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0 THE ITERATION OF ?O::EH SERiw IN T't 0 V !ABLES 

Rich rd Bellman 

§1. Introduction 

It 

(1) 

s shown by Ko nigs , [ 5] , that if 

(X) k 
f(x ) • 2: ~x 

k •l 

has a non- zero r · 1 of convergence and ~ ~ ~ is less than 1 and not equal o 

zero , then for lxl s fi cien ly s 1 , h r e · s sa func i on of ~~ v riabl s , 

t(x, ) posses si the prop rtiee of a generalize i r te , which is o s 

(2) 

(3) 

e 

( ) 

t (x , 0) • x, 

f (x, n) • n- h i er e cf x , fo r n posi ive integ r , 

t (t(x , s ) , t.) • f (x, s + ) , fo r s , t ~ 0 . 

hi function h s h el B repr sent tion, 

f (x, t) • r 1[ ~,l ( x) , 

"'(x) • 11m r <n>(x) I~ . 
n oo 

functi nn ~( ) is 1 self inter stin and i mport .mt func i on, s ince it 

1 lin riz e • ! (x ) , i.e ., 

(5) (r(x)) • ~ (x) • 

T e probl of tin ing a (x) s~tisf.y n (5) , given f(x : . h s l ong h' tory , 

SOin& b c o A 1. For further discuseion 3n re.erences , we refer to 
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Let  us now turn our attention to power aeries  in two variables.    Let 

(6) f(x, y)  - Z ^/xV, k, />0,      kW>l 

g(x, y) - S ^/X y . 

be ccnvergent  for |x| and |y|   sufficiently small  and let us make the assumption 

that  the  characteristic  roots of the matrix of the  coefficients of the linear 

terms, 

(7) 

are non-zero  and less than unity  in absolute value. 

The  iterates of the function-pair (f, g)   are defined as follows: 

(?) fn(x.. y)  - f^Cf, g) 

gnU. y)  - ßn.1(f.  ß)i n - 1, 2,   •••, 

where we  set   f^x, y)  - x,    g0(x,  y)   - y. 

It  is  natur.l  to ask  whether we  can find   continuous   iterates,   i.e.,  a pair 

jf  functions  of three variables,   (f(x, y, t),  g(x,  y,  t)j,   for which 

(9) f(x, y,  n,   -   fn(x,  y) 

g(xi y.  n)   -  g^x,  y), n - 0,  1,   ^t   ••', 

and 

(10) f!/f(x, y,   s),  ,.:(x,  y,   a), t) -  f(x,  y,  s*t), 

g(f(x, y, s;, g(x, y,  d), tj - g(x, y, o*t), 

for  s   an-,  t  > 0.     In general,  these  functions  will  be   defined only  for |x|   and 



171 uf!ici ntly 1 and s , t ~ 0 . 

ol o ing Koenigs' i ea , which is really an appli c ion of the method of 

aut:c siv ppro tions , he exis ence of the e function , o e her wi h an 

ex. cit r present tion , ill ollow re ly if w s · b i sh the exis ence of 

function (x, y) , (x, y). s isfying the 3J'lalo u of (5) , n ly, t he 

Teet or- rix qua i on 

(11) 
( I y) ) 
(x , Y) 

B ror proc further, et us no e h by me of some el men ry 

tr to ions, uc tt> probl o h c se whe rc f "Ul :i have the 

ai er o 

(. ) t • • L: .e rY .. 

:L .e o, • r:J1 .. _eXY , I 0 

·~ 

prorl A 0 u tip ch cteris ic ots . If A h~s mul ipl 

c r1 tic roots r pr sen on similar 0 h ;;iven bove holds -m he 

d tails !7 ch h s • 

A has istinci h r cteristic roots , th equ tions 

ln (l ) t t s pl r to 

(13) (t, g) • ~(x, y), 

(t, ) • (x, y). 

with ( ), mih ct that 



./♦- 

(U) i -    lim    rn(x, y)/pn 

n -^oo 

4, -   Ha   ^U» y) /on . 
n ->c» 

Unfortunately, very sinple examples show that these limits may not exist.    For 

example,   consider 

(15) f • px 

£ - oy  ♦ x 

It  is  easily shown by induction that 

(16) r n 
f      "   ü   X 

n      K 

n        /   n-1       n-2 2 2nv 2 
g    • o y ♦ (o        ♦ o      p    ♦•••♦p     )x    . 

