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ON THE ITERATICON OF POWER SERIES IN TWO VARIABLES
Richard Bellman

§1. Introduction
It was shown by Koenigs, [ 5], that if

(1) T
X)) = X
k 'l.k

has a non-zero radius of convergence and |a1' is less than 1 and not equal to
gero, then for |x| sufficiently small, there exists a function of two variables,

f(x, t) possessing the properties of a generalized iterate, which is to s
ay

(2) f(x, 0) = x,
f(x, n) = n-th iterate of x, for n a positive integer,

f(t(x, s), t.) = f(x, s+t), fors, t>0.

This function has the elegant representation,

(’) f(xp t) = fl[l;f(x)].
where
oW #x) = 1a fV(x) /T,
n-»oo

The function ¢(x) is itself an interesting and important function, since it
 %linearizes' f(x), i.e.,

#(2(x) = ad(x) .

The problem of finding a #(x) satisfying (5), given f(x) has a long history,

back to Abel, For further discussion and references, we refer to

pfal.
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Let us now turn our attention to power series in two variables, Let

(6) f(x, )') 'z&klxkyl, k, £2>0, ket 21
S(Xp y) 'zbk/‘kb’t,

be ccnvergent for |x| and |y| sufficiently small and let us make the assumption
thit the characteristic roots of the matrix of the coefficients of the linear

terms,

(7) A= ,

are non-zerv and less than unity in absolute value,

The iterates of the function-pair (f, g) are defined as follows:

(e) fn()(, 7= rn-l(f’ g)

gn(x y) =g (£ 8), n=1,2 *,

where we set fo(x, y) = x, g-(x, y) =y.
It {8 natur.l to ask whether we can find continuous iterates, i.,e.,, a pair

of functions of three viriabtles, (f(x, 7y ), 2(x, v, t)), for which

(’J) f(.‘(, Jy D, = fn(x; Y)

S(’() Yy n) - ﬂn(x) .y)’ n=.u, lv <y 't
ani
(10) f f(x) Y 3)9 (X, ¥, 3)’ t') - f(xy Y SOt),

glf(x, vy, s), glx, v, 5), t) = 2(x, y, s+t),

for s ani t >0, In general, t'ese functions wili be defined only for |x' and



}¥| sufficiently small and s, t > O,
Following Koenigs' idea, which is really an application of the method of
successive approximations, the existence of these functions, together with an
- explicit representation, will follow readily if we establish the existence of
functions, #(x, y), ¢(x, y), satisfying the analogue of (5), namely, the
vector-mat rix equation
) g, s)) a8, "01\) #(x, y)\
K‘(fo g). \\blo b01 \“&(xn .Y)/
Before proceeding any further, let us note that by means of some elementary

5 transformations, we may reduce the problem to the case where f and g have the

~ simpler forms,

ke £>2
K
g=ay+ X b xYy°, Py 9 40,
ke£>2

d that A does not have multiple characteristic roots, If A has multiple
tic roots a representation similar to that given above holds and the
are very much the same,

Under the assumption that A has distinct characteristic roots, the equations
| take the simpler form

‘(tp g) = pé(x, y),

“" ‘) - “(xo ’).

with (4), we might expect that



(14) d= lm f(x,y)/¢"

n —»Q

¢= Um g(x,y) /0" .

n—>aoo

Unfortunately, very simple examples show that these limits ma2y not exist, For

example, consider

(15) f = px

b
g = oy +x

It is easily shown by induction that

(16) fn'px
n n=1 n-2 < 2n, 2
g, =0y * (o A e T i
Thus,
(l") ¢“ lim rn/pn-x
n >oo
n 2 2 2\n
‘&-limg/on-y¢)(_ 1im l.L....,(f__l.
n »m n-»wm ° o

This last limit exists only for |p£/0| <IN

Despite the fact that a direct application of FKoenigs' method fails, proofs
of the existence of functions satisf{ying (13) have been given, provided that a
certain cenditicn is satisfied by ¢ ani o whicr we shall discuss below, using the
method of successive approximations, or the method of majorants, the last being
particularly suited to the analyti: cuse which we are treating here, c?,

Leau, [ 6], Grevy, [3].



