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p g nt tion

The stochastic processes variously called branching, birth,

or multiplicative processes have been considered by writers in

many different fields during the past eighty—odd years., We shall
not try to characterize such processes mathénatically, although

certain related mathematical properties will appear in all the

processes we study. Physically speaking we may say that they

represent the evolution of aggregates or systems whose comﬁonenta

can reproduce, be transformed, and die, the transitions being

governed by probability laws. The examples which have been most

frequently considered in applications are the propagation of
humen and animal species and genes, nuclear chain reactions,

and electronic ‘cascade phenomena. The first, and probably best

Known mathematical model, which we shall consider in Section II,
ayose in connection with the problem of "the extinction of family
surnames,” and was treated by Galton and Watson [1] as far back
as 1873.

As we should expect, the mathematical models which are simple
enough to make possible a.thorough analytic treatment of the

subject are often radical oversimplifications of reality. Never—

theless, certain practiceal applications of the theory have been
possible.
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For a good historical account of the subject, including many
references to applications, as well &s interesting original work,

e refer the reader %o papers by M. S. Bartlett [ 2] and David G.

ndall (3] . Their bitliographies, together with that at the
of this paper, give fairly comprehens’ve aithough not

etely exhaustive, references to what has been written in

It is unfortunate that some work done during the war,
and cla fO F' is still not available.

The-ppooent puper considers a number of stochastic procosses

which have been used as models for branching phenomena. we—shall
WD

Moncer Alimiting theorems and limiting

distributions giving the behavior of the systems studied after

long periods of time. One pattern recurs often enough to make

the following statement plausible, although a general mathematical

formulation has not been given
results of Everett and Ulam (4] ahd various results of Harris {5]
and Bellman and Harris [o].

Consider a family of objects. ach object is described at
a given instant ¢f time by a vector quantity x, wrere x may
describe the age, energy, position in space, or a combination
of these or other traits. The quantity x for a given object may
vary with time in a deterministic or a random fashion., 1In
adtition, there is & law for the probability that an object of
"type™ x, existing at time t, will produce (or be transformed

into) a given aggregate of ohbjects at time t' > t; for example,
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we may prescribe, for the disjoint sets X,, X,, °*°, of x—values
and the integers k,, k., **+, the probability that starting with
an object of ctype x at t, there will be k; objects at t' whose
x—coordinates telong to X,, k. whrea ~nawdicnenc vy o e
etc, Thus we might prescribe the probability that an object of
age ¥ be transform:d into k, cbjects of age < x, and k, of age >
Xy

Now let N(t) be the number of objects at time t, and let
Pt(X) be the "distribution” of <he population at t. (Pt(X) is
not & probability distribution; it is a random cuantity giving
the number of objects in the set X at t.) Assume that the system
dealt with is one which will grow in size without limit as t-— o.
Then, under various conditions, it will be true that

(a) N(t)/E[N(t)] converges with probability 1 as v -3»wo to

4 random variable, E[N(t)] teing the expected value of N(t).

(b) Pt(X),’N(t) converges with probability 1, in some sense,
to a constant distrivution Q(X); (i.e., the same for all realiza--
tions of the system.)

It appears to be a matter of considerable interest to
determine broad conditions under which (a) and (bU) are true.

They will be demonstrated f{or some of the systems considered in
this paper.

In addition to limiting theorems we shall consider various
results egpecially applicatle to the classical model of Galton

and watson, and its muitidimensicnal generalization. In particular
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we shall describe briefly some work of the Russian school not yet

available in English.




P-152
rev. 6/14/50

II. The Simple Iterative Sch

In this section we consider the original Galton—Watson model.
It has been used by many writers, and many of its properties have
been discovered and rediscovered several times. In spite of its
simplicity it is of considerable importance, partly because there
are intrinsically interesting mathematical problems connected with
‘ it, many of them still unsolved; partly because many results
connected with it can be wholly or partielly generalized to more

complicated models.

In this scheme we consider an initial object (ancestor)
forming the zero—generation. This object has probabilities
Pps P =0, 1, 2, **°, of producing r objects, which will con—
stitute the first generation. Each object in the first generation
has the same probabilities as the ancestor of producing a given
number of "children," independently of what is produced by any

other object in its generation or preceding ones. Formally we

‘can define the sequence of random variables z,, 0= By Yy e

th

- where L is the number of objects in the n” generation, by

i

P(ZQ - 1) - 1,

P(z‘ .r).pr' r-O’ 1’ ooo’

f?and the requirement that if . " J, then z__. is the sum of J
independent random variables each having the same distribution

as z,. (Ifz =0, 2 = 0.)

n+1
We define the generating function of 2z, by
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X

f(s) = s’ .
5 ;ggpr

Throughout Section II we shall assume, unless the contrary is stated,
that E: rzpr <o, This insures the existence of second moments for
all the random variables with which we shall be concerned. We shall
aiso exclude the trivial cases (1) po + p; = i, and (2) r(s) = o
for some integer k.

The following facts &re then well known.

(a) The generating function of z 18 fn(s), defined by

fols) = s
£4,(8) = r[.'n(s)_], n=0, 1,
(b) Let
Ez; = £'(1) ~ m
Variance (z,) = f"(1) + m — m*® = o?.
Then
Bz = mn,
n n e
(1) Var (zn) =ocmm —-1)/(m -m), mf1;
4
Var (z )= no |, m = 1,
n

(¢) If m <1 cthe probability is 1 that z_ = O for some n.

If m > 1, let a be the unique root in the half open interval [0, 1)
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of the equation

a= f(a).

Then with probability a, . O for some n and with probability
1 =, zd—9ﬂh
(d) If m > 1 the random variable

n
", - zn/m

converges in distribution to & random variable w whose moment—

generating function g(s) satisfies

(2) glms) = £[d(s)], Re(s) < O,

gls) = Ee3 .

As we shell see, many properties of the distribution of w can be

deduced from (2).

The result (a) is originally due to Galton and Watson and
has been rediscovered a number of times; (b) and (c) have likewise
been found several times; (d) appears to be due first to Hawkins
and Ulam [7 ] and was obtained independently by Yaglom (8].

We next consider convergence of the actual sample sequences

W For this purpose we note the important relations

(3) E(znop"n) - L(zn’plzn, Boys 2% 20)
-mpzno pe=0, 1, °**;

E(z .2 ) = mpEz‘ ). YL e

n+p n n' P ’ ’ .
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. n
From (3), anu the definition of woo" zn/m . we have

('5) E(wn’prn) - E(wﬁ‘p{wn, W Tt wg )
ol S p =0, 1,
<
L(wn*pwn) Ewn, p = uJ, 1,

The relations (3) snd (4), or something anezlogous, lLold in all the
models we shall consider.
wWe lLave alreauy mentioned that if m < 1 the secuence T and

hence w_, converges to v with probavility 1., If m > 1 we have
n

treorem 1. Ifm > 1, W, converges to 8 random variable w with

probability 1.