Thus, 

(17) i ■    lim    i   / p    ■ x 
n >oo 

x2 '' 2 f,2^ 0» ■    lim    g/o    »y* —    lim        !♦£-♦...♦[ — j 
n ->a> n ->a) v 

This  labt limit  exista only  for P /o < 1. 

Despite the   fact  that  a direct  application  of Koenigs'  method   fails,  proofs 

of the   existence of functions  satisfying   (13)   have   been given,  provided  that a 

certain condition  is   satisfied by p and  a which we   shall  "liscuss  below,  using the 

method  of successive approximations, or the method  of majorants,  the last being 

particularly suited  to  the   anaiyti:  case  which we   are treating here,   cf. 

Leau,   [ 6] ,  Orevy,  [ 3 J . 
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If ploy the method of undetermined coefficients o find functions p 

and s tisfyin ( 3) for the functions f and g de fined by (15) , we find hout 

diftic t ,., 

(1 ) • X 

provided that o 

I! co th solution of (18) with the att pted solution of (17) , we 

are t one 2 
s ruck by th f ct hat 1/ (o - p ) is the eneralhed sum of 

QD 

L ( /o) " / o , using an ppropriate summ bility method, or, alternativ 1y, 
D• O 

1/ ( - z) is the 

1•1 l. 

his t ct 

(]) 

ytic continuation of the funct i on defin d by ~ zn tor 
n 

ds us ~ o conjecture that a suit le interprets i on of the limits 

n (17) 7i d h re uired tunc ions and , and we shall show below th 

this is act ~so . Altho h the ~ thod e e ploy is equ ly pplicabl to the 

e of r s rie in n var i bles, .fo the s k of simplicity we restric 

our8elYe to th two-v r1 ble case. 

t l t t this thod ot es bUshing the existenc of the linearizing 

fUnctions , and is of inter st bee us it f urnishes anot.her e p' e of the 

• h tic axio th t to hods correctly interprete yiel correct 

lt • 

t L1ourl1 -Ne 

1e a iv n in a pr vious pa r, [ 1 J , here i w s shown that 

so tion 

( 9) 
1 

t • g +A~ (x, y)g (y)dy + ••• 



of the Fredholffl integral equation 

1 
(20) f - g(x) ♦ \ f    K(x, y)f(y)dy 

Jo 

is sumnable by an appropriate suanability method to the Fredholm solution 

whenever \ ia not  equal to a characteristic value. 

In many cases,  these formal methods,  combined with susnability methods, 

are useful for computational purposes,  cf.  Buchner,  [2], 

§2,    Some Intermediary Functions 

Let us set 

(1) f - px(l ♦ u) ♦ r(y) 

g - oy(l ♦ v)  ♦ 8(x), 

where u and v are power series in x and y lacking constant terms and r and s 

are power series in y and x, respectively,  lacking constant and first degree 

terms.    W« shall employ the  following notation for the iterates: 

W fn.l"f(fn'^ Vl-^fn'^' 

Vl * ^V' Vl " r(«n^ 

Vl " u(fn' V' Vl • v(fn' «n>' n - 1, 2,   ••., 

where f.   ■ f, g,   ■ g.     Using this notation,  we have,  for example, 

(3) f2 - P x(l ♦ u1)(l ♦ u2)  ♦ pr^l * u2) ♦ r2, 

g2 • o y(l ♦ v1)(l ♦ T2)  ♦ o81(l ♦ v2) ♦ 82, 



and it is not difficult to establish inductively that 

(4) f   - pnx7r (1 * uj * p^r   f (1 ♦ O 
n k-1 K ik-2 k 

♦   r n 

or 

(5) 
n 
T u ♦ \) 

k »1 

n 
x ♦ 

'-1 P'KI.O 
k-i 

»nd, similarly, 

(6) 
k-1 n (i • v 

n 

/-I 

k-1 K 

If the infinite  products converge,  ani  also the infir.ir.e  series, we may 

pats to the limit as n—^-ao   and obtain ^ vid a,.    It is easy t^ demonstrate, 

after the fashion of Koenigs, that  for |x| and  |y| sufficie: ♦ly small, the 

infinite products converge,  on the assumption that   |p|,   |o|   are  both  loss than 

one.    We have already  assumed that p ^ o,  ani without loss of generality we -lay 

take  |p| ^ |o|.    Actually,  in place of p / o,  one neei   ^nly  assume that the 

■atrix A is diagonal!zable. 

