are only roughly 

satisfied.    This is proved by obtaining upper and loner bounds for (4) as functions of 

n, i and a quantity ß.    Here ß is defined to be the greater of 

max IPrCy^ < ^o|no€ h) - ||  ,       max [Pr^ > P0|n06 h) - || . 
J J 

If ß - 0, the significance level of test (3) equals that of test (1),    If ß is small, 

the value of (4) is very nem' that of (2),    Table 1 contains upper and lower bounds for 

the significance level of test (3) for ß • .02,  .05, .03,  ,10,  ,15,   .20 and n < 15,    If 

the populations are continuous (or very nearly so) at ^ , the value of the lower bound 

is noticeably increased (see Table 2),    Thus, for n < 15, the value of (2) does not differ 

greatly from that of (4) even for ß moderately large,    A value of ß as large as  ,05 would 

seem unusual for the ordinary type of practical situation where there is reason to believe 

that conditions (1)  and (11) are satisfied. 

Let us consider the practical  implications of the fact that the equal-tail sign test 

approximates test  (3) in the sense of significance level.    Suppose the experimenter 

recognizes the possibility that conditions (i)  and (ii) may not hold  for his experijnent. 

H*» then selects the function h(n, ,***,^ ) which is of principal interest to him and uses 

test (3).    In this manner he obtains  an accurate test of the null hypothesis in which he 

is interested.    On the other hand, suppose that  the experimenter   ipflies the equal-tail 

sign test without considering the possibility that conditions  (i)   and  (ii) may be 

violated.    The results of this paper show that he is protected if the appropriate function 

h  (which he would have chosen) and the populations from which the observ tions were drawn 

are of a reaaonable nature.    Then he is teatinr the appropriate null  hypothesis at 

approximately the specified si.^nificance level even though he may not  think of the test 

in this light. 

Since for the case of a sample from a normal population the efficiency of the equal- 

tall sign test decreases as n increases, much of the investigation is limited to tests 
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based on 15 or fewer observations.    Table 1 contains a list of the tests inrestigatad 

along with their efficiency for nonnality.    The efficiency of a significance test (more 

precisely, the power efficiency)  is defined in [l].    Intuitively the efficiency of a 

test measures the percentage of available information per observation which is utiliBed 

by that test. 

The equal-tail si^n test  for the median may be useful for situations where there is 

not much information available concerning properties of the populations from which the 

observations were taken.    Due to the extremely general conditions under which Its 

significance level is approximate. / detemined,  this test can be used in cases where 

more specialized teats are not necessarily applicable. 

Approximate confidence intervals for h(^,,'»»,u ) can be obtained from test (3). 

For populations of the type usually encountered in practice and a reasonable  function h, 

(xn*l.i' xi) 

is a confidence interval for h with confidence coefficient approximately equal to unity 

minus the value of (2). 

The material presented in this paper is limited to investigation of Type I errors of 

the equal-tail si,'n test  ..hen the  conditions on which it is based are generalized.    Due 

to the extremely general situations considered,  an investigation of Type II errors was 

not  feasible.    However, the results obtained for the particular case of a sample from a 

numal population indicate that the efficiency of the equal-tail si/^i test is reasonably 

high for most  situations if the number of observations is small. 

3. Outline of Results.    This  section contains a statement of the main results of the 

paper.    The proofs of these statements are given in section A* 

The method  followed in obtaining bounds for (4)  consists in fixing n, i,  ß and then 

finding the largest and smallest values of (4)  possible on the basis  of these and argr 

additional restrictions.    Thus the  bounds represent the worst possible situations for 

the given restrictions.    For most  situations, the value of (4) would likely be nowhere 

near the values of the bounds.    Consequently, for most cases the value of (2)  will be 

much nearer (4)  than is indicated by the upper ani lower limits in the tables. 

Let us consider the general eise where both conditions (i)  and (ii)  could be 

violated.    Values of upper and lower bounds for the significance level of test  (3) aa 

functions of n,  i and ß  are given by 

n-e 

(5) 

upper bound -   ±   j^ [(i , 3)'(i - 3)"" ♦ [h - >)'$ • p)""'] 

lower bound - 2   f   jrf^jj (f - ßJ(k . rf" . 
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Thus,  if ß - 0 the value of (/*) equals (2) while if ß is smAll the value of U) is very 

nearly equal to (2).    Table 1 contains values of these upper and lower bounds  for the 

tests considered.    A visual example of how the bounds ^iven by (5) vary as functions 

of ß for fixed n and i is given by Fig, 1, which contains a plot of these bounds for 

the case n - 9, i " 8.    If ß ""■> p *   ^e ^P61* ^ound   —^ ^ and ^e lower bound —> 0, 

