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ON A CLASS OF GAMES
Samuel Karlin
T hos porptn
- f 4 ™
The purpose of this note is to\Jdo-cribo: qualitatively the nature of
optimal ltmtogiu for a payoff kermel X(x,y) defined om the unit square

>9\ =
satisfying %. (x,y 0 with n partial dorintim taken with respect

Lon = ,) w gLl Te
to y. Wepresent a oa:ploto analysis for nAgh Howéver, the method
employed easily extemds and will enableseme; by emumerating cuu,—te—
__amalyse the situation for gemeral i, Sp::f;i’:an; Ja-ﬁu%t for
n=3 and n=254 t.ho-umuuphyormopthal-mtogiuin-
volving respectively at most 3 points and at most 4 points of increese.
For gemeral n, it can be shown that the maximizing player has optimal
strategies using at most n points. For the minimizing player the
statement of the mature of an optimal strategy is more precise. There
alvays exist for the gemeral case optimal solutions using at most Ai/“ "2
points, with the understanding that the end points O or 1 'heluod
| are each counted omly half. For example vhen =n 1is odd, M/@,/”".Z‘
half intoprmhmomtmo7lil¢hcadpointuafnuoptim.l
strategy exists -ployinc,\gf po!.nztl This counting procedure applies

only to the minimizing strategies. ( )<—

1. Optimal strategios for player II.
We assume throughout this section that K’ y(x,y) > 0 in the umit

square vith n partial derivatives takem with respect to y and that K

possesses continuous n partial derivatives.
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Lemma 1. If Ky y(x,y) > 0, then there exists an optimal strategy

for player II with at most '3 points of increase.

Remark 1. It is sufficlent to prove Lemma 1 when K (x,y) > £>o.

e Teoo¥

Indeed, if ve perturb K by K(x,7) = K(x,7) + L(x,y) vhere
Ly y(x,y) > &> 0, them Kn(x,y) converges uniformly to K(x,y) and
1

K?'...y(x'ﬂ 2 n

to be an n'! degree polynomial in x and y with the coefficlent of y°

$ >0 for each n. The function L(X,y) oan be chosen

a strictly positive polynomial for x ranging in the unit interval. Each
xernel Ko possessecs an optimal solution Gn for player II of at most %
points in the spectrum. We can select a limit distridbution Go whick also
involves at most % points of increase. Cimilarly, let F denote any
limit distridbution of optimnl strategies Fn of the games Kn(x,y) . It
follows easily that Go and ¥ are optimal strategies for players II and
I respectively for the game with kermel IX(x,y).

Proof of Lemma 1. In vievw of remari 1 we may assume that

K’.“y(x,y) >0 for x,y traversing the unit square. Let Fo(x) denote
an optimel strategy for player I, then the hypothesis and bounded convergence
easily ylelds that h(y) = fl K(x,y)dFo(x) has h(n)(y) > 0. This implies
that h(y) can achieve a va;uo at most n times since otherwise there exisfs
a v, with hn(yo) = 0. Consequently, the minimum m of h(y) can only be
achieved at most % times, end points being counted half as described in the
introduction; for othervise m +¢ with ¢ sufficiently small would be takem
on at least n 4+ 1 timeas. Since an optimal strategy for the minimizing
player can only concentrate at these points, the conclusion of the lemma is

now evident.
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_§2. Optimal strategies for player I with n ~1 apid 2.
The case n = 1 ylelds a saddle point. Inm fact if x, denotes a

point where K(xo,o) = -xu K(x,0), then it is easily verified that x = x,
and y = 0 1is a saddle point.

Lemma 2. Let X be campect and ¥ an n dimensional simplex. If
M(x,y) 1is a contimuous peyoff kernel def'imed on X xY which for each x
is a convex function in y, then there exists an optimal strategy for
player I involving at most n + 1 points of increase.

This lemmma comprises the essential result of [1] . For a more direct
and illuminating proof see a forthcoming paper by the author on the generesl
theory of infinite games.

The content of lemma 2 contains the case of n = 2 being analyzed
in this paper. Player II has a pure optimal strategy while player I possesses

an optimal solution using at most 2 points in its spectrum.

§-’Z' Optimal strategies for player I with n = 3.

Throughout this section we assume that Km(x,y) > 0 and ve establish
the following theorem.

Theorem 1. If K possessos contimous third partial derivatives and
Km(x,:) 20 for 0<x,y<1, them player I has an optimal strategy F
with at most 3 points of increass.

