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0.\   Introduction. 

■J 
A  basis  is  laid  in this  paper for  a theory  ol  two-person 

zero^sum games  in whjch the payoff  is  a   polynomial   function 
P(x,y)   of the  two  strategy variables    x    and    y   ,   the  latter 
taking  ti.eir values  from   closed,   one—dimensional  intervals.. 
somewhat more general   category  of •'polynomial-like"  games  is 
examined  first:     games whose  payoff  has  the  form 

m 

K(x,yi </_    Z    ^j   ri(x)sJ(yJ   , 
i-1     j-1 

r.     and  s.    being any   continuous   functions.     A general  discussion 

of  games with  continua  of   strategies  appears  elsewhere   in  this 
volume f2l. 

Polynomial  games   are   important  as  a   bridge,   leading   from the 
discrete games,   whose  theory has  been well  explored,   to  more 
general   classes  of  infinite games  which  admit   polynomial   approxi- 
mations  to their   payoff  functions.     No  nontrivial   properties   of 
such  approximations   have   been  obtained.     One  immediate  observation 
is  that  the error  in   the   game  value  does  not  exceed  the   least 
upper   bound of  the  error   in the  payoff.     A   similar  uniformity  in 
the  approach  to the  optimal  strategies   can  not   be  guaranteed   in 
general.     The  approximative properties   of   polynomial-like  games 
are   presumably  superior  in  some  respects   to those  of  polynomial 
games;   but,   as will   be   seen,   the  results   achieved  here   for  the 
wider   class are   less   sharp. 

Portions of this  p^.per  were  presented   to the  American Mathe- 
matical  Society  at   Columbus,   Chio   in  December   1948|   and  at 
Palo  Alto,   California,   in April   1949. 
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The   featurd of polynomial  and polynomlal-llk« gaaes which 
links them to the discrete  case is the finite dimensionality 
of the  spaces of mixed strategies.     We may  study the  solutions 
of a  discrete,    m x n    game  by means of a geometric model 
involving an m-l-dimensional   simplex and  an     n—dimensional 
convex  polyhedral  cone   (the  positive  orthant  of Euclidean n-space). 

The  corresponding figures   for  a  polynomial game,   of degrees    B 

and    n     in    x    and    y    respectively,   are  the  m—dimensional mocuent 
space and the    n*1—dimensional   cone of n       degree polynomials 
non-negative  over the   interval     0 < y < 1 . 

An  extended study of the geometrical   properties  of the moment 
spaces  and  of the non-negative  polynomial   sf-acet^  is to be  published 
elsewhereL6J   ;  a review of many of the  results  has already  appeared. L5J 
In the  present  paper the  relevant  portions are  cited  (with  informal 
proofs)(^4)   and applied   i^bl   to  derive  a  number  of  inequalities 
relating the   sets  of optimal  mixed strategies   of the  two  players 
in a  polynomial game.     Thf«  results  (Theorems  6  and 7i  are  not  as 
sharp es  corresponding results   in tr.e  discrete  case   U J,   l** i 

because  the moment  spaces  and  the  polynomial  cones are  not   poly- 
hedral   figures.     It   seems   likely that   some  new  indices   characteris- 
ing these  spaces,   beyond   those   considered  in  t..is  paper,   will   have 
to be   introduced  before   the   inequalities   can   be   substantially   im-* 
proved. 

A   possible  computational   procedure  for  polynomial  games   is 
outlined  in the  final   section   {^t1. 

1,     Conical   reciprocation  in game  theory. 

A   finite dimensional,   bilinear game   may   be  described  as   follows: 
Player   1   chooses  a  point     r  -   (r,,..,,   r   )   from  a   set    K     lying  in 
Euclidean    nr-apace.     Player  II   chooses  a   point     s  •   (B^f.,,t6   I 
from a   set     S    in  Euclidean    n-space.     K     and     S    are  bounded, 
closed,   convex.     The   kernel     A(r,s),   or   payoff  from II   to   I,   is 

given  by the matrix     (ai-J   in  the  form 



(1.1) A{ 

iJ-1 
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The alnlmax theorem for bilinear functions orer convex sets 

asserts that 

[7] 

(1.2) 
min max A(rls) - max mln A(r,s) ■ v , 
s*S r€R r«R s«S 

thereby defining the value v of the game. QptiaaX etrategiea 

for the two players are defined to be points r0, s0  such that 

(1.3) 
min  A(r0,8j - v ,   max A(r,s0) - v 
8<.S rtR 

The  sets  of optimal   strategies,   as   functions  of  the   coefficients 

(a. .),   vary in a   semi-continuous manner,   described  in the  following 

theorem. 

THEOREM  1o     Let    G    be an  open   set   containing the  set    R0(A)  ££ 

optimal strategies of the first  flayer  in the game    A.     Then 

E -    i(0)  > 0    exists such that    R0(B)     is  contained in    G    for every 

game    B    with  coefficients     (b.-)     satisfying 

lb. a 

(Compare  lemma 6   in  [ll   .1 

<   L ail    i,     J. 

Froof;     Suppose  the  contrary.     Then  a  sequence 

games  can   be found  with 

{B(k)J of 

(k) 
- a 

ij 
< t \ ik \ -~> 0 

each of which has an optimal strategy 
(k )     (kJ v    of  B    converges to a value of 

(k) outside  of    G.     ^he value 

have a  limit 

guarantees the 

A.     The    r 

Since each    r 
i\e) (It) 

aaount    v 

optimal  strategy   in  the  original   game     A   ,   and  hence  lies   in    R0(A)     G. 

