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AN ARALYSIS OF THREE-MOVE FINITE GAMES

M. Dresher, O, Helmer and R, Wagner

. Intredwotiecn.

The oomplexity of possidle informatiom patterms inoresses vith the mmber
of moves availadle to the players., If we assume that a move is made vith either
complote or no Imowledge adbout the other move, a 2-move game has only two pos-
sidle patterns of imformmtiom. Either there is perfect imformation, and thms
one move precedes the other, or there is mo information, im which case the moves
are in effect made simultameouwsly. In each case the game has a value and optimal
strategios, -- a pure strategy in the case of perfect informatiom, and gemerally
mired strategies if the moves are made simmltanecusly.

A >move game, 1.e0., ome irn vhich two moves are mede by omo player and one
by the other, introdwees msmy additiomal types of imformstiom patterms. Again,
ve assume that imformatiom, if any, about a preceding move is cemplete. At the
time of his secumd move, the player with two moves may have forgotten his firet
move or the imfermation mowm at this firet move, The effeet of this imtroduetion

of imperfect recall is to yleld & game vithout a value, Further, in these cases

it is gmerally impossidle to express the -move gmme in normal fomm.

24 Ihyee-Hove Games.
Ve comsider the rero-sum two-person game in which a tetal of three moves
are made by the players., Each move is a choice from a finite set. There is
20 loss of gmmernlity if we assume that Player I has twvo moves, the gholces of
{1 and 1, and that Player IT has ome move, the choice of J. Tt is also assumed

that the cheice { 1is made not later than the cheice 1.
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There are fourteen essentially differemt patterms of information for any

J~move game, Of these, sevem can de classified as perfect recall -- i.e, Player

I in choosing 1 alvays mows doth his previous choice 1 and the informatiom known

at the time 1 was selected.

Using the functiomal motatiom J(1) to indicate

that Player IT makes his choice J Ikmowing Player I's choice 1, we obtaim

the following seven cases of perfect recall:

If wo assume taat Player
his firet move, we odtain the

10. 1

12, 1
13. 3
LT

1(1)
1(1)
()
101)
J(1)
J

1(3)

3(1,7)
)1)
33)

J
1(1,3)
1(1,9)
1(1,)).

I's second move 18 made with imperfect recall of

following additiomal seven patterms of informatiom:

J(1,1)
(1)

3

1(3)
1(9)
1(9)
1(1).
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In each of the cases & through 13, Player I does not know his first move 1
at the time he makes his second move 1. The final case, 14, may require
“signalling”, since Player I has forgotten his opponent's move but remembers
his own first move.

The following table preeents the solution of each of the fourteen types
of three-move games. If a game does not have a value, then the solutions of
the minorant and majorant games (in terms of so-called behavior strategies)
are given, as vell as their reepective values v and v. The strategy at
move 1 1s represented by a vector X such that each x, >0, :;_1_11-1;
and similarly the strategies at moves 1 amd J are denoted respectively

by vectors I amd Y.
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Ihree-Move Games
Case Move and informstion Yalue
1.+ () N, max max min a7,
1 T
2. 1 1) Ny max max min | | a7 ¥y
1 x Y TT 1517y
SR Rt
b 1 1(1) 3 max min v, (2]
v oY Z. ZJ: ey
5. 13 14,y max min max 8,74
1y 1
19 1(1,9) max mix. o .3_-5 (max os7p%,7,
31 14,9 min mex max a7,
) _ 3y 11 :
8. 1 1 3(1,7) samo as case 1 3
9 1 1 J(4) sse a8 case 2 (3]
vyemaxmaxmin |, J , a Y
¥ = min max X7
) PTYT P §oum
11. 1 3D 1y esme a8 case 5 [s)
yemmax maxmin ) ) & y
- | 1(y * v 1+ 15747
12. 1 3 1(9) 1
v =min max max ) ) & y
Y iy x T 7 A
13. 34 1y smme as case 7 L3
vemax minmax ) wua (o]
_ 8™11 3
CFIRSTE N (¢ j ®ad s
| vemin max [ (max a,7)y
\ T (1) % 1197

]  This case is eesentially case 2, with the roles of 1 and 1 interchanged.

] Each k represents ome of the pairs of i, 1 (in the later example these are the

four paire: 1, 1; 1,2; 2,1; 2, 2).

