4

60381

Gos5) Y

COPY /_ of/__ COPIES

7 N
5

,SOB!DN-PMIC TESTS OF WHETHER THE LARG
OBSERVATIONS OF A SET ARE TOO LARGE OR TOO SMALL

John E. Walsh

P61

i
|
|
l
; 27 Pebruary 1950
L\ Revised J

Approved for OTS releasa

/‘%/M/c_/
JZ.JU/)/

DDC

'rmrnm'
AUGIQM‘
NSOGT VTS

DDC-RA C

74 AN D s

1700 MAIN ST. « SANTA MONICA « CALIPORNIA"

K




P-61, Rev. 2/27/50

SOME NON-PARAMETRIC TESTS OF WHLTHER THE LARGEST
OBSERVATIONS OF A SET ARE TOO LARGE OR TOO SMALL

By John E. Walsh
The RAND Corporation

1, Sumnary. -retmms gonsider,‘\"a larlgi number n of observations which are statistically
independent and drawn fro; continuous symmetrical populaiions. This paper presents some non-
parametric tests of whether the r largest observations of the set are too large to be consist-
ent with the hypothesis that these populations have a common median value, Tests of whether
the r largest observations are too small to be consistent with this hypothesis are also
considered, Here r is a given integer which is independent of n.

Subject to some weak rostrict.iom,“it filghown that the significance level of a test of
the type presented tends to a value g as increases. ,For no admissible value of n, however,
does the significance level of this test exceed 2{.1‘ f whether the largest observations are
too large is considered, tests with values of a suitable for significance levels can be
obtained for 5}_ 4, Values of a suitable for significance lavels can be obtained for any value
of r 1f whether the largest observations are too small is investigated (n large).

Properties of the power functions of these tests are considered for the spec case in

which the r largest observations are from populations with common median 6, the
observations are fram populations with common median Q, and each population has the pryperty
that the distribution of the quantity
(sample value) - (population median)

is indeperident of the value of the population median., For tests of 6 > Q, the power function
tends to zero as 6 - § —> - and to unity as 6 - § —>@. For tests of § > 8, the power
function tends to unity as 8 - §—> - and to zero as 6 - § >0,

Analogous tests of whether the smallest observations of a set are too small or too large
can be obtained from the tests of the largest observations by symmetry considerations.

If there is strong reason to believe that the set of observations is a random sample from
a continuous population, the tests presented in this paper can be used to decide whether the
population is symmetrical. Tests of this nature are sensitive to syumetry in the tails of the
population but not to symmetry in the central part.

2. Introduction and statement of tests, The tests derived in this paper are applicable to

situations of the following two types:
(a). It is known that the observations are independent and from continuous symmetrical

populations (i.e., each population has a continuous cdf F(x) such that P(x - ¢)
=1l-F(9-x), where ¢ is the population median)., It is desired to test whether
the largest few observations are too large (or too small) to be consistent with the
assumption that the populations have a common median value (if the 50% point of a
continuous symmetrical population is nov unigue, the mediun of this population is
defined to be the midpoint of the interval ol 50% points).
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(b). It 4s known that the observations are independent and from continuous populations
with a common median value (e.g.,, the observations may be a sample from a continu-
ous population). It is desired to test whether these populations are symmetrical
(with emphasis on the tails of the population),

With respect to (a), perhaps the most common practical application is that where the
observations are assumed to be a sample from a continuous symmetrical population of some
special type (e.g., normal) but the values of the largest few observatlons make this
assumption questionable. The non-parametric tests presented for (a) are easily applied and
a significant result for a non-parametric test automatically implies that the observations
are not a sample from the specified type of population. Purtismore, if a parametric test
of this situation (i.e., a test based on the assumption of a sample from this special type
of population) is significant, the non-parametric tests are useful in determmining whether it
is possible that the observations might be a sample from a contimuous symmetrical population
of some other type.