The proof follows from (4), according to which

(5) E(wn*p - wn)2 - Ewi’p - Ewi.
From (1),
< o o
(¢) Ewn = 1 4 = - mn(m2—~m)
whence
(7) Elw , —w )" = Ol "), m o> 1.

From (7) it follows that w_ converges in mear scuare to a random
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variable w and that

(8) S Bw-w)’ -io(m‘") € ms
n.

n=1

From (8) it then follows that W, converges with probability 1 to w.

It should be noted that by virtue of (4) the random variables
w, form what Doob has called a martingale. Moreover, since ", 2 0
we have E[wn[ = Ew_ = 1. Since the quantiti;s E]wnl are uniformly
bounded it follows from a theorem of Doob [9] that the w_ converge
with probability 1. Moreover, this argument does not require the
existence of second moments, which we have assumed. However, the
argument depending on second moments appears easier to generalize
to more elaborate models. It also gives a convenient bound for
the rate of convergence.

The functional equation (2), sometimes called Koenigs' equation,
sometimes Schroeder's equation [10], [11], [12], after 19th century
mathematicians who studied it, can be used to find the behavior of
¢(s) on the imaginary s—axis, the negative real s—axis, and,
if it exists, on the positive real s-axis. Then, using various
kinds of Tauberian theorems, properties of the distribution of
w can be inferred. Some details can be found in [%], but a great
deal remains to be done in this direction.

we now consider some limiting theorems of a different sort.
The fact that z —> O when m < 1 makes the limiting situation look
uninteresting. However, Yaglom [8] noticed that we get nontrivial

limiting distributions in this case if we consider the conditional
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distributior. of z_, -~iven that z Yy 0.

ileorem 2 (Yapglom). Let g (s) be <he conditional generating f.nction

of Z viven z, 7 O,

1.1
in
-
h—.,
3
,
7

lim g (s} = g(s)
n—w

vhere (o) satisilies the !functional equation

glf(e)] = mpls) » 1 -, s, 21,
s1) =1, gl (1=} =K,
K= Um [1 - £ (0)]/m" .

n->>w

- — .

The proof 1s carried out using the clessical work of Koenigs,

The limiting distrioutions considered in Theorems 1 and < can
assume & great varlety ol forms tor any value of m, dependiny on ttre
exact form of f(s). It is therefore noteworthy -!=t when m = 1
there i3 & universal limiting aistrivpution, arc in [teorem 3,

first proved for the special case f(s) = e sher [1}].

3
Theorem 3 (Yaglom). aAssume m = 1 and p p. ~®. Then
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lim P[Zzn/(nf"(1)) Sulz #0] =0
n->o

if u<O0and 1—e © if u > O.

If m =1, E(z |2 ¥ 0) ~ nf"(1)/2, n—>®. The proof of
Theorem 3 is carried out using a theorem of Fatou [14] on iteration
of functions in the neighboriood of & fixed point with derivative 1.

another type of limiting distribution is of come interest in
the case m = 1, we may consider the distribution of z.» glven

n
of this distribution approaches a limit as n—>m, the limit being

z +p ¥ 0, where p is a positive integer. Th~ generating function

sfﬁ(s). In fact we can define in this way a conditional probahility
measure on the subspace (of zero measure) of sequences (sn) which
never vanish. A precise statement of the limiting result is clumsy,

but it may be given informally as

Theorem 4. Assume m = 1, > err < w. Suppose that n and n' = n
are both large. If extinction has not occurred after n' generations
then z /(1 + no®) has approximately the probability law whose
density is Lue “Ydu, u > Q.

The proof is by means of the theorem of Fatou, using the

relation
n—1
£1(s) =TT f'[fj(s)] :
j=0

Besides Z,, another random variable of interest is

Z=1 %2, 4 een,
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where Z is the total progeny produced in all generations. We have
seen that if m < 1, Z is finite with probability 1, and we can
consider its probability distribution.

Let Q(s) be the generating function for Z,

@
> Qrsr.

@
Qls) => s'P(ze=r) =
r=1 r=1

Hawkins and Ulam [7] and Otter [15] have shown that Q(s) satisfies

the functional equation

(9) Q(s) -§1Qrsr = sf[Q(s)] = s zpr[;l(a)]r :

Otter has investigated the eguation (9) and has obtained an asymptotic

expression for the coefficients Qr‘

Theorem 5. (Otter) Let q be the highest common factor of the

subscripts of the nonvanishing p.. IThen
(a) Ifm=1,
n—3/2

QL ~ , n—>a, for n T 1(q);
o 2m 1

3, = 0, n#1(q).

(b) Ifm<1,

I r :QL@ 2 o™ -3/“ = .
;. Gl L2moufn(Q(o)) : Sada M bl i

Qn-O. n#i(q).
where o is the radiu-~ of convergence of Q(s) and Ot > 1 if m <1,
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Further results and details can be found in Otter's paper.
Otter bases his work on a probability measure defined not on the
space of sequences (zn) but on the space of "trees." For example,
one distinguishes the progeny of the second son of the fourth
son, etc.

we shall only mention another group of problems about which
little is known, those concerned with finding the distribution
of upper or lower bounds for z, @s n ranged over various sets of
values. The distribution for the number of generations to
extinction, in case m < 1, has been discussed in [5]. Another
distribution of interest, about which nothing seems to be known,

is that of sup L ifm <1, and of sup 3 /ln ifm>1,
1<n<m i<ne ®
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III. The Multidimensionel Iterative Scheme

We consider in this section the generalization of the model of

‘Section II to the multidimensional case. Specifically, we consider

i

iy sz) where z_

th

a sequence of vector random variables 2z fn?

type in the n

n
represents the number of objects of the i

th
generation. (We shall us: bold—face lower case letters for vectors,
bold—face upper case letters for matrices.) The types 1, ***, k

may be thought of as representing energy levels in the case of
nuclear particles, or age groups in the case of biological organisms,
etc. We assume that an object of type i existing in the nth
generation haes a probability pi(r,, v rk) of producing in the

next generation r, objects of type 1, °***, r, objects of type k,
independently of past history or of what is produced by other objects.
The probabilities pi(r,, ceey, rk), together with specification of

the initiel aggregate z; determine the probability law for the
sequence (sn).

Much of the theory of these processes has been developed by
Everett and Ulam [4], Sevast'yanov [16], and Sevast'yanov and
Kolmogorov [17]. We shall summarize some of their work and give
some further results., 1 wish to thilk Drs. Everett and Ulam for
permission to quote some of their results which have not yet
appeared in the journals.

