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SOME NOi-PARAMETRIC TESTS OF WHETHER THE UROIST 
OBfiERVAnONS OF A SET ARE TOO LARGE OR TOO SMALL 

By John S. Walsh 
Th« RAND Corporation 

Lne pivpe: 

1. Suamary»   -fc^a^-^conalder^a large number n of observations which ar« statistically 

independtnt and drawn from continuous symmetrical populations.    This paper presents some non- 

parametric tests of whether the r largest observations of the eet are too large to be conalit- 

ent with the hypothesis that these populations have a common median value.    Tests of whether 

the r largest observations are too small to be consistent with this hypothesis are also 

considered.    Here r is a given integer which is independent of n. 

Subject to some weak restrictions,  it is shown that the significance level of a test Of 

the type presented tends to a value CK as n increases.   .For no admissible value of n, however, 

does the significance level of this test exceed 2*.    If whether the largest observations are 

too large is considered, tests with values of a suitable for significance levels can be 

obtained for r > 4.    Values of a suitable  for significance levels can be obtained for any value 

of r if whether the largest observations are too small is investigated (n large).  /I^ 

Properties of the power functions of these tests are considered for the specJ&iVcase in 

which the r largest observations are from populations with common median 6, the remaining 

observations are from populations with common median 6, and each population has the property 

that the distribution of the quantity 

(sample value) - (population median) 

is independent of the value of the population median.    For tests of 6 > (t), the power function 

tends to ^ero as 9 - ^—>-ao and to unity as 6 - (|)—>a).    For tests of ^ > 9, the power 

function tends to unity «is 0 - ^—>-a)  and to zero as 9 - ^ —>►(», 

Analogous tests of whether the smallest observations of a set are too small or too large 

can be obtained from the tests of the largest observations by symmetry considerations. 

If there is  strong reason to believe that the set of observations is a random sample from 

a continuous population,  the tests presented in this paper can be used to decide whether the 

population is symmetrical.    Tests of this nature are sensitive to syiesetry in tne taxis of the 

population but not to symmetry in the central part, 

2. Introduction and statement of tests.    The tests derived in this paper axe applicable to 

situations of the following two types: 

(a). It is known that the observations are independent and from continuous syanetrical 

populations (i.e,, each population has a continuous cdf F(x) such that F(x - d)) 

• 1 - F(^ - x), where (|) is the population median). It is desired to test whether 

the largest few observations are too large (or too small) to be consistent with the 

assumption that the populations have a conmon mediin value (if the 50t point of a 

continuous synsetrical population is not unique, the raedi-m of this population ia 

defined to be the midpoint of the interval  of 50i points). 
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(b). It it known that th« observationt are indeptndent and fron oontlnuoua populations 

with a cooBon median value («.g», the observations Day be a sample from a continu- 

ous population).    It is desired to test whether these populations are symmetrical 

(with emphasis on the tails of the population). 

With respect to (a),  perhaps the most common practical application is that where the 

obeervations are assumed to be a sample fron a continuous symmetrical population of sone 

special type (e.g.» normal) taut the values of the largest few observations make this 

assumption questionable.    The non-paronetric teats presented  for  (a) are easily applied and 

a significant result for a non-paraoetric test automatically implies that the observations 

are not a sample fron the specified type of population.    Purthervore, if a parametric test 

of this situation (i.e., a test based on the assumption of a sample fron this special type 

of population)  is significant, the non-parametric tests are useful  in determining whether it 

is possible that the observations might be a sample fron a continuous symmetrical population 

of some other type. 

With respect to (b), perhaps the most common application is that whsre the set of 

observations can be considered to be a sample from a continuous population and it ie desired 

to test whether this population is synnetrical in the tails. 

