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-Ia- dtuIrw Ohall 4.ft the concept of a general tvo-

person cooperat~ve 9meland dKIOP a 0oncept of a solution for such

rived. One is by the use of a set of axiums describing general prop-

erties a solution shiuld possess and frum which It can be deduced that

there is but one possibility In each case. The other proceeds by setting

up a model of ths negottatlon process whIch the player. go through in do-

aidIng upon a oourwe of actlon. This is done in such a way as to obtain

a non-cooperatlv geme.

By using the tem cooperative ve mean to imoly that the players have

canplete freed=n of ccmunication and cmuplete information on the structure

of the gmme. Furthermore, there should be the possibility of making en-

forced agrements, binding either one ur both players to a certain agree-

ment or policy.

It Is assumed that elther player ny secure a co intmnt (enforced

policy contract) upon Wsmelf if he so desires. But each player Is

supposed not to bave anj comminents upon bihseLU before entering into

the negotiation Involved in this game, or at least none relevant to the

situation. And we assume that vhile -ne player is obtaining a ocmitment

upon himself the other may do likevise. Finally, we aesume that the

situation msay be regwrded an an Isolated incident in the life of each

player, and not where a player's behavior could set up an advantageous

or disadvantagoous precedent.

The possible usefulness of a caitment Is fairly clear. If one

player can arn~oee to the other that he in bound to accept only the



%,uoe fer,:vmr• sort of proposal for an age4fnt mM the other Is un-

oawdtted, than the amlttod player should hare an advantage, provided

the otber is rat~on and the oramitaent still alloys scue mutually

prof •.tbla ezxrauemnt.

The matA it1oa1 &seoription of the geu Is as follos: each

plajsr Me a conve ocupawt metric spaae S) of mixed strategie5 a 1

there is elmsilar space J of Joint strategies; each pair (sj ,s2) corresponds

to a certain joint strategy, -, and this oorrespods=*e induces a mapptng

S, X S• -• J 'wioh ia linear on each space $; for each joint strategy 'T

thero are two payoffe, p- c--) and p2( -, )p which are linear continuous

fmotions cc J. Sice th. joint strat*glee ere to be amplbyed vhsn

spe .t h been reached the only saigificant properties vhich one -)f

th posseoes are Its utilltle. to the players, that is the nnbers p•( p )

an pw(r) correopcecing to it. Ccaaequontly we need only to kn.-v the set

of uttilit 7 pairo, (ul, 2 ) vhioh correspond to acme such joint strategy.

Mes se viil be simply a set v in the plane whose ooordinates are the

wtility, fiutIon of the players, sa %d will be c upact end convex.

The nappinv 31 2 S2 --0 J and J -- o induce a mapping :ý, x •'2 n

which Is linear as each space S or bilinear. It W. be vritten

(61#62) -- 91 (Pi11si,) .

In the actm1 neStiatloc model ve restrict each player to a

special class of o,•i-tmmuts which appears to c-)ntain en-ugh variety t-)

eiable a player to bring all the strong pointo )f his p)eltion int, the

negotiatiom ao that a greator range of poesibilitles would be uWeleus

to a pLywr.



The arranmtent of the negotiation in m tw) stage form with tv

lbaulteneeou8 moves by the two players In each stage appears at first ti.

be a very artificial device. Tt !s really simply a convenlance, since

a one stage form comld be ueed, but would be esaenteally equlvlent to

putting the tvo stage gaw in nornal form, and honce messler to handle.

Nov for the forual model:

Stage 0. Players are in•formsd .f the !tuatIon, may talk It •ver,

If they 11ke.

Stage 1. E-ach plejer goe to hi.- attorney and arreAnes t, be forced

to play a certain mixed atrategy t I f the two do not eventually reach

agremumt; tI is called player I's "tireat'.

Stage 1.5. The players return fran their attorneys and display the

caiutaivtts they have made.

3tage 21. They return to their attormsey and each crimite himself

to a 'de '" d i vch is a point on his utillty scale, the idea being

that player I vill •ccept no doal which has utility les• than d to him.

