
I I 

CIIA or DOell 

• I. ~ia 

J 
, -1)9 n 

17 .-u 1950 

/ O 

, , 



-1- 

01 A TSSDEDi 0? DO0B 

T. 1. HATTI« 

Thli mot* glTM a Juitifio&tloci for ihm  'nt+rcirnxxfi» of Halting pro- 

o*8s«c  r»<iair«d 1A Doot)'! ^f»ttrl0tlo# approaob to ih« roLuogoror llj»ltlAg 

4i«tr' ö-itl m of thm aaxlra dcrlatlaa b«tv9«n A UutorttleAl «ad «un «iplrlo&l 

dlitrlbutloa fwiotlc«. /    J /j\ 

A nvmbmr of vrlt«r« Hnr» jn*i«ntl^  traAt«d th* EoIiK^oro'r-^dr&oT 

llMitiAg dlBtrlbut! m«  fron ti« point of Tlav of atooluuDtlo proo*««««. 

(    1     ,    2    , aw*.    5    .)    For TtrnplM,  Ittt 

Da - «up ja     f(x)   - Fä(X) 
- -^ < E < *o 

vh«r* F(z)   la a» ar^ltrarj »octlauoaa OTiKslativ^ dlstrlVvtloa aad tfet 

reuodc« Tairlabl« 7  (z)   1c th« aaapla nunLLatlT«:    nK  (x)   la tha matbar of 

ralaac wb.loh ara < x In a »flspla of ■ fnm a population daaorlbad bj ?(x) 

'.ac« tlia llBltla« «iatrlbvtian of D    la Vim mmm» for ai'j ooatlmiova n 

?,  It  la aufflolant to lat f{t)  -t, 0<t<l,  aadto oan«ld«r 

^(t)   -     ;ü  (7j|(t)   -  t), 0 < t < 1, 

yrher* the n aaapla raloaa ara plokad aooordln« to tha «nlfona 4latrltatlcai 

on (0,1). For aay flxad «at of ralaaa ^, ..., t^, tha Joint dlatrlbutloÄ 

^ v.a( ti),   • • •, u^C t^)  approauihae that of y( tx),   ..., y< t^) «a a — -' , 
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/(t)   la thm OetiMlaa proo««« defined bj 

Ji%)  - x(t)   - tx(l), 

z(t)   b«lB4| th« Wl«n»r proo<Ma.    Tfcie  Is tb« b*url«tIo  gold« to tht fact 

■hi« by r>oob      2      UMt th» IlKltlB« dlatrlbatloa of D    U  thm «nist» &• —• n 

tie distribution of 

D -        sup y(t) 
0 < t < 1 

It tppMr« vortlivhll« to glr» a aiflpl« MA rlforous  J *tlfloattan 

for thm timtuiitlaa frat D    to D.    Saoh quantlon« OOMM ap fr^uaatljr, aad 

are also of SOM tkaorttic&l laWrMt la octamtion with "Moste Carlo* 

prooadsrat vtere ooBtlAuova otooknttle proo««»«8 art appororxlmtad vlth 

L«t 

e<t) - P(D < i) 

8 (t)   - P(D   < i)   • P gup        u (t)  < E 
n o<t<im 

V» vl«ji tc  aho« that for an/ t. 

(1) 11m     e-(t) - e(f) 

TV/ da«lr*d raeult irlll follow fro» Tbaoran 1. 

Thßortm 1-    L#t a and b b« artitrwy poaltlya rosbTB ■    Thga n^ and   .'^ > 0 

fi*? ^* dft»imin»d «o that for all n > a 
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P       j Max 
1 0  <   ti   <   t2   <   tj    ♦ A     <   1 

^(t.)   -  ^(tx)       >•      < b. 

V» »ik« us« of «n Idea «nln« back to V    K    Clifford Lß66; 

K  mn     _Hj    .    Thl»  la   tlM» fact UMU if Tx,   ...,  T    .   ar» lnd«p«Bd«nt 

-ot 
nuMlon t&riablM »aoh harinc thi? danaltj o«        for an/ c > 0,  tba qaantltlM 

?,/(?!  ♦  •■•  ♦ 1^)  ar« Jolütlj dlatrlbuUd Ilka tha n4l lutarral« vhlali 

ara obtalnad vkan n polat« ara plckad unlfoimlj and Indapandartlj at xtndca 

on tha latarral (0,1) .     In otbar words lat 0 (t)  ba a Polaaon proaa«a rlth 

mta a;   I.a.,  tka probabllltj of a JVOQ) of  ♦ 1 batvaau t and  t ♦ dt  la 

nJt 4 0(dt)2.    Lat L    ba tha tlma vhso tha (»4>I)at .nwp oooura      Tha» tha 

tvo atoobaatlo procaasaa ? (t)  and a(T,t'   ara a^tlTttlant for t la (0,1) . 

Sov for larga n, L    ocmTaryaa ■toohaatlaaillj to 1, aad thna to prora thaorr. 

