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not neces.aarily the same 0}' even relat.od.‘ This paper presents some easily applied si ;ni-
ficance tests fdr 0;—-“; wgich are approximately valid for moderate and large s:zed
samples, The exact significance level of a test 1s not known but its value is determined
within reasonably close limits, Efficlency properties of these tests are investigated
for the special case of normal populat;ona with known ratio of variances, The tests are
found to be reasonably efficient iéchan; é-are<66i’too large or toc small, Since these

tests are often valid for moderate as well as large sized samples, they may be of

practical value,
o dl
2. Introduction and striptive outline. A problem of occasional practical interest

{s that of comparing a 3pecified psrcentage point ea of one arbitrary population with &
speci{ied percentage point e c{ ancther arbitrary population. For example, it might be
desired to test whether the 10f point of the first population exceeds the 76% point of
the second population by more than 11 units, As another example, one might wish to test
whether the 93% point of the firet population is the same as the point obtained by sub-
tracting 5 units from the 24% point of the second population. Since little is known
concerning the distribution functions of the populations, however, most methods developed
for testing 60 - ¢ﬁ require very large samples. The purpose of this paper is to present
some tests of ea - 66 which are applicable to moderate sized samples for many situations
of practical interest,

Before outlining the chain of reasoning used to obtain the results presented in this
paper, let us consider a large sample method of obtaining tests for 60 - ¢ﬁ' Both con-
tinuous populations are assumed to have probability density functions. Let the first
population have a density function f(x) while the second population has a density function

g(y). These two functions are arbitrary except that f(Ga) $0, S(¢ﬁ) $ 0, and r'(ea),
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8'(¢B) exist and are continuous in the vicinity of the specified points. Let x(1), °°°,
x(m) represent the values, arranged in increasing order of magnitude, of a sample of
size m from the population with density f(x) while y(l), °**, y(n) denote the values,
arranged in increasing order of magnitude, of a sample of size n from the population

with density g(y). Then asymptotically (m, n —» o) the distribution of

(1) [X(M) - y(gn) - (0, - ¢a)] /4/a(l - a)/ltf(ﬁa)2 + 81 - B)/ns(flla)2

is standard normal (i.e., zero mean, unit variance). Here am and fn are integers. This
is a direct application of a modification of the results of [l, p. 369]. For many situa-
tions of practical interest, the distribution of (1) is nearly standard nomal for values
of m and n which are not extremely large (see, e.g., (2]). Thus if f(ea) and g(¢a) were
known, (1) could be used to test 8, - ¢ﬁ for practical situations involving mediumly
large samples. Although r(ea) and 8(¢B) are not known, (1) can be modified to yield
large sample tests for 6, - ¢B. For example, r(ea) and g(¢ﬂ) can be replaced by estimates
based on the sample values which converge in probability to f(Gu) and 5(¢a) as m, n —» 0O,
Then asymptotically the distribution of the resulting modification of (1) is standard
normal. This follows from combining (1) with the convergence theorem [l, 2k 25L]. A
refinement of this method using the results of (3] could also be applied. Even if f(Ga)
and g(¢B) were known, however, use of (1) would not necessarily yield sufficiently
accurate results for moderate values of m and n.

This paper develops tests which appear to be reasonably accurate for moderite as well
as large values of m and n if the populations are of the type approximated in practical

situations, These tests are based on statistics of the form

(2) x(am + C)Vm) - y(Bn + C,4/n ).

By appropriate choice of Cl and C2, the values of quantities of the form
(3) Pr(x(am + C #m) - y(gn + C,¥/n) - (8, - ¢,) < 0]

can Ye made to be within fairly smsall intervals for moderate m and n, where the values
within an interval are all of a magnitude suitable for sipgnificance levels, Similarly

for quantities of the form
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Prx(a + C, /@) - y(Bn + C,¥A) - (8, - §,) >0].

