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SOME BOUNDED SIGNIFICALCe LeVal Teoic rOn THa MBUIAN

John E. Walsh
The liaND Corporation

/ In practice it is oftern peruissible to assume that the observations
of & set are statistically independent and from continuous populations
with & common nedian. Then the populétion median can be investigated by
using the sign test. For smell numbers of observations, however, the
sipn test does not furnish very many suitible significance levels. 4lso,
some of the sign tests with suitable significance levels cre not very
efficient. ThiS note presents some tests whose significance levels are
only approximate but cover & wide rznge of suitaiule values. The signifi-
cance levels of these tests are exactly determined if the populations are
symmetrical; they «re bounded otierwise. OSome ol thece bounded signifi-

cance level tests have high efriciencies. |-
/ —

INTUOUUCIION alNou STATEMENT OF wbSULLS
For practical situstions invoiving & small number n of observations,
it it frequently permissiocle to assume that
(i). The observations are statistically ircependent.
(ii). The observations are from continuous populations.
(iii). The populations have a common median #.
This is the cucse, for example, if the ovservutions are a sample from a
continuous vopulation. ‘Then the sign test can ve used to compare § with
a4 given hyrottetical value gg.
Let xy, ¢-o, X, dencte the values of the n observations arranged in
increasing order of masnitude. Then x, = value of smallest observation,
etc. The ore—sided sifn test of @ < gg can be expressed in the form

(1) accept 6 ~ go if x; < go .
The significince level of this test hics the value
n
1 nd

if assumptions (i)—(iii) hold. The one-sided tcst of g > gy can be
aet'ined us

accept # > o if X, 444 > Boo
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t‘he signiticance level ol this test ulso ecuuls (<) wnen (i)—(iii) hold.
The equal—tail sign test of g ¥ g, is uefined by

nccept ¢ ¥ gy if eitler X; N fo Or X, 414 > o, -

where i > (n+ 1)/<. The signiticance level of this test eccuals twice the
value of (<) when (i)-(iii) are satisfied.

Ihe sign tests ure easy Lo apply anua valid under very general condi-
tions. However, for small values of n (say, 1. < 10) they hLuave the drawbacks
(I). For riven n, the number of tests with suituable significance

levels i¢ guite limited.

(il). 1f i < n, the efticiency of tre sign test is not very preat.
First consider (1). For n = 10U, there are only three suitavle sirnificance
levels (i.e., in the range .Cu1—.U7 for one—sided tests or in the ranre
JU2—.U14 tor e~ual-tail tests). bHoreover, these values are not very near
each other., For n <~ 10, there are at most two satisfactory sieniticarnce

levels for riven n, ¢nd these are not very close together,

Now consiuer (ll). If i = n, the etficiency is approximately 5%
for the specicl cacse of a sample from & normal population (unknown stuncare
deviation). If i = n = 1, this efticiency is only about 80Y; wndi arors
further to acout 759, if i = n — 2 (see [11). acceptliny the eiriciency tur
normalily as on incication ot that tor most situations of a pract.cul
nature, the oLin test is not very efficiernt if 1 < n.

The once=t.ied test of g < @, presented in this note is

o R .y [ 1 R )

(3) nccept g < gg if WaX X4y =(x Xpe1—3),
1t the condition

(iv). The populations are symuetrical.

is satistied in aadition to conditions (i)—(iii), the significance level

for test (3) is j,%)n. Tre one—sided test of ¢ > ¢, is

nccept g > go if min[xz, -;-(x, + xj)} > Boe

The sirniticarnce’ level of this test also eruals j l)n if (i)=(iv) trold.
P

The "sym-etrical™ test of 4 ¥ go is

. T il
Accept @ ¥ g, it eitner max x o, 3(x xn41—j)] < ég

r min[x,;, %(x, + xj)} > By
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n-=1
The signiricance level of this test has the value J(%) when conditions

(i)=-(iv) are satisfied.