Now let us consider the forms of the tests.    Let x(l)f***, x(n)  represent the values of 

the n observations arranged in increasing order of magnitude.    Then x(n*l-r), x(n*2-r)#
,,*l 

x(n) are the r largest observations of the eet.    For situations of type (a), the teats of 

whether the r largest observations are too large are of the form 

Accept that the r lar£eet obeervations are too large 

/,* to be consistsnt with the hypothesis that the populations 

have a co—on median If 

■in^n^l-^) ♦ x(Jk); l<k<8<r]> 2x(Wa), 

where the i1*, J's and r are integere euch that 

*. •r' VW      ir<ir*l'    •J.<v'.<n.*1r'' 
a is defined by 

a • Pr|min[x(n-»l-ik) ♦ x(Jk)j > 2^ - common medianj , 

and W   ■ W (n) is the smallest integer satisfying the relation 
o tt 

(1«) Pr(x(Wa) < f{f - comMon median] < a. 

In testing the hypothesis of (1), the principle followed is to choose x(n*l-r) and some 

eubeet of x(n«2-r)f***» x(n) for use in the test. The integer s represents the total number 

of order statistics selected fron x(ml-r) f • • •, x(a). 
The value of a - «(ip*••»!,» J1»,,,.Ji) i» independent of n and is given by equation (5) 

In »ectlon 3.    Table 1 contains sone values ofthei'SjJ'sands which yield values of a 

suitable for eignificance levels.    For test (1), values of a suitabls for significanos levals 

can be obtained for r > 4* 
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(A) 

If %h» n laA«prad«it obtvrratlons ••tlify tht addltioaal conditions 

(i). JUTMptotioallj (»—>»), x(Va) if iUtittlcally ind«ptnd«nt of 
ain [x(n*l.ik) ♦ x(Jk)| 1 < k ^ •]. 

(U). The ttandard doriatloo« of x(Va) and Bin [xU*!*!^) ♦ x(Jk)| 1 S k £ ■] •xlBt 

for all n > i   ♦ J   - 1 and tht liadtlog ratio- (n—>oo) of thota standard 
deviations is sithsr tsro or infinit«, 

(iii). Lot the notation o(i) dsnots the standara deviation of s.   Then, if the populations 
have a coisaon median p, asymptotic ally the cdf's of [x(W ) - f]/o[x(Wa)]  and 
(■^[«(»♦l-ijj) ♦ x(jk)] - 2f]/o|«in[x(n*l-ik) ♦ x(Jk)]} w« continuous at the 
point aero, 

then the significance level of test (1) approaches the value a as n tends to infinity. 
Although conditions (A) Bay appear to bs complicated, they are not very restrictive. 

These conditions are satisfied if ths n obssnrations are a sanple from a continuous population 
of the type usually encountered in practical situations (i.e., approximated in practical 
situations).   Perhaps the most veil knot« type of continuous symmetrical population for which 
a sample does not satisfy conditions (A) is that with a triangulär probability density function 
Part (11) of conditions (A) is not satisfied for a sample from a population of this type. 

For large n, relation (I1) with the equality sign is approximately satisfied if 
V»«n^4l Vn ,   (i.s«, the largest integer contained in * n ♦ 4 K Vn ).   Here Ka is the 
standardised normal dsviate exceeded with probability a.    This value for W   was obtained from 
the normal approximation to the hinnmisl theorem and tarnishes a reasonably accurate solution 
of (1') with the equality sign for n > 10, (sse [l]). 

As an example of a test of type (1)    let r • 5i a - 2, J,  * It Jo * 2» H * ^' ^ * ^* 
Then a * .0)47 and the test is (approximately) 

Accept the specified alternative of ^ if 

miB[x(n.3)*x(l), x(n-4K(2)] > 2x (| n ♦ | K.o547^) ' 

That this is a teet of whether the 5 largeet obeervations are too large is intuitively 
evident from the fact that a signiflcantt reeult will be obtained only if both 

x(n.3) > 2x(i n ♦ ^ l^^V^) - x(l) 

X(B-4) > 2x^ n ♦ ^ K>0547Vn) - x(2). 

