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SOME BOUNDED SIGNIFICANCE LEVEL PROPERTIES dE THE EQUAL-TAIL SIGN TEST

By John E. Walsh
The RAND Corporation

1, Summary. In addition to being easily applied and reasonably efficient for the
case of small samples from normal populations, the equal-tail sign test
tion median is valid under very general conditions. Rarely, if ever, ho
conditions exactly satisfied in practice. Thus use of the equal-tail signi\test for the
median (under the assumption that the conditions on which it is based hold)
approximation to the true practical situation. Undoubtedly the equal-tail
used in many cases where these conditions are only roughly satisfied. This ses the
question of the form and properties of the test which is approximated by the
sign test when the conditions for the equal-=tail sign test are not satisfiede¥ The
purpose of this paperyz=9£o investigate under what generalized conditions the equal-tail
sign test for the median is a satisfactory approximation to the corresponding generalized
test in the sense that the si;nificance levels are nearly the same. It ound that
the sisnificance levels of the two tests are approximately equal for a wide variety of
situztions if the number of observations is not large. Thus, from the viewpoint of
si-nificance level, the equal=tail si;n test for the median is an idealization which
represents a sufficiently accurate approximaticn to the test of interest for many practi=-
cal cases, This significance level stability, combined with its other favorable proper-
ties, sugrests that the equal-tail sign test be seriously considered for application
whenever the population median is to be tested on the basis of a small number of
observations., Corresponding confidence interval prope::ies are also derived,

2. Introduction and Discussion. Let us consider tcsting whether the

median u equals a given hypothetical value Ho for situations where alternative fyalues of
the median greater than H, are to receive the same emphasis as those less thanjthis -
value. The ejual-tail sign test represents a solution to this croblem which
practical utility. The computation required for the application of an equal-
test is small, The efficiency of these tests is reasonably hich for small s
normal populations (see {1]). Also the equal-tail sign test is valid under very general
conditions. These conditions only require that the observations used for the test are
statistically independent and from populations which satisfy

(i). The populations have a common median value u.

(ii). No population has a discrete amount of probability concentrated at

ot 1eeey Pr(x=p°) = 0 for each population,

Here it should be emphasized that u is not necessarily unique; there may be an entire
interval of points which satisfy (i).
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Situations where p is not unique but represents a set of points cause little diffi-
culty if suitably interpreted. An equal-tall sign test of the null hypothesis u = pg is
merely a method of deciding whether Ko is a point havin- the property that Pr(x < po) =
Pr(x > po) - % for each population. The location of W, among the 50% points of a
population is usually not of importance. Thus the null hypothesis u = Ho has the inter-
pretation “of"‘

Let the n independent observations on which a test is based be denoted by Yyt o¥pe
Subtract Ko from each of these observations. Then n non-zero numbers will be obtained
(the probability of the number zero occurring is zero). The equal-tail sign test for the
median can be expressed in terms of the signs (¢ or =) of these numbers, Let p be the
number of positive signs (then n-p is the number of 1cza'ive signs). The equal-tail sign

test for corparing ;. with the ;iven hypothetical value By is
Accept u # ho Af either p > 1 or p g n-i,

where i > (n+1)/2. An equivalent way to state this test is in terms of order statistics,
Let X)5° 9%, represent the values of Y10° 'Y, arranged in increasing order of magnitude.
Using crder statistics, the ecual-tail simn test for the median is

(1) Accept .. # K, if either X, < kg OL X 0 4 DU
where { > (n+l)/2, The significance level of test (1) is a function of i and n which has
the value

(2) Pr(xi < B¢ Pr(xn+l-i > ) = (%) 2 ETT%éETT

wl en conditions (1) and (ii) hold,
The statement of the equal-tail siyn test in terms of order statistics is convenient

because equal-tail confidence intervals for u can also be derived. Since {1 > (n+l)/2, it
follows from (1) and (2) that

(X41-10 %4)

is an equal-tail confidence interval for u with confidence coefficient

1-(3) 2 smoeam
if (1) and (ii) hold.