This   contradiction   proves the  theorem   . 

point  in  the  compact   region    M - G. 
(k) (k) in  the  game    B this  limit  point  is   seen  tc  be an 
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W« now describe a  principle  of  conical reciprocation which 
gives  us a geometrical  approach to the  study of the  structure  of 

the  solutions.     This method was used  previously  in the  analysis of 

discrete and convex  kernels   U ij.2 J, ^V.     Imbed the  set    S     in 
n*1—space by affixing the  coordinate    SQ ■  1     to each point. 
Construct from  it the   closed,   convex  cone     P«    of points    As,     s£S, 

A > 0   .       The  reciprocal,   or conjugate   cone,     Po   ,     is  defined to 

be the  set of points     h -   (hQ,   ...,   h   )     for which 

h  si     > 0 all     s     in  ?s 

P  is a convex, closed cone, and the fundamental duality theoremL'J 
* * * 

states that (Pg)  " P« •  ^D and PQ  will denote tt.e analogous 

cones in «♦l-space generated by the set H. 

The way to visualize the connection between P«, and  P„  is 

to consider the latter as a region in the space of all oriented 

hyperplanes through the origin of n-M-space.  These hyperplanes 

may be represented by the homogeneous linear functions 

n 

H(s) -   ^>   h.s. - 0 ,  some h ^ 0 

positive multiples  of    H     being  identified.     Using the  orientation, 

we may regard them as  half-spaces.     Then     ?n     Is essentially the 

set   of  closed  half-spaces   that   contain     P^.     The interior  of     ?„ 

is  the   set of open half-spaces  containing     Pc     (except   for  the 

origin).     The  boundary   points ef ?*.-^r«  Just  the  supporting 

hyperplanes to    Ps.    The  points  (h0,...f   h   )  themselves  lie  on the 

directed normals  to the  hyperplanes  they   determine.     This  descrip- 

tion may of course  be dualized to give     Po     in terms of    P«,   . 
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W« now  define: 

a00 ■ 
—V i 

Ä01 
• • • • - »On 

■ o    , 

al0 
■ • • • ■ V> ■ 0     . 

(1.4) 

The  effect  of  thus augmenMng  the  matrix     U<<'     is ro«rely  to 
change the  value of the game  from    v    to    0  ,  and to adapt the 
form  (1.1)   to  the higher  dimensional  spaces  in which the conea 
are  constructed. 

For convenience we  introduce  the operator    A    apd  the inner 
product  notation     (h,   a)     for  points  in    n-M-apace,   giving  ua 

(Ar,   s)       for        \       f   \      a.,  r     \   s.     . 

Lot AR    stand  for the image of    R    under    A,     plotted  in n*1—space. 
Since    AR    lie?  within the hyperplane    hg ■ -v     its dimension is 
not more than    n.     (See however   ^,4.) 

The dimension of a convex set  of Euclidean    n—space is the 
dimension  of the  smallest  linear manifold  containing the  set.     An 
interior point  is one having a  (full n-dimensional)  neighborhood 
entirely within the set;  the other points are the boundary points. 
By an inner   point  of a p-dlmensional  convex  set  we  shall mean  one 
that has a  neighborhood whose  intersection with  the  set is  open  in 
the  p—dimensional manifold  in  which the  convex  set  is  contained:     an 
inner  point   is  interior  if and  only  if    p -  n   .     An  inner  point   can 
be represented as a  convex combination of points  in the set  in sach 
a way that  any  preassigned  point   of the  set  occurs with positive 
weight. 

# 

A  hyperplane  sfparates  two  convex sets  if the two  closed 

half—spaces  determined  by  the  hypeiplane  each  contain one  of the 
sets.     Two  convex  sets  can  always  be  separated  if they have no 
inner  point   in  common   (but  this  is  not a  necessary   condition for 
separation) . 
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LEMNA  1.    The  convex bodies    AR    ftßjl    Ps    Intersect;  la fact 

n n P*    -    AR0  , 
0 

il R  denotes the eet of optlaal strategies of player I. 

Proof:  By (1.3)  and (1.4) any r0 In R0 satisfies 

(Ar0, s) > 0  all  s in S . 

It follows that Ar0 is a point of Pg . Hence 

AR0 C AR n p* . 

Conversely,  for any    r    in    R,     if Ar    is in    Pg    then 

(Ar,   s)    >    0        all    s    is    S, 

and hence  such  an     r    is optimal  for player 1.     Thus 

AR  /n   P*   C AR0   . 

The proof is completed with the observation that the existence 

of optimal strategies assures that  AR0  is not empty. 

LKMNA 2. The convex bodies AH and Pg ca| be separated 

bv a hyperplane: in fact, the separating hvperplanes correspond 

one—one with the optimal strategies of player II. 

Proof:  Let  S0 denote the set of optimal strategies of 

player II.  Every  s0  in 3° satisfies 

(Ar, s0; <    0 all r in R , 

(h,  s0)  > 0     all h in P3  . 

Thus    8°     represents  a  separating  hyperplane.     Conversely, 

consider any   separating hyperplane     H.     Since  the *"wo   convex 
bodies are  themselves  in  contact   (lemma   1),     H    is  ^   plane  of 
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support  to both.     A  plane   of  support  to  a  cone  necessarily 
contains  the  vertex  of  the   cone:   in the  case   of  Po    this  point 
is the  origin.     Hence we nay  represent    H    as  a  homogeneous 
linear  functional     s  -   (s~,..,.   s   ),   some    s.  /  0   ,   such that u      n        j 
(h, si ■ 0 for each point h of H.  With proper choice of 

sign we may then write: 

(1.5) (Ar, s)  < 0     all  Ar in AR, 

(1 .6) (h, si^O     all  h in Ps . 