With respect to (b), perhaps the most common application is that where the set of
observations can be considered to be a sample fram a continuous population and it is desired
to test whether this population is symmetrical in the tails,

Now let us consider the forms of the tests. Let x(1),°***, x(n) represent the values of
the n cbservations arranged in increasing order of magnitude. Then x(n¢l-r), x(ne2-r),*-°,
x(n) are the r largest observations of the set. Por situations of type (a), the tests of
whether the r largest observations are too large are of the fom

Accept that the r largest observations are too large
to be consistent with the hypothesis that the populations
have a common medisn if

(1)

minfx(nel-g,) ¢ x(3,); 1 < kg8 <r] > 22(W),

where the 1's, j's and r are integers such that

1. =r, i <4 Iy < a1 Jg W, < n+l-r,

a is defined by

ae Pr{lin[x(ml-ik) + x(Jk)} > 29|Q = common modian} >
and W_ = 'c(") is the smallest integer satisfying the relation
(11) Prtx(ﬁa) < Q|Q = common mdim] < a,

In testing the hypothesis of (1), the principle followed is to choose x(n+l-r) and some
subset of x(n¢2-r),***, x(n) for use in the test. The integer s represents the total mmber

of order statistics selected from x(n+¢l-r),***, x(n).
The value of a = a(il,"-,i.g Jl,“',J.) is independent of n and is given by equation (5)

in section 3. Table 1 oontains some values of the 1's, j's and s which yleld values of a
suitable for significance levels. Por test (1), values of a suitable for significance levals

can be obtained for r > 4.
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If the n independent observations satisfy the additional conditions

(1). Asymptotically (n—pwm), x(v ) 1s statistically independent of
min [x(ml-tk) . x(Jk); l1<kge].
(11). The standard deviations of x(v ) and min [x(nedet,) + x(3,)5 1 S k S 8] oxist
() forall n2 i ¢ $o 7 1 and t.ho limiting retio: (n—>) of these standard
deviations is either sero or infinite.

(111). Let the notation o(s) denote the standara deviation of s. Then, if the populations
have a comon median ¢, asymptotically the cdf's of [x(v ) - ¢] /o[x(w )] and
{nn[x(ml-ik) . x(Jk)] 2’} / o{nin[x(nﬂ-ik) . x(Jk)]} are continuous at the
point szero,

thea the significance level of test (1) approaches the value a as n tends to infinity,

Although conditions (A) may appear to be complicated, they are not very restrictive,
These conditions are satisfied if the n observations are a sample from a comtinuous population
of the type usually encountered in practical sitwations (i.e., approximated in practical
situations). Perhaps the most well known type of continuous symmetrical population for which
a sample doss not satisfy conditions (A) is that with a triangular probability density function
Part (11) of conditions (A) is not satisfied for a sample from a population of this type.

For large n, relation (1') with the equality sign is approximately satisfied if
W, - % ne -i- IC‘VE , (1.0., the largest integer contained in % n ¢ % Kclfi ). Here K, is the
standardized normal deviate exceeded with probadility a. This value for 'a was obtained from
the normal approximation to the binomial theorem and furnishes a reasonadbly accurate sodution
of (1') with the equality siga for n > 10, (see [1]).

As an example of a test of type (1), let r = 5, s = 2, Jl-l, 2,4, =4, 1,5,
Then a & ,0547 and the test is (approximately)

Accept the specified alternative of (1) if
b 1
 stafx(e-3)ex(1), x(a-b)ex(2)] > 2t (Fn ¢ FE o0 07).
That this is a test of whether the 5 largest odbeervations are too large is intuitively
evident from the fact that a significantt result will be obtained only if both

x(0-3) > 2x(3 0 ¢ 3K 5,7 ¥8) - x(2)

x(o-4) > 2x(} n ¢ & & 0 0E) - x(2).

If the smallest two of the five largest observations are too large, it seems reasonable to
suppose that all of the five are too large. A similar interpretation exists for all tests

of type (1).
The type (a) tests of whether the largest observations are too small are of the form

Accept that the r largest observations are too

(3) small to be consietent with the hypothesis that the
populstiogs haye & gommon median valye if

ux[x(ml-,jk) + x(ik); l<kgegr] < 2x(nel-¥ ),

*

(2)
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*here §, = r, 3y < dyepr &y < g.l*ﬂ.‘emdfm and both a and W_ are defined in W,
Fram tb results for test (1) and symmetry considerations, the -uunmco level of test (3)
tends to a as n—> @ if coniitions (A) dre satisfied; it doee not exceed 2a for any admissible
value of n. Por test (3), values of a suitable for sigmificance levels can be obtained for
all values of r (n sufficiently large).

