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Jl.    Introduction. 

We ar« Interested in a class of m ithematical problems connected with ptyrsical 

situations which require that a bounded or unbounded sequence of operations be 

perforaed for the purpose of achieving a desired result.    The result of each 

individual operation is a stochastic event which yields information to be used 

in planning the subsequent operations.    We consider here only the case where 

each operation,  performed upon a system whose state is specified by a set of 

parameters, 'has the effect of converting one state into another.    This iast is 

equivalent to saying that each operation performs a mapping of the parameter 

space onto itself. 

The two principal problems encountered in situations  of this type are those 

of maximizing the yield obtained in a given time, or of minimizing the time 

required to accomplish a certain task.    Since we are dealing with a sequence of 

stochastic events we shall have to employ the metrics of probability theory, 

and the two types of criteria we will use are: 

1, The expected yield, or time, 

2, The probability of achieving a certain goal, i.e., the probability 

that the yield is greater than a given quantity,  or that the time 

is less than a given time. 

We sh^ll see below that the choice of an appropriate criterion plays a 

decisive role in determining the form of the solution to the problems we consider. 

An extensive utilisation in the theory of statistical inference of the 

fundamental idea that the results of the preceding operations should be used to 

guide the course of the  subsequent  operations i% due to Wald in his  theory of 

sequential analysis. 

A. 
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Howrr«r, UM Aill rang« of probleas of this typ« does not ae«D to hay« be«n 

«ppr«clat«<l, nor do«« the class of aathsmatleal problaa encounter««! seem to har« 

b««n discusssd at any l«ngth.    The purpose of the present paper Is to indicat« 

soa« of th« vast nuabar of problems which may be treated from th« above vl«w- 

point and to indicate briefly th« natur« of the solutions.    A more complete 

exposition will b« given elsewhere. 

Some of the problems we discuss here are related to those discussed by 

Arrow, Blackweil and Girshick/1^ and Wald and Wolfowits/2'. 

All of th««« problems could be included as particular cases of an abstract 

formulation. However, it is important to postpone this until a larg« number of 

individual problems have been solved, sine« csrtain indiganoue features of each 

problem will facilitate its solution. 

What ties the variety of problem« we consider together is a point of view 

which affords an immediate foothold.    In order to present thi« cone«pt we must 

first discuss what is meant by a solution of a problem of this type.    By a 

solution we mean a s«t of rulss which tell us which operation to perform at every 

■tag« in every situation.    Sine« th« number of possibilities in some of the 

problems involving unbound«d s«qu«ne«s is quit« larg«, a listing of all possibl« 

optimal s«qtt«nc«« is neither feasible nor elegant nor useful. 

To avoid the«« unattractive features we begin by observing that we have 

stipulated that the result of each operation is to change the system into a 

similar system d«t«rmin«d by different parameters.    In light of this, the 

question arises as to whether or not it night not be sufficient to prescribe 

«n«r«ly th« b«st first move in each situation that arises.    We are immediately, 

however, eonlronted by a difficulty.    Our original purpose was to optimize 
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according to a certain criterion, of the type given above.    It may not be tme 

that after the first stage,  the optimal continuation is to be made according to 

the same criterion. 

We are led naturally to direct our attention to thoae criteria which possess 

a certain invariant property,  namely, after any finite number of operations,  the 

optimal continuation is obtained by employing the original criterion to guide the 

subsequent operations. 

Some examples of criteria having this property are: 

1. Maximize the expected yield, or rainimiie the expected time. 

2. Maximize the probability of success. 

Instances of criteria not possessing this property are: 

1. Maximize the expected yield at the end of U stages. 

2. Maximize the probability of success in N or fewer stages. 

Let us no« turn to the discussion of some specific problems. 

^2.    Determination of the state of a physical system« 

Frequently it is necessary to determine by testing the parameters of 

state of a physical system where it is not possible to examine the entire parameter 

space at one time.    Since each  teat  requires time,  the question arises naturally 

of arranging the testing program to consume the least time.    In this c*se, we 

■ay      use either the criterion of minimizing expected time,  or the probability of 

determining the state in time less than T.    It is dear that we would test 

for the most  likely state  first. We make the problem more interesting if we 

attach to each state a probability that the testing device will not register, or 
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dir«ct calculation the result for N • 2, it is easy to proceed inductively and 

obtain the result stated above. 

If we use the alternative criterion, that of aerely locating the ball, 

certainly a sore natural one, we obtain the sane functional equation.    However, 

the case N - 2 is now quite different due to the fact that having looked in 

either box and not having found it immediately locates the ball in the other box. 

Hence for N • 2 one would exasdne the box for which q.  is largest, unless p,  • 0 

or 1.    There is an interesting discontinuity here which persists throughout.    The 

optimal procedure for p, / 0, 1 does not furnish as p,—►O or 1 the optiaal 

procedures for these cases.    We will find in the case of N boxes that the 

(p-., p^»  "•, PN) space is divided into N regions, R., i • 1,  ***, N, having the 

property that if Pfpp p2,   •••, PN) 6 i^, then the k^ box is to be anained first. 

These regions maj be computed readily, beginning with N ■ 3,       using the 

functional equation (1). 

This  functional equation seems to be of a type not previously encountered. 

In view of the above result, we see that the choice of an appropriate 

criterion is of great importance.    It is conceivable that in other probleae of 

sequential analysis a slight change in the criterion may materially simplify the 

mathematical treatasnt. 

Results similar to the above hold if we introduce probabilities of breakage 

of the instrument and consider as a criterion the probability of finding or 

obtaining the ball. 

