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Y In practice it is ofter: per,aissible to assume that. t.t,e observrationa 
of " set are statistically i.r,dependent. und from continuoua populations 
)o'i til c.. caaunon :aedi.an. Then the population median can be invest.i~at.ed by 
~ASing tt,P. sign test. For smell maabera of observat.i ons, however, the 
sirn test does not furnish very many suit~ble ~i~nificance level~. Also, 
some of the sien tests with suitable significance levels ~re not. very 

,c. 
efficient. 1'h~ note presents s011e te$tS whose st,;nificc.nce levels are 

or.ly npproximate ~ut. cover c.. wide r~nge of suita ;le values. The signifi­
conce levels of these testa nre exactly determined i .f the populations are 
symmetric<&!; they c:.re bouncieci oti,en-ise. Some of U.efle ~uncied signifi­

conce level t ests have high efticienciea. ) ~ 

U•1'!,uuucnoN "tu; S'l'ATu~N'i' Ol' &Lt.~U1.'!'S 

i'or practical situiltions involving a small number · n of observations, 
it. i!.i freq ~Aent.ly pennissiole t.c assume t.h6t 

(i). 1h~ observations ilre statistically ir~ependent. 
( ii). 7he observa~ions are from continuous populations. 

(iii). The populat.ions hove & common median~. 
'l'his is tt.e c<& se, f or exuruple, if the ooservut.ions are a &ample fr011 a 
continuous po pulation. '!'hen the sien test. can oe used to comp~are ~ with 

"' 1:1 ven hyrot.r .etical value /10 • 

Let x1 , ••• , x denote the V4lues of then observations arronted ln n 
iucreasin1~ orrier of ma;ni t.ude. 'l'hen x 1 • vr.lue of s11nllest. observation, 
etc. Tt ~e> or.c-sided sirn test of ~ < /Jo can be expressed in the form 

(1) 

'fhe sir.:nific<-nce level of this test ~s the Villue 

')n ~ n' (~ s~ s!tn: s)! 

if assumpt.ion5 (i)-(iii) hold. The one-sided test of /J > ~0 con be 

defined us 
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Vhe signii'icürice level oi   this test ulso equals (z)  when (i)-(iii) hold. 

The equal—tail sign test of ^ / ^0 is ael'ined by 

accept jt / do  Ui  either xi -. JZ^Q or xn^1_i > ^ , . 

where i > (n* 1)/t. The significance level of this test equals twice the 

value of (<;) when (i)-(iii) are satisfied. 

The si^n tests are easy to apply anu valid under very general condi- 

tions.  However, for smoill values of n (say, n < 1U) they have the drawbacks 

(I). bor  f-'iven n, the number of tests with suitable significance 

levels is quite limited. 

(11).  If i < n, the ei^ficiency of the sign test is not very preat. 

Kirst consider (I). Kor n ■ 1Ü, there are only three suitable sirnificf.nce 

levels (i.e., in the range .UJI —.07 for one-sided tests or in the ranpe 

.JÜkJ-.uH for cual-tail tests).  Moreover, these values are not very n^ar 

each other.  For n ^ 10, there are at most two satisfnctory significance 

levels for riven n, and these are not very close together. 

Now consiuer (11).  If i = n, the efficiency is approximately 95% 

lor the special case of a sample from a normal population (unknown stanuarn 

deviaiion).  If i = n - 1, this efficiency is only about 6U% ana drops 

further to acout 75% if i a n — 2 (see [l]).  accepting the efficiency lor 

normality as an indication of that for most situations of a practical 

nature, the si.-n tvst is not very efficient if i < n. 

The one-Sided test of ^ < ^c presented in this note is 

(3) accept t < to  if  max^xn_1 , j(*n *  xn + 1_^)J < ^0 . 

if the  condition 

(iv).   The  populations  are  symmetrical. 

is satisfied   in  aadition to  conditions  (i)-(iii)f   the  significance   level 

for test   (3)   is   j ö-   •     ^^e  one—sided  test  of rf > do   is 

accept ^ > ^Q   if minfx.;, ^(x,   ♦  x ■! jj   > ^0 • 

The sirnifleaner' level of  this  test also equals  j j^     ^ (i)—(iv)   hold. 

The "symmetrical"  test  of 6 1 4>Q   is 

Accept ^ /^o  U; eitner maxjx^, ^{x^  *   xn + 1_jj s 6^ 

or minfx^, ^(x)   ♦ x.)j  > ^0 , 
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1 n-1 
the signific•nce level of this test bGs the value J(l) when conditions 
(1)-(iv) are s~t1sfied. 