A case of practical interest is that where condition (i) is not violated to any 

appreciable extent;  i.e., none of the populations have a noticeable amount of probability 

concentrated at n  .    Then the upper bound given in (5) still holds but the lower bound 

, is greatly improved.    Table 2 contains a list of some nuraerical values for this lower 

bound.    These values an only slightly less than the value of (2)  except for large 

values of ß.    The dotted curve in Fig. 1 represents a plot of this  lower bound as a 

function of 3 for the case n ■ 9, i ■ 8. 

In all the above results, the n observations on which tests are based were assumed 

to be independent.    Although no analysis will be made for cases in which the observations 

are not independent, examination of the significance level expression (4) for test (3) 

indicates that the value of (4) will often be approximately equal to (2) when the 

observations are mildly dependent.    This follows from the intuitive observation that in 

many cases dependence changes Pr(x. < ^ |n   fe h) and Pr(x    ,   .  > ^ |p   eh) in such a way 

that one probability expression is increased while the other is decreased; consequently 

the value of (4) tends to remain near that of (2). 

4. Derivations,    The purpose of this section is to  present derivations of the 

results stated in the preceding sectionj. 

The expressions for (2) and (4)  follow from i > (n*l)/2,  conditions (i)  and (ii), 

and elementary probability considerations.    Consider relations  (5).    Let 

Pr(yj <^oko(h) "1* ay Pr(y 
J ^okofeh) ■ fj » 

Myj > Mj^n)  -|* Yj  , (J - V-,n), 

Then 

and 

Mx^K^h) 

-v 9 
n   /i x        n-i n r    ' \"1 r  r   , i xl 

♦ a.   ♦ f U 
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where the notation   il    denotes the product over those values of J,  (J ■ l,,,#,n), which 

are different from J1>"
,,j  .    If i » n, each double suamiation in (6)  is taken to be 

zero. 

Examination of (6)  shows that (4) can be written in the form 

"v'-v V-'Vi' W''^" ^v'-v 6i''"-'Vi* Vi'"'«^) 
where 

for each value of J. Thus, since setting ^ ■ 0 places no additional restrictiona on 

the possible values of the a's and the other 6's, to obtain the maximum value for (4) 

all the e's should be zero. Now consider (4) with all the Os equal to zero. It can 

be written in the form 

(7) u(al»,,,'aJ-l,aJ-l,",,an) * aJv(V,,,'aJ-l,>l/*,'an) 

for each value of j.    Since -ß < a < ß for all j, the maximum value of (4) is obtained 

when the a. are restricted to be of the form 

(8) aj" V' (j - l,---,n). 

where each r\. equals either +1 or -1.    Assume that an arbitrary but fixed choice has been 

made for the T)^.    Then (6)  shows that (4) is a polynomial in a which is an even function. 

Consider the coefficient of an arbitrary even power of a in this polynomial.    Examination 

shows that this coefficient is naximum (algebraically)  for the case where all the T). are 

chosen to have the same value.    Hence (4) is maximum when 

(9) fj - 0, otj - ß, (j - l,---,n). 

Thus the upper bound for the significance level of test (3) is that given in (5). 

Now consider the lower bound, for (4). Examination of (6) shows that Pr(x.<u |u €h) 

is minimum when a. - -ß, (J - l,,,,,n). Similarly, Pr(x 4i v^J^n^*
1) is minimum when 

a. ♦ 6. ■ ß, (j - l,,,,,n). Thus (4) is minimum when 

i.  - 2ß,     aj - -ß,    (J - l,4-*,n). 

Substitution of these values  into (6) verifies the expression given in (5)  for the lower 

bound. 

If the populations for test  (3) all satisfy condition (ii),   6. • 0,  (J - l/'^n). 