Thus (2) can be used to compare ea - ¢ﬁ with a given hypothetical value T For example,

0, - ¢ﬂ < u, can be investigated by one-sided tests of the form

(4) Accept 6 - By < uy Lf x(am + C V&) - y(Bn + C, W) <y, -

From (3), the significance level of this test can be fixed within reasonably close 1limits
(for moderate m and n) by suitable choice of Cl and Cz.

Let us consider an outline of the method used to derive the tests, For this purpose
it is sufficient to limit consideration to one-sided tests of the rform (4). The first
step of the derivation consists in determining the asymptotie distribution of (2) under
the assumption that r(ea) and g(¢6) are known. The result obtained is that the asymptotic
distribution of a certain function of (2), Oa - ¢B’ r(ea), g(¢a), C, and C, is standard
normal, To emphasize the dependence on f(Gu) and 5(¢ﬁ)’ let this function by denoted by
z[t(e,), g(¢ﬂ)]-

Since f(ea) and g(¢a) are not known, it would be convenient if C, and C, could be
chosen so that the value of (3) is independent of the true values of these quantities
(asymptotically). This "Studentization® can be accomplished to a reasonable approxima-
tion. Let the interval (y, §) include the set of possible values of (3) when r(ea) and
8(¢ﬁ) are replaced by arbitrary positive numbers, By suitable choice of C1 and C2, Y and
8 can be made to lie fairly close togsther and have values suitable for significance
levels (asymptotically).

Now consider the case where m and n are not large, Let the function values r(ea)
and g(ﬂa) be replaced by the arbitrary positive parameters A and B in the function
z[r(ea), 8(¢5)]' By appropriate selection of the values of A and B, the cumulative
distridution function (cdf) of Z[A, B] is fitted to the standard nomal cdf in the small
interval y to 8, There are intuitive reasons for believing that a reasonably accurate N
fit can be obtained in this small interval for moderate m and n if the two populations
are of the types approximated in practice. Thus for practical situations the significance

level of (4) should lie within or near the interval y to 8 for moderate values of m and

n,
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The basic trick in the derivations lies in selecting Cl and 02 8o that replacing
f(ed) and 8(¢5) by numbers which may vary greatly from the true values of these quantities
does not cause much variation in the value of (3). This allows the fitting of the cdf's
in the small interval to be performed while keeping the possible significance levels in
a fairly narrow range. Since the interval where the fitting takes place is small and a
wide latitude in the choice of the parameters is available, it seems reasonable to believe
that an accurate fit can be obtained for moderate m and n,

The tests advocated by this paper are stated in section 3. This section also
presents some *rule of thumb® conditions for deciding when m and n are sufficiently large

for the tests to be applicable,

A detailed derivation of the properties of the tests presented in section 3 is con-
tained in section 4.

To obtain an approximate lower bound for the efficiency of the tests for 8, - ¢3, the
case where both populations are normal and the ratio of variancea is known was analyzed
for large m and n, The resulting efficiencies should be much lower than those ordinarily
encountered because of the additional information assumed and because the efficiency of
non-parametric results usually decreases as the sample size ir-reases. It is found that
the efficiency of the tests is reasonably high if .1 < a, B < .9. Further results and
derivations are given in section 5.

To obtain a rough quantitative idea of how large m and n need to be for sufficiently
accurate tests, the special case where a = 8 and f(x) & g(x) is considered, Then the
significance level of a test is exactly determined and can be obtained without a substan-
tial amount of computation, Section 6 contains an analysis for this case in which the
exact results are chec..ed against the range y to §. It is found that the true signifi-
cance level lies within or near the range y to § even for fairly small values of m and n,

The procedures used in this paper are based on some methods originally presented by

one of the authors in [4].