By     (l.o)   ,     s    is  a  point   of     (Pg)     •  Ps.     Since    s / Ü,   normal- 
ization  by  a  positive   factor will  yield a  unique  point  in the 

bounded   cross  section    S     of the  cone     Po.     By     (1.5)     s    is a 
point of     PCQ,     so  that  the  normalized  point   is an optimal 

strategy  of  player II.     Clearly,   distinct  planes   lead to distinct 
strategies,   and  vice  versa,  making the  correspondence biunique- 

The two  lemmas   (ana  their  obvious  counterparts in  terms  of 
SA    and PD)     give a  geometric   significance  to the   sets of optimal 
strategies,   and will enable  us  to establish  a  variety of dimensional 
relationships between them.     For sharp results we  shall require 

detailed  information about  the  boundaries  of  the   several   convex 
bodies  involved. 

2.     Geometric model of  the  discrete game. 

If    R     is taken as  the  simplex    r.   > Ü   ,     i  ■ 0,   1,   ...,     m   , 
in the m—dimensional  hyperplane 

of    a*1—space,   then the   cone     PR     is the  positive  orthant     r,   >   0 r\ *■ a     i^iic     pwoxv/x v«     w.  wwauw i   •      ^ 

of    m-M—space.     The  cone   is self-reciprocal:     ^n   • PD   •     If    S, 
R n 
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•tc,  are taken  similarly, then we  obtain a geometric model  of the 
gen«ral zero—valued game with finite sets of strategies.     Because 
the regions here  are  polyhedral  an   exact accounting  of the  dimensions 
of the optimal  strategy  sets  can be  given L1-)» ^ J • 

3«     Polvnoniai-like ^ames. 

We  shall  be  Concerned henceforth with games  defined  by a 
kernel of the following form: 

m.n 

(3.1) K(x'y) "    2l_   aij ri(x)sj{y) 

where  the  functions  ri    and    s..     are  continuous,   and    x    and    y   , 
the  strategies  of  players  I  and  II   respectively,  are to be  chosen  from 
the  intervals    0 < x < 1,     0 < y < 1. 

Obviously,   any  payoff of the   form 

N 

KU,  y)     - > A  (x)b,(y) 
1/ V 

1/ - 1 

can be put   in  the  for«  (3.1),   and   conversely.     The   form   (3.1) 
permits the  greatest  variety  in a   geometric model  with dimension- 
ality  restricted  by   fixed    m    and     n.     ine  terminology  "polynomial- 
like"   ,   "moments",   ij   intended  to   suggest  that  the     r.     and    s. 
be  regtrdti  as   sets   of orthogonal   polynomials,   or trigonometric 

functions,   or  simply  as the   powers     x     ,   y     •     (The   last—named 
specialisation   is   of   course   the  ultimate  object   of  the   present 
paper.)     However  no   such limitation   on  the  natures   of  r^(x)     and 
SJ   ^      will   actually  be demanded. 
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Mixed  strategies  may  be  represented  by cumulative  probability 
distribution functions     f(x)     and    gly),   for players I and  II  respec- 
tively,   characterized' by beir.p monotonic  increasing and  continuous to 
the right,  with f{-0)  - g(-O)   - U,   f(l)   - g(lj   -  1.    The mixed 
strategy payoff is then written as the  Stieltjes  integral: 

(3.2) f    I    K(x,y)dfix;dg(y) -     >"^ aij [   ri{x)df(x) j   iijlyjdglyj     . 

0    0 i»J"1        0 0 

Clearly,   the  only significant   properties  of the distribir *on  functions 
are their "moments": 

1 1 

(3.3) ri  -     |     ri{x)df{x) s     -     f    s  (y)dg(y) 

0 0 

for i - 1,...m, J - 1,... n. The substitution of(3.3) into {}.2) 
reveals that the polynomial game is euuivalent to the bilinear game 
(1.1)   of   ^1   ,   provided  that  the  sets    R    and     S    are  convex. 

We  now  characterize the  "moment   spaces"     R    and     S   .     The 
theorem  is  stated  only  for    R   ,   the  set     S     being  entirely analogous. 
We shall  need the  following lemma,  established by Fenchel   l-3J   . 

LSMMA 3.    If    D     is the  convex closure of an arbitrary  set    C 
in n—space,  then every  point of D may be represented as a convex 
coabination of at most    n+1     points of    C.     If    C    is connected,  then 
not more than    n    pcints are necessary. 

THEOREM 2. R     is  the   convex jtfc mp^rmrl Jg frfrj PCH    f.    HJI II I 
out  In    m    dimensions by 

ri  -  ri{x) 

as    x    varies between    0    and     1. 

Proof:     Let     D    be  the   convex  set  spanned  by    C   ,   and   suppose 
a  point r0    of      R  ,   is not in    D  .    Then there exists MMMT Irfpirplane 
h     strictly  separating     r0    from    D  .     That  is,   for some  fixed   ^ > 0  , 



(3.4) 
i-1 

h.r o    _ 
m 
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i   i ^sT hi  r1(x)  > 
fr 

for  any    x    in    0 < x < 1.     Since    r0   is  in    H    there  is  a  distribution 
function f0(x)   having the "aoments"     rj   .     Integrating  both  sides  of 

(3.4) with r«sp«ct tm f^ix) w« obtain 

(3.5)      V"    \TI  J   df0(x)    -    )     hA   r^xldfOlx)   >    I   df0(x)   , 

the inequality holding good because (3.4) is true for all x in 
the range of the integration. But with the aid of (3.3) 1 (3.5) 
reduces to 

m m 

Zv? - 
I=T i-1 

\rl       > j  , 

giving the   contradiction    0 > U.       This  (roves  that  all   points 
of    R    are  in    D  . 