If only conditions (i)—(iii) are necessarily satisfied, the signifi-
cance levels of the tests presented are bounded by those of sign tests.
tor exaumple, the sicnificence levels of (1) with i = nund {1 = n = 1 are
lower «nd upper bouncs, respectively, for test (3) when only (i)=—(iii)
need hold. '

The bounds obtuined for a test are not very close together. Usually
the value of the upper bouna differs from that of the lower bound by a
factor somewhere between 5 and 11, It should ve rememtered, however,
that the upper and lower limits represent the worst that can happen;
these bounds are attuained only for tle most extreme types of situations.
For the usual run of practical cases, the populations tend to be unimodal
with moderate skewness. For these situastions, the sirnificance levels
should not differ appreciably from the values for symmetry (for the
bounded significance level tests of this paper). It seems unlikely that
the values of the limits will be approsched for many situations of prac-—
tical interest unless the significance level for symmetry is already near
& bound.

Table 1 contains & list of the tests presented. The significance
level tounds were computed under the assumption that only (i)-—(iii)
necessarily hold. In obtaining the significance levels listed, it was
ussumed that (iv) is also satisfied.

No explicit efficiency investigation was carried out for the tests
of Tavle 1. Hovever, the results of [¢] indicate that the efficiency of
4 test is reasonably high if its significance level (for symmetry) is not
near the upper significance level bound. A4S an exumple, consider the
cuse where n = 7. The one—sided tests with significance levels .039,
031, 022, .016, .CO8 likely have fairly high efficiencies. On the
other hand, the one—-sided test with significance level .054 is probably
not very efficient. «5 a general rule, if the significance lgvel of a
test is near or below the middle of the range of possible values (i.e.,
the point halfway between the bounds), the efficiency of the test can be
assumed to be rather high.

examination of Table ' shows that, f{or pgiven n, several of the tests

may have the same upper and lower significance level bouncs, even though
their sipnificance levels are different. For example, let n = 7, The
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one-sided tests with listed significance levels (for symmetry) .054, .047,
039, .U31, .U<5, U116 all have upper bound .062 and lower bound .008.

The tests of lavle 1 with common bounds (n fixed) have two useful proper—
ties. First, the significance levels (for symmetry) of these tests rather
thoroughly cover the range between the upper limit and the lower limit.
cecond, the actual significance level values always have the same ordering
as that for the case of symmetry. As an illustration, consider a case
where n = 8, The significance level of the test

accépt g < gdo if max[iy, %(x3 + xe)J < do .

is alwuys at least as great as the significance level for the test
: 1 .
nceept g < go if max[§7, w(x, + x3)1 < Bo e
This is & direct consequerce of the relation
1 . 1
max[x-;, 7(x3 + xg)} S max[x-,, -z(x‘, + xu)] .

In fact, all the significance level orderings follow from relations of this
type.

The two properties ure hLelpful in deciaing which test of Table 1 to
apply and in intuitively justifying its use. For example, let n = 7 and
consider one—sided tests of g < gy, the desired significance level being
.U3, ‘hen the test with significance level .031 would appear suitable
for use. The existence of several tests with sipgnificance levels neces—
sarily avove ana necessarily below that for the cliosen test .~ uld seem to
furnish a siynificance level "cushion." That is, it the significance
level for the chosen test upproaches one ol the bounds, then the sipnifi-
cance levels of all the "intermediate" tests must be "scueezed" into a
very short interval. Examindtion of the statistics used for the tests
would seem to indicate that such a "squeezing" will occur only for extreme
situations. This leads to the hope that the usignificance levels “or the
tests of Table 1 will usually be much nearer the values for symmetry than

indicated by the tounds.

If n < €, even use of Table 1 does not yield very many tests with
suitable significance levels. However, the tests of [3, Table 2] can be
used to pertially “ill this gap. These tests have bounded significance
levels on the bisis of (i)—(iii) alone. Table < lists the tests of
[3, lable 2] alonp witn their sirnificance level bounds. nll of these

tests can be assumed to have high efficiencies.
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Use of the tests of Table 1 with high efficiencies is indicated even
when there is reason to believe thut condition (iv) is satisfied. This
procedure lurnishes a satety factor wich respect to violation of conadition
(iv), the only one of tne tour conditions not readily justifiable on

intuitive grounds alone (ordinarily).