Define fi(a) and fi(s), Ew g, Rl a1, 25 v, Wy
r Ty

i
ti(s) = £i(s) -rw.-§;.rgzof (Fyy co0y Tp)oy o008,

i
£ (s) = P(
- ; r,,'g,rgo "
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EQ We then leo the relations
(1) k. (s) = £iitd(s), *oo, th(s)], 1= 1,000k no=1,2,000.,

Now define the first-moment matrix

- where ’ij is the expected number of objects of type j produced in
a single generation by & single object of type i. We exclude the

ﬂ trivial case where all the m1J vanish.

Differentiation of (1) at s; = <+« = 8 = 1 gives
. i .

we shall consider the second-moment matrix later. We shall assume

that the second moments E(z%z?), i,3 =1, +«¢¢, k, are finite.,

Since all elements of M are nonnegative we can use the well-
known fact that M has a positive characteristic rcot A which is
at least as large in absolute value as any other characteristic

root and which corresponds to a characteristic vector all of whose

R i B o g

elements are nonnegative., I1f all the mij are positive, A is

simple and larger in absolute value than any other characteristic

root, and every component of the corresponding characteristic

SRR
Gtk milason

?.vcctor is positive. We shall reserve the letter ) throughout

 Section III for the largest positive characteristic root of M.
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By analogy with the classification of states in Markoff chains
we can introduce the notion of a glosed group of types [17], a set
of types whose progeny all belong to the set. A closed group is
;ggggiggg.lllg if it does not contain two disjoint closed subgroups.
If the types 1, **+, k form an indecomposable group, we shall speak
of an indecomposable system. A closed group is called a final
Eroup if, with probability 1, the progeny in the next generation of
an object in the group is exactly one object in the group, and if
the group contains no proper closed subgroup with this property.

A process such that for any zy complete extinction is bound to

occur is called degenerate.

Theorwm ¢ (Sevast'yanov). In order that a process be degenerate it
is pecessary and sufficient tist (a) A <1 and (b) there are no
final groups.

We shall say that a process is completed if only objects

belonging to final groups remain. Suppose that there are K final
groups, K < k, and let qi(r,, soe r‘),be the probability that if
the initial object is of type i, the process will be completed,
with r, objects in final group 1, °**°, ry in final group K, remaining.
For simplicity (eand in connection with Theorem 7 only) we can
suppose that an object which dies is transformed into a particular
type which represents a death state. This type then forms a final
group.

Lot By, %, H' be sets of integers, Hr being the numbers

th

corresponding to the types in the r~ final group. Let
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9’1(3) => qi(r,. cee, rx)s,‘-~- “ll .
f ' Theorem 7.(Sevast'yanov and Kolmogorov). The functions *1(8).

for |s| <1, are uniguely determined by the eguations

(3) $lis) = £2[#"(8), oo, FX(e)], L fH, 4 oeee wly

r\- 1, e K.

i
¢1(s) = o, 1€ Hy,

4 The quantities Ydﬂl) < 1 are the probabilities of "completion,"
" as previously defined, if the initial ancestor is of type i, and
can be obtained by solving (3) with s = 1.

If there are no final groups, then we may consider the proba-
bilivy gi that extinction will occur, if the initial object was of

type i (dropping the convention that the "death state" is one of
i

the types.) The quantities a” are then determined by the equations

(4) al = el(a', «o¢, &%), 1=1, ot K

If we make the further assumption that for each i, J = 1, ***, k

Bl SE SRR L n ST B e ey

there is a positive probability that an object of type i will have

o A

among its progeny in some future generation an object of type Jj,

1 1 T

then a© = 1 for a single {1 implies 8" = 1 for all i, and &

if &nd only if A < 1.

Theorems 6 and 7, in slightly less general form, were proved
by Everett and Ulam [L].

We shall say that a system is positively regular if A is

simple and larger in megnitude than any olther characteristic root
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and if for every i, j = 1, ***, k there is a positive probability
that an object of type I will have in some generation of its progeny
an object of type j. (In other words, for each i, j there is an n

th

such that the element in the 1~ row and Jth column of M" is positive, |

If every element of M is positive, the positively regular case is
assured.

In the positively regular case we have, from matrix theory,
M= )M, +N
where \;M; = M,, M;N = 0, and every element of M, is positive. The
matrix M, has rank 1 and in fact has the form
M, = (£1U9)

where /*', gl /‘k are the components of the right eigenvector of
A end U, eoe, J¥ are those of the left eigenvector. The
components /11 and 7! are all positive, and with the p;opor

normalization we then have
F,-u#’- A Ty s AV, TR
Moreover, there is an &,, 0 < O, < 1, such that

N/ A% = O], n>o

where llnﬂ is the sum of the absolute values of the elements of N”,
During the remainder of this section we consider only The

positively regular case with ) > 1.
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" Theorem 8a. Suppose that A > 1 and the system is positively
? regular. Then the random variable

(‘r': . win .:)/)n

erges with probabjlity 1 to @ random variable S.

8b.(Everett and Ulam). Suppose A > 1 and the system is

regular. Let the numbers al < 1 be defined by

(4). Suppose the initial object 4is of type i; then

3-r tiie system does not become extinct the ratios :;::;: cee ::g

ach with probability | the ravics U':7ZF: «-+ :7U¥ of the
onents of the left eigenvector of A.

Theorem &b, which appeared in a declassified Los Alamos

éreport [u] issued in 1648, is part of extensive results to be

ublished later. As stated by the authors, it applied to the
Jtpace of "trees" or "graphs"; cf. the remark on Otter's work
gln Section II. As we shall see, 8b can be used to prove 8a.
'@lowever, we shall also outline a simple method which proves the
ftWO together, and has the merit of giving an error term,

inalogously with (3), Section II, we have
H6) lz2)) = 2 Mp

i

F5

;[f we divide both sides of (6) by A™'P end multiply both sides

n*p

?n the right by the column vector M', the right eigenvector of

f%A, we get
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‘g ' \ 2z MP 110 5 M0
(7) hl_ﬂ:.g—ll_/:_ I Z | - n = n/
‘ n+p n n+p \n
A A A

Let ‘5n denote the scalar random variable defined by

Then (7) gives

(8) E(F) !

e ) e -
n+p én én'

Use of the theorem of Doob referred to in Secticn II proves convergence

-

with probabilitv 1 of the secuence A Knowing f{rom Theorem 8b that
the direction of z, (if it aoves not eventually vanish) a-proaches a
limit, the fact whicl. we have just observed, that the scalar p..oduct
zn/L'/ A r converges, proves that each component of the vector
2/ A" converges, and Theorem 8a follows.