Conversely  suppose    r0     to be   in    D   ,   and thereby to have  a 
convex  representation 

N 
.0   -   v 
1 t^T 

ry    -      .        *kri<V i   ■   1,   ^,...,   m, 

where the (X?  are positive and add up to  1, with N <. m  by 

virtue of lemma 3«  It is easily seen that the distribution 

N 

fo(x) - T" 
k-1 

*0l(x-xk) 

has the moments  r9 t  where l(x—x. J  denotes tne distribution 

function putting full weight on  x - xu .  Hence every point of 



^ 
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D  is in R , and the theorem is established. 

THEOREM 3.  In the polynomial-like game described, both pXayera 

have optimal mixed strategies with at most min (m, n) steps. 

Proof (on player I):  In the precediag proof it was observed 

«I     that every point of R  corresponds to a step-function distribution 

with N < m steps.  On the other hand, sine« AR  is convexly 

spanned in n dimensions by the connected set AC , each point of 

AK  is the image under  A  of a point of R  spanned by at most 
« 

n  points of  C .  By lemma 1 any r  in R  whose image is a 

point of  ARnP-,  is optimal, hence some mixed strategy having not 

more than min (m, hJ  stepa is optimal, 

CGROLLAKY.  If. in place of (3.1)  , 

oa   m 

K(x,y) - \  \  ai r1(x;8.(y), 

J-1  iTT 

the  convergence being uniform in    y   ,     then  both players  possess 

optimal mixed strategies  with at most    m    .lumps. 

Proof:     As  a   result  of the  uniform   convergence,   the   functions 

CD 

s[(y)   -    T    ai.8j(y; 1-1,2,   ...  m   . 

J-1 

are   continuous.     The  Kernel  may  therefore be   revcltten: 

m m 

K(xly)    -     /       ri(xys[(yi     -      x ^1 .ri(x)s'(yJ   , 

i^T t7>T 

(S.J   being  the   unit   matrix,   and  the   conclusion  of  the   corollary 

follows   from the  theorem. 
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Ltttlng  both  sums become   infinite destroys  in  general  the 

discrete nature  of the optimal  mixed Jtratejies.     L.   J.   Savage has 

pointed  out  a  class  of analytic  kernels   for  which  the  unique  optimal 

mixed  strategies  are  absolutely  continuous  distribution  functions. 

THEOREM 4.     If the   dimensions   (in    K  arid    S   )   of  the  sets of 

optimal mixed strategies are   /* and  j   respectively,  and  if 

z0  is the rank of the matrix     (a<-Ji     ^ "  1.**'»  In.   J "  1.   •••»   nh 
then there exists an optimal mixed strategy  for player 1  with at most 

,min  ( /" ,   n - ^ ♦   1 / 

steps,  and  for player II with at most 

min    { z5 ,  i - /^ ♦   1) 

steps■ 

Proof   (on  player I):     As   in  the   proof  of  the   preceding 
theorem we analyze  the  convex  representation  in     AK     of  the  points 

of  contact  with  the   cone    P«,.     The   convex  set     AR     is /^—dimensional; 

hence  by  lemma   3  every  point   is   spanned  by  at  rr.odt   1°   points   of the 

connected  set     AC.     Furthermore  every  point  of  the   contact   se^ 

^R/HP-     lies  in the   n-V- dimensional   intersection  L    of  the  hyperplanes 

separftting  the   two   bodies.     The   contact   set  must   be   contained  in  the 

convex   closure   of    AC/lL.     Applying the  weaker  forn.   of  lemma   3,   since 

ACnL    may not   be  connected,   we  obtain  a   convex  representation of  any 

contact  point   by at   most  min   (Z3,   n - ^ ♦   1/      ">oints  of    AC   .     The   rest 

of the   proof  is now evident.     This  theorem   includes  Theorem   3t   since 

P < min   (m,n). 

THEOREM  5.     In general 

Z1 ♦ ^  <    m ♦  n    -    0   % 

where M %   J  *     and  p   are  defined  aa  in Theorem ^. 

Proof:     The  set    R0    of  optimal   points   in    R     has  dimension 

/\     The  dimension  of    AR0     is  at   least   ^  -     (m - Jy   ,   the  original 

dimension   less  the  maximum possible  loss  due   to  the   degeneracy 
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of the transforaation    A   .     (That   is,     A     is  capable of  collapsinf 

an    a»—Z5—dimensional  set   into a  point,   but  nothing  «ore.J     On the 

other  hand,     AR0    is  the   contact   set    ARnPc,   and  lies  in      >/♦   1 

linearly  independent  hyperplanes  in    n-H-space,  whose  intersection 

has  dimension     n - v^ .     Hence 

yO_     (m - ?)     j    dim     (ARO)     <    n-   ^   . 

COROLLARY.     If the  matrix     (^J.     i  •!.••• i  »   i     j"1f..n, 

is not  degenerate,   then 

A   ♦  i/ < ipax   (m,n) . 

U-     Polynomial games:     Description of  the moment  spacto. 

The   polynomial  game  with kernel 

u-1) t(x.'r)-    T    ^/yJ 
ITT-O 

played on the unit square 0 v x <_J ,  0 ^. y 5 1  is a specialisa- 

tion of (3.1) of }.cirtlcular interest.  Since TQ ■ SQ ■ 1 identic4lly 

for all distribution functions,  R and S  are m— and n— 

dimensional regions already naturally embedded in nrM— and n*1- 

space.  After some preparatory discussion we shall ^ive a d«icrip- 

tion in detail of these regions and of their conjugate cones FT, 

and P0 , paying special attention to the boundaries as they affect 

the possible contact seta . 