When conditions (i) and (ii) are not necessarily satisfied, test (1) is no longer
exact, Its si:nificance level may differ sub tantially from the value of (2). The null
hypothesis may not be expressible in the form ju = Mg+ Inmany cases, however, the equal-
tail sign test furnishes a reasonably close approximation to a fairly larce class of
tests., Tris approximation is close in the sense that each test of the class has a sig-

nificance level which is near the vilue of (2) when conditions (i) and (ii) are even
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roughly satisfied, The principal purpose of this paper is to define this class of tests
and investigate their sirnificance level properties,

First, let us consider the form and properties of the null hypotheses for the class
of tests to be investipated., Since condition (i) is not necessarily satisfied, the null
hypothesis can no longer be expressed in the form | = Koo Let pJ represent the median
value (or set of median values) for the population from which the observation ’J was
drawn (J = 1,--+,n). For each test of the class, the null hypothesis is required to be
some funct .on of Hys® " "aky which reduces to u = Ho when condition (i) is satisfied.
Since these null hypotheses represent generalizations of the null hypothesis for the
sirn test (u = po), they will be referred to as generalized null hypotheses, Hence the
generalized null hypotheses considered will be of the form

h(uys " skpy) = g s
where the set function h is restricted so that it represents the set of 50% points comaon

to al. po ulations (denoted by u) when condition (i) holds, If h is not unique, the
generalized null hypothesis has the int erpretation Ho € h,

The function h is also restricted so that it is nearly the same as u when condition
(1) is approximately satisfied. Stated in another way, the function chosen for h should
not be sensitive to condition (i); i.e., a moderate deviation from the existence of a
common median value should not have an appreciable effect on h, For example, let
pl,"°,pn be unique and large. Then the function

n -1
%Zl Byt Htthy % (“3*1 - uJ)Z

would not be suitable for use as h even though it reduces to u when all the by have the
value ..

Now let us define the class of tests which are investigited in this paper. All tests
of the class reduce to the equal-tail sign test when conditions (i) and (ii) hold.
Consecuently, each test of the class will be referred to as a generalized test, A

gener-lized test is defined by

(3) Accept h # Mo Lf either x, < p orx ., o >u
where i > (n+l)/2. The significance level of this test equals

(4) Pr(xi < “o'“oé'h) + Pr(xml_1 > po|uofrh) s

The value of (4) is not completely determined by i and n. It also depends on many other
factors such a3 the populations from which the obtservations were drawn and the value of
Mo+ In spite of this inexactness, the value of (4) is usually rather closely fixed if h

is a reasonable tyye of function and conditions (i) ani (ii) are even roughly satisfied,

Expression (3) defines a cluss of tests rather than a single test because of the possible
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choices for the function h,

It should be pointed out that test (3) does not necessarily have equal-tails. That
is, the value of Pr(xi < “o“ﬁ,fh) is not necessarily equal to the value of
Pr(xml_i > uolbg € h). In extreme cases, test (3) might even be one-sided.

The main problem of the paper is to show that in practice the value of (2) is
usually a close approximation to the value of (4). This, of course, is not always true,
For example, consider the case where scme or all of the populations from which the
observations were drawn have a large proportion of their probabllity concentrated at or
near the median., Then the value of (4) may differ greatly from that of (2) even though
conditions (1) and (ii) are very nearly satisfied, For populations of the type
ordinarily encountered in practice and a reasonable choice of h, however, the value of
(2) is usually near that of (4) even when conditions (i) and (ii) are only roughly
satisfied, This is proved by obtaining upper and lower bounds for (4) as functions of
n, 1 and a quan.ity 3. Here § is defined to be the greater of

1 1
mjxlpr(yd<“0‘“o€h) -3l mg"lP"(yJ>uoluaeh) -5| -

If p = 0, the significance level of test (3) equals that of test (1), If 8 is small,

the value of (4) is very neur that of (2). Table 1 conta’ns upper and lower bounds for
the significance level of test (3) for g = ,02, .05, .09, .10, .15, .20 and n < 15, If
the populations are continuous (or very nearly so) at Koo the value of the lower bound

is noticeably increased (see Table 2). Thus, for n < 15, the value of (2) does not differ
greatly from that of (4) even for g moderately large., A value of 3 as large as ,05 would
seem unusual for the ordinary type of practical situation where there is reason to believe
that conditions (1) and (ii) are satisfied,

