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ON A THEOREM OF DOTB

T. R. Aarris

This mote glves a Justification for the !nterchange of limiting pro-
cesses required in Dood's "heuristic” approach to the Yoluogorov limitiag
distridution of the aaximum deviation betwoen A theoretical and an empirical
distridution fmsticm. / ,qf\

A number of writers hnn mtly tmtod the Kolmogoroe-Sairnov
limiting dia;:ributimn from point of viev of stockastic processes.

(T, 2 ,an. % .) Forlexsmpls, let

D = sup A P(x) - F (x)|

‘ = < X < < 8 l

vhere F(x) is an arditrary oomtinuous cmvwlative distridutiom eand the

random variabdle Fn(x) {e the sample nummlative: l?n(x) i{s the mmbder of

values wvhich are < x in a sample of n from a populatiom descrided by P(x).
Cimoe the limiting ¢ istridution of Dn {s the samo for ary ocomtimuous

¥, 1t 1s suffiolent to let F(t) = t, 0 < t < 1, amd %o consider

A
r
IA
b

w(t) = wa (7 (L) - t), 0

vhere the n sample valnues are picked according to the wniform dfstributiam
an (0,1). For amy fixed set of valuss t,, ..., "k’ the joint distributioa

of \1_.(t1), e %(tk) approaschee that of y(t¢,), ..., ’“’k) as n — - , vhere
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7(t) ie the Geaussian process defined by
y(t) - X(t) - tx(l)!

x{t) being the Wisner proceses. This is the heuristic guide to the faot
showm by Dood 2  that the limiting distridutiom of Dn 1s the samw as

tie Aistridution of

D=  aup 7 (%)
t<1

It appeers vorthvhile to give & simyple and rigorous Jwtifiocatiom
for the transition frum Dh to D. Suoh questions came wp frequently, amd
are alsc of same theoretical imterest in commestion wvith "Mamte Carlo”
procedures wvhere contimuous stooastioc processes are approximated vith
rendor walks.

Let

6(r) = P(D < ¢)

en(z) - P(Dn <sg) =P ; <mtxp< . %(t) <t

We viskh tc show that for any 2,

(1) a0 (1) = 6(1).

A — «

T™he dssired result will follow fram Theorem 1.

Theorem 1. Let a and b be arbitrery positive mmbers. Then n and Dg > 0

g0 be determined ao that for all m > n




u (te) - “n(ml >n} <b.

We make use of an idea going dack to W. X. Clifford 1B66; see
Morar. A . This is the fact that if T,, ..., T,, o independant
randon variables each having tho denwity ce °° for any ¢ > C, the quantities
TJ/('r1 4 -+ ¢ T ) are jointly distriduted like the nél imtervals vhich
are odtained wvhem n points are picked uniformly and indepemdently at random
on the interwval (0,1). In other vords let Gn(t) be a Poisson process with
mte n; 1.0., the prodbadbility of a jump of 4+ 1 betweenn ¢t and t 4+ 4t s
nit + 0(dt)2. Let L, be the time vhen the (n+l)st juxp ocours. Then the
tvc stochastic processes Fn(t) and Gn(Lnt) are equivalent for ¢ in (0,1).
Now for large n, L‘ converges stochastiocslly to 1, and thus to prove theorem

1 ve consider first On(t).

Let
v.(t) = Vo [on(t)/n -t
B (a)=P' Max (v (®) >a
85 oty ® J
% 1
A sT
Lemma . H& n( f ) € A / , ° dy
0 Ver  la/ N2 )

for m >n(a, _ )
This lemma ocould be strengthened by gsmerel methods used dy Xrdos and
Yao %, but the folloving simple derivation is sufficiemt here. Let

T be the smal est t-value for vhich vn(t) > a. let Km(‘!" he the oumulative
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distridution of T and lat

Gan(t) = P ¥ (V) >

2
(2) Qe (24) > / Q (20 - T K (T)

0

Ja
> / Q24 - T) K (T)
8}

The first > sign in (2) appears because vn(t) is 1 disecatinmous differemtial

process; for a contimuous differemtial proceec equality would holl. Now

form > a(a, ) ). A similar argument applies to




Vn(t) S - A ’

Y

and the lesw, follows from the obvious fact that

+
B (0) S (&) X _(O).

. standard type of argument mov telis us *bat throrex 1 holds {f %(t\

is replaced by 'vn(t)

parts of length %

vn(

w.

f

For wve may divide the interwal (0,1) imty k equal

The probadility that on none of these intervals does

t) differ from its initial vaiue on that interval by more umnﬁ 1e

may then choose [/, = -i-— srall en ugh so that
o

e X > k_ . By virtue of lesma 1, vo can then choose n  ®o that

7o\

’

for 8 >n_. Theorem 1 mov holds for vn(t , vith the quantities a, », Ao
and n_ tust chosen, since vith probability > 1 - b, vn(t) has no oscillations
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>3 1n 1
23 any of the intervals ( ) ) and thus no osclllatioms > & in any
interval of length Ao.
Row

o) ,
(3) v (L t) = Vn | Tt Lt e ou(t) et s

where the rendou variadle {;‘,

e VB (L)
is asymptotically nc 7=l vith zero mean amd wnit variance.

It is eas'!ly seen that theorem ] must alio hold om (0,1} for the randm
functiom 'n(L.nt)' vhich is produced from v.(t) by a reniam megnification of
the t-scale; for an arditrary o > O ve can make tde probdad.lity arditrarily
high, by taking n large emough, that ths magnificatioa Ln is teatwveem l-o
and 14¢. Theorem 1 likewise holds °o>r the randcm funotion t C.;n; 1t aust

therefore hold for the 4diffaremce
%(t) - vn(L‘t) -t t’n'
The folloving scheme mov gives (1).

Def ine



S_ = sup (t) |

B oo<ctrgl “n |

X 3

S, = sup | o (e)

B ogj_gklu“" !

e (¢) = P(8, < 1z)

0:(:) = P(S: <'t)

t{t) =P sup y{t) <1
0<t<l

yk(z‘ a P sup y(-‘kJ, <z,
l0<y<k |

We uso the Mnown result that {(x) i= comtimuous. Ls%t < > 0O and T > 0 be

<a/k,

glven. Pilok ->o.num|h! < - implies | J(2) - +(z+h)|

Then, wsing theoien 1 asd observing that

. o k = Q
<t -:) P(sngz -y 8, > 1)

we may, by theorem 1, plok n' and X' s> that n > n', k > k', implies

' .
- T EA ~
Hn(r. ) < L(L + als.
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NMext pick K" > k' so that k > k" implies

v - ¥im | <ap,

t

‘p(z-» ) - ¥ )| <an,
Then cbv >se a" > n' so that n > n* ixplize
Y50 -8 (] <ap,
-ty -8 (- )| <ap

Por all = > n" ve them have
M B < -y eap < (- s mpg

(1 - v ) e3P ce (1) +a

(5 ym 2 ¢ -ap2ef () - a0 -ak.

Fran (4) and (%) 1t follows that for all n > n"
Y(r) - age (z) < y(2) + af?

and this establishes (1).
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