The appearance of coefficients  a.p  and a^. .  not zero has 

not significant!, altered the model.  The statement of ^2  that 

AR  has dimension at most  n  is no longer valid:  the full number 

n ♦ 1 of dimension? is now possible provided that n < m. As 

before we assume an adjustment of AQ^ to make the value of the 

ga/r.e zero. 



P-100 
ev. 4/1J/50 

-14-

We define two indices of surface di.ension, a(x) and c(x ), 
tor a point x in the boundary of a convex set D in n-epace, in 
order to describe the nature of the hy persurface at that point. Let 
L(x) denote the intersection of all the hyperplanes of support to 
D tbat contain x • Let a(x) denote the dimension of L(x), and 
let c(x) denote the diaension of the convex ~et in which L(x ) meets 
D. The sets of points for which a(x ) • a, 0 S a < n, are the 
a-di•ensional coaponents, or "faces", of the boundary of D. The 
c-index tells in how many d~rection s t e bo ndary is actually flat. 
(Tbua if D is polyhedral then a(x) • c(x) eyerywhere. ) Both 
indices are affine-invaria nt, and are not changed by increasing 
tbe di•ension of the space in which the convex set is imbedded. 
This last tact suggests the de inition a(x) • c(x) • n for points 
x interior to D. 

We aball haYe occasion t o e a(x) and c(x) referring to 
pointe x in the boundary of a convex cone. In such context we 
calculate with re spect to a bounded cross section through the cone 
at x , rather than wit respect to th cone itself. The v lues 
of course are independent of t he choice of cross section. For the 
Yertex of the cone , a(x ) • c(x ) • -1 . 

D
• • 

It is a bounded cross section of t e cone P0 , then the 
• points 1 in the boundary of D may be re arded as the supporting • planes to D, and vice versa . If r• D is an inner point of 

all y that are supportin planes to D at a point x , then we 
sa1 1 is conjugate to ~ • The relationship is not always sy.metric: 
x will be a supporting plane to o• at y , but not necessarily an 
inr.er supporting plane. In the figure, y i s conjugate to x, but 
x is not conjU«ate to anything. , 

" 

~ -
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LEMMA 4. Let X tJe in 

n-!2a£ea and let ., be 
the boundary of a conzex set D in 
in the boundary of D , a boundtd croea 

eection of p. 
D • y y is conJugate tO X t 2£ X COnJugate tO Y 1 

lli1l • 
(4 .2 ) a(x) + c(y ) • c(x ) + a(y) • n - 1 

Proof: Take any x E D, 
• the set of pla nes of support to D 

• y~D 

at y: 
with ( x, y ) 

A • {x'E..Dj(x',y) • o} . 

• 0. Let A be 

There are n - a(y) linearly independent x' in A • The dimension of 
A , consi dered as a convex subset in the boundary of 

n - a(y) - 1. On the other ha rd, the set L(x)n D • 

c(x) by definition; while every x' i n B satisfies 
There~fore A cont.aine B • low the hypothesis te~ls 

• 

D , i s therefore 
B has di~~ension 

(x', y) • 0. 

us that either 

(a) y is an inner plane of support to 0 at x , or 
(b) x is an inner point of A • 

In case (a J , y supports 0 in precisely the set B; that is, 
(x' ,y ) i s actually positive for any x' in D-B. Hence B 
contains A. In case (b), every supporting plane through x •ust 
conta in all of A (otherwise A would have points on both sides or 
the plane ) . Hence L(x) contains A and B contains A. It 
follows that B • A and 1a B • dim A. This gives the righthand 
equality of (4.2) . The other follows by s ymmetry, ince D is a 

• bounded cross section of (P0.t . 

The followin description of the finite dimensional •o•ent 
spaces i• drawn from [6]. The set R is the convex closure or 
the curve C traced out by 



i•1, , ..• m 
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aa x varies between zero nd one (Theorem 1) . If m ~ 2 then 
all the points of C are actually extreme (not expressible as 
convex combinations of other point s of a). These points corre~ 
pond to the pure strategies I(x - x' . 

Points in the boundary of R have unique rep res nt ati ons as 
convex linear co•binations of extreme point s . To s ee thi s fact, 
cons ider the characteristic property of any supporting hyperplane to 
R: 

II 
( 4.)) ho+ ~ hiri ~ Q all r in R. 

Tbie ie qui valent t o 

( 4 .4 ) ho+ t bixi ~ 0 a ll x in 0 S x S 1 . 
i•l 

The equality hold for t 1 ast one val ue of x , b11t not for more 
than values, as no all the coe fficients of the polynomia l (4.4) 
vani sh at once. Thus, the curve C does not touch the hyperplan e 
aore than m times. The k < m cont ac ts are linearly independent 
~nc their coordinates form the Vandermonde matrix 

X2 ... xk 

2 
X2 xk 

• 

• m 
x2 ... xk 
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whose rank is k. Ev ry suppor ting hyperpla~e therefore meets the 
boundary of R in a s implex, the points of which can be represented 
in precisely one way as convex combinati ons of the vertices. But 
every point in the bound a ry of R i s t ouched by some supporting 
hyp.r.plaae. Q.J.D , 

Tbe saallest number or point s or c by which a point r 
can be spanned we shal l denote by b (r ) . We let b '( r ) denote the 
eaae nuaber, but with the end point s (0 , ..• ,0) and (1, ..• ,1 ) 
counted convention lly s hal f point s . Thus b' ( r ) can take on half­

integral values, and al ways 

( 4 . 5) b (r ) - 1 < '(r) _ b(r 

The previous dis cus sion of the cont act simplex has effect ively 

established th t 

( J. .• 6 ) b(r ) • c(r) + 1 

for r on the boundary of If we obs rve tha any root in 
0 < x < 1 of th polynomial (4 .4 ) mus t be double in order to 
preserve the inequality, it i s then easy to show that 

(4 . ?) 2b' {r) • a (r) 1. 