1 va oonaidar flrot 0 (t) a 

h9t 

r It)  -    Vn   [a {t)/B -  t 

i 

H        (       )   - P Max ▼  (t) 
'  0<t<^  '   a 

H       (    ^   < -1~ &,n 
\|2K      JA/^Z 

Tof m > n(a, ß ) • 

Thia IMBA oouid ba atmgthanad bj faaarad aathoda ua«d bj Krdo« and 

Xc    15]     ,  but tha folloving aiapla darl-rnt! m  Is  avfflol«^ hara.    Lat 

T b« tha «al-aat t-ralua for ■ahloh T  (t)   > a,   l«t K    (T^   ba the OÄUlatlra 
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dlitrlbutloda of T aad l»t 

^%) -p   V^ ^a 

Tten 

.2^ 

> A^   Qc«i(2 ^ ■T) tt«i^) 

Tb« flrtt > »Igp la (2)   appear» b«e«iM« ▼ (t)   1«  a diseoattinaoua dlff*r«ntlal 

proOM«;  for a oontisaooa dlff«r«Btlal  procMe  «quAlltj vould hold.     Sow 

- - 7* 

a« a —♦ ^ ,  aal Q    (cr) -*    - anlformly la a for ,1 < cr < 2 ^       H«ac«  (2) 

lapllM  Uiöt 

for a > a(a   /\ ) .    A alallar arygt appll*« to 



P-15f 

K** (A)   -  P        Mln T   (t)   < -  A  :      , 
0 < t < ^   n        ' J 

und  Ui«  \mmi* follovs firm DM obrlcti«  fact that 

H    (A)   < K    (^)   ♦ K    (A) 
anv -    an anx 

\  ■taadard  tjp« of argunMit aov t«llB  u§  that th»or«c 1 ho Ida   If u^(t) 

1§ r*plao»d by   r (t)       Tor »• Bay dirld« the InWrmal  (0,1)   lato )L aqual 
n 

part«  of le^fth    -   .    Ttm pi-obabiilty th»t on nan« of ^haa»  Intarrala doaa 

T  (t)   differ froa  It«  Initial rai-Ji«  oo that  Interral by acre  than r !■ 

V n 

We afty than chooee  A     ■ r- acall   acon^i so that 
o 

I 
\ 

' *                 1   • 
' 2 r 

Y 

i o, a                 dy 
1 ex a/(U J?^) 

> 1 - b 

for   -T- « k > k   .By rlrtua of laaaa 1,  v« can than ohooae n    ao that A -    ">      ' ' o 

1 (/,    ) >   1   -   b 
0 - }.. 

for n > n   .    Thaora« 1 nov ho Ida  for r (t   ,  irlth the quaatltlaa  a,   b.  A 
-    o nx '      o' 

arid n     4ijat ehoaan,   alnoe with probability  > 1  - b,   ▼ (t)   haa  ao oao 1 llatiotva 
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> I IB «u of th» laWmO«  (^  , ^)  «ad tku no oeelliatlaae  > a  in anj 

int«jrnkl of laofUi    A.   . 

lav 

(j) vv - ^ ( ^r^ ■ V,   ■ V») ♦ * 5. 

vtier«  UM rutdott r&rlabl«   H   t 

n *     ^ ^'V 

la &«jBptotio«lljr nc "AL vltb i«r   m«&n aad nvlt Tariaao«. 

It  '■ •osllgr «««n that thaorca 1 auax &l/>o hold on (0,1)   for thm raadcn 

fuactlon T (L t), vklch la produoad frcn T (t)   bj a ^-ajodcai no^ilf ioation of 

th« t-acaJLa;  for an arbitrary o > 0 v« can atak» tha probablltj \rbitrarll7 

bl^>,  br taklnf n larga manA. tint tha noAlfloatlaA L    is batoraan 1-c n 

and 1-K5     Tbaorai 1 IDcavla« hold« for tha raadaai funotlan t    ^   ;  It nuat 

tterafora hold for tha diffamoa 

^(t)   - ^(^t)   - t ^ 

Tha f ollovinc aohana nov glrae (1) . 

Daflna 
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• up 
0 < t <  1 

V») 

■up 
0 < J < k 

\$ 

*ni*) - ?i\< ») 

^k(i)   -   ?(Gk < t) 
n v a -    ; 

i'tt)   - p tup /(t)      < t 
L0 < t < 1 

t   (1) ■up 
[0 < J < k 

Tir) < 1 

We uae th» kikTvn r««ult that   'f(i)   is coatiaucnu.    L«t _ _      and a > 0 b« 

glrBB.    Plot     1 > 0 to that      hi   <  -    Ijqpli«« 

''hen,   urn in? theovw* 1 «lid. obaarrlng that 

en(t) > n(-n < «, 3B < 1 

P(3    <  1 v   n - .   )   -  P(S' < t , .<„ > 1) 

irs aaj,  by th*or«a 1, plok a'  and t'   so that an,   k > k',   iaplias 

av 



nmrt pick k* _> k'  »o that k > k"  Upll«« 
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y{t)   '   V\t) <orA, 

V(i -\. ) -  **{t ~ i) < aA 

Th«a oh/ ->•• B" > a1  ao tkat a > a'  Ixpliz* 

Y  (») - ef(.) < aA, 

fk"(« - n - e; (i - t ) < aA 

For all a > a" v« than baw 

(H) gf(t)  <  ^(1 -   t)   ♦ aA <    ^"(i - 6 )  ♦ »A < 

£"{* - t) * 53A < öw(t) ♦ et, 

(5) ^ (»)  >  f^it) - aA > ejf (1)  - a/2 > eB{t)  - a/2 

Trcm (k) «Bd (5)   It follovB that for aU a > a* 

^(«)  - a 5 ö(E) <  Y(i)  ♦ a/2 

anl thia «Btabllahaa  (1) 
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