If the smallest two of ths five largest observations are too large, it seems reasonable to 

suppose that all of the five are too large. A similar interpretation exists for all teste 

of type (1). 
The type (a) tests of whether the largeet observations are too small are of the form 

Aocept that the r largest observations are too 
(3) small to bs consistent with the hvoothesiJ that the 

potmlations ha^i ^ comson !tAliQ XiiLai il 
[x(n*l-J.) ♦ x(i.), 1 < k < s ^ r] < 2x(n*l-W ), 

(2) 
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TABLE 1 

SOME VALUES OP o FOR • < 5 
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0 h l2 l3 l4 H jl J2 J3 J4 H  j 
.0625 
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.0078 

.0039 
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.0195 
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.0059 

2 
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2 
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3 

3 

3 

.0459 

.0229 

.0115 
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4 

4 

4 

5 

6 

! 5 

| 6 

7 

6 

7 

8 

7 

8 

9 

| 

1 

2 

2 

2 

3 

3 

4 

4 

4 

.0308 

.0154 

.0077 
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5 

5 

4 

5 

6 

5 

6 

7 

6 

7 

8 

7 

8 

9 
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8 

9 
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2 

3 

3 

3 

4 

4 

4 

5 

5  i 1 
5 1 
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wh«th«r the aaalltst obtenration« are too large (to be consistent with the assumption of 

syasietry), while a type (3) test investigates both whether the largest observations are too 

small and whether the smallest observations are too small, test (4) should be suitable for 

testing whether a population has symmetrical tails. 

3. Theorsas and derivations»    The fundamental fact used in this paper is that, if the 

observations are from continuous symmetrical populations with common median i, the value of 

a - Pr (minfxCn^l-i^) ♦ x(Jk); 1 < k £ •] > 2^} 

- Pr{max[x(n*l.Jk) ♦ x(ik)j 1 ^ k < s] < 2^} 

is independent of n for the values of n permitted in the tests.    This result is a special 

case of the following theorem 

Theorji^.    Consider a set of n independent observations from continuous siy>etrical 

populatione with common median f.   tjt ^i < ••• < ^ äBl Ji < ,,, < J- *>• fi*od sets of 
integers whose values are independent of n.    Then the valus of 

Prfßth largest of [x(n*l.Jk)  * x(ik)j 1 < k < i] < ^j 

is the same for all values of n which are > i    ♦ J    - 1,    In particular 
m(2} a(3) m(2)»h2 

^ 1 ♦ a(l) ♦ A [■(!) - hi] 4 2.    y       [■(!) * N - h2] 
L ^-1 h2-] 

o-2 ♦  •• • 
h^-l 

(5) m(u)    m(u-l)-hUÄl ,(2)-h2-....hUÄl 

h    ,^1 u-1 h 0^r u-2 
^ 

,-1 
C-W -hl hu-l] f » 

glass 
w - 1, ♦ Jg - 1,      u - Ja - 1,      m(Jt ♦ Tt - 1) ^ ^s ' ^ - \ * vt + 1 

io * Jo - 1 " 0- t   -0,   1,    •••.   S   -   1, i^Tt  <   J^-   Jt, 

Proof.    It is sufficient to prove the theorem for the expression 

Pr |max[x(n*l-Jk) ♦ x(ik)} 1 < k < s] < 2^ 

since any probability expression of the form Prjßth largest of  [ ]   < 2m can be expressed as 

a specified constant plus a sum of probabilities of the  form Prf'nax (   ]    < 2^| multiplied by 

specified constants, where in each case the terms in the  [ ]   are a subset of the s terms: 

x(n*l~Jk)  ♦ x(ik),    (1 < k < e). 

Let the      integer o     have the value n .    Then it can be verified that 

Pr [max[x(no*l-Jk) ♦ x(ik)| 1 < k < s] < 2f| 

- Pr [mx ^(n^), x[no*l-W] ♦ x[no*l-W-m(W)] ; 1 < W < jl < 2^], 
(6) 

where 

.(Jt ^t - 1) - % ♦ 2 - it - Jt - vtf       milj - n0 - 1, - J, > 1. 