For r interior to R we have the followin improvement on l emaa J: 

( .S ) ~b' ( r ) • m + 1; 

which s eta taking (r) • a 
c( r ) • m, i s t he val obtained 
in space of hi her dimension . 
extension. ) On t he boundary of 

in the interior. (thia, t9cether wi~ 
f r om t h efinitions i R is iabedded 

Formula (4 . ) i s not valid under this 
R we have , by (4.5) , (4.6) ,(4.?): 

a(r - 1 5 2c( r ) ~ a(r ) + 1 • 

That is, c i s appr oximatel y half of a. 
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If the notion of representation by convex linear combinations 
ie extended to permit the use of infinite se t s of extreme pointe, 
then the conYex representa tions of any r 0 in R corre!pond one-one 
to the distributions fO(x ) whose moments are the coordinat e of r 0 • 

The cone PR is naturally obtained by considering the moment 

1 

fo • J df(x) 
0 

a s an a+1 8 t coordinate r 0 
arbitrary non-negative total 
distributions of R ha ve of 

and allowin distributions with 

we i ht fo > 0. ~~e pr obability 
course all had f 0 • 1 • 

• The conj te cone PR, because of the close connection 
between the liner fo rm (4 . 3) and t polynomial (4 . 4) , can be 
regarded as th e t of ll polynomials , of degree m or less, 
which are not negative in th inte~tval 0 S x S 1 • The boundary 

• or PR comprises just those with at least one root in the interval. 
The ext reme points (of a bounded cross section of the cone) are just 
those with all a root s in the int rval. The latter fall into two 
components according o whether the root 1 occurs with even or odd 
a ultipli c ity; thi s is refl cted in the s ign of the leading coefficient 
hm. Ev ry point ~f the cross section lies on some line segment con­
necting the two components of extreme point s; that is, every poi nt 
ie spanned by two extreme points. convenient bounded cross section , 

• which we call R , is obtained by the nor.al1zat1on: 

J
' m 

• ~ h x1 dx • 1 • 
0 r.n 1 

Much of the foregoing &naterial has been g iven for ite con­
ceptual interest, withou~ proof, since it makes no contribution to 
the ri or of the derivations of the next eection . Detailed proofs, 

and many ramifications and applicat~one of this material. will 
appear in (6] . 

• 
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5.    Polynomial game a;    The  seta of optimal straf giea. 

We  now  proceed to  derive  the main reaulta.     Let v/and  ^ 

denote,   as  before,   the dimensions of the aets of optimal moment 
strategies  for players I and II  reapectively.     Let 0 be the rank  of 
the    m x n*1     matrix    la. ,)     omitting 1-0;   cr the rank of the m-O   x n 
matrix    (*<<)     omitting J  - 0.     (Note that the  change in a00    to  make 
the game  value  zero does not  affect these  ranks.)    The  dimension of    AR 
is then  precisely /o  ,    Our attention will  be  chiefly directed to  the 
"general"   case   ^   - min     (ro,   n*1),     er - min     (m>1 ,   n). 

In  particular,   let    /? »  m,   so  that  the  transformation    A     is 
non-singular.     All the dimensional  indices  are   preserved under A: 
a(r)   -  a(Ar),   c(r)   - ciAr).     Take an optimal  point     r0    such that 

* n Ar0     is  an   inner point of the   contact  set     AR^Po   •     Take    s0     to   be 
an inner  point  of the set    S0 $. S    of optimal   strategies of player II. 
Ar0    and  s0    are  "almost  always"   conjugate.     However it   can happen 
that  neither is  conjugate to  the  other.    To  cover such cases we  shall 
need a point on  the  surface  of the  cone  that  is  conjugate to     s0   ; 
v*e  shall   call  this  point    s     .     ^uch a point  always  exists  if    s0     is 
in the   boundary  of    S;     if     s0     is  interior we define  the  vertex    0 
of the   cone  to  be  conjugate  to     s0   ,  observing that   lemma (*  is valid 
with  the   convention    a(s0)   •   els0)   -  n,     a(ü)   -   c(ü)   -  -1. 

Several  dimensional   inequalities may   be   derived: 

(a) Directly  from the  definitions we  have 

(3.1) ," <    clr0) , ^ < c(£0)   . 

(b) Every plane of support to Po  a- s  contains the 

contact set  AR^P^ .  But the dimension of the contact set is 

Just^.  Hence, allowing for contact along the conical elements of 

Po, we ha/e c(s ) ♦ 1 >//, or, by lemma 4, 

(5.2) // < n - a(s0) . 
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(c) There are n+1 - a(r0 ) independent supporting hyper­
planes to AR at the point Ar0 • The ..,J- dimensional fan..-'.ly of 
separating plane a ll support AR at that point; hence, 

(5.3) >I < n - a( r 0 , 

since the number of linearly independent items is one more than the 
dimension number. 