3, Statement of tests, This section contains explicit specification of the tests

discussed in the preceding sections.
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First let us consider one-sided tests of Bn - ¢,5 S bge Let € be the approximate

significance level desired, Then the test advocated is

(5) Accept © = #; < uy if x(am ¢ 85K A/alT = aym ) = y(3n = 85K AT = 3)n) < 4,
where Ké is the standardized normal deviate exceedei with probability 5 . Here
am + 85K m and gn - .BSKEm should be integers or nearly equal to
integers, If am + .BSKEM {s not an integer, x{(am ¢ 85K¢ A/a(l - a)m ) has the
interpretation x(integer nearest to am + B85K¢ VM). Sinilarly for
y(3n - 85K AB{1 - B)n). An approximate lower bound for the sisnificance level of (5)
i{s y, where y is defined by the relation KY = 1,25k . An aprroximate upper bound is 5,
where KS = .83K. For example, let € = ,05; then y = ,020 and 8 = ,086. As another
example, let € = ,01; then y = ,00<3 and § - .027. For most situations of practical
interest, it appears likely that the true value of the significince level of (5) will
be mich nearer y than 5

Next consider one-sided tests of Ga -d > oo If ¢ 1is the approximate sigrnifi-

R

cance level desired, the test advocated is
(€)  Accept 8 - 95:j > w4 x(am - .85K, Aall = aym ) - y(sn 85K, 4301 = 3)n) > by v

Here x/am - 85K M) and y(3n + .85K +/3(1 - 3yn) have interpretations of the
type stated for (5) and am - K¢ m, sn ¢+ K NM should be integers or
nearly equal to integers, As for test (5), an approximate lower bound for the signifi-
cance level of (6) is y while 3 is an approximate upper bound,

Two-si led tests of @ - ¢B $ M, can be obtained by combining (5) and (6). For
example, a two-siled test with desired significance level approximately 2€ and nearly

ecual tails is given by

Accept 6 - ¢3 # hy Lf either
x(am « 85K A/a(l - a)m) - y(3n - 85K /31 - 3)n) < bo

x(am - .85K vall - am) - y(3n ¢ .85K€’V3(I - ﬁ)n) > U .

o

An approximate lower bound for the significance level of this test i3 2y; in approximate

upper bound is =
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Comparison of (5) with (4) shows that for the special case (5), C, = .351(64/&'(1_-'3
C2 - -.85K€ AB(1 - B) . Thus the values of Cl and 02 chosen for test (5) are not large
in magnitude., Similar considerations hold for test (6).

The decision as to when m and n are large enough for these tests to be applicable
is a difficult one. Section 6 contains an investigation of this problem for a special
case, But there is no reason to believe that the results for this special case hold in
most situations of practical interest., In general, however, it seems reasonable to
believe that the accuracy of the tests decreases as a and § deviate fram % For example,
a test with a = .4, B = .55 will likely be sufficiently accurate for much smaller values
of m and n than a test with a = 005, 8 = ,998, For the sake of definiteness, a rule
for deciding when m 2nd n are sufficiently large will be given. It is hoped that this
rule will be conservative for most pract'.ical situations., In particular, this rule
appears to be conservative for the special case of section 6. It should be emphasized,

however, that the rule preranted {s no mors than a conjecture und has no strong theoret-

ical or eapirical basis. The rule is

Accept that m and n are sufficiently large if nin[cm, (1-a)m, Bn, (1= B)n] > 5.

In use of this rule, the value of € should not be too small; say, € > ,005 .
L. Derivations., This section contains proof of the results and properties sta‘ed

in the preceding sections,

First, let us consider the asymptotic distribution of (2)., The theorem on which
this is based was presented in [5] in a form slightly different from that used in this

paper. For completeness and convenience of reference, the version used here will be

stated and an outline of the proof presented,

Theorem. Let z(1), °'-, 3(r) denote the values of a sample of size r (arranged in

increasing order of magnitude) from a population with probability density function h(z).

The function h(3) hes the properties that h(@p) # 0 and that h'(z) exists and is con-

tinuous in some neighborhood of gp, whe re §p is the 100p% point of the population.

Then the quantity

WETRTT = 8) h(E )[stpr + c#F) - £ ]
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has a distribution which approaches the normal distritution with mean c/Ap(1 = p) and

Proof. The method used to prove this theorem is analogous to a modification of that

of :l, PP. 368-69] 1f r is used inatead ¢. n and pr is replaced by pr ¢ C's,/-.