Let us consider the practical implications of the fact that the equaletail sign test
approximates test (3) in the sense of significance level, Suppose the experimenter
recognizes the possilility that conditions (i) and (ii) may not hold for his experiment.
He then selects the function h(pl,'°°,pn) which is of principal interest to him and uses
test (3). In this manner he obtains an accurate test of the null hypothesis in which he
is interested, On the other hani, suppose that the experimenter :pylies the equal-tail
sign test without considering the possibility that conditions (i) and (ii) may be
violated, The results of this paper show that he is protected if the appropriate function
h (which he would have chosen) and the populations from which the observ-tions were drawn
are of a reasonable nature., Then he is testins the appropriate null hypothesis at
approgimately the speci fied siynificance level even thouyh he may not think of the test
in this light.

Since for the case of a sample from a nomal population the efficiency of the equal-

tail sign test decreases as n increases, much of the investigation is limited to tests
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based on 15 or fewer observations, Table 1l contains a list of the tests investiga'sd
along with their efficiency for nomality. The efficiency of a significance test (more
precisely, the power efficiency) is defined in [1]. Intuitively the efficiency of a
test measures the percentage of available information per observation which is utilized

by that test,
The equal-tail sizn test for the median may be useful for situations where there is

not much information available cdncerning properties of the populations from which the
observations were taken. Due to the extremely general conditions under which its
significance level is approximite r determined, this test can be used in cases where
more specialized tests are not necessarily applicable.

Approximate confidence intervals for h(pl,-°°,pn) can be obtained from test (3).
For populations of the tyne usually encountered in practice and a reasonahle function h,

(Xpe1ag0 %)

is a confidence interval for h with confidence coefficient approximately equal to unity ;
minus the value of (2).

The material presented in this paper is limited to investigation of Type I errors of I
the equal-=tail si,n test when the conditions on which it is based are gencralized, Due
to the extremely general situations considered, an investigation of Type II errors was
not feasible, However, the results obtained for the marticular case of a sample from a
normal population indicate that the efficlency of the equal-tail sifn test is reasonably
high for most situations if the number of observations is small,

3, Outline of Results, This section contains a statement of the main results of the

paper. The proofs of these statements are given in section 4.

The method followed in obtaining bounds for (4) consists in fixing n, i, B and then
finding the largest and smallest values of (4) possible on the basis of these and any
additional restrictions, Thus the bounds represent the worst possible situations for
the given restrictions, For most situations, the value of (4) would likely be nowhere
near the values of the bounds. Consequently, for most cases the value of (2) will be
muchk nearer (4) than is indicated by the upper ani lower limits in the tables,

Let us consider the general case where both conditions (i) and (ii) could be
violated, Values of upjer and lower bounds for the significance level of test (3) as

functions of n, { and 3 are given by

upper bound = 3%-1 mrnT-';)_l [(% + B)’(% - 3)"‘-3 . (% . 5)8(%‘ . 3)"-3]

(5)

n s n-s
- nl 1 i,
lower bound = 2 sgi m <2 - ﬁ) (2 + .3) .
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Thus, f B = O the value of (4) equals (2) while if g is small the value of (4) is very
nearly equal to (2), Table 1 contains values of these upper and lower bounds for the
tests considered, A visual example of how the bounds given by (5) vary as functions

of f for fixed n and i is given by Fig. 1, which contains a plot of these bounds for
the casen =9, 1 = 8, If B-—)% , the ujper bound —>» 1 and the lower bound —> O.