As en alternative proof of Theorems 8a and 8b we consider the

sequence w_ = zn,/xn. From (¢)

n

(9) E(w ) -wnMp/)p.

| w
n+p' n
llelation (9) locoks very much lixke {ts one dimensional analopue, (4),
Section Il. In fact, 1f M has &n inverse, the resemblance can be
made more striking. However, this line of argument, bused on Doob's

ttieorem, has not been carried out. Instead we argue on the moments

as follows. From ()) and remarxs mad: below it will appear that

(10) Eftwr, - Wl

e I P LT
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lIn particular,

2
(11) Blwg,, = %) = Ol@d), 1=1, Kk
Thus for each i, wz converges with probability 1 to a random variable
wt and we have Theorem 8a. We shall see below that the second
moment matrix of the wi, (Ewin) has rank 1. Thus the wi are

perfectly correlated. Also,.for each 1 and j, wi = 0 if and only

if wl = O, with probability 1. Hence, if wt ¥ 0 the ratio wi/wJ
is the same as the ratio Ewl/Ew), with probability 1. Since, as
we shall see, Evi/EwJ - Z)i/Z/J, Theorem 8b follows.

To obtain (10) we examine the second moment ﬁatrix of Z
Ifus= (ui) and v = (vi) are vectors we denote the matrix (u'vd)
by u'v. If u and v are random variables then E(u'v) = (E(u vJ)),

h while the variance of u is

E(u'u) - Bu'Eu = (E(ulud) - BulEnd).

T

 We shall use M' to denote the transpose of M,

g
? Let e. be the k—component vector with 1 in the rth place
; and zeros: élsewhere. Define
i B, - E(z12,]20 = .- {b(z%z?lzo - °r)) :
A 2
i -l

é E(zlzn' “e) 35,05, if i ¢ §;
i 3‘-...-sk-1
g 2.r {2 i
g Q%‘ 'Eﬂz” "Ml% 'GJ ;

aal s,-...-sklj
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V. = variance of z,, given z, = S

=B - E(z;!zo s er)x:;(z,lzO “e.)

— ! t .
br M °r°rM )

= - i
q Ez = (q.).
From elementary considerations we get

Kk
(12) C o,y = NIC M »gviq;, no=0, 1, ",

whence

C 'n n n 'n—J k q n—J
n _ M M 1 M -1\ M
Gt 3 Co 5+ & = <1 v, 23‘—2) G

From (13) we cerive

v
(14) = =C + Ola

Aén
C o= M ‘!:0 ) > SiVier ,

. : , n i o)
vrecalliny that #;, = lim M /)n), where &7 is the i component
n—>wo :

21 . . : .
of the vector zo(I — M/A%) ', I being *he identity matrix,
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rrom (14) ane the relation of M, to M we see that C lLas

rank 1 and satisties

n n. n.
(15) CM™ = 27C = M'C, e R OO
. n . . .
New convider w = zn/A . If r anc p are nounegative integers,
B - r ' . LR . B -
S LL(wn*r wn’(wn*p wn)J

But from (19), (14), and (L),

(17) E(w'w ) = — =P . Ll -
nn+ cn+ n
~ / n, uf 3 A D LL .
HEL (\\ljl] \p‘v‘ O(l—;), U~ 3~ 1
A
similarly h(w;'pwn) = -+ O LS>. From (17), (16), and (14), we

rave (1u), Q.«.d.

Hegarcing the Jistritutiorn. of w, we nave

(12) e s ozgMy s Szo a1, R,

1 ' L
et R sl = o g
LwooLw = Ml“U“U“] h'boh]

v, from (V50 -ar@ (18)

/ . 1 ] k i
119) Jariance of w = Y M, EZ 5

Vi;Ml
A 1=1
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we recall that Vi ie the vurience matrix of z,, given zg = ;.
and & 15 the 1P component of the vector zg{l - 0 G I

The wi, teing perfectly correlated, and the random variable
o of Treorem 8a, i.ave _he came uistribution except fcr constant
factors.
Let ﬁi(s) be the moment—renerating functio. of S, if there

wes initiselly one object of type 1. 1t is then not difficult to

show that the functions di(s) satisfy
(20) flide, - fi[ﬂf‘(s). ey ¢k(5)]. Hels) - U, 1 = 1, k.

The functions di(s) are uniguely determined by (<0) «nd the require—

ments ‘

where e, tas 1 in the ith pliace and zeros elsewhere.
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V. Continuous Time Parameter, Markov Case

Feller [18] was apparently the first to discuss branching or

birth proéolsol where a continuous time parameter is involved, and
~since then there has been an extensive literature. For references
o e refer again to Kendall [3]. The point of departure for these

reatments has usually been the specification of functions b(n, t)

? and d(n, t) where b(n, t)dt is the probability of a birth and

?l (n, t)dt the probability of a death between t and t + dt if the
: size of the population at t is n. When these functions are

i specified, differential equations can be obtained for the proba—
:‘bility of a given number of objects at t. Most treatments have
:lassuned the birth and death rates to be independent of the age of
f the objects, although allowing them to depend on absolute time.
? We shall discuss the question of age dependence in Section IV,
The model which we now consider is determined &s follows,

€.Conaidor an object existing at time t. Assume that there is a

. probability
b At + o(At),

. that the object is transformed into r objects, r = 0, 2, 3, **°

. between t and t + At, At > O, where

b=bo + b +bs# *or <w,

 assume that the transformation probabilities are independent of

%
8
i
§
4
b &
2
j and & probability 1 — bAt + o(At) of not being transformed. We
:
. the age of the object and the number of other objects existing.
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’

Then if there is initially a single object at t = 0, and if p_(t)
is the probability that there are r objects at t we have the

equations

(1) 325_:'_"_) - (r*1)bopr,1‘(t)—rbpr(t)* (r=1)bap_, (t)
+ cee s brp,(t). gaPe g, v,

with the initia. conditions

(2) ‘ pr(O) -0, ey,

P'(O) =1,

Various special cases of equations (1) have been studied both

directly and by means of the generation function
= r
(3) F(ls, t) = E%Jpr(t)s
r-

which satisfies the equation:

(%) aii%;zﬁl - gk,) a££§:_11
where
(5) Efs) = bg — bs ¢ bos” 4 see.

It is well known that if we define
£f.(s) = F(s, nbh), R0, 1250%% A >0y

the functions fn(s) are the successive iterates of the function
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::j) = f,(s) = F(s, h). Thus every scheme of the sort determined
Hvequations (1) has a simple iterative scheme imbedded in it.

: The converse of this statement is not true. It is clear that
f(s) is an arbitrary generating function there is not in general

ff~cheme defined by & set of equations (1), and a value tg of t
juch that '

F(s, tg) = f(s).