The proof of this theorem will comsist in analyzing the various possi-
bilities. It is no loss of generality to suppose that %(x,y) > 0. An
argment anmalogous to that used in remark 1 establishes this fact. Moreover,
any optimal minimizing strategy involves at most 3/2 points. The various
possible minimizing strategies are therefore of the following forms, where

Iy denotes a pure distribution with full weight at y: (a) oI + (l-cz)Iy
o]
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with o<y°<1, (v) '7104-(1-0)1“ (¢) Iy vith 0<y°<1,
(]

() I, and (e) I,. The strategies listed adove present an emmeraiion

of all the possible vays of obtaining 1, or 12 points, with the

P
Y
exception of one. Tt remains only to shov vhy an optimal sirategy of the
fom aI’o + (1-a)I;, with 0 < < 1 cannot ocour. 1
(A) In fact, if F(x) 1s optimal for player I, them H(y) = J/ K(x,y)d¥(x)
has the properties that h(l) = h(yo) =v, h(y) >v, and h'''(y) ;0.
This implies that h is convex in the neighborhood of - wvhere h attains
a miniwmm and fwrther, since h(1l) = v, that h is concave at 7y, > 7.
Thus h"(yo) >0 amd h"(y,) < 0. But since h"(y) > 0, 1t follows that
h"(y) is increasing vhich is incompatidble with the preceding remark.
In general, ence the yleld h(y) = fll K(x,y)d¥(x) 1s oconvex them it
cannot twrn back and become cencave. °
To establish the assertiom of Theorem 1, we shall show for easch of the
possidble forms of an optimal solutiom for player II that player I possesses
an optimal strategy of the desired type.
Case (a). Since G, = an + (1oa)Iy’° is optimal for player II, any
velue x eocowrrimg vith positive probebdility in an optimal F strategy
mast mply that _/’ K(x,y)46,(y) = v. Let X be the set of all x fer
vhich j‘ K(x,y)dG (y) = v. Evidently, the set X 1is compact. We muw
mmdmo the folloving auxiliary game defined for x im X and 2z ranging
over 2 2 dimemsienal simplex z epammed by 2z,, 2z, and 2a. For x in
X, w®et M(x,z;) = v,-v, where v, 1e the value at 1 of the tangent line %o Kix,y) a
s M(x,22) = V2 - v, vhere v> 1s the value at O of the tangemnt line

to K(x,y) at Yo and M(x,zs) = K(x,0) - v. Extend M(x,z) linearly

over z for each x. It is easy to verify that the hypothesis of lemma 2

are satisfied. Also if F 1e optimal for the game K(x,y), then
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[ M(x,z)dF(x) = 0. Therefore, there exists am optimal
'1*;’( = 11 + ’\2112 + ’\31 ) for which f M(x,z)dF*(x) > value > O.
We consider h(y) = f K(x,y)dF'(x\ The mtorprotation of the game
M(x,s) ‘hovathntthehnsontto h(y) at - A lies above v at 0O and
1. Thus h(y) > v. Also, h(0) > v. However, since Ix,, X2, and Xa
velong to X, we obtain that v < f n(y)ac (y) = j’ dF'"z)f K(x,y)dﬂ( y) = v.
This ylelds that h(0) = h'yo) = v and hence the llope at h'(yo) 0. The
argument of paragraph (A) shows that h(y) I1s convex at - M and h(y) > v
throughout.

case (b). Let X consist of all x for vhich v = fIK(x,y)dGO(y)
vhere Go(y) is optimal end of the form 2T + (1-a)I,. E:idonth, X is
campact. Let M(x,z) be defined over the set X and the two dimensional
simplex 2z spemned by 2z,, 2z, and 25 defined as followa. Put
M(x,z,) = K(x,0) - v, M(x,2z2) = K(x,1) - v and M(x,33) = - Ky(x,l) with
M(x,2) extended linearly over z. If Fo(x) is any optimal strategy for
player I of the game corresponding to the payoff kernel K(x,y), themn
fM(x,z)dF(x) > 0. In view of lemma 2 ve can find an optimal strategy T©*(x)
fuing at most 3 points x im X. If h(y) = flK(x,y)dF’(z), then
n(0) >v, h(l) >v and h'(l) < 0. Since G ?y) concentrates oniya.t 0
and 1 eand f ac () j’ K(x,y)dr*(x) = v we comclude that
R(0) = h(1l) = v. Furthemoro h'(y) is negative at 1 amnd h''‘'(y) > O
requires therefore that h(y) 1s greater than v throughout the umit
interval.

Case (¢). In this case an optimal minimizing strategy exists c mcemtrating
purely at point 7y . Let X ocomprise all x vhere K(x,yo) = v. Agnin, we
introduce the auxiliary game M(x,2) with x in X and z 1n the two

dimensional simplex. Put M(x,z,) = + Ky(x,yo), M(x,22) = - Ky(’"yo)’ and
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M(x,2a) = K(x,0) = v with the usual linear extension. An analogous
reasoning produces an optimal strategy T#( = :zIxx + BI!z - JIxo) with
_/'H(x,z)dF*(x) > 0. The function h(y) = _/’1 K(x,y)d"*(x) has the
};(»ropertiel that h(yo) = v, h'(yo) =0 a.nz h(0) > v . The argument in
(A) and h(0) > v shovw that h ls convex at - and since h(0) > v wo
ecasily find that h(y) >v for 0<y<1.