If only conditions (1)-(iii) are necessarily satisfied, the signifi­
cance !evels of the testa presented •re bounc&ed by those of sir.n tests. 
i•or ex..wple, the s ic:ni1'1c•nce levels of ( 1 ) with 1 • n •nd 1 • n - 1 are 
lower anca upper bowacs, reapectively, for test. (J) when only (~)-(iii) 
need hold. · 

The bounda obtained for a teat. ~r• not very close together. Usually 
the Viilue of the upper bOWlQ differS from tNt t Of the lower bound by 8 

factor a•ewhere bet.wHn 5 anci 11. It ahoula be r~tered, however, 
t.~at. t.te upper 6ftG lower lU.it.a represent. the worst that. can h~ppen; 
these bounds r.re at.t...ined only for t.te aoat extrece types of situations. 
r·or the usual run of practical cases, t.be populations tend to be unimodal 
with aoaer~tt.e skewneaa. For t.! teae ait.uat.ions, the sirnificance levels 
should not. differ appreciably r..- t.tle valuea for apnet.ry (for the 
bounded &ll.ftificance level t.es1.a ot t.bla paper). It. seems unlikely that 
the values of 1-he limits will be approached for .any situfitions of prac­
tical interest. unleaa the silftificanee level for aya~try ia ~lreuay near 
a bound. 

'!'able 1 containa " l1et. of the testa presented. The significance 
level bouada were computed under the aaau.pt.lon that only (1)-(i11) 
necesaarily hold. !a obtalninr. t.t~ slrnltlcanee levela listed, it wns 
~asa..aed t.t.~&t Uv) ls alao aat.iafied. 

•o explicit. efficieDCJ inveat.l£&tloa was carried out. for the te5t! 
ot' '!'~able 1. However, t.he reaulta of (~) inclicate t.bat. th~ efficiency of 
a t.e~1. 1a reasonably high if it.s ai~nificance level (for ay.met.ry) is not 
ne&r t.be upper a1cnif1cance level bound. As aa exu.ple, consider the 
caae where n • 1. The one-aided teats wit.la signifl c~ace leveis .0)9, 
.0)1, .04ZJ, .016, .l.'Og lUrelJ have trair·ly hlath etflcienciea. On the 
other hand, the one-sided ~eat with significance level .054 is probably 
not very efficient. "' a &aeral rule, if t_he aie;nifieance ~vel or a 
test. is near or below the alddle of the ran£• of possible values (i.e., 
t.he point. halfway between the bounds), ~he efficiency or the test can be 
asau.ed to be rather high. 

&aMinat.ion of Table 1 shows that, for f'.iven n, sever&l or tt,e teats 
aay have the ~•me upper and lower S1!niricance level bounds, even though 
their alr.nificance levels are different.. For example, let. n • 1. The 
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one-sided tests with listed significance levels (for symmetry) .05^1 .047, 

.U39, .031, .0^;, .U16 all have upper bound .Ü62 and lower bound .008. 

The tests of Taule 1 with common bounds (n fixed) have two useful proper- 

ties. First, the significance levels (for symmetry) of these tests rather 

thoroughly cover the range between the upper limit and the lower limit. 

Second, the actual significance level values always have the same ordering 

as that for the case of symmetry. As an illustration, consider a case 

where n • Ö. The significance level of the test 

ncccfpt ^ < j^o H maxTxy, ^(X3 ♦ x8)J < ^0 . 

is always at least as great as the significance level for the test 

ücce^t ^ < ^0 if maxjxy, ^(x^ ♦ xü)j < ^ . 

This is a direct consequence of the relation 

max[x7, ^{x3 ♦ x8)] < max[x7, ^(x^ ♦ xb)J . 

In fact, ail the significance level orderings follow from relations of this 

type. 

The two properties are helpful in deciaing which test of Table 1 to 

apply and in intuitively justifying its use.  For example, let n « 7 and 

consider one-sided tests of j^ < ^0» t*16 desired significance level being 

.ü). Then the test with significance level .031 would appear suitable 

for use.  The existence of several tests with significance levels neces- 

sarily above ana necessarily below that for the chosen test .*ould seem to 

furnish a significance level "cushion." That is, if the significance 

level for the chosen test approaches one of the bounds, then the signifi- 

cance levels of all the "intermediate" tests must be "squeezed" into a 

very short interval. Examination of the statistics used for the tests 

would seem to indicate that such a  "squeezing" will occur only for extreme 

situations.  This leads to the hope that the jignificance levels "or the 

tests of Table 1 will usually be much nearer the values for symmetry than 

indicated by the bounds. 