The payoffs in this model are defired as foll0,w: If there Is a

point (u 1 ,u;) In x such that u1 _> d, and u. > d2 then the payoff to each

player to his demAnd, d If not, then the payoffs are pi(t:,t 2 ) and

p2 (tl,t 2 ) . The !nterpretation Is that If the!r demnds are ccUpatible

they should got wbat they demanded, but -therv!ae they must execute

theIr threats. This meth,)! -)f definir&g p•a'•i)f maken each player vunt

his demand to be as large as possible vIthout loa ff oflons'"te5cy.

Since the dends are made •imving the thrats, the demand game

may be consadered sepamutely. Tmt N bo the p, !nt (P (t 1 ,t 2 .), A,(tAt 2 ý



in X, ad let the utilitiea h~rv be (a,( 'o)•

The xw's pyoffe may be d4ecrlbd as flciv.:

to player I dig + ULO(l-g)

to player - d, * +

bero g is a function (d& ,d 2 ) vhich in I for compatible dand-a a Cd

for Iznaprtlble dMM.

Nov this game has dlsoactInuous payoff tunctioms and an infin'Ite

nmber of equilibrium point. in pure strategies, in general. Ccmae-

qient1y ve camot use those eqIdlibriu point. effootively for prediction

purpoees. laevevr It Is possible to obtain more Insight Int,-, the s&tuation

by iavettiating the stability ,,)' these equillbrium pointe.

To do this we "emooth" the g no as to obtain a oontlnuouw payvff

fwtiion, stvly the rewiting gme, and observe the liMting behavior of

te equilibriu point. of the 4woothed as as the amount of smoothing

is r~efte to&a

We eami&er a oertain ~r-l class of mso'othng methods. Various

other apparently different simoothing procedures a-re act ual.y equiyalent.

To s tooth e Uw Vw merely replace the discontinuoua funtion g

by a smtimous onw, so that Instead of havrin e!ther consistenmy or

Inomwletesy for each pair of 4rmana e havre a probability )f con-

sixtemsy, rinpreemited by g. This sort of thing vould arise whenever

tnis Is u.rUtinty " to the precise shape of the det '. ,et us -tasio

g is a differestiable fumctiom and that g=1 )n :, tapering off tovard

as o- movie avay fraw x.

The peyoff fuctin are now esimply



p2 d26 + (1-g)U. 2 O-

We may eterqm thn utility functicm, so cho•i that ulo - o - 0

vhloh givve ua

p,- dig, P2 - ~g

N'i ,onaider a point at vhloh d1 d2 g amuemes Its Maxlzm value ad

wherv d 1 ,d 2 > 0. ','r* ve will have djg maxizized fur fixed d4 asM d 2 g

for fixed dj. Consequently (d.1 ,d. 2 ) will be an equilibrium point. Fmrther-

ri-)re, If g to free of Irr*gularlties, it will be the cj equilibrium point.

If (- ie the maxiuim of u.u 2 on Yr tb4Aw we muat have d l dg ( and hence

d, d- > a Inc 0 < g 1.

7"grs 1 ibov thes not xr, thes point N, the point P where dlcI2 g Is a

-iaxiz. and the hyperbola AD whIch touches x at the point r, where u1 u_ In

a nexism over w(roWew uawa wq ant -a swo)

A

axis

-� g negligible
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Utility fU•zvt•c ohosen a q
i•o Vanlh at N.
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P mot Its above the l1TpR'b'IA AB b-at amr. anou4a to % at. that

g lie near (,)n.

Nov as leea wA lose moothing to used g vill dearvase more and

more rspidly cn movinxg awk f ram z aiM heoe e must be nearer e)d nearer

to %. In the limit P aest approach q sime It's alvays above %B. CýMe-

quently vw take Q for the solution. The poiAt Q gives the appropriate

dawals, an• tbh values, for the Swe b7 Its coordinates.

If (djo,&do) arm thU ooordlites of Q the7 form an .quilibritn

point of the unamoothed Caem whch is the only necessar7 limit of

equilliim polatc of the anootbed @ue.

Havfrk trete the second part of our tvo stage na•tiatica &e

ve =V• u• t.hie solution to obtain payoff funotion for the first stage

and them proceed to solve that.