A case of practical interest is that where condition (i) is not violated to any

F appreciable extent; i.e,, none of the populations have a noticeable amount of probability
concentrated at u_ . Then the upper bound given in (5) still holds but the lower bound

, 18 greatly improved. Table 2 contains a list of some numerical values for this lower
bound. These values ar: only slightly less than the value of (2) except for large
values of 3. The dotted curve in Fig. 1 represents a plot of this lower bound as a

function of 2 for the casen =9, i = 8,

In all the above results, the n observations on which tests are based were assumed
to be independent. Although no analysis will be made for cases in which the observations
are not independent, examimation of the significance level expression (4) for test (3)
indicates that the value of (4) will often be approximitely equal to (2) when the
observations are mildly dependent. This follows from the intuitive observation that in

many cases dependence changes Pr(xi < polpo ¢ h) and Pr(xn*l-i > po|p06h) in such a way
that one probability expression is increased while the other is decreased; corsequently
the value of (4) tends to remain neaxsthat of (2),

L. Derivations, The purpose of this section is to present derivations of the

results stated in the preceding sectiona,
1 The expressions for (2) and (4) follow from i > (n+l)/2, conditions (i) and (ii),
and elementary probability considerations, Consider relations (5). Let

1
PP(YJ < uo|u0€h) '5’ QJ) P"(YJ = HOINOE h) = GJ ’

Pr(yJ > “oluoé n) = % & Yj ’ (5=, =) o
Then
YJ = -(GJ + EJ)

and
noy n-i n '/l r

i oluo €1 = 11-]-.1(5’“") S J>:...\J:-1[Tr \\E’GJ)] [I1(5°a5k)]

(6) . 1 “r
-1
Pr(x = h-nl- - OP 'L g - x‘-]-'+ +
r nol-i\l"oluoé ) jE(E “j J) 5 Jl>...>j -l[ﬂ— (2 aJ €J>J[Jr-lk2 aJk éjk):]
r
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where the notation TT. denotes the product over those values of §, (J = 1,**+,n), which
are different from Jy,***,J . If 1 = n, each double summation in (6) is taken to be

zero,
Examination of (6) shows that (4) can be written in the form

f(ﬂl"”’“ni elf")ej_l’ Ej*l’”.’én) - ejg(“l’"°’°n; el’...’ej-l’ €J+1'°"’en)
where
Bayse 003 €027 6 €0” ) 20

for each value of J. Thus, since setting éj = 0 places no additional restrictions on
the possible values of the a's and the other €'s, to obtain the maximum value for (4)
all the €'s should be zero, Now consider (4) with all the €'s equal to zero, It can
be written in the form

(7) “(01:' * .’aj-l'qjﬁl’ '”’“n) + GJV(GI)“ ] ’aj-l’a)bl’. “,an)
for each value of j. Since = < a < B for all j, the maximum value of (4) is obtained

when the a, are restricted to be of the form

J
(8) aj = njﬁ, (J = 19'")")’
where each n, equals either +1 or -1, Assume that an arbitrary but fixed choice has been
made for the n,. Then (6) shows that (4) is a polynomial in a which is an even function.
Consider the caefficient of an arbitrary even power of a in this polynomial. Examination
shows that this coefficient is maximum (algebraically) for the case where all the qJ are

chosen tu have the same value. Hence (4) is maximum when
(9) éj =0, “J = 8, (J = 1,°**,n),

Thus the upper bound for the significance level of test (3) is that given in (5).
Now consider the lower bound for (4)., Examination of (6) shows that Pr(xi<u°|p°€ h)
is minimum when ay = -8, (§ = 1,*°*,n)., Similarly, Pr(xn+l-i>“ol“oe h) is minimum when

a; + €J =8, (§ =1,°**,n), Thus (4) is minimum when

eJ = 28, QJ = -f, (J =1, *,n).

Substitution of these values into (6) verifies the expression given in (5) for the lower
bound.

If the populations for test (3) all satisfy condiition (ii), éj =0, (J =1,°**,n).
From (9), the upper bound of (4) riven in (5) is unchanged for this case. 'The lower
bound, however, can be noticeably larger than the value stated in (5). Since for each
value of j, (J = 1,°**,n), the value of (4) can be expressed in the form (7), the lower
bound of the significance level of test (3) is equal to the minimum value which can be
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obtained for (4) when the ay are restricted to be of the form (8) and the GJ have the
value zero, As (4) is invariant with respect to permutations of ul,"',an, the problem
of obtaining the lower bound of the significance level of test (3) is reduced to that
of determining the number m of the "j which equal +1 when the resulting value of (4) is
minimum,. Since the lower bound for the significance level of test (3) is only required
for n < 15 and i 3 n=3 (see Table 2), an analytical method of determining the value of
m which minimizes (4) will not be leveloped; the values for the lower bounds listed in
Table 2 were obtained by substituting numerical values for m and computing the resulting
values of (4). For example, if i = n and m of the ay 3

-, the value of (4) is

(% . ")lll(% _ B)n-m . (%- B)m(% . Nem .