If n < 6, even use of Table 1 does not yield very many tes^s with 

suitable signifLcnnce levels.  However, the tests of [j, Table 2] can be 

used to partially rlll this gap. These tests have bounded significance 

levels on the b.'.sis of (i)—(iii) alone.  Table i] lists the tests of 

[3, Table 2^ along with their significance level bounds. «11 of these 

tests can be assumed to have high efficiencies. 
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Use of the tests ol" Table 1 with hi^h efficiencies is indicated even 

when there is reason to believe thai condition (iv) is satisfied. This 

procedure furnishes a safety factor wioh respect to violation of conaition 

(iv), the only one of tr.e four conditions not readily justifiable on 

intuitive grounds alone (ordinarily). 

The significance level limits for the tests of Tables 1 and 2 are 

obtained by finding sign tests whose significance level« bound those for 

the given testn.  Conditions (i)-(iii) are sufficient for determining the 

exact significance level of a si^n test for the median.  Let us consider 

a "symmetrical" test of Table 1 or Table 2. The upper bound of the signi- 

ficance level for this test is given by the significance level of an equal- 

tail sign test.  Similarly for the lower bound (if a lower bound is listed 

for the test). Thus the significance level limits for the "symmetrical" 

tests of Tables 1 and 2 tend to remain fixed even when conditions (ii) and 

(iii) are violated.  This follows from the results of [4], where it is 

shown that the si nificance level of an equal—tail sign test tenas to 

remain about the same under extremely general conditions. 

ymXHEKnTICAL /iKnLYSIo 

This section contains an outline of the methods used in obtaining the 

results stated in the preceding sections. 

In Table 1, tue significance levels for the case where ail of (i)-(iv) 

hold were determined by use of Theorem U  of [2]. 

In Tables 1 and 2, the test criteria for the alternative ^ ^ ^0 U»««» 

tents of the form:  Accept i < dn  if »»«.) are of the types 

(a) 

(b) 

(c) 

(d) 

^xn * B'ixn_1 < **o , (A* ♦ B* - 1) 

Cixn - D^x, < (Z^o , (C2 - D^ * 1) 

max[xn_1 , Mx, , ••., xn)] < ^ •     Mx, . *•• . x
n) 5 

x
n • 

Let us examine each of these four cases. 

Korm (a) represents a sign test itself (i.e., accept d ^ do  iji *-   - do 
1 \n n 

is a sign test). The significance level of this sign test is •*) . 

Now consider case (b) . Since 

x^ > A*X_ ♦ B^X n - n n-1 ^ xn-1 • 
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it follows thtt 

Pr{xn < ^0) < Pr(A^xn ♦ B^x^ < ^0) < Pr(xn-1 < ^o). 

This relation gives upper and lower significance level limits in terms of 
sign tests. The significance level for the sign test based on x « < ^0 

is (n ♦ 1)(^)n. 

Case  (c) was analyzed in   [5] and the reasoning will not be repeated 
here.     The relation obtained is 

Pr(C'xn - D^x, < *y  < Pr(xn < ^0). 

Finally,  let us consider form (d).    Since 

maxrxn~1»  h{x"   ••,»  ^0 - Xn ' 
it  follows that 

Pr{xn < ^o)  < Pr{möx[V-l»  h(xi»   •••» ^^ < ^0} * 

nlso, 

Pr|max[xn-.1f  h[x} %   •••,  xn)] < ^o]  ' Prfx^ < ^o, hlx, ,   •••, xn) < ^o] 

< Pr(xnH < ^0) . 

This establishes upper and lower significance level limits in terms of the 
significance levels of sign tests. 

The results for the corresponding one—siaed tests of ^ > ^0 are 
obtained by obvious modifications of the analysis given above.  The results 
for "synunetrical" tests of ^ / ^ are a airect consecuence of the non- 
overlapping property of the two one-sided tests combined to form ansynimet- 
ricalT test*. 
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Some Bounded Significance Level Median Teats for n < 10 

Significance 
Level 

/ ■  v               / •      \ 

j                                           TESTS 
■SYMMETRICAL"!  Accept / / rfif either 

Significance Level Bounds! 
for Conditions (i)-.(iii): 