The asymptotic distrioution of (2) is obtained by applying this theorem to each of
the two samples and then considering x(am ¢ Cl»\/;) - y(pn + CZ/\/;) . Explicitly, it 1is
found that the asymptotic distribution of the quantity

x(am + ¢, #/m) - y(Bn + C,4/n) - (8_ - g5)

(7)

a1 - a)/nt(8)% + B(1 - B)/ng(d,)°

is normal with unit variance and mean M equal to

[c)/a/m - c (8 )/ Wr g(8,)] /ﬁ(l - a)/m ¢ B(1 - cs)f(eu)?"m;(e!ﬁ,)2 :

Now consider the choice of Cl and 02 80 that M {s almost constant as a function of

r(ea) and g(¢a). To do this, the value of C,/C2 is restricted so that M has the same

value for f(Qa)/g(Q’a) « 0 as for f(Ga)/g(¢B) « @, This requires that

(2) /¢, = -#a(l - a)/8(1 - 8) .

Using this relation and solving for the maximum ard minimum values of M as a function of

r(ea) and g(¢5), it is found that
Cl/'\/uzl - uy <M< A2 cl/q/uh - a) (c, >0)
\/2 cl/Vall —a) <M< cl/vatl - a) (c; < 0).

If f(ea)/g(¢a) is either very small or very large, the value of M is near Cl/rVuzl - aj .

If r(ea)/g(%) is in the vicinity of 1, the value of M is near 42 01/4/a(1 -a).

(9)

Examination of (9) shows that the range of possible variation for M is not great if (8)

is satisfied,

Asymptctically, the value of M determines the significance level of a test, Por
example, let us consider a test of the form (4). Asymptotically, the significance level

of this test {3 determined by
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Pr[x(am + Cl1/;) - y(Bn + 02%) - (9‘x - ¢ﬂ) < 0]
(10)

-M 2
-Pr[(?)-H<-N]- 1 f e ? /2 dz,

'v21? -0
since the asymptotic distribution of (7) - M is standard normal. Thus choice of ¢, and
02 80 that the value of M does not vary much implies that asymptotically the significance
level of a test is fairly closely determined without any knowledge of the values of
£(6,) and g(#;).

Comparison with (1) indicates that the distribution of (7) - M is nearly standard
normal for values of m and n which are not extremely large, particularly if Cl and C2
are not largs in magnitude (as is the case for the tests of section 3). Thus it is
apparent that the tests of section 3 are usually valid for mediumly large values of m
and n. The following intuitive considerations indicate that these tests are applicable
even if m and n are not very large.

In (7) and X, let f(ea) and g(ﬂa) be replaced by the arbitrary positive parameters
A and B, respectively. Denote the resulting functions by (7') and M'. For any test,
the problem is to fit the cdf of (7') - M' to a certain small part of the cdf of the
standard normal distribution by appropriate choice of A and B. 3Since the part to be
fitted is small and’t.ho parameters can assume a wide range of values, it seems plausible
that this fit can be made rather accurate even for modorately small values of m and n,

For one-sided tests, the interval where the two cdf's are fitted is from the
minimum possible valus of M' to the maximum possible value of M' (as a function of A
and B). The limiting values for M' are given by (9) since M and M' obviously have the
same range of possible values. If an accurate fit can be obtained in this interval,
the significance ievel range for moderate m and n is approximately the same as the range
for the asymptotic case, As an illustration, consider a test of the form (4). The

significance level of this test is approximately determined by the relations

Prx(am + C\¥/&) - y(gn + C,#A)- (0 - #g) < 0]

(11) _ A2
= Pr[(7') - M' < -N'] . f /2 dz,
Af2x /-0



———-

=S P 173, rev. £/2/50

since the cdf of (7') - M' is nearly staﬁdard normal in the range of possib’e values for
M!, However, the range of possiole value: for M' equals the range of possitle values
for M, The approximate equality of significance level ranges follows from (10).