2 
If I p|  £>  |o|  > |p|    »  the  infinite  series which occur  in the  limiting   foraj 

Of (5)  and (6)  converge,     Ifo-p,n-^,   3,   "•,  the  functions (^ an 1 ^  reed 

not exist, as we see by taking 

(7) f • px 

g - oy 
k - 2   K 
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for which 4  and «^ are given by 

(8) (^ - x 

k 
oo  c.x 

^ - y ♦ Z -5  • 
k - 2 p - o 

2 2 3 . 
To shorten our proof, we shall assume o f p »  |p|    >  |ol  >  iPl   » which is the 

first  interesting c^se. 

Let uti define 

oo r 
(9) F(z,  x, y)  -    Z L— z", 

n-1    t (1^) 
k -1 

n 
oo a s 

G(z, x, y)  -   T   —JJ  . 

"^  T(i^vk) 
k-l K 

2 The convergence of these  functions  for  |xj,   |y|  small  and   |z| < 1/ |p] 

follows from inequalities  for r    ana  s    we derive below,    V/e also require the n n 

functions 

OD r 

(10) i{z> xt y)  -   "ff (1   ♦  uk)[x ♦ F(z,  x, y)J 
k-l 

(30 

^(Zf x, y)  -    T (1  ♦  vk)[y  ♦ G(z, x, y)J. 
k -1 

Lemna 1.    P^or   | z | < 1 / i p |   , 

(11) ^U,  f. g) - 7 ^(z, x, y)  ♦ x(p - i) T (1 ♦ V 

^(zi fi g) ■ r *(z» x» y) * y(o - T) '
T
 ^ * vw) • 

k-l K 

k-l 

00 
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Proof of Learn«:    We have 

(12) 

whence 

(13) 

oo 
F(z,   f, g) 

r    iz 

T —! (1  * u^ 
F(2, ^. y)  - rll 

k-2 

00 

^(z, f, e) -   TT  (i ♦ u.)[f ♦ F(Z, f, g)J 
k-2 

T  (i ♦ u,) 
k-i 

f - r 

TTT^y * 1 T F(2. x, y) 

T (i ♦ \) 
k-l K 

px  > Ii 
/ ± 

oo 

T (i 
k-i 

-   X 

u, 
' J 

£* ♦ x(p -±) f (1   ♦  v^). 
k-l 

and stmilarly for ^. 

Froa (11),  we see that  if % possesses   an  analytic  continuation which 

includes  the point  z ■ I/o,  then we will have 

(U) H*,  x, y) P^(-, x, y), 
P 

i^,  x. y) c^(-i  x, y), 

and consoquently the desired linearizing  functions. 

In the next section we prove that this  analytic  continuation exists. 

$3«    Proof of Analytic Continuation 

W« wish to daaonsträte: 
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Lgana 2. The functiüns ^(2, x, y), ^(z, x, y),  considered as functions of 1 

for 1x! and |y| sufficiently small are meromorphic functions whose only 

possible singularities are at the points z  - a' p" , m, n > 0 for ^, 

.        -(n*2) HB ^   n    r 
and z - p    '0    , m, n > 0 for <\>. 

The proof depends  upon a continued application of the Hadamard multiplication 

theoret» which we state  as 

Lemma 3.    (Hadanard).     I_f,   in   |z | < 1,  the  singularities  of the  functions defined 

ao 00 
by f(z)  ■   ^ar,    g(z)   ■    ^bz,     for   IzI   < a ^ 1, are at  a.,  ß  ,  respectively, 

n-0  " n-0  r' 1       J 

i  -1,  2,   •••,  k,     j  -  1,  2,   •••,  /,    then the  sin/rulariti^s of the  function 

oo 
defined by hfz)  ■    ^abz    for   | z {  <   a < 1,   are to  be  found in  the   region  | z |   «.1 

n-0 

at the points  a.^,  i_f axxy singularities  are present. 