‘j%-s is obvious, for example, if f(s) is a polynomial of degree

?2 . We are thus led to ask under what circumstahces it is
{“-sible, when a generating function f(s) is given, to find a

nily of generating functions F(s, t) obtained from equations of
Lype (1), with F(s, ty) = f(s) for some ty. To be precise we shall
jiy that a probability generating function f(s) belongs to class C
'@iritten f € C) if there exists a family F(s, t),

=S r
F(s, t) = x‘gbp!_(t.)s

such that

=

o
{7) (a) pr(t) >0, xgopx_(t,) -1,

(b) F[F(s, t;), t.] = F(s, t; +t;), t;, 20, t;2>0,
[s] <1;

0
= . ro
(c) F(s, 1) = f(s) rZOprs :

(d) F(s, t) =8+t g(s) + o(t), t—>»0, |s]<1;

(BTN .
S ks

|

b 9
o e
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where (5(3) is some tunction de:ined for |s| <1 and ol(t)/t —> C
uniformly in s. Some kind of regularity condition is necessary

and (d) 18 convenient, although weaker—looking assumptions could

be substituted. From (d) we see that %% (s, v) = g;s), and
¢ G,

gﬁa) is a power series convergent in the unit circle.

Jsing cleassical work on the iteration of fun-tions and the
general theory of Markov processes, we can now Cetermine whether
a given £ € C, provided f(C) = po = O. The literature on iteration
goes back to Abel and is vast. 1 should like to thank Profecgn-
David Hawkins whto first called this field to mv attention,

¥e note that if p, = p; = O, f(s) can never bvelong to class C;

in what follows we set w.side this case as wvell as the trivial cace

Py = 1.

Theorem 9a. If pg J, v~ iy ~ 1, a necegsary arnd sufficient

condition that f(s) belong to class C i: +huat each of the quantities

b

pr T 3, ***, should be ronnegative, where the br are determined

by the recurrence relations

4 1 r-1 — — + s = « o0

by = log py .

The exact value of b; = -b is unimportant so long as it ic regative;

r .
ﬁgj is the coefficient of 8 in Cf(s)]J :
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The criterion of Theorem %a is not very satisfactory since it
is often difficult to apply, and since it does not give any obvious
rolationship between membership in class C and the general analytic

properties of f(s). We can, however, give

Theorem Sb. If po = 0, 0 <p, <1, and f(s) is entire, f(s) does
not belong to class C.

We show first that the criterion‘of Theorem 9a is sufficient.
From the classical work of hoenigs [10] we know that if f(s) is any
function analytic in a neighborhood of s = 0, with £(0) = O and
0 < f'"(0) <1, there is a family

. S r
F(s, t) = ;g; p.(t)s

satisfying (7)=(b), (c¢), and (d) in a neighborhood of 8 = Q. The

function Z}a) satisfies thes relations

(9) ElF(s, )] = E(s) dEleatl
F F t
(10) a_..‘.%nt_‘.). = g(s) a—-{ai;—). .
(11) g'(O) = log pi, é’“—) = log u,

which are evident from (7)-(b) and (d). Putting t = 1 in (9) gives

(12) ElE(s)] = EZ(s)f'(s), [s] < 1.
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From (1<) it is clear that g(u) = 0, (11) and (1<) then determine
unnicuely thte coefficients in the power series for 5(5), which are
Just the numbters b_ of (8) with b, = log r,. If theb_, r > 2, are

r - 2

nonnepgative then g(s) must be analytic in +he interior of the unit
circle since [1.) shows that é{s) is snalytic for every real s
between U and 1; moreover, from (1) we have 5(1) = 0 50 that

) QO
(13) 2> b, ¥ C.
J=1

~

From (10) we see that the pr(t) satisfy the well—known equations

, dp_(t) r—1
L 1s) -_ﬁf—— = ;gs(r-—J)bj*1pr—j(L)’ =12, U,

but now it is easily seen that equations (14), which are in the
standard {orm of the differential eguations for discontinuous Markov
processes, have nonnegative solutions uniquely determined by the

initial conditions

pl{o) - 1'

®
which come from (7)-(d). The general theory insures that > pr(t) <1,
Tt

@D
but the fact that (1, 1) = £(1) = 1 shows that :; pr(t) = 1 for &ll

t 2 0. Thus the nonnegativeness of the b  is sufficient. The

recessity is obvious from (14).

We shall obtain Theorem Yb us a by—;roduct of Theorem 10.
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We observe that if £ € C, with £(0) =0, o I‘Zpr < o implies
:Z rdbr <e; l.e., £"(1-) ~o. This can be decuced from (1<).
Moreover, 5ﬁ(1-) < @ implies > rzpr < w; this seems to be difficult
to ottain from (1<) directly tut can be demonstrated ty actual
construction of F(s, t) as ‘he solutior of (10).

ouppose then that £ € C, f(u) = 0, E: r‘pr<iah From Section II
we know that the random veariabtles zn/mn converge with probatility 1
to a random variable w whcse moment—generating function g(s) satisfies
g(ms) = f[ﬁ(s)]. nlternatively we can say that the random variable
g(t) whose probatilities wre celined by (14) is sucl ttat ‘or any
h > U the sequence z(nt)/czint.), n = 1, 2, ***, converges with proba—
bility 1 to w. OSince iv is often the probatilities bJ whiich are

«nown initially rather than the Pro it is convenient. to determine

g(8) in terms of E;(s).

[

Theorem 10. JSuppcse £ € C, f{u) =0, > r pp < @, ‘he inverse

function of g(s) is given by

' - CAYrE (1 1 -
(5 ) 6 (u) (1 u)expﬁsz LéérﬁTl e y‘dy}' O« a1,
L

(#e recall that F¥'(1) = lcp ') = log m.] There are several ways
of getting [19). we start ron (12), which irplies
‘ = _ n—1
(1e) cb[fn(s o= sy oo [fj'S)]
g0
- Z(s)f {s).