Tt is clear tit. the first etag., the prslentatiom of threate,

4Oteruizne the point N and that this in turn deteriwos the outoome

of the seeond eta... K

sI7

S~/.

S/ B

. .. , , ,
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The point Q dertmined by a jpint N has certain gametrical

proporties. Q blsect. the no.ment of the tanget to the hbvper'bola AN

at Q out off b7 the vertical and horizontal axes through N. Also the

lines CJ and RT have equal, thouOh opposite, slope.

This g1veo us a method for dete.rlnin, g4vsn a point Q, vhiob

point., N, in w wo)uld give Q as a solution poiat. Cne takes sny oamtaot

line tbrough Q to x (in Swwral this wvil be unique) ad then drawv a

line tbivvgb Q of equal but opposite slope. Any point,, N,, on the wswent~

of the latter lime out o"t by x ill lead to Q. as final point.

W@ have been glossIng over a special &egwmrate wawe. ITf w has a

flat part -xn top (u 2 malsized at more than -me point on i) then ve

must have a convent!orf to deternine vbat 0 to take If N lies ,) the top

/ /

We oet ap the convention that ohall be taken alvay, so that no ,.

,,, u,(A"' > (. anda u•( " +.(Q,') > t(i '+ u (() n- m,.k dominance

This maklet crsMtlnuousl3 diaW~erit -mn N, anemlng a it-llar rLcnt1on



on vertical flat spots. We shall use this convw t!( only as a

convrnis.mo, "nd it vill not aff'ekt our fimal oalwlulaca

Nov the method 4eocrib1d befot fortr f1rdin the points N vhIch

lead to - particular i ¶nduues a runlg of the set ff by straight line

segents Wcoh my Interrwct -)nly an the uppor-rigit edge o-f .z.

esich of these lines a payoff may be assigned for each player by taking

his uuAlity for the p.oint C corresponding t that line. Thus a pay,ýff to

emb player It a.s•gned to ,e.oh point N and these payoffs vary con-

tinuously with N.

:ut N to tmrit (p,(t 1 ,t 2 ', p 2 (t l ,t2))and home thebe payonffs ar

de.ormnsuld by t1 and t2. We shall now shov that the payoff runotlon

amW q1l-ootave. This mesas that if o#, and /J2 -re the inducod payiyff

fmutica. then

=n 1n(t 1 ,t,) < IKt1(#t + (l-a)t 1 ,t 2 )

for any t ,t,,t. an 0 <X c< 1; and a similar ovndltiloin L•2. Tbese

properties followv eafly frum oonaiderat:! )f the goauetrloal definitiou

of ai,

/ /

I /

// / /

S/ // /
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The stt of pointe N determhned by threat palre of the f, rm

(Crt,÷(l-cr) t1 , t_) will be a straigtt line ee~ent since P, and p2

a, linear. Consequently, since i Is ruled by ncn-interseocting stright

lines o. end of this segumt will be on the loveat &ad furtheet right

of the rlinge (worst for player two) saL hence here -2 Vw1l be at its

minimun over the whole selpent. (ze. Figure 4..) Thw, It Is clear that

-a (and slmilarly) must be quasi-concave.

Now when the payoff funct'ons are continuouv- and qua'i-conrave we

may use the Lakutani theor to show there is an equilibrium point. For

any tjo the set of td's such that ( 2!(t 1 o,t 2 ) in maximized will be a

closed acnvwx subset of S2 from the quasi-ccanavity of - 2 in t 2 .

Two smuch threats t,1 0 id t 2 o would determine two sets of counter

strategies and their product vould be a oafpact convex subset of

S! X S2 . Karlin's generalized Kakutan] fixed point theorem shovn then

that there must be an equilibrium pair of threats tjto,t-2 0 ) such that

neither player ean lmprove by changlng hIs tLreat. We nov -bserve that

over all ocriblnatione of threate "i ari i. are directly interrelated,

so that if one In known so also Is the other. Each Is a monotone de-

oreftsng oooaTve frnct'oi of the other. Slroe we have 3qualibr~um,

(tlopt2)< P.(tlo,to) for any t-2, hnce "jtl 0 ,t >

a therefore t j o assures player am of the payoff l Z

and similarly for tvo. Since no highr payoff could be assured, tlr3

has tlhe maximin property. Since the econd playjer can assure

"2o 2 (t 1 0 ,t.c. , but can do no better esIpnt t~o, t~c has th9-

minImax pr'operty a& well
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Thes. tkhrats are aotually pure etrategies in the negotiation