(3] Since at move 1 there is a pure strategy solutiom, it may be aseumed that
Player I knovs move 1 at the time of move 1.

(k] xach I. represents one of the possidle ways of choosing 1 as a fumctiom

of 1 (in the example these are: 1 = 1, 2, 1, 3-1).
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The cases of imperfect recall were solved under the assumption that Player

I's two moves could result from mutual strategies, in the sense ihat if

there were several pairs of optimal "“trategles for his two moves , ome pair

of strategies could have been chosen in advance of the play of the gmms.

The following diagrsm shows the partial order of the game values of

the essentially differemt cames, Iin each inetance the smaller value bdeing

associated with the upper emd of the comnecting lime segment.

of cases in the diagram where the partial order estadlishes no ordering,

sxamples for both ways of ordering can be found.

i, 1)

T

I<
e

i(j)

T(i)

jtl)

I

T(1)

j

<|

j

1)
1(1,i)

<

o) i T
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v: o}

i) i)

¥or each pair

i

T(i, )
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j
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Example.
As an example, consider the game vhere each move comsists of two

choices, with the following payoff matrix:

N
11\;; 2
11 ’23
1 2 l2 1
21 |-3 1
2 2 1 2

The following table lists the solutions of this example.




Solution of Example

b

Case Move apd informetion = Valwe X X

1. 1 T(1)  ¥41,) -1 (0,1) (0,1) (0,1) 1f 1 = 1 =1
(1,0) otherwise

2. 1 I ) - 3 (1,0) @ Drrm &Y
(0,1) if 12 (1,0) 1if 12
b1 T(1) E V(g o040 % B
5. 1 3(1) 3(4,)) 1 (1,0) (1,0) 1f 1=3=1 (0,1) 1f =)
(0,1) otherwise (1,0) if 1«2
6. 1 3 (9" - % P (1,0) 1f 1=31 (3, D
(0,1) othervise
7. 3 19 (4, 2 (0,1) 1f =2 (0,1) 1f =1 (v, 1-y)
(1,0) 1f 3=2 (1,0) 1f =2
10. b 1 J = - %r v= % J';’ %) (%1 12.) (g: g)
2. 1 3 L) P g (2, 3 (1,0) 1f 31 (§, D
(0,1) 1f j=2
W, 3 1) L) w2, we O] (1,0) 1f 32 (1,0) 1f 11 (3, 1-3)
(0,1) if =2 (0,1) 1f 1=2

e ~d



Case 14, the signalling case, is the omly one im vaich joint remdomization
would lead to something nev. ARy other case of imperfect recall, under the
asewmption of joimt remdomizatien, could be put into normal form amd theredy
would beooms idemtical with the correspomding case of perfect recall.’ Case 14
for the following revised payoff matrix

IIJi

11 | 2 -3
1 2 -2 2
21 |- 1
2 2 l-10

\(1'0) ir J=1 -
- 1' x - A d I= (1’0)'
\(o,l) 1f J = 2

-t Y-@& D

I«

<l

However, 1f joint remdemizatien vere alloved, the valus { oould be obtaimed by
Player I by the mixture (;AO*B) of the following pair of strategies:

-
i (4
N %__-,_._
1 if =1
A 1 J_eil
2 1r |
B ]2
1 if 2|
T This is a comsequence of Lemma 4 in a paper by Kruntel, MoKimsey, and Quine,
A S Extensive Form , %o be published In the

Jt .
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s, Chunee Moves.

If ome of the three moves 1s a chance move and ene move is made by eash of
the players, them thirteem cases of different informatien pattewns occowr, in
view of the fast that the predadility distridwtiem fer the chance moves may de

a funoctien of a player's move:

l. o i 3
2., ¢ 1(e) 3

3. ¢ 1(e) J(e)

h, ¢ 1 3(1)
5. ¢ 1(e) (%)
6. s 1 3(e,1)

7. 1 e(1) 3

8. 1 1) IV
9. 1 eo(1) (o)
10, 1 o(1) Je,1)
3 & 3 e(1,d)
12, 1 31  e(1,))
13. 3 1(3)  e(1)

Each such game has 3 valme and optimal strategies, simoe it ean de put imto
norma)l form and solved essentially as a 2-move gmme. The details will mot de

glven here,