UJ — UVJ      1 One-sided ,,^ymmetrlcal• n 
One- 
sided 

•Synmet-       ME-SIDED: 
rical»    ^"Pt ^ < ^0 lf 

ONE-SIDED: 
Accept ^ > ^o if Upper Lower Upper Lower j 

4 .062 .125       x. < iQ xl>^o .062 .062 .125 .125 

5 
.062 .125 K-sX'o |(x1*x2)>^0 .187 .031 .374 .062 

.031 .062 
^0 xl>^o .031 .031 .062 .062 

.062 .125 m*x[x5, |<X3*x6)]<^0 min[x2, ^V^^^o 

.109 .016 .218 .032 
6 

.047 .094 max[x5, ^x^x6)]<^0 min^, ^(x1*x3)]> ^o 

.031 .062 |(x5 * x6) < 40 i^ * x2) > 4> 

.016 .032 ' x6 < ^0 ^^0 
.016 .016 .032 .032 

.054 
r — 1             1 

.108       max |x6, ^^^l < 40 min[x2, ^(x^^^)] >^o 

.062 .008 .125 .016 

.047 .094       max [x6, ^J^^)] < 4o min[x2, i(x1*x6)]>^o 

.039 .078 max[x6. |<x3*x7)]<^0 ndn[x2|i{x1*x5)]>^o 

7 .031 .062 ^h' ^ vVl < 4o min[x2, ^V^^^o 

.023 .047 max[x6, ^x^^^ niin[x2, |(x1*x3)] >4o 

.016 .032 
^^ * ^^ ^0 

|(x1 ♦ x2) > ^o 

.008 .016 ^^o -1>^ .008 .008 .016 .016 

.031 .062 max [x7, |( VX8)] < ^o mln^. i(x1*x8)]>^o 

.035 .004 .070 .008 

.027 .054 raax[x7' i^^J ^0 min^, |<x1*x7)] >^o 

.023 .047 max^, ^(^♦Xg)] <^o raln^, ^Vx^] >^o 

) 
.020 .040 max^, ^\^)]<4Q min^, |(x1*x5)] >^o 

5 
.016 .032 max^, i(xyxö)] <to min[x2, \i^^ij\>iQ 

.012 .023 max^.^x^xg)] <^o min[x2, |(x1*x3)j >^o 

! 
1 .008 .016 1^ * V < ^0 ¥X1 * ^ > K 
.004 .008 x8<^o *l>*o .004 .004 .008 1.008 

1 



TA'^LE 1  (cont'd) 

Some Doundei 31 'nific mce Level Median Teati   for n <  10 

F-15£ 

n 

Significance 
Level 

(i)-(iv) 

TE3T3 

• ■-YMÜETRICAL" :  Accept ^ / ^ if either 

Significance Level  Houni 
for ^orriitions  (1)—(iil 

One-sided •Syanetrlfa 
One- 
sided! 

•Symnet- 
rical" 

0NE-3IÜED: 
Accept ^ <" j^    if 

O'C-SFJED: 

Accept j > 40 if Upper lower Upj* r Lc we 

9 

.016 .035 max[x3, ^(V^^'^o !nin[x2l ^(x1*xg)J >^o 

.020 .002 .040 

,016 .032 max[xgl ^x2*x9)] « ^ nxln[x2> 2(xi*x8^ > K 

,01k .027 max[x8, ^{x3^9)] <^o nin[x2, |(x1*x7)] >/o 

,012 .023 nax[x8» ¥\**^ '^o ffiin[x2' ^VVl^o i^/ 

.010 .020 maxjxg, ^(x^x^)] < ^o min[x2, ^^j] >^o 

I  ."-''♦ 

.008 .016 max^Xg, |(x6*x?)] <^o •nin[x2, i(Vx4)J>i«r0 

.006 .012 max x8, ^Y^^ <,,(o adn|x2, |{x1*x3); >^o 

,004 .006 |(x8 * x9) < ^o §<x1 . x2) > to 

.002 ,004 x9<^o *l>*o .002 ,002 .004 . x:4 

i 

i 

10 

.010 .020 maxfxg, ^V^lO^^o min[x2, |(x1*x10)]>^o 

.011 .001 .022 

.009 .018 max|xgl ^^Q)] < ^o minix2, ^V^^^o 

,008 .016 rnax^, |( V^Q)] < ^ min!x2, ^VVJ5*^ 

.0C7 \ .014 max[x9, ^x^oli < ^o min[x2> ji*!*^)] > 4Q 

,0C6 .012 max[x9, ^^^o^^^o min[x2, ^^q > ^o ..02 

.005 .010 maxLx^, |(x6*x10)J<^o min[x2, i(x1*x5)J>^o 

.00/» .008 max[x9' I^^IO^J <^o niinLx2, i(x1>x4)J>^o 

.003 .006 "^[v^V^o^^o min[x2, ^^^^ 

.002 .004 iK * ^O^ < ^o i(xl 4 x2^ > ^o 

.001 .002 x10 < ^o xl>^o .001 .001 .002 .002 
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