(d) On the other hand, there are at least n- a (s*) 
1ndep4a4ent hyperplanes through the ori in supporting the cone 
P; at the point Ar0 , eince, as remarked in (b) above, every 
supporting plane t a* cont ains th e contact set. To weei out th 
hyperplanes that do not s e p rate, we mu s t only require that they 
support AR ae well . Thi s imposes at most a(r0 ) -~further con­
straints, leaving t 1 as t n - a(s* ) - a(r0 ) +;u independent 
separating plan s . ~euce , 

V ~ n - a (s* ) - a(rO ) +)J'- 1; 

or, using lemma 4, 

(e ) The intersecti on of the se parating planes has dimension 
n- ~. Each separ&ting pl ane contains s* and Aro, in the 

* boundar ea of P5 and AR respectively; and hence cont ains set s 
with dimens ion c( s* )+1 and c(r0 J . The common pa rt of the se s et s i s 
at aost r -diaensional . Therefore 

n -v > c(s* )+1 + c(rO ) - ~. 

Uain& le..a 4 thi s becomes: 

(5.5) Jl' - t1 > c ( r 0 ) - a ( s 0 ) • -
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Despite the  symmetry of  (5.4)   and   (^.5),   separate derivations 

were   necessitated  by our   one—sided  hypothesis    P m m. 

The  inequalities   (3.1)   through  ('>. 5)   may be  converted  with the 

help of   (4.6)  -   (4.8)   into  btatements about  the  more  palpable   (from 

the  standpoint  of the  game)   quantities    b(r0),     b'(r0),   etc.     For we 

may define   a  pure  strategy    x    as  essential   if  there  is  an optimal 

mixed   strategy   in which     x     is  played. Then  if    r0     is   in   the 

boundary  of    H     player  I   has   precisely    b(r0i     essential   pur«   strategies, 

by  the   uniqueness  of  the   convex  repnisentations  of  boundary  points.     On 

the  other  hand,   if    r0     is   interior  to    R     then every  pure   strategy  is 

essentials     We   sum  up: 

THEORY 6.     In  the   polynomial  game  with kernel 

K(x,y)   • X       a^x   yJ m < n* 1 

iJ-0 

in which the    m x  n ♦   1     matrix     (^W»     i   ^ 0,   has  rank    m,   th 
mixed  strategies  are representable as points in the    m— an 

n-dimensional moment  spaces    R    and    S.     If     r0     is  an  inner   point 

of the /■*-dimensional  convex set of optimal moment strategies  for 

player   I;   if  similarly     s0     and    ^   for  player  II.   then 

^ < n ♦   1  -  ^b'ls0) 

;/ < n  ♦   1   -  .b' (r0) 

/* - J   s ^b'(r0j   - b(ö0) 

^  - r < ib'(s0i   - b(r0)    . 

Also,   if     r0     is   in  the   boundary    )f     H   ,      then 

/^ S ^(r0;   -  1 

and the number of essential pure strategies lor I is exactly b(r0). 

Similarly, if  s0  is in tre bour:dary of  5,  then 



and th essential pure strategiee for I is b(s0 ). 
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The approximate equality (4.5) of b and b' should be 
r called in interpretin this theorem. 

The case in which 
player interior to S merita special notice. 
H r t ori in of n+1-spnce is th sole contact point of the two 
convex bodies. From (5.2) w now get the precise r sult P • O, 

sine a(s0 ) • c(e 0 ) • n. or over the argument of (d) no counts 
exactly the number of con traints on th family o s parating planes, 
and yield 

J • n - a( r 0 ) 

(which my also b d rived from a sharpenin of the argument of (c)) . 
ha stabl sh d: 

TH OR 7. In the polynomial ga e 
.1~n.£_.~._t __ o S £hen play r I'e 

Theorem 5. il s 0 is 
ent strategy r 0 1! 

nd 

/ • n + 1- 2b'(rO) • 

Still ret ining the one-sid d condition P • m, w 
th t pl yer I has an in rior optimal moment trategy. 

now :Llppose 
In this case 

• ust be lese than n+l in ord r to expose the inner points of 
AR to contact. But substituting a (r 0 ) • c(r 0 • into (5.1) 
(5.5) does not lead b yond th inequaliies of Theorem u. In ot r 

words, th ass ption of an interior optimal str te y, for the p aye r 
with the great r number of dimension s to pl a y with, is quite strong 
(Thor 7) ; while the sam assumption for he oth r play r is 
b rdly reetrictiv a t all . 

In th square case, • n • f , if e0 is int rior and 
unique, then rO is also interior and unique, and 

b' ( ro ) • b' ( o) • ( n + 1 ) /2 . 
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Th re is a simple construction for games of this type , whi ch is 
merely a matter of finding a nonsingular, n+1 x n+1 matrix A such 
that 

where 
v 0 

rO • ePA • ( v, 0, ••. , 0) , 

r 0 and sO are the desired interior moment strategi s and 
is th desired valu . 

Equalizing optimal strategies. If it happens that one player 
has an ich makes the outcome independent of his 
opponent 's ac tion, th n a notable simp ific tion occurs in the co 
putation of the solution (s e the nea section). For ex pl , the 
pure strategi s x0 and y0 are equalizing optim 1 str te ies if the 
payoff can be written in th fo rm 

(x,y) • P(x) (y)R(x ,y )+ k, 

with xO a root of P, y0 a root of Th geometri cal 
significance, if player I has an optimal e u lizer , is that th 
origin lies in AR. For player II it means that som plane of 

• support to Ps AR. Existence of an 
for 

interior 
of his 

For an interio b 
pure stra egies in which gi ven 

pure str t gy appears with positive ight. Use of this pure 
str t gy against any oppo ing optim 1 strat y can only gi ve the 
valu of th game as payoff. H nc v ry opposin optimal str t &Y must 
be an equaliz r. (Compar [1j , 1 · . ) The converse is not tru ; 
all of one player's optimal strat gies ay be equalizers without the 
oth r player having an interior mom nt strategy hich i s optimal. Ttais 
contr sts with a property of finite am • : that only th essenti 1 
pure strategies yield the alue of th game against every opposi 

opt tr J• ( (1] • eo 1 • ) 
I 

The f oregoing conside r tions ar valid a w 11 or 
like games, with "inner solution" for "int erior solution", since the 
ful l di ension lity of the moment space do a not figur in th argum t. 

o rank restrictions need be placed on (aij). 



e not in conclusion tha~ 
fortiori an optim 1 strategy. 

n equalizin etr t gy is not 
This act somewhat reduces the 
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~alu of the "equ lizer" concept, sv far as computation is con­
cern d (s e below). 

