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-in--this PEPSY veo ohsl-ldcftrs/ Ehe concept of a general two-
pexreon cooperative guneq‘;.n;! M a concept of a solution for suskh
moafv are o d. -in-whioh the -solutienmnay be-de-
rived. One i3 dy the use of a set of axiams describing general prop-

orties a solution shHhuld possess and from vhich it can be deduced that
there 15 but one poseidility in sach case. The ~ther proceeds by setting
up a model of the negotiation vrocess vhich the players go through in de-
ciding vpon a oourse of action. This is done in such & way as to obdbtailn
a non-cooperative game. i' l

By using the term cooperative we mean to imply that the players have
camplete freedam of cammunication and complete imformation on the structure
of the game. TFurthsrmore, there should bde the possidility of making en-
forced agreements, binding elther ome or both players to & certain agree-
ment or policy.

It 1s assumed that either player may secure a commitment (enforced
policy contract) upon himself if he so desires. But each player is
supposed not to have any comnitments upon himself bdefcre entering into
the negotiation inwvolved in this game, or at least none relevant to the
situation. And we assume that while one playsr is obtaining a commitment
upon himself the other may do likewvise. Finally, we assume that the
situation may be regarded as an isclated incident in the life of each
player, and not one wheie a player's behavior sould set up an adventageoous
or disadvantageous precedemnt.

The possidle usefulness of a coemitment is fairly oclear. If one

player can anmnoumee to the other that he is bound to aoccept only the




208t favorable gort of proposal for an agreessnt ond the othsr is un-
coemitied, thanx the comeitted player should have an advantage, provided
the othor is retiomal and the commitment avil) allows scme mutually
rofltadle axrrangement.

The mathewatical description of the game Is as follows: each
player bas a convex ccmpaoct metric space Si of mixed atrateglies 8,
there ie similar epace J of joint strategisa; each pair (s, ,s:) corresponds

to a oertain joint strategy, -, and this correspordence inducés a mapping

’

S, X Sy —» J which i3 linear om e&ch space Si; for each Joint strategy
there are two payoffs, p,{ o) and po( 7 ), vhick are linear continuous
Paotions om J. Simce the joint strategies are to be anployed vhan
cgroemnt bss d>esn reachsd the only significent properties which ons »f
them possesses are ite utilitiss to the players, that {s the mumbers p,{ )
and pa( ) correspomding to it, Comsequontly we reed only to kmowv the set
of utility peirs, (u;,vo) vhich correepond to same sush joint strategy.
This st vill bde simply a set x In the plane vhose coordinates are the
utility funotions of the players, amd » wiil be cmpact and convex.

The mappings 3, x S; > J amd J > 1 Induce a mapping °, x 55 -
vhiockh 1s linear om each space Si, or bpilinear. It may be written
(32,82} => (pi(e,,82), pa(®;,82)).

In the actoel negotiation model we restrict each player to a
special class of comnitments which appears tc contaln enough variety to
enable a player tc bdring all tha stromg points of his pisition int: the

negotiation ao thet & greater range of possibilities would bHe useleus

to a player.



The arrangsaent of the negotistion in a two stage form with tw.
simultaneous moves by the two players In each stage appears at first to
e a very artificial device. Tt is really simply a convenlence, since
a one stage form conld be used, but would be essentially egquivalent to
putting the two stage geme Iin normal form, and hence messier to hamdle.

Now for the formal model:

Stage 0. Players are informad of the cituation, may talk (t Hver,

it they lfke.

c{’

tage 1. FEach player gose to hi- attorney and arranges t. be ‘orced
tc play @ certain mixed cstrategy t’i 1T the two do mot eventually reach
egreenent : ti is called player i's “threat".

Stage 1.5. The players return fram thsir attomeys and display the
commitmmis they have made.

Stage 2. They return to their attorneys and each camits himself
to a "demand"” di wvhich !s a point on his utility scale, the idea being
that player { will aoccept no deal whioch has utility less than di to him.

The payoffs in thie model are defired as followa: If there is a
poimt (u,,%) in x such that u; > d;, and u- > d, then the payoff to each

player i® his demund, d,. If not, them the payoffs are p,(t:,t>) and

i
p2{t1,t>). The !nterpretation s that if the!r demands are campatidle

they should get what they demanded, but stherwiss they must oxecute
ir threats. This methx »f defining pay-ffs makea each playsr wunt
his demand to be as large as porsible without lose of cons'‘stency.
Since the demands are made knowing the threets, the demand game

may be considered separately. let K he the point (p (t,,t ), po(t:,t2",
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in x, and let the utilities here Mo (u,n, uoo).
The game's payoffs may be descrided as follows:
to player 1% &, 8 + uo{l-g
to player ° dog ¢ ueol(l-gj
vbere g is a funstion g(4,,d4,) which is i for compatidle demanda and ¢
for inompatibis demends.

Now this gnm» has dlacuptinuous payoff functions and an infinite
mmbder of equilidrium pointe Iin pure stretegies, in gensral. C"mmse-
quently wo cammct uss these egquilidbrium points effectively for prediction
purposes. However it le possidble to odtalin more insight int- the situation
by invesatigating the stability o5f these sgullidrium pointe.