If { < n, the expressions become much more complicated and will not be given here,

= +8 while the remaining a, equal
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TARLE 1
Same Pro ies of Test (1) and Test for n S
] Test (1): Aocept u ¢ u, if ::;ﬁ-) mg_ Significance Level Bounds for Test (3)
Tsat(s):Aooopthfubir“f:n f,':";;{ UB=.02 B = .05 g= .08 B=.0 | B=.15 B = .20
J pyer |Lower |Upper | Lowerx [Upper | Lower |[Uppex (L ower [Upper |Lower [Upper
bo|xg <py orx >y 95% | .1250 | .1262].1062|.1325 [.0820 [.1443 |.0622.1552 |.0512 [.192k 0300 |.2u82 [. 0262
5 | X5 < g o X; > pg 9% 3 0625 | .0635].0510.0688 [.0369 |.0T87 [.0261 [.0880 |.0205 |1213 0105 {1705 [.0049
6 [x, < by OF X > g 951 .0312 .0320 [, 0245 |.0360 [. 0166 |. 0436 |.0110 [.0508 |.0082 L o773 L0037 |.118% |.0005
T [xp <o orx > Ho 9517 .0156 0162 [.0117 {.0190 [, 0TS | 02k |, 0046 |.0296 [.0033 LOkgT |.0OL3 |.0826 |. 000k
Xy < Ho OF X, > g 80% 1250 1271 [.1068 [.1361 [.o7al 1586 [ ok92 1775 [.0377 2428 L0180 |.3332 |.00
8 r-ii( ho O X > g 95 % .00T8 0082 [,0056 |,Q101 [,0034 |.0138 [.0009 [.0LTS {.0013 |0321 0005 |.O5TT [.000L
Xy < By OF Xy > g 80g | .OTOh 0721 |, 0545 |. 0813 |.0362 |.0987 |.0233 |.1149 |.0170 L1727 LOOT |.2566 |.0026
9 | Xg < pp OF X, > gy 951 .0039 .00k |.0027 |.005% {.0015 |.0078 |.0008 |.6103 [.0005 |.0208 |.0002 |. Ok |,0000
x£< Bo OF X, >l 824 .0390 ~Ohol {,0291 |. 0476 |.0182 {0613 |.0109 [.OTH3 |. 0076 L1225 (0028 |.196k |.0009
10 x9 < g OF X, > g 804 L022h - (225 | 0154 |, 0278 |. 0090 |.0380 |.0052 |. 0480 |.0034 0865 (0011 |.1k95 |,0003
Xy < Ho OF X5 > T % QO 122 |.0839 |.1270 |. 0548 |.1543 | 034k |.1796 |. 0246 [ 266k |.0096 |. 384k |.003¢
| x,,< g OF X; > g 812 JALT .0)24 |, 0081 {, 0161 |.0OW% |.0236 |,0023 |.0310 |.0015 }.0608 [.000% |.2130 {. 0001
X9 < By OF X3y > i 76 % 0654 L0678 |. 0483 |. 0800 |.0296 |.1032 {.01Th |.1248 |. 0118 L2022 |00kl |. 3133 |.0002
12| x, < By OF X3 > 5% | .0386 | .ohok|.027h |.0500 |.0158 |.0685 |.0086 |.0863 |.0056 L15A [.00LT |.2530 |. 000k
13| x,,< uy oF X3 >y, 5% | 0224 | .0238|.0253|.0310[.0083 |.0453 |.0042 |.0592 [.0026 }.1135 (0007 |.2026 |.0001
X, < Ho OF X > pg 70% 0924 «00561,0675 1.1133 1. 0407 |. 1461 |.0233 1.1 764 | . 0156 L2608 |, 0050 |.4213 |.0013
WX < pg o X3 > g 784 .0130 .0139|,0085 |.0192 | . 0043 |. 0297 |. 0021 |. OOk |. 0022 |.0B4Y |.0003 L1609 |.000L
X< g OF X > g 7% | 057 | .o6aL{.0u0% |.OoTh6 |. 0829 [.1022 |.0123 |.1282|.00T8 [.2216 |,0022 |, 3554 |.0005
15[ x,.< bp OF X3 > ug T | .oom | .00B1|.0046].0018].0022|.019% |.00LO|.027h | .0006 [,0618 |.000L |.21268 | .0000
X< iy OF X 0> 1y The .0350 | 0373].0238 |Ou8T|.0127 |.0709].063|.092% | .0039 |.1732 |.0010 |.2970 | . 0002
X, <n, OF Xy >y 708 | .1186 | .1209].0860].1k59(.05 9 [.1882].0285].2266|.0187 |.3548 |, 0057 |.5162 | . 0013