ge and so a question &rises an to Ather nor other equilibrium point

in mixed stratogios (ut pure too) night give a player more than

However the paXofs at such a point would have to define a point -f x

and (-•o, In•) 15 a point on the uppor-right edge of w which makes it

such that nalther playor oan b. better off than at ( o o vIthout

making the other vorme off. Therefore for azw equilibrizum point the

payof"s v ll be (10 *, J-a) and henoa ve take these mtbers an the

values of the SMe.

A slight qualification should be put in relevant to the de*enerate

cases. The ocnvention ve introduced oonaerning a flat top or side of x

will have effect only when ae player has a thret which guarantees him,

without any subsequent b1zin~ing, as high a utility as he could possibly

got. In other vords hbe an force N to be a point vhioh to as desirable

to hia as W other poInt in v. Thus he has no real incentive for

cooperation although this night be helpful to the other player. Here

the conven t ian sea that he will make the other player as well off as

he oan v zhout hurtin hisself any.

We Aliove this it reolly artificial and that the value of the grme

to the othr should be dtermined only by the range betwve this Mautmatie

ebarity" solution ard thio value he can asoure himself by scae threat,

vo the asawqitlon thMt his opponent will use a threat vwhoh assures

him (tAe oppoinnt) directly his mai•um obtainable utility.
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Axinatio Treatment

In this approach ve shall use a set of axioms vhloh lead t- the

"¶iutomatlc charity" solution mentioned before in the degerate cases.

Azxies which lead to a solutIon iooxpt vWIch is less defined in the

degenerate oases nse be set up based on the cantinulty propezrt es of

this sort of soludLon, but they are such more cuuberscme.

We use the sams representation of the problem as before, vith

the sets S 1 , '2, and n. The solution vlll be a point, P, in w. The

axic 5s follow.

(1) For each g ! S 1 ,S 2 ,fir there in a unilque solutin
P(Sl,S2,01)( 0-.

(2) If P% w and u _(PI) Ž u (P) and u2(I")? u2(P) then P' is P.
1

(3) A linear transformation of the foz ui = auI + b, a > O,

applied to either utility function does not ohange

the result.

(•) The deteraintion of the solution doe" aot depend on vhtch

pla~r Is called 1, whi3h 2. (The symetry axiom.)

if IS, c- 101 thm tz FP(s1, S2 , ') < u " PS 2 ,K)
amd s !zlar1J, for player 2.

(6) if xI - x and, z P(9 1  2 p,7,') then P(3 1 , 2 ,-') P(3 1 , 2 ,3)2

(Y) There is a pair (al. 2 ) of strategies, cn. frr S1 and one
from , puch that ul P(Slp, 2 ,PX u, P(u 1 ,,)) , and

similarly for player ;.

ThuA, for eltLer plaver, there is sume wy In vbioh the two players'

ranges s.3 strategy choices oa.n be restricted so a. to make him nc vorle

off. (The ther &,y be Inuirod 1y thie.)

he',e axht•mu Invt)lve the weak donvnce prrnciple, (AX. f), and
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for this reas n they Lead to the *autm1atlo charityO solut!on. One

shown that they give this soluticn by first oomsidering the oase when

each speoo"e oonsists of but ons point. Here the axioms are *ssentlally

thoso used in the paper 'Th Bargaining Problm" [2 and la to the

volut:oa dovelaped there.

S.noe either player has an woptin. threat", a particular

strategy such t•at no matter what specific strate. is chosen for the other,

he vini alvays obtain Plo (r P2o) It follove from Axicx ; that P Is

[ 1] Theory of N]on-coopamtivw Goaas, by J. lash; rvproducad at RAND.

[2] Th. Bargpininig Problem, J. F. lash, Jr., Econcuetrica Vol. 18,

No. 2., April, 19•0.