To 4o this we “smooth™ tho game ®o as to obtain a continuous payoff
funotion, study the resulting game, and odserve the limiting behavior of
the equilidrimm points of the smoothed gamos as the amount of amoothing
is redwed to serc. ‘

We somsider & certain general oclass of emootiing methods. Varilous .
other appearently differam$ emoothing procedures are actially equivalent.

To sacoth the game we merely replace the discontinuous function g
by & somtimwous ome, ac that imstesd of having oither consistemcy or
incomeistency for each pair of demandes we heve 2 probadbility Hf con-
sistenoy, repressnted bty g. This sort of thing would arise vhensver
there is umcertainty as to the precise shape of the set r. et us sus:.me

g s & differsmtiable fumction amd that g=1 Hn =, tapering off toward

a3 o BOYOE awvay from «.

The peyoff tunctions are nov simply




P.o= 4.8+ (1-gluyn

Pe = 428 ¢+ (l-g8)uzo.

Ve may nesmee the ntility funstions, so chosen that w5 = ugo = O

vhich gives ua

Py = 4:8, P2 = dog.

Nov sonsider a point at vhich 4;4,.8 asaumes i{ts maxismm value and
vhere d,,d, > 0. (lsre ve vill have d;g maximized fur fixed d; amd d.g
for Tixed 4;,. Consequently (d4;,d;) will be an equilibriwmm point. Further-
rmore, 1f g 18 free of ilrrsgularitiea, it will be the cmly equilibrimm point.
1f < 1s the maximum of u;uz on » then ve must have d,d-g > /- and hence
d.d; > , since 0 < g <1.

T'‘gure 1 shows the set x, ths point N, the point P where d;d-g is &
maximmm. and the hypertola AB which touches n at the poimt { wvhere u,u; is

a maximmm over x (remmmber Wy, eid wgy GX¢ ROV Sexv)
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P mmat lie sbove the Pypertnla AB but beer encugh to x av that
& 1 near cow.

Now as lers and less smoothing ls ussd g will decrease more and
nore repldly oam moving awny from s and hemoe ¥ must be peerer and nearsr
to x. Ip the limit P must approach Q since it's always adove "B. Conse-
Quently ws take ¢ for thw solution. The polat { givea the appropriate
dexande, and the values, for ihe game by 1ts coordinates.

If (4;0,40,) are the coordimates of Q they form an squilibrium
point of the unsmoothed game which is the only nscessary limit of
oquilidbriwm pointe of the smmoothed gamos.

Having treated the secomd part of our two stage negotiaticn geme
vo may use this solution to codtain payoff funotions for thes first stage
and thelm proceed to sclve that.

It ia oclear the' the first stage, the pregentatiom of threats,
determines the point N and that this in turmn determines the ocutcome

of the second stage.
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The point ¢ determined by a point N has certain gometr!cal
properties. ( btlscots the segnent of the tangent to the hyperbola AB
at C out off by the vertical anmd horiztontal axes through K. Also the
lines QN and RT have egual, though opposite, slope.

This gives us a metkod four determining, g'ven a point Q, which
pointe, K, im = would giwve Q as a soluticn poimt. Cne takes say oontact
line through { to n (in gsneral this will be unique} and then draws a
line through C of equal but opposite slope. Any point, N, on the s gment
of the latter lims cut off by x will lead to (. as final poimt.

W® have deen gloesing over a apecial degensrate case. If x has a
flat part on top (uw. maximized at mcore than ome point on n) then we

must have a comventiorf to detormine wvhat O to take if N lies -n the top

25 gk (N

e
£

rigure 3.

He pet up the convention that . shall be taken alvays 3o that no ¢
har u, (A > () and uy {0 'Y e we(Qt) > ony (e up(@) n. weak dominance

This makes ( comtinuously dependent wnn N, asswming a sir'lar convemtion

p-1me
-7



on vertical flat spots. VWo shall use thie comventiom only as a

conveniienos, and It will mot affect our final comclusion.

Kow the method descrided befors for findimg the poimte N vhich
lead to 2 particular { induves a rul mg of the set 1 by straight line
segnents which may interrect only on the upper-right odge of x. Om
®uch cf these lines a payoff may be assigned for each player by taking
his uuility for ths joimt ¢ corresponding to that line. Thus a pay ff to
sach player !a essigned to aech point X and these payoffs vary com-
tinuously with K.

wuat N 1e Jast (p:(t,,t2), po(t;,t2)) and hence these paynffs are
deremined by t; and t,. VWe shall noy show that the payof? functiomns

are juasi-coucave. This means that If #, and 7, ire the inducel payof?

fmetioms then

min | i(4,t), Fitte) € Fi(at s (L)t t)

' -
for any t;,t.,t; ami 0 <a < 1; and & sizilar omdition Hn ]2. These
properties follov easily frum oconsiderat!on »f the gemmetrical def!niticm

of (—’pl and '/-’72.