Lover Bound for Signifiocence Level of Test (3)

Tost Value
of (2)
Acoept h p 1, if either | (B=0) | B=.02 |B=.05 |Be.08 [Be.10 | Ae.15 |B=.20 | B=.30 | p=.k0O
b1z <pporz > 1250 | .1246 | .1225 |.1187 |.1152 | .1035 | .0882 | .02 | .0062
5 | %, < ug or x> .062% | .0623 |.0613 |.0%3 |.0576 | .0519 | .okl | .0256 | .0081
6 | % < ho OF X3 > pg 0x2 | .03l |.0303 |.0289 [.0276 |.0235 | .0185 | .0082 |.001S
T | Xy < ppor X;> 0156 | .0156 |.0152 |.0ak5 [.0138 |.0118 |.0093 | .00kl |.0007
Xy < b OF Xy > A250 | L1247 [.1230 |.1202 (L0175 |.1082 |.0953 | .060k (.020k
8 |xg < poorx >, 0078 | .0078 |.00T5 |.0070 .oo66'.ooh3 .0039 |.0013 |.0001
X, < 4o OF X, > g 0704 | .0701 |.0688 |.0663 |.0681 |.0567 |.0u69 |.0236 |.o0k9
9 | Xy < BoOT X, > g .0039 |.0039 |.0038 |.0035 [.0033 |.002T |.0CQ9 [.C"O7 .0001_
Xq < Hg OF X, > pg .0390 |.0389 [.0381 |.0367 |.03%% |.0310 |.025% |.0125 |.0025
10 x:< Ho OF X, > o2k | .02k |.0208 [.0198 [.0188 |.0158 |.0121 |.0OMT |[.000%5
Xg < HOOF X3 > 1o 209k |[.1091 [.1075 [.1okk [.1026 |.0909 |.OTBS |.Oh36 |.OLOW
N |x, < woorx,> uo o117 |.on7 [.c113 [.0007 [.0102 [.0085 |.0065 |.0024 |,0003
X, < poOF Xy > g L0654 |.0652 |.0641 |.0620 |.0602 [.0538 [.0853 |.0241 |.0055
12 X, < 4oOF Xy > yg 0386 |.0384% [.0376 |.0360 [.036 |.0298 |.0237 [.0102 [,00LN
13 |2,,< HoOF X35> g 0224 | ,022% |.0218 |.0208 [.0200 |.0LTO [.0133 [.0055 }.0007
X, < BoOF X4 > i 092k |.0920 1.0907 1.0882 l.0859 |.07TT9 {.0669 ).03B1 |[.0096
1k X, < HoOF X3 > o .0130 |.0129 |.0125 [.0118 [|.0M12 [.0092 |.0068 [.0022 |.0002
X1y< B OF X4 iy 057 |.0572 [.05%61 l.osko [.0522 [.0459 [.03T3 |.A76 |.0027
15 |X34< u, OF X35> 4 .007% |,0073 l.001 |.0067 [.0063 |.00% [.0037 |.0012 |.00ql
X, Uy OF X> g .0350 [.03%0 [.0343 [.0329 [.0317 |.02T5> [.0221 [.0099 [.0015

sl
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