[==158
rev. 6/14/50

s 1,'m n
)

Since the moment—generating function of zn/mn is [ (e we have
s/m" '
(17) 1lim f _(e™" " ) = g(s), Re(s) <O
n—>o L
/gP n
d s/m" o* % (6% )
(18) lim T [fn(e )] = lim =
n—>w n—>wo m
- ¢'(3), He(s) < 0.
/N

we can justify (18) from the fact thec fn(es’m P N R R e T
are moment—generating functions for the random variahles zn/mn,
whose secona moments are uniformly boundec. Now repluce s by es/mn

ir (16), ite(s) < 0, and let n—>wow., The left side of (10) epproaches
g[ﬁ(s)] while the right side approaches aéﬂ(1)¢'(s). we thus have

the differential equation
(19) Eﬂf(s)] - g'(i)sé'(s), w <8 <0

which, together with the condition

|
= 1
u=1—

é% d—,(u)

gives (15).
Theorem 11U holds even if f(C) ¥ O provided m = f'(1) > 1

({.e., even if b, ¥ O provided £'(1) > 0.) As an example we consider

the case

g(s) = p= (M st A8, 0N M < A,
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obtaining

5“)-£:*Aff(° 13 .
A A 1 - jr:él

Thus the random variable w is zero with probabiiity /4/, and

otherwise has an exponential distribution, This is & special case

of D. G. Kendall's "generalized birth and ceath process,"” [19].
Suppose now that f(s) btelongs to class . with f(v) = U, and

that f(s) is entire. 7Tnen it is easily seen that g(r) is entire,
-1
and %—:&%l is analyti: in & neighborhood of u = 1, using (15) this

means that gﬁs) is analytic in a neighborhood of s = 1. Since
f{(s) > 8 for s > 1, and f'(s) > 0, this mears that (1«) can be nsed

to extend g(s) analyticully to the whole positive axis. Since

1 1)
AN , Yy—>x , we have
iAS2 y2/

[o 4]
. d
¥ TR
(18) Js oy @©

—1
From (18) and (15) we see that § (u) approaches a Tinite limit L
as u—>w; that ic, (L) = o. But this contradicts the assumption

that ¢ {s entire. 1hus lleorem Gb 1is proved,
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' Ape—dependent i(rocesses

In the vranching prccesses arising in biology the probability
Lthat an ob ject existing at some time be transtformed in a given time
interval is not i1ndependent of the age of the object; in other wordeg,
the age—syecitic virth and death rates are not constant. This means
that the ranudom variavle z(t), the numver of (hjects at t, {8 not a
Markov process There are then several possibilities, We may accept
trhe non—Markov character of z(t) and work witl it as well as we can,;
or we may choose to describe the state of the system at t by a
function z{(t, x), the number of objects whose age is less than x,
thius restoring the Murkov character; or we may approximate by intro-—
ducing a finite number of types, corresponding to age groups, and
use & model of the multidimensional sort discussed in Section III
or the mu.tidimensional extensions of the model of Section IV,

we shall consider the following model. An object (of age O)
existing at t = 0 has a cumulative life-length distribution G(t).
At the end of 1ts life the ot ject is transformed into r objects
with probaoviiity 9pr T ° v, 1, **+, each having the =ame life—
length distribution G(t), and so on. If the transformation is always
vinary we have the case of bacteriological fission, with which we
shall be primarily concerned. We shall summarize some results
obtained by Bellman ana harris [L] on the distribution of z(t) and
~hen consider the z(t, x) process. Certain results about z(t, x)
‘or a relaved but more complicated model have been given recently

)y Kendall [3], who has also studied our variable z(t) for the case
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where G(t) is a convolution of exponential distributions [20].
Let
Pp(t) = Prob[z(t) = r]

F(s, t) = ﬁi pr(t.)sr .
r=0

If the initial object is transformed into r objects at time y < t,
r
the generating function for the number of objects at t is [?(s, t—y)] .

Thus we see that F(s, t) satisfies
t
(1) F(s, t) -fo h(F(s, t—y)]dG(y) + s[1 = G(¢)]

where we have put

h(s) 3 .
s- 8.
o) = 2 A

Equation (1) determines F(s, t) when G(t) and h(s) are given. Arguments
similar to those used for the model of Section II ahoé‘that there is
a positive probability that z(t) never vanishes (and therefore goes
to @) if and only if > r q. > 1.
If G(t) is a step—function with a single step, equation (1)

gives the iterative scheme of Section II; if G(t) = 1 - s

, where
¢ is constant we have the Markov case of Section IV and in fact
equation (1) can be reduced to a partial differential equation of
the type of (4), Section IV, in this case.
In the remainder of this section we shall be exclusively concerned

with the case > r q,. > 1. For simplicity of exposition we restrict
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2
ourselves to the binary case h(s) = s . We also assume that G(t)

has a density function of bounded total variation,
t @
(2) Glt) -fo gly)dy, fo ldg(y) | < .

The case where G(t) does not have a density is discussed in [21],
a brief account of which appears in [€].

Equation (1) then takes the form

t 2
(3) F(s, t) -J; F (s, t—y)gly)dy + s[1 - G(t)].

Similarly, defining

ry rz
Falsy, s2; t3, t2) = = Pla(ty)=r,, z(t,)=r2]s, s,
TysT2
we have, for t, < t,,
: & 2
(&) Falsy, s3; t,, t2) 'Lj; Fa(sy, sz; t,-y, t-ylely)dy

Ltz

N
0.‘Jt
1

P 8'32[1 - G(ta)Jo

?z(sg. t-ylgly)dy

Define
Il,(t,) » E Z(t).

mz(t, h) = Efz(t)z(t+h)], h > 0.
Then »m,(t) satisfies the renewal equation

t
my(t) = ZL my(t=y)gly)dy + 1—-G(t)
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 and mp(t, h) satisfies a similar equation. Under the hypotheses (2)

we have

t -&4t
(5) m(t) = n.eﬁ [1 + O<e ' \]. & >0

2Bt+Ah -0

ke Y

(v) ma(t, h) = : €2 >0
1—212

where
(7) nl - 1 ’

®
t.ﬂfo e 7y ely)dy

- @ -2
L= [ e P iy,

and (B is the positive number satisfying

(5) 3 -d/“o“’ o glylay.

-fzt ‘
It should be noted that the C)(e ''in (6) is independent of h.

The derivation of (5) and (6), using "inverse Tauberian" methods, is
given in [21].

The importance of (¢) is evident if we define
Bt
wit) = z(c),/(n,e ) .

Formula (o) gives

(9) E[z(t+ h)z(t)] = eahE[z(t)]2[1 + C)(e-ezt)].

?

In the case of the Markov processes discussed in Section IV, the
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-’dt‘
( e on the rignt side of (V) 18 repluced by u. However, ()
is5 sutticient tor our ;urpose, tor using 10 shows that
— >
; \ SN i st .
(10) L[w(t, L) —wit)] o= e , v > w, LT RO
From (10) we fLave
fneorem 11, VLUnder the acsumptions
. v @
\ fa) ! | f
bis) = 8 | Giv) = glyldy, ' el ! s @,
Y v U

: 0 ( t
the random variavle z(t) / (n,eﬁ ) converges to a rando. varia'le w

with probabisity 1 in the sense that for each h > U the sSecuence

-nh . °E T
z{nh) / (nye"""), o= 1, Z, -+, converges with probabi.ity ! Lo w.