We  require  first  the  following crude  inequalities: 

U) lfnl^pl|X| 

1^1 < o1lxj, for ^y 1 <   ix I v S, 

ifnl< Pilyl 

|gnl ^ Ol1/!» for ! x I v   iy I ^ §, 

whfre p,   •  |p|   ♦ ^     0,   •   ' 0 !   ♦ £    and    c,   can   be made arbitrarily small by taking 

0  sufficiently small.     There  inequalities   follow  fron 

(2) |f| <   |p|   |x| (1  ♦   lul)   ♦ a1 yj2 

<   |p|   IX I [1  ♦   |u|  ♦  a1ly|(lyi/ |x|)2j < ^xl 

if   !y;   ^  |Xi  <_ S.    Similarly, we obtain 
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(3) |g| <   |o| |y|(l  ♦  ivl)  ♦ bjjxl    <    o| ix| 1 
X 

v')   ♦  b1|xl 

< o,|xl   . 

3 

From these  results,   (1)   follows  by  iteration. 

As mentioned above, we shall con;iiier only the ^ase where 1^1'' o ^. |P 

The series for F In (9) of §2, is majorized, beciuse of tne convergence of the 

Infinite product by 

U) 
ao 

F,   • c,    T    'r |zn   , 
i 1    ■*-,    i   n1 

n -A 

which since   |r   |  < c^jg^l    <  c^ot"   |x|,     (assuming   |X|  >   \y\), is  convergent  for 

|s|  < i/o,   and hence   for  z  ■ 1/^ If   c   is  small  enough.     The investigation of 

OCt)  Is more difficult.    Since s(x)   - e-JC    ♦   e^x"3 ♦   •••.  we  have s    ■ e^ ♦ j(|f  i   ) %   ' v  '        2 3 n        2 n '  n' 

• «2*    * ^(Pi   )•     Hence, ^|f   |   t    converges   for    z|   < 1 / p,   ani thus   for z  ■ i/o 

if   £  It taall enough.    To ascertain the  analytic behavior of G   <*.  z  -  i/o,  It 

la sufficient then to consider the series 

(5) 
oo n 

n-l ' K-l 
u. ) 

K 

In ylew of the H?»damard multiplication theorem, it is sufficient to examine the 

two series 

(6) 
oo     n 

^      n*l k-l 

E 

- rfr=
n TC 

n-i K-l 

Osinf  (5)  of §2, we  obtain  for G^  the  simple:   series 

(7) 

'3 

\- f (pZ)n,i v-7 f (i * uji' 
3      n-l [k-l   k      /   /-l ^  1 

1        ^       k 
1 - pz A v / JT ^ * v • 

n-l /-I 

Mi 

i*- 
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It follow~1 that o
3 

s a slmpl pol t z • 1/p an no othe r singul rity within 

I ·I < ~ . Turnin now to G2 we h ve 
01 

Cl) 

> r ~ ·1 ~ < l • .,> ( 8) G2 • 1f (1 + 
• 1 n • l • r+l 

CD 
CD [ CD +«n] • (1 + ) ~ zn - - 2: un+l , 

k • l n n+l 

he • • o( f ju I · (~ lunf) - 0( ~n) . Hence n 1 n n + 

>(1 - f ~) 
(X) 

(1 +'ic) 
(I) 

(9) •1 ~ una n + G 5 ( z) , - + 

1 - z 1 - • n • l 

he o5 has no sin rity thin I z I 1/ 1 . H nee, see t t 2 has a 

sin rity z ... 0 0 h r:" 1/pl. Fro th r P s ent tlon 

(X) 

r ~ 
n 

(10 ) Gl • ~ · 
". '\) 

(1 + '\)zn, 
n • l \ (1 • 1 

• 1 

an 3, i . fo o a that G has 2 po :t l tt ;;ingul rit.y t z • 1/p an no 

ot h r within 1/ i. Th t this sin r1 y z - 1/ follows from the r c t that 

t he r 

h 

2 ius of convergence i s z • 1/ • 

ro rphic b havior ov r th ho e p 

i n c i on . 

RB: rgb 

is obt aine simi rly, sing 
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