t - 0, 1,   ...   ,  s - 1,      1 < vt < Jt4l - Jt,      io - Jo - 1 - 0, 
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by th« use of Theor« U of [2].    By the proof of Theorem 5 of [2], the value of the second 

tern In (6) equals 

Pr[«sx [2x(n0-J8), x[n0*2-w] ♦ x[ryl-*Hs(W)] j 1 < W < J^l] < 2^] 

if m(j.*l)  - 1 and the expression is based on n    ♦ 1 rather than n   observations (the values VS O O v 

of the m'e are the same as in (6)) .   The value of this expression, however, can be shown to 

equal the value of 

Pr^^Cn^l-J^, x[n0*2-W] ♦ x[no*2-W-m(W)]; 1 < W < jj < 2^)] , 

which by (6) equals the value of 

Pr |max[x(no*2.Jk)  ♦ x^); 1 < k < sj < 2^] 

if n • n    ♦ 1 for thie'txpresslon.    Thus, by induction, the value of 

Pr |max[x(n*l-Jk) ♦ x(ik); 1 < W ^ s] < 2(t>| 

is the same for all sample sizes n > i    ♦ J  ,    An analysis similar to that used in the proof 

of Theorem 5 of [2] shows that this also holds for n " ig ♦ J- " ^    Equation (5) was obtained 

by taking n •*"11*34 - 1, the a^s as given by (6) with this value of n,   and substituting 

into Theorem U of [2]. 

Another basic reeult is that, if the  observations are from continuous  synnetrical 

populations with common median t), the value of 

Pr [min[x(n ♦ 1 - lk)  ♦ x(Jk);  1 < k < s] > 2x(Wa)} 

- Pr {max[x(n ♦ 1 - Jk)  ♦ x(lk);  1 < k < s] < 2x(n ♦ 1 - Wa)] 

is always less than or equal to 2a,    This is a particular application of the theorem 

Theorem 2.    Consider n independent observations  from continuous ayanetrical populations 

with comaon median t.    Then» for any integer W, 

Pr {»ax[x(n ♦ 1 - Jk)  ♦ x(lk)j  1 < k < s] < 2x(W)} 

^ Pr |«x[x(n ♦ 1 - jk) ♦ x(lk)] < 2f| ♦ Pr |x(W) > (fj 

- Pr |max[x(n ♦ 1 - Jk) ♦ x(ik)] < 2((), x(W) > (pj . 

P£Oo£. 

Pr [max [    ]   < 2x(W) • 

- Pr [max [ ] •. 2^, x(W) > ^j   ♦ Pr jmax [ ] < 29, x(W) < (f, max [ ] < 2x(W) 

♦ Pr |max L ] > 2^), x(W) > ^, max [ ] < 2x(W)| 

< Pr |«ax [ ] < 2^, x(W) > ^| ♦ Pr |max []< 2^, x(W) < t\ 

♦Pr[max[ ] > 2f, x(W) >^ 

-Pr |max [  ] < 2^| ♦ Pr |x(W) > ^| - Pf (max [ ] < 2^,  x(W)  > ()| . 

If the n iridependent observations  satisfy conditions (A) in addition to beir^j  from con- 

tinuous symmetrical populatione with a coanon nuedian value,  the significance level of tests 
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* (I) and (3) tends to a as a—>oo.   This follows froa sjinstry considarations and 

Jhsor«^^.    Coosldsr n indspsad^ait obstnrationa which satisfy conditions (A) and ars 

from continuous synstricaX populations with a coateon asdi&n TSIMS.    Thsn 

lin     Pr [«infxCn ♦ 1 - ik)  ♦ x(Jk);  1 < k < s] > 2x(W )| - a. 

Proof;   ut 

I - min [x(n ♦ 1 - ik)  ♦ x(Jk); 1 < k < s] 

and considsr ths cass whsrs 

lia     o[x(W )]/o(T) - 0. 
n->oo 

Sines ths populations are continuous,  o(T) > 0 and 

Pr[T > 2x(Wa)] - Pr[T - 2f > 2x(Wa) - 2$] 

- Pr[[l - 2fl/o(T) > 2[x(Wa) - t]/o(T)] . 
Ut 

Z - 2[x(W ) .f]/o(X). 