Hather tnan the secuence rh we could pick any se- uence v such
that > (V(e_tjt”) ~ w. Presumably, w(t) converges 2o w with
probagzlity 1 in the usual sense also.

Lefining ¢(s) = Eesw, Re(s) < O, it can be shown that @(s)
satisfies

<

)

(11) gis) 'jf g (se Jply)dy, tels) U,
V)

'

From (11) can be obtained bounds for tne ma;nituae of @(it) ana ¢ (it

t real, as Lt —> + o, whence we get

Theorem 1<. The distrivution of w is absolutely continuous.

Details are in [<1].

we now corsider the process z(L, x), wiere
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<) z(t, x) = number of objects in existence at
: time t of age < x

and we introduce

f‘3) M(t, y, x) = expected number of objects of
: age < x at t if there was one
object of age y at time O.

ii'e function z(t, x) has been considered often in deterministic
ff-pulation studies. It is known that under certain conditions the
,T~e structure of a population (under deterministic assumptions)
;(onverges to & limiting value (see, for example, Leslie [22] and
: -tka [23]. We shall give a probabilistic analogue of this result
4:or our model which is also an analogue of the "ratio theorem" of
}Tverett and Ulam (Theorem 8b) and is likewise connected with a result
of Doob [24] in renewal theory.

:f Let us first consider, heuristically, some properties of
:i(t, ¥, X). Suppose the age structure of the population at some
time t, is given by the function z(t,, x). The expected numter of

pojects of age < x at time t; + t_ is then

112) /=° Mit., y, x)d_z(ty, ¥).
. Jo y

-iet z(t) be the vector quantity representing z(t, x), considered as
& function of x. We may then define the operator M7 by the

?@q41rement that

i

3 T -

(15) M H(x) = M(T, y, x)dH(y)
3 s
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for any function h(a) of bounded variation on (U, ). The operators
T
M have the semigroup property

7,7
Il 5

Ae carn nuv wr.te the symoolic equation
(1¢) Efzite n)!z(T), T t] = M2(v),

which is the wnulorue of (3), Section 1I, and (¢), Section IlI.

[he oper.tors qu might be called "positive"; that 1is, they
leave the cone of increasing functions of toungeda variation invariant,
[hus one wou.d exrect some of the classical throry on matrices with
positive elements to carry over; irn particular, the existence of a
p > U ang an a = a(x), an increasing function of x such that for
any H = h(x) which is increasing and ot bounded variation,

t
(17) tim B o cn)a

L=2w A

where c(H) i3 a linear functional of H; we have not xmade precise in
what sense the limit in (17) should exist.

nlthough a general theory for positive operators has been ziven
by Krein and nutman [45] and Bohnenblust und Karlin [2L], it does
not appear to be reacily applicable to the present case. However,
we can pet the results we need by usin- the fact that M(t, y, x)
sutisfies renewal type eauations.

we may define the age—aistrivution of the pooulation at t by

the ratio z(t, x)/ z(t). we already know from Theorem 11 the tehavior
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1of z(t) for large t. We complete this with

' Theorem 13. Define

X —Bu
e [1 - G(u)jdu )X
(18) sx) w S - 26 [ A0 - G(u)Jdu
| s * [t — G(u)]du v
2 (19) D(t) = sup [A(x) - z(t, x)/z(t)] .
= 0<x<o

The function A(x) is the analogue of the "stable age distributions"
considered in deterministic population theory.

h Although for simplicity we are assuming an initial object of age O
f for Theorems 11, 12 and 13, the modifications for an initial object of

f arbitrary age are obvious.

| It is not hard to see that in order to prove Theorem 13 it is

B antticiant to show thay for each x > 0,

(20) lA(x) — z(t, x)/z(t)] —> 0, t —> o,
We do this by defining

(21) wit, x) = z(t, x)/(n,eet)

and showing that w(t, x) —> A(x)w. The methods are similar to those

of [21] and we only sketch the proof.
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Let F(y, x, s, t) be the generating function for the number of
objects of age < x at t if initially there was one object of age y.
Then F satisfies

(22) Fly, x, s, t) =sd(x —y = t)[d = Gly, t)]
3 A" + u)du
L[()) F(O,x,s,t-u)%.
(23) F(O, x, s, t) = sd(x=t)[1 - G(¢)]
vo2
*JO F (0, x, s, t—u)g(u)du

where J(t) is the Heaviside function: J(t) = 0 for t <O, J(t) =1

for t > 0; G(y, t) is the lifelength distribution for &an object of
age y,

Gly, t.)'c't‘;_ _yG

with the convention that G(y, t) and %-(-y_-—&-(—y‘% are to be taken as O if
G(y) = 1.
Differentiation of (22) &and (23) with respect to s at 8 = 1 gives

(24) M(t, y, x) =Jd(x =y = t)[1 = Gly, t)]

t +
+ 2J:) M(t—u, 0, x) %‘{—ﬁ du,
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. t
(25) M(t, 0, x) = J(x—t)[1-G(¢t)] + zJ(‘) M(t=u, 0, x)g(u)du.

Let

HUe, x) -J: M(t, 0, x)e ‘%dt.

Since M(t, 0, x) < E[z(t)] = O(eﬁt‘), (f/(d‘, x) is defined for every &

- whose real part is > ,3 Taking Laplace transforms of both sides of

(25) gives

-~

J;x e %°[1 - G(t)]dt

- (26) tloy x) = :

,m
§ - ZJ gl(t)e “%4e
0

" The assumptions we have made enable us to deduce from (20), in the

' manner of [21], that

eBt‘que_ﬁt’D - G(t)]dt

(27) M(t, 0, x) = = ” e O(elf-8Y),
2 te g(t)dt
Jovee
t > o, £ > 0.

We can then show that

it X - -)m " +t
ef fO € ﬁ"{1—(}(t.)_']dt.(/o o P P dt

i
J‘ ® e e Pt g(t)dt
0

(28) M(t, y, x) =

(f—E)t)
. C?(e )t/ ’

~ again with the convention that g(y+t)/[1 - G(y)] is O if G(y) = 1.

T
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We have used £ to represent a positive number, not necessarily the
same each time.

Thus we see that the expected distribution of ages settles down
to A(x). To see that the actual distribution of ages does so we have
to consider the joint distribution of z(t,, x,) and z(t,, x;).

Define F(y, x;, 8;, X2, 82, t;, t2), for t, < t,, as the joint
generating function for z(t,, x;) and z(t,, x;), given that the initial

object had age y. Then F satisfies
’)t' 2
(29) F(y'xl »81,%X2,82,4 otZ) -JO F (0,)(,,31 vx2|32:ti_u’t¢-u)g()'|u)du

te
+ [F(x;=t,=y)s,; + 1-'J(x,—t|—'y):]J1 Fa(O,xz,sz,td-u)g(y,u)du
t

+ Pig=ty=y)sy + 1 = d(xy)=ty,—y)] [Jxa—y—to)sz + 1 —Jd(x—y-t,)] °
‘[1 T G(th'id)] ’

where g(y, u)du = dG(y, u) = gly+u)du/ [t = G(y)] if G(y) <1, and O
if G(y) = 1.