As indicated by (2), the tests of whether the largest observations are too large can also
be interpreted as tests of whether the smallest observations are too large. Similarly the
4tests of whether the largest observations are too small can also be interpreted as tests of
wvhether the smallest observations are too small,

The above discussion presents intuitive reasons for bel ieving that tests (1) and (3) are
suitable for the situations to which they are spplied. To obtain a semi-quantitative measure
of the suitability of these tests, this paper investigates the special case in which the r
largest observations are from continuous symmetrical populations with common median 6, the
remsining cbservations are from continuous symmetrical populations with common median §, and
each population has the property that the distribution of x - ¢ is independent of ¢, where x
is an obaservation from the population and ¢ is the median of the population, The power
function of a test of type (1) or (3) is defined to be the probability that the test is signi-
ficant given the value of @ - §. It is found that the power functions of these tests have
several desirable properties: For test (1), the power function tends to zero as 6 - ,—) -0,
is a monotonically increasing function of 6 - § for 6 - $ <0, and tends to unity as
®- Q—)Q. Por test (3), the power function tends to zero as 6 - Q-—ym, is monotonically
decreasing for € - ? < 0, and tends to unity as @ - § — ~o.

Por testing whether the populations are symmetrical in the tails given that they are
continuous and have a common median, i.e., situation (b), & cambination of (1) and (3) is
used., The resulting test is

Accept that the populations are pot symmetrical
in the tails if either
min [x(ml-ik) + x(Jk); l<kgs]> 2:(Ha)
o°r
max [x(nel-g ) + x(4.); 1 <k <] < 2x(nel-¥ ),
where a < %, 1“ < 1"1, J' < le, I < 1", dr<'c< nol-i.’_, and both a and W, are defined
in (1). Since both inequalities in (4) can not be satisfied simultaneously, the significance
level of test (4) tends to 2a as n—> @ if conditions (A) are satisfied; it never exceeds ia
for any admissible value of n,

The asymptotic distribution (n—> o) of x(wa) is usually not very sensitive to symmetry
of the populations., Por example, if the n observations are a sample from a population with a
probability density function f(x) such that f(§) # 0, ($ = population 50% point), and f'(x)
exists and is continuous in a neighborhood of x = ?, it can be shown that the only property
of f(x) which influences the asymptotic distribution of x(wa) is the value of f(§). Thus,
since a type (1) test investigates both whether the largest observations are too large and
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TABLE 1

SOME VALUES OF a FOR 8 < §

a |s 1, 1, 13 il‘ 15 | 2 .13 I, .15
0625 |1 | &4 1

0321 5 1

0156 11| 6 1

0078 (1) 7 1

0039 (1] 8 1

0352 (1| 7 2

0195|111 8 2

010711 9 2

04692 4| 5 1| 2

04|21 51 6 1 | 2

ouz7i2| 61 7 1 | 2

005912 7| 8 1 | 2

09113 4t 5| 6 1| 2| 3

019513 | 5 6 | 7 1| 24 3

009 (31 6| 7| 8 1 | 2| 3

9 6| 4] s 6| 7 vl 2] 3 4
0294 5| 6] 7| 8 1| 2] 3| &
O115 | 4 6 7 8 9 1 2 3 IN
.0308 | 5 z.-irsié» 7 1 8l 1| 2| 3| 4| 5
o154 |5 | 5 ‘ 6 : 7 le 91|23 ]
0077 | 5 6 ; 7 ! 8 lL 9 110 1 | 2 3 4 5
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whether the smallest observations are too large (to be consistent with the assumption of
symmetry), while a type (3) test investigates both whether the largest observations are too
small and whether the smallest observations are too smll, test (4) should be suitable for
testing whether a population has symmetrical tails,