From (9), the upper bound of (4)  ^iven in (5) is unchanged for this case.    The lower 

bound,  however, can be noticeably larger than the value stated in (5).    Since for each 

value of j,  (J ■ X,"*^), the value of (4)  can be expressed in the form (7), the lower 

bound of the significance level of test (3) is equal to the minimum value which can b« 
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obtained for (4) when the a. are restricted to be of the form (8) and the ^. have the 

value zero.    As (A) is invariant with respect to permutations of *i**"$&n» the problem 

of obtaining the lower bound of the significance level of test (3)  is reduced to that 

of determining the number m of the r\. which equal ♦! when the resulting value of (/») is 

minimum.    Since the lower bound for the significance level of test (3) is only required 

for n < 15 and i > n-3 (see Table 2), an analytical method of determining the value of 

m which minimizes (4) will not be developed;  the values for the lower bounds listed in 

Table 2 were obtained by substituting numerical values for m and computing the resulting 

values of (4).    For example, if i ■ n and ra of the a. - ♦ß while the remaining a. equal 

-p, the value of (4) is 

If i < n, the expressions become much more complicated and will not be given here. 
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TABLE 1 

ProPTtlee of Taet (1) and Teat (^) for n < I'S 

n 
1 TMt (1): Aooept M ^ ^0 if iTaet (1 |Twrt(l) 

Honaall- Sl^olf 1- 
1 ty Ef -     ocaaoo 

1                                   SigQlflc«noo Level Bounda for T«rt (3)                             j 

1 T*8t (3): Aooept h ^ ^ If 
I      ß =  .02 1   ß = .05 1    ß -  .08 1    ß - .10 1   ß = .15 1    ß -  .20     1 
1 Upper iLowwr lUpporl Lower [Upper 1 Lover [Upper Lower [upper [Lower [Upper tLowerl 

\k Ui   <   ^     0r  »!   >  ^O 1   95;^ ! .1250 1 .1262 1.1062 1-1325 .0ft20 .1^3 .0622 |.1552 .0512 |.192l| .0300 .21*82 Lai62l 

5 a^ < Mo   or x1 > M0 96,^ 1  •o625 1 .0635 .0510 |.0688 U369 |.0787 |.026l .0880 .0205 Ll213 Laio5 .1705 .001*9 

6 k < M0   or x, > M0 95^ ,0312 | .0320 1.02^5 I.0360 |.0l66 .0^36 1.0110 |.05o6 1.0082 Lo773 [.0037 .1181* .0015 

7 XT < ^    ^ ^l > ^o 95^ .0156 1 .0162 1.0117 |.ül90 |.O075 .02W» .ocA6 .0296 .0033 ^o»*97 L0013 .0026 Loooi* 

X6  <  ^0     0r X
2 >  ^0 00^ |  .1250 .1271 .1006 .1381 .CTlU .1586 .01*92 .1775 Lo377 [21*28 L0180 .3332 .0076 

6 xe<^o   ««^^O 95^ .0078 .008? .0056 .0101 |.003U .0138 |.00l9 .0175 .0013 1.0321 ^0005 .0577 .00011 

»T <  ^0     «• X2 > ^o 80 x .oroU .ciai .0^5 .0813 .0362 .0987 .0233 \.Uh9 .0170 Ll727 [0071 .2566 .0026 [ 

9 x9 < ^    0' »i > ^o 95^ .0039 .00^1 .0027 .005i» .0015 .0078 .0008 .0103 .0005 L0208 L0002 .ol*J* •0000 

»e < ^o   op x
2 > ^o 02* .0390 .oUoii .0291 .0U76 .0102 L06I3 .0109 .07^3 .0076 I1225 .0028 .1961* .0009 

10 »9 < M0   or x2 > ^0 Oo^ .021U .0225 .015^ .0278 .0090 .0380 .0051 .(A80 .003J* .0865 .0011 .1^95 .0003] 

xa < ^o   or x5 > »o 75^ .10^ .11?? .^39 .1270 .05U8 .15,*3 .03W* .1796 .02^6 .266»* .0096 .38W* .003JI 

11 X10<   ^0    0r X2 >   ^O 812 .0117 .012U .0081 .0161 •OoM* .0236 .0023 .0310 .0015 .0606 ,ooch .1130 .0001 

x9< ji0   or x5 > ,i0 76t .065U .0678 .0W3 .0600 .0296 .1032 .017U .i2be| .OUB .2022 .cxAll .^3 .0012 [ 

12 X10<   ^0    ^ X5 >   ^0 -0% .0366    1 .OlKA .027»+ .0500 .0158 .068^ .0066 .0863 .0056 .1921 .0017 .2530J .oooi* 

13 »ill ^o   or Xj > no 75* .022U .0238 .0153 .0310 .0063 .0U53 .00»*2 .0592] .0026 .1135 .0007 .2026 .0001 

X10<   ^0    ^ X4 >   ^O 70^   1 •092^ .0956 .0675 .U33 .0U07 .1M1 .0233 .17ÄJ .0156 .2608 .0050 .U213 .0013! 