Put t, = t, t, =t +T > t, and let K(t, 'T, y) be the expected
value of the product z(t, x,)z(t+T, x,) given that the initial ob ject

was of age y. By differentiation of (29) we get

t
(30) K(v, T, y) =2,/ Kt-u, T, 0gly, udu

t
+ 20[; M(t—u, 0, x,)M{t+T—u, O, xz)gly, u)du

t+T
+ 2J(x,-t.,~y)(f; M(t+T—u, 0, x;)gly, u)du

¢ J(X]"t“,Y)J(xz"to"'T"Y)D - Gy, t’T)]o
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We first set y = 0 in (30). It can be shown, as in obtaining (27),
that as t —> o,

2 2BL+BT —gt
(31) K(t, T, 0) = 2n,I2A(x;)A(xz)e E + ()(e )] |

T — 21,

for some € > 0. The O(e %) is independent of T'. We recall that

® -2
(32) n, = © 1_5), ’ ) P .J:) e ﬁy gly)dy ,
d
hﬁjz) e "“yglyldy
x —ﬂu
A(x) = 2 e 1 = G(u)]du.
B[ b - atunan
oW consider the random variable
(33) vit, T, x;, xz) = Alxz)w(t, x,) — Alxy)w(t+T, x,)

where w(t, x) is defined by (21). Using (32), we see that for the

case where the initial object is of age O we have

(34) E[V(t, 7, x;, Xz)]z - O(e™ ), t —> o, £>0,

with the O(e %) in (34) independent of T. Putting x, = xz in (34)

tells us that for each x,

’
]

(35) E[Q(t. x) — w(t+T, x)]:e - O(e™ %),

so that w(t, x) converges in mean square to a random variable wliw, x).
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Now using (34) for artitrary x, and x, we see that

(3¢L) .‘\(X‘)W(w, x;) = A(X|)W(m, Xg)

witl probatility 1. Now w(aw, ®) = w, the rancom variable of Theorem 11.

Putting x, = w, x_ = x in (3t) then gives

~

From (39) ana (/) we ' .ve

(38) Efw(t, x) = alx)w]" = C (et

[heorem 13 is now a consequence o. (38).
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VI. Mutations.

A multidimensional analogue for the model of Section V can
be constructed, in which k types of objects are considered. The
asymptotic behavior of the moments can be discussed using systems
of renewal—-type equations. We shall not pursue this topic further,
but consider a special model for bacteriological mutation.

When bacteria are attacked by a bacterial virus, certain of
the bacteria are sometimes resistant to the virus and can transmit
this power of resistance to their descendants. A priori, two
hypotheses would appear to be possible: (a) the resistant bacteria
arose as mutations before the virus was added; (b) there is a small
probability that any bacterium survives an attack of a virus;
bacteria who survive an attack transmit immunity to their descendants.
In case (a) the bactafia which survive the original onslaught will
occur in "clones™ of various sizes, each being the descendants of a
mutant. In case (b) the survivors are randomly distributed throughout
the medium.

The problem of distinguishing between (a) and (b) was attacked,
using statistical methoas, by Luria and Delbruck [27]. As part of
the problem it is necessary to consider the distribution of the
number of bacteria of the mutant form (i.e., mutants or their
descendants) at a given time if the hypothesis (a) is true. The
model chosen by Luria and Delbruck was as follows. The main
bacterial culture is assumed to grow deterministically, the nunbor
at time t being

N(t) = Ne®



Y=
P-152
rev. 6/14/50

where N is ‘the initial number. The probability that a mutation
arises in the time interval (t, t*dt)lis taken as /’Netdt + o(dt).
The descendants of a mutant increase deterministically, the number
of descendants at time T after the mutant arises being e .

Let f(t) be the number of the mutant form at time t. Under

tieir hypotheses, Luria and Delbruck give the formulas

E 5(t) = PtNe®

Variance (S(L)‘) - f’Net(et’ - 1)

The distribution of mutations has also been considered by Coulson
and Lea, as mentioned in [«8], who apparently assume deterministic
growth for the main population while the mutants multiply in an
age—independent probabilistic fashion. They then determined the
generating function for the number of the mutant form at a given
time.

We shall consider the application of age—dependent theory to
the mutation problem. We retain the assumption that the parent-
culture grows deterministically. We have seen in Section V that
this is approximately true (under the hypotheses of that section)
for cultures with a large number of individuals. Following Luria
and Delbruck we take the size of the colony at t to be Net, with
a probability f’Ne‘dt + oldt) of a mutation between t and t + dt.
Since the number of mutants ia.rclatively small, we take a
probabilistic model for their growth, assuming that F(s, t) is

the generating function for the number of descendants of a mutant
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existing at a time t after creation of the mutant; F(s, t) may be

the function of Section V, but could be taken as some other function.
Let H(N, s, t) be the generating function for the number of the

 mutant form at t, if the mother colony had size N at t = O. The

usual type of reasoning shows that

t
(1) R e s B

t
Lj; IPNeye-fN(ey-1)F(s, t—y)H(NeY, s, t—y)dy.

We can solve (1) easily if we think of our stochastic process as
depenaing on the two "time" parameters N and t. Considered as a
function of N, the process is infinitely divisible, and for each

Ny 20, N, 20,

i

(d) H(N" s, t)H(Nz. s, t) - H(N| + HZ’ s, t.).
From (2) we can write
(3) H(N, s, t) = exp[NL(s, t)]

where NL(s, t) is the cumulant—generating function for the number of
mutations at time t. To determine L(s, t) we substitute (3) into (1).

= Considering the ~uotient

H(N, s, t) — FN(e1)
N

as N —> 0 shows that




50—
P-152
rev. 6/14/50

t
( L(s, t) = = Ple* =1 o Yp(s, dy.
L) (s, t) Ple ) + ,fo e'F(s, t—y)dy

Letting z'(t) be the number of the mutant form at time t, we

have from (3) and (4)

t
(5) E[z'(t)] = AN [ e'm(t - y)dy,
[z'(t)] = p dfo e’m(t — y)dy
where m(t) = iﬁ%g;-ﬁl 3 If w(t) ~ n,e%, it follows from (5) that
s.
(o) E[z'(t)] ~ Phn,te".

Similar expressions for higher moments can be found.
The preceding analysis is of course valid only while t is small
enough so that the total number of the mutant form is negligible

compared with the number of nonmutants.
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