Now iet us consider the determination of the values of C1 and 02 uwsed for the tests
of section 3, Test (5) was obtalned by choosing a representative value of M' in the
interval specified by (9) for C1 > 0, Then C1 was determined so that the simificance
level of test (4) would be € if M' actually had this value and the cdf of (7') - M!
was standard normal, The value of C2, of course, was found from (8). Using the value
of Cl’ the relation (11), and the bourds for M', the values of y and & could be

determined from the relations

—— e

B . . e . - - [C
K ‘= 1.175K¢ , Kg & .833K¢ .

However, to allow for the fact that the fit to the standard rormal cdf in the specifieu
section is only approximate ana that A/B is ordinarily not large or near zero, so that
M' i3 usually near f\/-2' Cl/r\/ah - as y the relations used were

K, = l2ske, Kg = .83Ke .

Similar considerations apply for test (6).

5. Efficiency investigation. Only asymptotic situations will be considered (i,e.,

both m, n—>»m)., It is desired to determine how tests based on (5) and (6) compare with
the corresponding tests based on the non—central t-statistic for the case where both
populations are normal and the ratioc of variances is known,

Let oi be the variance of the population with Jdensity f(x) while 05 is the variance
of the population with density g(y). Asymptotically, use of the non-central t-statistic

for testing 6 - ¢B is equivalent to use of the quantity

(12) [i -y - K8 K - (8 - %)] /J(l . xi/z)oi moe (1 K;/Z)oz/n ;
where
- m - n
X =2 x(1)/m, y - % y(3)/n,
1
! 2 B 2
-x-ﬂléfx(i)-i]/(n-l), ay'\[zl:tY(J)'YJ/(“'l)-
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The asymptotic distribution of (12) is standard nommal,
Since the asymptotic case is being considered, (7) - M is the quantity of interest
for tests based on (5) and (6). Comparison of (7) - M and (12) shows that if the sample

sizes for (12) were decreased in the ratio

13 [1e Kz G e k)] forfat - wexp(d) + G301 - Bewpind) |,

where (I - noj/noi, then the asymptotic distributions of (7) - M and (12) would be the
same and both (7) - M and (12) would have the same denominator. Thus confidence iitervals
for 8 - ¢3 obtained on tiie basis of (7) - M are asymptotically equivalent to the corre-
sponding confidence intervals obtained on the basis of (12) with m and n decreased in the
ratio (13). This property also applies to the significance tests based on these confi-
dence intervals, The ratio (13) will be called the asymptotic efficiency of the tests
based on (5) and (6). Actually, (13) is merely the variance of x - y - Ko, * Kﬁ'y
divided by the variance of x(am ¢ Clv;) - y(gn + Czafn-) for large m and n,

The value ¢f Q) can lie anywhere between O and @ . Consequently the asymptotic

efficiency of the tests based on (5) and (6) can be anywhere between the value of
(1 « K§/2)/'2xa(l - a)exp(Ki)

and the value of
(1 + K£/2)/ 208(1 - B)exp(KS).

Table 1 contains values of

(14) (1 + K2/2)/ 2mp(1 - p)exp(Ks)

for p = ,01, .02, .05, .10, .20, .30, .40, .50, The value of (1l4) is the same for
p=1-vas for pe=v, Examination of Table 1 shows that the amount of "information"
lost by using tests based on (5) and (6) rather than the non-central t-statistic is not
too great if a and § are not near O or 1,

6. Investigation of special case. In section 3 a rule was presented for deciding

when m and n are sufficiently large for the tests of section 3 to be applicable, The

purpose of this section is to check the accuracy of this rule for the special case where
f(x) = g(x) and a = 8 (then 8, - ¢B).

First let us consider some implications of the rule stated in section 3. An obvious
result is that m > 10, r > 10, Since .005 < ¢ < .5, it follows that 0 < Ke € 2.58.
Combining these properties it is seen that the order statistics x(1), x(m), y(1), y(n)
are never used for a test when the rule is applied.