^3.    Testirut for information. 

Suppose that we own one  testing device and have a number of objects to be 

tested, each of which possesses a certain amount of information.    We may ass 
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that there is no possibility of breakage of the instrument and ask for the testing 

procedure which yields the maximum infonaation in a ^iven time, or we may assume 

that the instrument is breakable and ask for the testing policy which yields the 

maximum information before the instnmient is destroyed.    In the first case assume 

further that there is a set of probability distributions which govern the 

information obtained  from testing the k      objsct.    It can be shown inductively 

via the  functional equation, or using the fact that the order of testing is 

immaterial in this case once one has decided to test the k      object a  fixed 

number of times, that an optimal procedure is one which nuximizes the expected 

information obtained at each step,      , 

In the second case where we attach to each object a probability q.   that the 

instrument is destroyed in the course of testing,  it is no longer true that one 

maximizes the expected Information obtained at each step.    Rather, one raaximizes 

the B^AL where E.   is the expected information obtained from testing the k 

object« 

Since the form of the solution is independent of N (which is not obvious 

beforehand), it is sufficient to determine the solution for N • 2.    Here an 

intuitive method rapidly leads to the solution.    The only parameters which change 

from test to test are the amounts of information contained in each object, which 

we call      I  ,     II .    We suspect that the (v., vj  positive quadrant will be 

divided Into two regions, R,, Rp, with  the property that if (v,, vO £ R.   the i 

object is tested on the  first step.    These regions will  be determined if we can 

find the coomon boundary, which is the locusof points  (v,, v0)  for which it is a 

matter of indifference as to which object is tested first.    If we write down the 

functional equation corresponding to (1) of §2 and equate the right-hand  sides, 

we find  that we obtain little infomation since the unknown function itself appears, 



-7- 
P-230 

One step  further, however, yields the solution.    The boundary curve C separating 

1^ and R2 should have the property that if (v^ v2) € C and the first object is 

tested, then the new (v,,  vj point is in R2, and conversely.    Hence the 

symbolic equation (I)  - (II) leads to (I* II)  - (II« I).   When this equation is 

written out the unknown functions on both sides cancel and we are left with a 
V(L) 

q,   ■ Ep/q-, . 

The problem becomes more  interesting'and decidedly more difficult if we 

allow the possibility of one instnaent testing several objects in one operation 

or consider more testing devices being used simultaneously.    A consideration of 

the simplest such cas« shows very clearly the difficulties that are encountered 

in attempting a general theory. 

Consider two objects, I and II, and a testing device which may be used to 

test either one separately or both together,    v.'e consider three possibilities 

only, no information,  complete Information, or a fixed percentage of the 

information obtained.    Let 

th (1) p.  • probarbility instriaent is not destroyed testing i      object, 

and if not destroyed, 

r.  • probability of complete information, 

s.  - probability of no information 

t.  - probability of o of the  information obtained. 

Let  f(v, , v2) ■ expected information obtained using optima- policy.    Then 

(2) f(v1, v2)' - max < I p1[r1[v1 ♦ f(0, v2)]  ♦ s1[r(v1, v2)] 

where  [l—> 2j   Indicates the similar expression obtained from testing II  first. 

1 
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We would «xptct,  ft-om what has preceded, that there will be three regions of 

the positive quadrant R,, R«, R^ with the properties that if (v^, v^) € R^,  R^ 

or R,-, one tests I, II, or both.    If we attaipt to use the  previous arg«ents 

to determine the  boundary, we find that the method fails, since a point on a 

boundary can move into either of two regions and it is not simple to determine 

which. 

To overcome thia difficulty, we use a continuity method, taking o as a 

parameter which varies between 0 and  1,    At each extreme it  is easy to determine 

the three regions.    As o varies we may follow the boundaries and show that for 

all o these three regions exist.    The boundaries will depend upon the proba- 

bilities listed in (1). 

Notice that in the above we have taken the o's to  be equal in all three 

operations.     It would be desirable to take them as distinct.    We can use one o 

for tests of I and II and another for simultaneous tests of I and II and the 

method applies equally.    However,  if all the o's are distinct, not only does  our 

method fail,  but  there are examples showing that the method  fails/^. 

The essential   fact that makes this problem tractable is a periodicity in the 

tests that occurs  in the special case, but not the general case of distinct  0*3. 

§4.    Other problwie. 

Let us in this section merely mention some other problems of this general 

class. 

An Investment Problem; 

Suppose  a person is left a  sum of money to  live on  for the  real of his 

life.    He would like to use all the money before he dies,  but  he   ioes not wish 

to be left penniless while alive.    How should he apportion his money between 
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conauaptlon ard InveataBitt if he wishes to consume the naxiaum (expected)  amount 

of money before he dies? 

Problems of this type are also encountered in a treatment of optimal 

gambling methods, or in the theory of games in general if one assumes that one 

at   least of the  players  has a  finite amount  of money. 

A Logistics Problem; 

Suppose that we have  n ports,  A,,  A^,   **•,   A  ,   and let  the  i      port  have 

a.   ships available at the  initial time,   and a. .  shiploads to  be  sent to the J 

port, a..   "0,    How does one  route the ships so  as  to minimize the total transit 

time? 

For the case where equal  times  ire consumed  sailing between any two ports, 

a  very  elegant solution has  been given by E. V.'.   Paxson,  depending  jnly  upon 

conservation principles. 

Finally, we note that  there  are many problems  in or^nnizstion  theory relating 

to the  communication of information and the performance of mar\y-Pei*9on tasks 

which TUiy  be  considered  to  be problems of the general  type considered  here, 
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