The sipnificence level limits for the tests of Tables 1 and 2 are
obtained by finding sign tests whose si..nificance levels bound those for
the given tests. Conditions (i)=(iii) &are sutficient for determining the
exact significence level of a sizn test for the median. Let us consider
a "symunetricul" test of Table 1 or Table 2. The upper bound of the sipni-
ficance level for this test is given by the cignificance level of an equal-
teil sign test. Similarly for the lower bound (if & lower tound is listed
for the test)., Thus the significunce level limits for the "symmetricual"
tests of Tables 1 and < tend to remain fixed even when conditions (ii) and
(iii) are violated. {his follows from the results of [4], where it is
shown that the si nificance level of an equul—-tail sign test tendas to
remain about the same under extremely general conditions,

MaTHENATICAL aANALYSIO
This section contains an outline of the methods used in obtaining the
results stated in the preceding sections.

In Table 1, tue significunce levels for the case where all of (i)=(iv)

hnld were determined by use of Theorem 4 of [2].

In Tables 1 aund 2, the test criteria for the alternative d < do (i.e.,

tests of the form: Accept § < go if +++.) are of the types

(a) xn<¢0 ’

(b) A“xn + Béx,_, < bo (A< + B¢ = 1)

(c) szn'— D<x, < go , (C< — D= = 1)

(d) max[xn_1, hixy, <, xn)] < do» h(xy, *°-, xn) S Xn*

Let us examine each of these four cases.

Form (&) represents a sign test itself (i.e., accept 4 < gy if XS go .
. . . n
is a cign test)., The significance level of this sign test is (%) o

Now consider case (b) . Since

< + P
xn 2 h xn 3 xn—1 = xn—1’
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it follows thet
Prix, < o) < Prla¢x +Béx _, < do) SPrix _, < go).

This relation gives upper and lower significance level limits in terms of
sign tests, The significance level for the sign test based on X1 < g
. 1\0
is (n + 1)(5) :

Case (c) was anulyzed in [5] and the reasoning will not be repeated
nere. The relation obtained is

Pr(C‘xn - D%x; < gg) < Prix, < go).
Finally, let us consider form (d). Since
m&x[ﬁn_1, hix,, ¢, xn{] S xp
it follows that
Pr(xn < do) < Pr{ﬁax[?n_1, h(x,, *°°, xn)] < ﬁé} ;

also,

Pr{hax[}n_1, RICEORTIREL SIS xn)J <.¢é} = Pr[kn_1 < fo, hixy, *=°, x_) < 50]

< Prix _, <fo).

This establishes upper and lower sipnificance level limits in terms of the
significance levels of sign tests.

The results for the corresponding one—siaed tests of g > g, are
obtained by obvious modifications of the analysis given above. The results

for "symmetrical" tests of g ¥ g, are a airect consecuence of the non—
overlapping property of the two one—sided tests combined to form a"symmet-—

rical” tests
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TABLE 1

Some Bounded Significance Level Median Tests for n < 10
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—p