P-170

-9

The eet of pointe Il determined by threat pairs of the £ omm
(aty +{1-a) t;, tz) will be a strmight line megment since p; and po
are linear. Consequently, since n ie ruled by nom-intersesting struight
lines one end of this segment will be on the lowest and furtheet right
of the rulinge (vorst for playsr two) aw hence hers  will be at its
ninimun over the whole segment. (Zee Figure 4.) Thue it 1s clear thai
e (and 7, slmilarly) must be quasi-concave.

Nov when the payoff funci!ons are continuou: and quasi-conrave we

may use the Zakutani theorem to show there 18 an equilibrium point. Tor
any t,, the set of t;'s sush that “5(t,o,ts) 18 maximized will be =
closed ccnvex subset of S, from the quasi-consavity of 57§ in tp.
Two such threats t;p and t.o would determine twn sets of counter
strategios and the!r product would de a campact convex subaset of
Sy x Sz. Xarlin's generalized Kakutan! fixed p.int theorem showe then
that there must be an equilidrium pair of threats (t, ,t>,) such that
neither player ean !mprove by changing his threat. We now >bserve that
over all cambinations of threate 7, ari “. are directly Interreiated,
8o that if one is Xmown 8o also is the other. Fach is a monotone de-
creecing concave funct on of the other. Since we have squilibrium,
Z2(t10,t2) < Taltio,t20) for any to, hence ~ (tio,ts) > (tia,ta0)
and therefore t,, assures player ome of thre payoff ’;Q - ‘1(t10,t2°),

and similarly for tps. Since no higher payof? could be assured, t,,

has the maximin property. Since the second player can assure

-

P an = ““2('&10,%0) ., but can 40 no better sgalnet t,5, t,. hae th-

minimax property as well
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Theas threats are actually pure strategies in the negotiation
game ad so a Qquestion arises as to vhether some other equilibriwm point
in nixed strategies (ur pure too) might give a player more than C»"f’ﬂo.
However the payoffs at such a point wonuld have to define a point »f =x
and (%15, P ) 18 & point on the upper-right edge of =z which makes it
such that nsither player can be better off than at ( 7" o, m) without
making the cther worwe off. Therefore for any equilibrium point the
payoffs vill be ( -*y,, o) and hence we teke thess mmmbers as the
values of the gmme.

A slight qualification should be put in relevant to the degenerate
cases. The convemtion we imiroduced converning a flat top or side of «
vill have effect only when sme player has a threet which guarantees him,
without any subsequent bdargaining, as high a utility as he could possibdbly
get. In other words he san forse N to be a point which is as desiredle
%o him as any other pcint in x. Thus he has no real incentive for
coopsratiom although this might bde helpful to the other player. Here
the convemlicn says that he vill make the other player as well off as

be oan v acut hurting himself any. .
We ' ;1lleve this ir reelly artificial and that the value of the game

to the othcr should be determined omly dy the range between this "automatie
edarity” solution ar. th, value he can assure himself by scme threat,
wpon the asswption that his oppoment will use a threet vhich assures

him (the opyoment) directly his msrimum obtainadle utility.
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Aximatic Treatment

In this epproach ve shall use a set of axioms which lead t: the
"autamatic charity” solution memticned bdefore in the degsnerate cases.
Axioms which lesed to a golution voncept vhich is less defined in the
degenerate casss may bo set up besed on the comtinuity properties of
this sort of solution, but they are much more cumberscmse.

We use the same representation of the prodblem as defore, with
the sets 3,, 3, and n. The solutiom will be & point, P, in x. The

axioms follow.
(1) For each game | S1,82,7( there 1s a unique solution
P(5,,Sz,%}¢ x.
(2) If P'cx and u;(P*) > u (P) and up(P')> uz(P) then P* 1s P,
(3) A linear transformation of the form u; = s, +D, 8>0,

applied to either utility funsction does not change
the result.

(%) The determination of the solution does not depend om which
pPlayer is called 1, whish 2. (The symmetry axiom.)

] 9 g‘ !
(%) If Sy C S, them u; {P(Sx; S2, #), < vy CP(Sy,82,n) ,

L ]

and s'milarly for player 2.
(6) If x' - x and x 3 P(3,,55,n') them P(53,,Sz,7') = P(S,,32,x).

(7) There is a palr (s;,s2) of strategies, ome from S, and one
from ©_, guoch that u, {P(Sl,o‘:,x) < uy . P(s,,82,x)' , and
similarly for player 2.

Thus, for eitLer player, there is some way In whioh the two players'

ranges .. etrutegy choices van be restricted so as to make him nc voree

off. (The other may be in‘ured ty this.)

These axioms !‘nvolve the weak duminance principle, (Ax. 2), and
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for this reascn they lead to the "autamatic charity”™ solutiom. One

shows that they give this solutiom by first comeidering ths case when
each apase i‘;i conaists of but ons point. Here the axicms are essentially
those used in ths papsr “The Bargaining Problee” | 2! and lead to the

eolution developed there.
Sinoe elther player has an "optimal threat”, a particular

strategy such that no matter wvhat specific strategy 1s chosen for the other,

he will always obtain p;o (or poo) it followe fram Axiom 7 that P ie

(P]_O r%) .
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