Let m > 10, n > 10, n < m (no loss of generality), and consider the value of
Pr(x(u) - y(v) < 0] for the special case., Here u and v are integers such that 2 < u < m~l

and 2 < v < n-1, From (6], the value of Pr[x(u) - y(v) < O] equals
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v-l(u*v-2-i>'m0n-u-v‘l-i>

Z u -1 k m-u

(15) =S .

m o+ n>

-
The first step of the empirical analysis consists in selecting suitable values for m, n,
a, €. Corresponding values of u and v are then determined according to the requirements
for test (5); i.e., u is the integer whose value is nearest to am + .BSKEQ/;TI—:TEFE, v
is the integer whose value is nearest to an - .BSKEAAETI—:—;TH , and both
am ¢ .esxeﬁfTKm an - .85K‘m are rearly equal to integers, Then the
value of (15) is computed and compared with the corresponding values of y and 5. This
is done form > n = 10, 15, 20, 25 ana various values of a and €., The results of these

[o

computations are contained in Table 2.

Examination of Table 2 shows that the value of (15) is usually near y. This is to
be expected for the special situation considered, The derivation of y and § shows that
3 is approached when A/B is near O or @ while y {s approximated 1f A/B is in the vicinity
of 1, Since the populations are the same for the case considered, the value of A/B should
not differ greatly from unity, Thus the values obtained for (15) can be considered very
good approximations to those expected for situstions of this type, Consequently the rule
of section 3 would seem to be adequate for this special case (i.e., f S g, a = 3).
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TABLE 1

Values of (1 + xf/z)/anp(l - p)exp(K:)

.01 .02 05 .10 «<0 .30 .40 «50

.65 son O .56 65 .66 556 645 627
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TABLE 2

b 133,

Numerical Compsrison of (15) with y and § for _pecial Case

rev.

n m a € u (18) Y 5
obd .030 7 2 ,010 | .009 059
10 .50 ,013 8 2 .003 | .003 .032
.55 .030 8 3 .012 | .009 ,059
40 [ .025 10 2 .007 | .007 ,052
15 .50 .01 11 2 ,003 | .003 034
54| ,036 1 3 .013 | ,012 | ,068 ]
10 405 | ,051 11 2 ,021 | .020 087
20 465 1,023 13 2 006 | .006 ,04L9
S35 1 .,038 14 3 LO13 ] .013 .070
595 | 012 16 3 .003 | .002 .030
42 2045 14 2 0151 .,C17 1 ,080
25 4451 ,031 15 ; .009 [ .010 | ,081
7 .5551 .025 18 Fl .007 | .007 | ,052
.58 .016 19 3 .00, | ,004 | .038
.30 048 7 2 .018 | ,019 ,084
240 .030 9 3 011 | ,009 2059
15 .50 L0168 11 l, ,005 | ,004 [ .038
.60 .030 12 A 013 [ .009 .059
.70 | ,048 13 8 .025 { ,019 ,083
15 .39 040 11 3 .013 [ ,014. [ ,O73
20 . 50 ,060 13 5 ,028 | ,026 .098
_ bl | L0 16 6 .007 | 006 | .047
.28 OLs 13 g 015 | 018 | .c78
25 455 | .04 15 4 015 1,015 .C78
L5485 | .0<3 12 5 .007 | .006 .04,9
.62 ,017 <0 6 004 | 004 .039
.25 .033 8 2 .010 | ,011 064
o5 . 40 050 11 5 .024 | .020 088
.60 .050 15 9 ,027 020 L0865
20 s LD .013 18 12 016 | ,011 064
305,037 11 3 .013 | ,013 ,069
25 .50 ,051 18 2 L0244 [ ,021 ,087
.705 ] 038 2l 11 017 [ ,012 068
.20 ,038 8 é* 012 | ,013 .070
A . 0 .026 14 .009 [ ,008 053
S .25 026 1 19 T 010 | ,008 | .053
480 .038 T 019 | ,013 070
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