Thsn,  from (i) of conditions  (A), 

ao 
Pr[l > 2x(Wa)]  -    T     Pr ^[T - 2f]/o(T) > aT dF1(a)  ♦ 0(n) 

whsrs F    is ths odf of Z and lim     ß(n} - 0. 
n—»00 

Lst b bs any positive number.    From lim      o(Z)  • 0, (ii) of conditions (A), and ths 
n—►oo 

definition of x(W ), the mean of Z exists for all values of n and tends to ztro as n—♦ 00 . 

Then,  bj Tchsbychsff's Inequality, it can be shown that 
b 

drx(a) - 1 - Y(n), 
/. -b 

wh«re lim     Y(n) • 0. 
n—>co 

From (iii) cf conditions  (A) 

lim     Pr |[Y - 2f]/o(Y) > -b| - lim     Pr |[T - 2^]/o(T) > bj    ♦  §(b), 
n -fco      ^ J      n ->oo      L J 

where lim     g(b)  - 0. 
b^0 

Using the above  relations,  letting n—>oo   first and then b —^ 0,  it   followB  fron 

Theorem 1 that 

lim      Pr[T > 2x(Wa)] - Pr f[l - 2^]/o(Y) > o]   - a. 

A similar type proof shows that this limiting  relation also hold3 when 

lim      o[x(Wa)j/o(Y)  - ao. 
n —» 00 

Finally considsr properties of the power  functions of tests  (1)  and  (3)  for the special 

situation outlined in sections 1 and 2.    The properties stated in the  preceding two sections 
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*   follow fro« 

Theoro^i.    L«t x(n     1 - r),• • • fx(n) be fron continuous ajamttrical population! with 

ooBtaon median «, the remaining order atstjatlca froa continuous sywtetrical populations with 

common median ^,  and each population have the property that the distribution of x - 4» is 

independent of $, where x ^s an observ ition from the population and 4, is thet median o£ ^he 

population.    Alao let 

P1($)  - Pr ^niinr
Lx(n*l-ik) ♦ x(Jk)} 1 < k < s < r] > 2x(Wa) | 8 - ()) -   $J. 

where the conditione for test  (1) are 3 at 1 a fie d,  and 

P3i$)  - Pr |«ax[x(n*l-Jk) ♦ x(ik)} 1 < » - - < rj < 2x(n*l-Wa) | 6 - f -   ^j, 

where the conH tiona  for teat  (3) are a ails fled,    ^hen 

9- -00 

lim ?.($) - 1, 

11m P ($)  - 1, 11» P.($)  - 0, 
ioo (p —y oo 

P1(6)  l£ a monotonically increaainx function of 6   for (fc < 0,  and P^CÖ) li a monotonically 

decreasing  function of $   for (J)  < 0, 

Proof.  It  ia sufficient to  prove this theoran  for the power function of teat  (3).    The 

results  for Pi (^ )  can be obtained  from aymetry conaide rat lone «nd obvioua modifications of 

the  proof  for P  (^ ). 

Firat  consider P^^)  for the  caae where (^   < 0.    Let a new set of observations be fornsd 

from tue  ^iven set by aubtractin^ the  median value    of the  corresponding population from each 

obaervition.    Let y{l),"',y{n)  be the valuea of the aet of modified obaervationa  arranged in 

Increasing order of aa^nitude.    Since  (£  < 0,    6 < ^    *nd 

x(t)  -^        l<t^n-r 

x(t)  -9,        n-r*l<t<n. 

Thua 

P3((f)  - Pr|max[7(n*l-Jk)  ♦ y(lk)j 1 < k <. a < r] - 2y(n*l-*a) < -$}. 

whence  It  followa that Po(^)   la a monotonically decreiaing  function of $)   for d)   < 0 and 

that      Urn      P-(^) • 1. 
$-^•-00   ^ 
Now consider the  eise where ^   > 0.    Again form the aet of modified obaervaticna and let 

y(l)»* *'»y(n)   ^e the values of these obaervitlons  arranged  in increasing order of magnitude. 

Then  it   Is e^lly seen thit 

^^) < Pr[y(l) -y(n) <-|f ] 

BO that      li«    P-($)  - 0. • 
({)     — 3  ^ 

y(t) 

•00 
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