If we employ the method of undetermined coefficients to find functions ¢
and ¢ satisfying (13) for the functions f and g defined by (15), we find without
difficulty,

(18) $=x

provided that o # p°.
If we compare the solution of (18) with the attempted solution of (17), we

are at once struck by the fact that 1/ (o - p°) is the generalized sum of
2,.n
“ (p°/0) /o , using an appropriate summability method, or, alternatively,
o W

1/ (1 = z) is the analytic continuation of the function defined by % 2" for

1=l < 1. "

7 This fact leads us to conjecture that a suitable interpretation of the limits
Su {17) will yield the required functions ¢ and ¢, and we shall show below that
W‘ is actuallyso. Although the method we employ is equally applicable to the

‘ case of power series in n variables, for the sake of simplicity we restrict
'selves to the two-variable case,

We .M that this method of establishing the existence of the linearizing

# and ¢ is of interest because it furnishes another example of the
patical axiom that formal methods correctly interpreted yield correct
An example was given in a previous paper, [1], where it was shown that

an solution

1
=2/ Kox, Daay oo



of the Fredholm integral equation

1
(20) f = g(x) + ku/; K(x, y)f(y)dy

is summable by an appropriate summability method to the Fredholm solution
whenever A is not equal to a characteristic value,

In many cases, these formal methods, combined with summability methods,

are useful for computational purposes, cf. Buchner, [2].

§2. Some Intermediary Functions

Let us set
(1) f = px(1 + u) + r(y)
g = oy(l + v) + s(x),

where u and v are power series in x and y lacking constant terms and r and s
are power series in y and x,respectively, lacking constant and first degree

terms. We shall employ the following notation for the iterates:

(2) fn*l - f(rn) gh)’ zn,l - g(fno gn))

s - s(fn), Frel ® P(sn)n

nel ne

U ” u(fn’ Sn)' L=l V(tn’ Kn)n n=1,2, -,
where fl - f, g = 8- Using this notation, we have, for examples,
2
(3) £, =p x(1 ul)(l . u2) . prl(l + u2) * Ty,

8 = 0°¥(1+ v)(L s v)) v 08 (1 v,) o3,




and it is not difficult to establish inductively that

n n
(lb) fn - pnxJII(l % uk) . pn-lrl k-II-ﬂ(l . uk) * cee ¢ rn ,
or
fn n n r,
(5) " Tr (1« uk) X ¢ z 7 ’
P k=l ¢=1 £ 3
P (1 +u)
kel J
and, similarly,
dao n S
G Q. fo. 8 |
kel L=1 ¢
° of T (1 vk) l
k=1 -

If the infinite products converge, ani alsc the infinite series, we may
pass to the limit as n—>m and obtain ¢ and 4. It is easy tu demonstrale,
after the fashion of Koenigs, that for | x| and |y| sufficie:*1lv small, the
infinite products converge, on the assumption that |.|, |o| are both less than
one., We have already assumed that p £ o, ani without loss of generality we nay
take |p| > |o|. Actually, in place of p ¥ o, one neei only assume that the

matrix A is diagonalizable.

If |p] 2 l0] > |p|2, the infinite series which occur in the limitins forms
of (5) and (6) converge. If o =", n =, 3, ***, the functions & sni ¢ reed

not exist, as we see by taking
(7) f = px

SE
g=oy* 2 cx,
K= 2




for which ¢ and ¢ are given by

(8) g =x
k
® X
bmy v 2 T :
k=2¢ -0

3

To shorten our proof, we shall assume o ¥ pz. |P|2 > |ol > |p|”, which is the

first interesting cise,
Let us define

(0 ] ) o n
(9) F(z, x, y) = 2. £ 2",

nel ﬁ%
(1 +u)
kel %

n
oG 8 2

G(z, x, y) = EE - =
n=1 W(l*vk)
kel

The convergence of these functions for |x!, |y!| small and |z} < 1/ |p[2

follows from inequalities for r, ana s _we derive below, Ve also require the

functions

® ]
(10) #(z, x; v) = k-TTl(l M “k)[x + F(z, x, y),

) r

Wz, x, y) = (1« v )y * Gl x, 3]

kel

Lemma 1. For jz| <1/ =p12,
, 1 1, ¥

(11) gz, f5 g) = ~ #(z, x, y) + x(g = ;) mas Uk)

k=l

1 1, 2
¢(z, f, 8)';4'(2: x, y) ‘Y(0°;)Tr(l‘vk).
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Proof of Lemma: We have

(12) F(z, f, g) =
whence
(13) ‘(?" f) S/ -

and similarly for ¢.
From (11), we see that

includes the éoint z = 1/0,

(1) d(%, x, y) =

*(%p X, y) =

-
[0 0] rn’lzn (l s ul)
Ty
k=2
[0 o) r -
(L s w ) 8 e F(z, 8, B
k=2 b )

@ - ry 1
le (1 +u) h—,—uly « 2 Flz, x, y)

if ¢ possesses an inalytic continuation which

then we will have

o (

© I~

y X Y)n

ol Lo

ov (S, x, ¥),

and consequently the desired linearizing functions,

In the next section we prove that this nalytic centinuation exists,

§3. Proof of Analytic Continuation

We wish to demorsstrate:



-10-

Lemma 2. The functions #(z, x, y), ¢(z, x, y), considered as functions of 1

for (x| and |y| sufficiently small are meromorphic functions whose only

possible s.rngularities are at the points z = c-(m02)p-n, m. n>0 for g,
and z = p—(n¢2)o-n, m, n >0 for ¢.