Polynomial game Computation. 

This brief section is included to in i c te the order of 
nitude of the co putational difficulties, when the s olutioh of a 

polyno ial gam i tac ed directly. There is no discussion of 
approxi tion methods. 

It ie pos ible to reduce the solution o t g e pro 1 

to the solution of c rtain systems of alg braic equation s -- linear 
in so c s s, non-linear in the re aining. 

( ) If th r exist s an equal izin 0 (y ) uch that 

(6. ) for all x , 

th n, sine th nt &8 • 1 , w h ve 

n 

(6.2) oo• \ a0 j ~ • w 
f., 

n 

8 i0 + 
\ 
f., 

(6.)) ijgJ - 0 i - 1, , ••• ' m. 

(Th j h re ar 
e pb.asis ia now 
g ometry . ) The 
mo nts of an 

of ccurae th ej of earlier s ctions. Tb 
on t h distribution functions rather than on the 
equations (6 .) ), solv d for g3 , caunot giv the 

qualiz r unl as th ra f of the trix (aij), i f O, 
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is n or lese. More enerally, if f > n - ~ then no ~qualizing 
go exists, as a simpl contradiction shows, and it 1s usel ess to 
proceed with this attack. 

A solution of ( .J} i s a set of moment s if and only if 

the two quadratic forms 

n' 

6-o 

re non~egative definite (comp r 
i s then a so l ution of the e only 
(6 . 2), i s i n f act the Talue of the 
establi s hed only by the di scovery of 
if th solution of 

- 0 

(if n • 2n' } , 

( if n • 2n '+ 1 } , 

8] p. 77) . The equal izer g0 (y } 

if the co s tant w, given by 
ame. This can ordinarl~J be 

n opti m f 0 (x}. In particular, 

j • 1, 2, ••• , n 

i s a set of momenta as well, t n 
a nd the equalizers ro (x ) , gO (y ) 
negative. 

w is automatically the Talue, 
s olve o h the given game and ita 

The problem of re const r uctin a dis tri uti on f unction from a 
gi ven (finite ) set of moments is essentially e uivalent to that of 
obtaining t h roots of a c•rta n polynomial, closely rela ted to the 
uadratic forms above, whose de ree i s ap proximately half the number 

of moment a iven. [6] 

(b) In general, the process (a ) will not solve the game 
unless equalizers exist for both players. If pl a yer II, say, haa 
no equal izer, then t he polynomial (6 . 1) can reach its maxiaua in 



r-ioo 

-26- 

0 < x  <  1     at  not more  than    m'   ■   [o/^j ♦   1     points    x.      (or m/2 

points   In  the   "b'"   system   ol'   counting;. The   nun^ber  of  easenclal 

strategies   for   I   is   limited   thereby  to m',   ana   hib   optimal 

distribution  has  the   lorm: 

f0(x)    - 
m 

k 

& 

\' 

Non-uniqueness may  appear   in  the 3<,    ,   but   not   in   ti.e    x. 

The  sets  of moments   will   have  the   form 

m i 

k-1 

i  -   1 • > 

1, ^, • 1 n, 

where     n'   ■   [n/2]   ♦   1   .     The   polynomial; 

H0(xi ■1 
iJ-O 

ai^xi K0(yi ^      a     fOyJ 

i.J-O 

must  satisfy  the  equations 

H0(xkJ   -  w, 

iPiyf 1   -   w. 
(all     k, i ) , 

(all     k,   I   exce;t   endsi. 
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The four poeeible arran ements of essential strategies at the 
pointe 0 and 1 must be tried S9parately in solving these 
equations, and the condition on th derivative oaitted in those 
caaea where xk or Y! is fixed equal to 0 or 1 • In each 
case there turn out to be 11 + n + 2 unknowns ,(k' ~l' xk, YJ. , and 
wh. Together with the normalizations 

~ ~.(" 1 ' 
f=r 

there are also • + n + 2 equations, which are linear in the 
o(k' ~· wh. Every solution of this system aust give w1 • w2 • 

as a siaple argument shows. At least one solution exists in which 
all of the other unknowns lie between 0 and 1 (thereby givin& 
legitimate distribution functions fO(x) , g0 (y)), and having the 
"ea dle point" property: 

f or all 0 S x $ 1, 0 S y S 1. All solutions of this type are 
solution of the game. In en ral there will be many other solutions 
of the equations which do everything but satisfy (6 .4). These will 
locate maxima nd miniaa of the original kernel (4.1), solve the 
negative of the iven game, and perform other aore obscure taaks. 
It is not until (6 .4) that we make use of the priaary motivations: 
of player I to maximis the kernel, nd of player II to miniaise. 

In the foregoing t .. ataent we have assumed the worst, i.e., 
that each player had the greatest possible (finite) number of 
essential pure strategies. A more practical approach aight be to 
start with small values of •' and n' , and work up. 
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