3. Theorems and derivations. The fundamental fact used in this paper is tmt, if the
observations are from continuous symmetrical populations with common median ?, the value of

a = Pr {nin[x(nol-il) + x(jk); l<kg l] > ZQ}
= Pr {ux[x(ml-_jk) +x(4,)1 1 gk g 8] < 2?}
is independent of n for the values of n permitted in the tests, This result is a special
case of the following theorem
Theorem 1, Consider a set of n independent observations from continuous symmetrical
populations with common medisgn ¢. Let i)y <eee < and §) < eee < § ) be fixed sets of
integers whose values are independent of n. Then the value of
Pr {bth largest of [x(ml-Jk) . x(ik); 1<k<s]< 2@}

is the same for all values of n which are > 1 ¢ j - 1. In particular

B m m(2)-h,
a= 2"{]. + a(l) « [=(1) - h1] + Z [m(1) - hy - hﬂ * oo
L hl. h2- hl"l
(5) m(u) m(u-l)eh, ) m(2)-hy-+eech
SRS )
hu-l.T hu-Z"f hl'1 :
where :
wel +3,-1 uwu=j -1, u(Jtovt-l)-i'OJ.-it-jt-vt+l
t=0,1, ***, 8 -1, ls'ts"tol'-’t’ 1°-J°-l-0.

Proof. It is sufficient to prove the theorem for the expression
Pr {mx[x(nol-Jk) + x(ik); l1<kg<s]X 29}
since any probatility expression of the form Pr{ath largest of [ ] < 2?} can be expressed as
a specified constant plus a sum of probatilities of the form Prfmx [ ] < 2?} multiplied by
speci fied constants, where in each case the terms in the [ ] are 3 subset of the s tems:

x(ml-ejk) + x(ik), (1<kg<s).
Let the integer n have the value n,. Then it can be verified that

Pr {nx[x(nool—Jk) + x(ik); lgkge] < 2?}

(6)
« Pr [mx {Zx(nooj.), x[nool-w_] . x[nOOl-w-m(w)]; 1<Wg< J'} < 2@],

where

I(Jtovt-l)-n002-it-jt-vt, m(J.)-no-i'-J.Zl,

t=0,1, *es, 81, lcv,<J,-d 1,°4,-1°0,
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by the use of Theorem L of [2]. By the proof of Theorem 5 of [2], the value of the second
term in (6) equals
Pr[m {Zx(no-Js), x[n°02-w] + x[nool-w-n(w)]; 1<W< J.ol} < 29]
ir m(J.*l) » 1 and the expression is based on n, * 1 rather than n, observations (t.he values

of the m's are the same as in (6)) . The value of this expression, however, can be shown to

equal the value of
Pr [ma.x {Zx(nod-j.), X[no¢2-w] * x[nooz-w-n(w)]; 1<Wg J'} < 2?] .
which by (6) equals the value of
Pr {w[x(n°¢2—,1k) + x(ik); l<kge] < 2?}
ifne- n, ¢ 1 for this“expression, Thus, by induction, the value of
\
Pr {m[x(nol-.jk) * x(ik); l<kge]< 2@1

is the same for all sample sizes n > 1. + JQ. An analysis similar to that used in the proof
of Theorem 5 of [2] shows that this also holds for n = 1. + J‘ -~ 1, Equation (5) was obtained
by taking n = v-i'w';)‘ -1, the m's as given by (6) with this value of n, and substituting

into Theorem 4 of [2].
Another basic result is that, if the observations are from continuous symmetrical
populations with common median 9, the value of

Pr {lin[x(n *1l-1)*ex(§);lckg 8] > a(wa)}
- Pr{m.x[x(n ¢+ 1 - jk) * x(ik); l<kge] <2x(ne -Wa)}

is always less than or equal to 2a. This is a particular application of the theorem
Theorem 2, (Consider n independent observations from continuous symmetrical populations

with common median §. Then, for any integer W,
Pr{max[x(n + 1 = 3,) + x(4,); 1 < k < 8] < 2x(W)}
S Pr {nx[x(n +1 - Jk) * x(ik)] < 2?} + Pr {x(w) > Q}
- Pr {mx[x(n vi- 30 e x(1)]) <20, x(W) > 9} :
Proof.
Pr {mu [ ] < 2x(w)}
- Pr {m[ 1 2?, x(W) >Q} + Pr{-x[ < 29, lx(w) <0, max [ < ZX(W)}
+ pr{max| > 2, x(¥) > ¢, nax [ ]< 2x()}
< Pr{-ax[ 1< 29, x(w) > p} . Pr{m[ ] < 20, x(W) < ?}
oPr{ma.x[ > 29, x(W) > 9}
< 20} o Pr {x(W) > ¢} - Pt {mx[ < 29, x(W) > ¢} .
If the n independent observations satisfy conditions (A) in addition to being from con-
tinuous symmetrical populations with a common median value, the significance level of tests