1U Xia< ^o   ^ xi > ^o              1 78;«: .0130 .01391 .0085 .0192 .00^3 .0297 .0021 .otoU .0012 .o6«*l .0003 1 .1609 ,0001 

Xll<   ^0    ^ X4 >   ^O 73 J; .0571*    j .o6oi| .oUoU .07U6| .0829 | .1022 | .0123| .i?e?| .0078 .2216 .0022 .355»* .0005] 

15 x15<  n0  or x3 > Mo              1 78^    | .007U .0081J ,QCh6\ .ail8| .0022 .019^| .0010 .027U| .00061 .O6IB| .OOOOLI .1268 .ooool 

X12<   l^o   0r  X4>  ^0                    1 7^^    1 .0350 J)373 .02361 JO«? .0127J .^09 .OO63| .092U| .0039 .1732 .0010 .2970 .0002! 

x, <n    or x« >u 703< ! .1186 .1229 .0860 .1^59 .05 <) .1882 .0235 .2266 .0187 .35W .0057 .5162 .0013 



Trfnmr Thnaflfl tat ttr Umit\imi Lr^ <tf J—^ ü) ^^^ P™ 

n 
TMt Value 

of (2) 
(P-o) 

Lower Bomd for SlflBlfloanoe L«TB1 of Test (3) 

Aoowpt h ^ ^ If eltbor ß-.02 P-.05 ß-.o8 |ß*.10 *-.15 |ß-.20 ß-.30 |ß=.l*0 ] 

1» ^ < Mo o"! > Mo .1250 .I2k6 .1225 .1187 .1152 .1035 ,0882 .0512 .0162 

5 3^  < Mo0"^  M0 .0625 .0623 .0613 .0593 .0576 .0519 .01*1*1 .0256 .0081 1 

6 %   < h>orXl> Mo .0J12 .03U .0303 .0289 .0276 .0235 .0185 .0082 .0015 

7 X7  <   Mo0*»^   Mo .0156 .0156 .0152 .QIU5 .OI38 .0118 .0093 .001*1 .0007 1 

«»  <  M0 « «a >  Mo .1250 .12^7 .1231 .1202 .1175 .1082 .0953 .0601* .0211*   | 

6 S <  Mo or xi > Mo .0078 .0078 .0075 .0070 .0066 .001*3 .0039 .0013 .0001   | 

XT <  Mo O' »2 >  Mo .OTCA .0701 .0668 .0663 .061*1 .0567 .01*69 .0236 .oc**9 

9 X, <  Mo o*" »i >  Mo .0039 .0039 .0038 .0035 .0033 .0027 .0019 .cxyf .0001  | 

Xe <  M0 or x2 >  M0 .0390 .0389 .0381 .0367 .035»» .0310 .025^ 1.0125 .0025 

10 x, < Mo «r x2 > Mo .021U .OZLk .0208 .0198 .0188 .0158 .0121 .ooi*7 .0005   1 

xt < Moor X3> Mo .109U .1091 .1075 .l(Al» .1016 .0919 .0785 .01*36 .oioi*   1 

111 X1O<   Mo«3t2>   Mo .0U7 .0117 .0113 .0107 .0102 .0085 .0065 .0021* .0003  1 

x9<  Moor «3 >  Mo .065^ .0652 .06U1 .0621 .0602 .0538 .ol*53 .021*1 .0055 

12 XlO<    ^O0rX3>    Mo .0386 .038»» .0376 .0360 .031*6 .0296 .0237 .0102 .0011*  1 

13 s,^ Moorx5> Mo .azzh .022^ .0218 .0208 .0200 .0170 .0133 .0055 .0007  1 

»io<  Moor x4> Mo .092^ .0920 .0907 .0882 .0659 .0779 
1 

.0669 .O38I .0096  ] 

1U X1C<   Mo0* X5 >   MO .0130 .0129   1 .0125 .0118 .0112 .0092 .0068 .0022 .0002    1 

»l^   Mo01'»*1*   Mo .057^ .0572 .0561 .051*0 .0522 .0»*59 .0375 .OI76 .0027    j 

15 «15<   M0orx5>  M0 
.007^ .0073 .0071   1 .0067 .OO63 .0051 .0037 .0012 .0001    1 

»IS^   Mo0'^3"   Mo .0350 .0350 .03^3 .0329 .0317 .0275 .0221   ' .OO99 .0015 1 