The proo! depends upon a continued application of the Hadamard multiplication

theorem which we state as

Lemma 3. (Hadamard). 1If, in |z| < 1, the singularities of the functions defined

o) 00
by f(z) = zzsanzn, glz, = :;anzn, for lz| <a<« 1, are at ays aJ' respectively,
ne ne

1 =1, 2, oo, k, J =1, -+, £, then the singularities of the function

DO
defined by niz) = 2 ab 2" for |z| < a< 1, are to be found in the region |z| < 1
ne0

at the points 013‘, if any singularities are present,
v

we require first the following crude inequalities:

(1) EAEHEY
|gn| < o?'x], for lyi < Ix| < 5,
£ | < elyl
g, | = oty for x| < lylg 9,

where p, = [¢] ¢ £, o, = [0l + 2 and ¢ can be made arbitrarily small by taking

P

§ sufficiently small, These inejualities follow from

(2) £l < pt |x]| (1 ¢ tui) o 3, ynz

 Fa

- 1
lpt 1x ] ,1 ¢ jul ¢ 31‘)’?( y'/ ‘x')zJﬁpl'xi

if lyl < 1x0 < 3. Similarly, we obtain



22
’ -.1-

2 . |
(3) gl < fol Iyl (1 » vi) o ixi® < ol ixi| LIii e v) blm}

From these results, (1) follows vy iteration,
As mentioned avbove, we shall consider only the ruse where |,,|3 T IR Ip:(.

The series for F in (9) of éz, is ma'orized, teciuse of tne ccnvergence of the

infinite product by

() Fovey 2 Irl2",

ne,
which since |rn| < c2|gn]z < czoinixﬁ, (assuming (x| > 'y ,, is convergent for
|zl < l/oi and hence for z = 1/, if ¢ is small enough. The investiration of

0
G(3z) is more difficult, Since s(x) = ezx“ C e e e, e have s = et'f?1 . .(Ifnlj)

3n 3. n . 3 :
szi + O(pl ). Hence, Z|fn| t converyes for 2| <1 /pl ani thus for z = ./o

if € is small enough. To ascertain the anilytic tehavior of G 1% z = 1/g, {t

is sufficient then to consider the series

(5) ZI‘Zz "ﬁ-l“ tu) .

nel

In view of the Hudamard multiplication tneorem, it is =.{fi~ient to examine ‘he

two series
00 n ok ® . n

(6) Gy S M ew)d® e Tor T,
nel k=1 nel ° rel

Using (5) of 52, we cbtain for G3 tte simpler series

(7) Z( z) !z rkb-’(/ T (1 » 4,

o l-l [}
o ® K
1 -— k -ﬂ-
- - ‘\ v r4 Y ¢ u /
1 - pz nel ° 2=1 ‘




It follows that 03 has a simple pole at z = 1/p and no other singularity within

N 1
-] < <5 . Turning now to G, we have

® | o
g G, = 1+ (1 +
- . k-[rl( u“)ln%z k-zrol “")}
T2 “r S ]1
+* + Qa [ »
k=1 uk \n- ‘ zl n+l - j
2
where a = O(Z v, | |u | ) - O(pf“). Hence
T )( s ) T ew)
leu)\l-2 o lew) o
Kw] 1 k=l n
o= = - + G ’
(9) G, Ao e nglu". 5(s)

where G5 has no singularity within |z| < l/pl’ Hence, we see that 1, has a

singularity at z = 1 and no other within l/pl. From the representation
f f <

a0
(10) G, = | = (1+uw)z,
) 3 52&\ Fa.w ;!; o
kel e

and Lemma 3, i* follows that G, has a possible singularity at z = 1/p2 and no
other within 1/p7. That this singularity at z = 1/p° follows from the fact that
the radius of convergence is z = 1/ .

The meromorphic behavior over the whole plane is obtained similarly, using

induction.

RB:rgb
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