Case (d). The form of Go is IO. We select for X all x vhere
K(x,0) = v. We subdivide the analysis of (d) into three subcases. (d,)
Lot there exist an opt mal strategy for player I with m(y) = / 1K’x,y)«L“Q(x)
such that m(0) = v, m(y) > v, m"yo) = 0 and l"(yo) >0 fgr scme
wvith 0< v, < 1. We define M(x,z) for x in X amd -z in Z (two-
dimensional simplex) as follows: M(x,z,) = v, - v, where v, is the value
at 1 of the tangent lime to the curve K(x,y) at Y, M(x,23) = va - v,
where v- is the value at 0O of the tangent line to the curve KX(x,y) at
and )M(x,2q) = Kyy(x’yo) and M(x,z) linearly extended over z. It is
immediately verified that [/’ M(x,:)d.Fo(x) > 0. Lemma 2 thus guarantees an
T*(x) = .1Ifl ks BIxz + !’Il_e xvith { M(x,z)dF#*(x) > 0. Let
n(y) « / K(x,y)dF#(x). T follows that h(0) = v, h(y) 1s comvex at
Y, and (t)he tangent line at v, to h(y) 1lies campletely above the hori-
zontal line at height v. Consequemtly, the vhole convex portiom of h(y)
l'es above v and simce h(0) = v, we get throughout h(y) > v. This is
true since omce h(y) 1s convex it camnot become concave afterwvards, (see
the argument of (A)). (dz) Suppose there exists an optimal strategy Fo(x)
such that m(y) = flx(x,y)d.Fo(x) is concave for 0 <y <1l and m(y) > v.
The auxiliary game :a set up becomes M(x,z;) = - Kyy(x,l) and

M(x,z2) = K(x,1) - v. In this case Z 1s one dimensional and we can find
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an optimal strategy F* using two valuee of x in X (the values X
vhere K(x,0) = v). Also, h(y) = j’l K(x,y)dr#*(x) satisfies h''(l) <O,
h(0) = v and h(1l) > v. It follmnomil,y from h'''(y) >0 that h
remains concave throughout the interval and hence h(y) > v. (dg) If
m(y) 1s convex at O, then in a similar manner it is easy to find an
optimal strategy of the desired type.

Case (e). This can be analyzed similarly to case (d). Since these five

cases exhaust all the possibilities the proof of Theorem 1 is mowv complete.

&4. optime) strategies for player I with n = k.

Throughout this section we assume that KM(x,y) > 0. The following
result is demonstrated.

Theorem 2. If K possesses continuous fourth partial derivatives and
K (x,y) 20 for 0<x, y<1, then player I has an optimal strategy

¥y
vith at most 4 points of increase.

The method of proof of this theorem is analogous to that employed in
Treor:= L. Again, without restricting gemerality we may assume that
.4 m(x,y) > 0. Furthermore an optimal strategy for player II involves at
most % = 2 points. The various possidle minimizing strategies are therefore

of the form (a) JI’ + (1-<1)Iy , with 0< ¥o<n < 1,
° 1

wvith 0< > MR 1, ’‘¢) aIl, + (l-cx)Iy with

(b) aIi + (l-oz)Iy 3

o

0<y, < l, (ad) dIo + (1-a)I, (e) Iy vith 0< Y, < l, () 1
o]

(g) I,. We have cmitted one additiomal possidle strategy with total weight 2;

and

o’

namely QI + ﬂIy + (1-a-B)I,, wvhere 0 < : MR 1. This form for an optimal
o
strategy is not possibdble.
(B) Indeed, let us suppose that player II has an optimal procedure of

1
the adbove form. Let Fo(x) be optimal for player I, them m(y) = f K(x,y)dFo(x'
o
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has the following properties: 4(0) = v, m(l) = v, n(yo) = v, -'(yo) =0
and m(y) >v for 0<y<1l. It follows them that m 1is convex at A
vhile concave at O and at 1. Thus m''(0) < 0, m''(l) <0, and
n"(yo) > 0. This contradicts the fact that m''(y) 1is convex which is
required as =a''''(y) > 0.

We shall frequently use this goneral fact that a yleld m(y) of eny
strategy 7 1.e. m(y) = j‘l K(x,y)dF(x) cannot be comcave in two
portionms and scomvex in betvo:n.

The proof of Theorem 2 will consist in verifying for each of the possible
forms of the optimal strategics for player IT that am optimal strategy for
Player I of the desired type exists.