Significance | TESTS Significance Level Bounda'!
(ff“h) | * SYMMETRICAL® : Accept ¢ § ¢° if either for Corditions (1)=(ii1)
- v :
" ome- |*Symmet-]  OME-SIOED: ONE-S1DED: Opessiied Aympetn A
sided| ricalm |Accept g < ¢° if Accept # > ¢° if Upper| Lower] Upper{ Lower |
4 1,062 <125 1x‘.t< ¢° X > ﬁo 062 |.062 | .125 | .125
062 | 125 J'%(xbo xs) < ¢° %(xl oxz) > "o .187 {.031 | .374 | 062
5
031 .062 sz < #o X, > ﬁo .031 |{.031 |.062 |.062
062 | .125 max[x5, %(’ixbj <¢° min[xz, -;-(x_l#xb)] > ¢°
|07 | 0% nax[xg, 5x,+x,)] <f | min[x,, 3(xy0x;)]> 4, | 109 |.026 |.218 | .032
bt 1,
031 | .062 -2-(x5 + x6) < do 3x ¢ x2) > #o
016 | .032 X < ‘o ‘ ﬁ > do .016 |,016 |.032 |.032
054 | .108 | max[x,, %(xlox,z)_ <é, | minfx,, %(xloxz)_ >4,
O47 | 094 | max :x6, %—(x2+x7): < "o min [xz, %(xloxé): >¢°
= 1 1 -
2039, | 78T [[maxixge 5(217)]'(% ainx, 3 %) b .062 |.008 |.125 |.016
7 1,031 | 062 ma.x[xb, %(xhox.z)_ < do min[xz, %(xltxl.)d >¢°
023 | 047 max[xé, %(x5¢x7)] <¢o min[xz, %(xloxB):' >d°
016 | .032 %(xé + x.7) < "o %(xl + x2) > #o
.008 | .0l6 x, < g!o x > do ,008 |.008 |.016 |.016
031 | 062 max[ , %(xloxe)] < ﬁo min[ - %(xloxe)] >¢o
027 | 054 ma.x[ . %(xzoxs)] <f¢° min [x2’ %(xlox7)j >¢o
023 | 047 |max I:x.l, %(xixe)] <do min [xz, %(x10x6): >¢o
|00 | 0w nax[x,, %(xAmB)J <g, | mnlx, %(xloﬁ)j >#_ | .035 |.004 |.070 |.008
016 | 032 m[ , %(xioxe)] <d° min [xz, %(x.l*xh)] >{°
‘.012 .023 ux[ s %(x6018)} ,<¢° min[xz, %(xloxB)j >¢°
;.008 .016 %(x7 + xa) < ‘o %(xl + x2) > "o
004 | .008 | xq< g x > 8, -004 |.00k |.008 | .008
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for n < 10

ESRGE

Significance TESTS Sisnificance Level Rourd
) *SYMIETRICAL® : Accept § # ¢o if either Pttt el

n I FE— TNE—TOED: —STCED: One-sided ':ymnotrivn

sided| ricaln |Accept 4 < do if Accept ¢ ¢ if pper| lower | Urper | Lowe

018 | .025 max [xs, %(xl'xj)] < f min[x2, E(x.lox‘?)_] .\do

016 | 032 max ixe, %(xzfx())] « do min[xz, %(xloxe)] > do

Ol | 027 max }‘8’ Xq*x )] <9f min[xz, %(xloﬁ)] .\do

012 | 022 ma X ;‘8’ -é-(xwxg)J min[xz, %(xloxb)] >¢° ] | i
9 1.010 | .020 max!:xa, %(xsmq):; <d min[xz, %(xloxi)] >do Sl Bl el R

.008 | .016 max I:xs, —(x6¢x9)] ¢o min[xz, %(x.lﬂcl.):i >¢°

.006 | .012 max _—xs, -32=(x7¢x9) <¢° min[x2, %(xl*xj)' >do

.004 | 008 %(x8 + xg) <d %ﬂxl . x2) > do

2002 | 004  |xg < £, x, > 8, 002 | ,002 | 004 | .D04

.010 | .020 max :x9, 5(x10x10)] < ¢o min[xz, %(xloxlo)] > "o

.009 | .018 max |3(9, > xzoxlo):] < "o min:kr-xz, %(xloxg)] > ‘o

.008 | 016 max( , %(xjoxlo)] < "o min'x,, 5 l(x +x8)l >i

.0C7 | 014 |max [xg, 3("4"10)] < ﬁo min ; X2» 2(x1¢x7)7 > d
y (26 | 012 fmax[xo, 2("5”‘10)‘ <#, | min[x,, g(xl*xé):l>¢o o011 |.co1 | 022 | .02

.005 | .010 max 'Lx9, 2(x60x.lo)] < ¢° min[xa, %(x.l*xj)] >¢°

004 | 008 max (xg, 2(x7*x10)] <¢o min.;xz, %(xloxl.)] >¢°

PN w["9’ x ”‘10)] <4, | min[x,, %("1"3)} >4,

.002 | .00 (x9 EWERA %(xl v x,) > 4

.001 1.002  |x4 < @ X >4 .001 |.001 | .,002 | 202
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