_—

-

| S—

=«Pr {max [
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(1) and (3) tends to a as a—>» . This follows from symsetry considerations and

Theores 3. (Consider n independunt observations which satisfy conditions (A) and are
from continuous symmetrical populations with a common median yalue. ZThen

lim Pr {lin[x(n + 1 - 1k) + x(Jk); l1<kce > Zx(Ia)} e q,
n—om

Proof, Let

Y = min [x(n01-ik) +x(§ )3 1<kge)]
and consider the case where
lin o[x(wa)]/o(!) = 0,
n —00
Since the populations are continuous, o(Y) > O and

Pr(Y > 2x(w )] = Prir - 29> 2x(W_) - 26]

- Pr{[! - 20]/0(Y) > 2[x(wu) - Q]/o(!)} 3
Let
2 = 2[x(w) - 0)/0(1).

Then, from (1) of conditions (A),

Pr[! > ZX(HG)3 -mer {[Y - 29]/0(Y) > a} dF'(a) + 8(n),
-® i

where F_ is the cdf of Z and 1im g(n) = O,
n—»o
Let b be any positive rumber., From lim o(Z) = 0, (11) of conditions (4), and the
, n—»00
definition of x(Ha), the mean of Z exists for all values of n and tends to zero as n—» @,

Then, by Tchebycheff's Inequality, it can be shown that

b
f dr (a) = 1 = y(n),
~b
where 1im y(n) = O.
n—

From (111) cf conditions (A)
lim Pr {[r - 20)/0(Y) > -b} = lim Pr {[r - 29)/o(Y) > b} + S(v),

n—>mw n—00

where lim &(b) = 0,
b >0
Using the above relations, letting n —>o00 first and then b — 0, it follows fram

Theorem 1 that

lim Pr(Y > 2x(wa)] - Pr{[! - 20]/o(Y) > o} - a.

n-—>»a
A similar type proof shows that this limiting relation also holds when

lim o[x(Ha)]/o(Y) - ©,
n-—>o00

Finally consider properties of the power functions of tests (1) and (3) for the special
situation outlined in sections 1 and 2. The properties stated in the precedinzg two sections

—
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follow from
Theorem 4. Let x(n 1-r),***,x(n) be from continuous symmetrical populations with
common median ©, the remuining order statistics from continuous symmetrical populations with

common median ¢, and each pojulation have the property that the distribution of x -~ ¢ 1s
independent of ¢, where x is an observition from the population and ¢ is the median of the
population, Also let

P (@) = pr{atnlx(nel-t) ¢ x(3); s kg s s r)> i) |0 - ¢ - 3},
where the conditions for test (1) are satisfied, and
Py(D) = br {lax[x(ml-jk) ¢ x(1,); 1<k s wgr] < 2x(nelW )| - ¢ - Q},

where the coniitions for test (3) are satisfisd. Then

LUn P () =0, lm P.() = 1,

@—)loo(p @——)la?

Un P() =1, Ln Py(¢) =0,
—3 =@ —"®

P () 1s & monotonically increasing function of  for ¢ < 0, and P,($) s a monotonically

decreasiny function g£¢ for (P < 0,
Proof, It is sufficient to prove this theorem for the power function of test (3). The
results for Pl(é) can be obtained from symmetry considerations and obvious modi fications of

the proof for }’3((1 o
First consider P3(¢) for the case where @ < 0, Let a nsw set of observations be formed

from tihe given set by subtracting the median value of the corresponding population from each
observation. Let y(1l),*<°,y(n) be the values of the set of modified observations arranged in

increasing order of magnitude. Since ¢ <0, 6 < ¢ and

y(t)_{x(t)-Q, l<tgne-r

x(t) - 8, n-r+1l<tc<n,

Thus

A

PB(@) - Pr {max[y(ml-jk) +y(4);1<kessr] - 2y(n¢l-wa) < -(I)},
whence it follows that Pq(é) is a monotonically decreasing function of @ for @ < 0 and
that ¢1_1:-00}33(@) -1,
Now consider the caise where q, > 0. Again form the set of mod. fied observatians and let

y(1),***,y(n) be the values of these observations arranged in increasing order of magnitude,

Then it is eisily seen that
PAE) < Pry(1) - y(n) < - 3¢]

so that lim P3(¢) -0,

¢ —> -
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