Case (a). Let the minimizing player have an optimal solutiom of the
fom Go = O.Iyo + (1—1)Iyl, where O < Yo <7 < 1. Let the set X consist
of all x for which flK(x,y)dGo(y) = v. We construct nov the following
auxiliary game M(x,z) odefinod for x in X and 2z in Z vhere Z is
a 3 dimensiomal simplex spanmed by the points 2z;, 22, 25 and 24. For x
in X, set M(x,z,) = vi-v, where v, is the tangent lime to the curve
K(x,y) at 7, evaluated at 0, M(x,z2) = vo-v, wvhere v, 1s the tangent
line to the curve K(x,y) at ¥, evaluated at 1, amd !{(x,2;) and M(x,z4)
are defimed similarly in terms of curve K/'x,y) at the poimt y,. The
function M(x,z) 1e defined over 7 by linear extension. The kernmel
M(x,z) satisfies all the conditions of lemma °. T“urthermore, if Fo(x) is
optimal for player I and the game I(x,y), then f M(x,z)d.Fo(x) = 0
Lemma 2 provides an optimal strategy ¥¥*(x) with :t most 4 points in its
spectrum such that J‘ M(x,z)dF*(x) > 0. Put h(y) = f K(x,y)dP*(x). The
optimal nature of F'(x) for the game (x,z) implies tha.t the tangent lines
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to h(y) et Yo and y, lie everywhere above the height v. Consequently,
h(yo) >v and h(y,) > v. Hense, flh(y)dao(y) 2 v. But simce every x
involved in F#(x) is included in xc,’ we conclude that
\fldlﬂ(x) fIK(x,y)dGO(y) = v. Thus, h(yo) = h(y,) = v. Therefore also,
g'(yo) = h'?n) = 0. In view of the remark (B), we deduce that h(y) > v
throughout the unit interval.

Case (b). TFor this case we comstruct the auxiliary game over X and 2
as follows: The values of M(x,z,) and M/x,z;) are exactly as in Case (a).
Put M(x,zy) = K(x,0) - v and M(x,z{) = + Ky(x,o) and M(x,z) for z in
Z 1is defined by linear extension. The set X consists of all x for which

f K(x,l)dco(y) = v where Go(y) = an + (l-a)Iy . By lemma 2 the geme
)

M(x,2) with x in X and z in Z has an optimal strategy F¥(x) with
at most 4 points of imorease such that /° M(x,z)dF*(x) > O.

This gives for h(y) = \fl K(x,y)dF‘"(x)x that n(0) > v and h(y) > v.

It can be deduced in a lci)-ilar mamner to case (a) that h(0) = h(yo) = v and
h"(yo) = 0 while h'(0) > 0. With the aid of remark (B) we conclude oasily
that h(y) >v for 0<y<1.

Case (c). If the minimizing optimal strategy has the form Go = al, + (1-q) Iyo,
then an argument similar to that employed in case (b) applies here to furmish
the desired kind of optimal strategy for player I.

Case (d). Let Go(y) = AIO + (1-2)I, and let X comsist of all x in
the wait interval for which [/ K(x,y)dco(x) = v, Put for x in X
M(x,z,) = K(x,0) - v, M(x,25) = xy(x,o), M(x,2s) = K(x,1) - v and
M(x,2q) = -Ky(x,l) with a linear extension. Again, ome can find an optimal
strategy F¥(x) imvolving at most 4 pointe for which / M(x,z)d"*(x) > 0.

It follovs easily for h(y) = \/'IK(x,y)dF'/x) that h(0) > v, h(l) > v,
o]



n'(0) >0 and h'(l) <.0. Bmploying the definitlom of X ylelds that
h(0) = h(l) = v. On acocount of remark (B) it follows that h(y) > v for
vy in the mit interval.

Case (o). The form of the minimizing solution is I’ vith 0 <y, < 1.
We subdivide this case into four subcases. (e,). Sn;poooot.horo oexists an
optimal Fo(x) for vhich m(y) = fl K(x,y)d.Fo(x) is convex for all y
in the unit interval. Let X Dbe c:)upoood of all x where K(x,yo) v.
We now define & new game M(x,z) over X xZ as follows. For x ia X,
set M(x,z,) = v, - v, vhere v, 1s the tangemt line to the curve K(x,y) at
- A evaluated at 0, and M(x,2z3) = v2 - v, vhere v> 1s the tangent line
to the curve K(x,y) at : 8 evaluated at 1. Finally for the segment
[ta, 24] vhich e choose o be the unlt interval lo,1] , ve aerine
M(x,z) = K”(x,z) . Since the fourth derivative Km > 0, we got that M(x,z)
is convex on the segment [_1.3, 2.4} for each x. The functiom M(x,z) 1is
extended linmearly over the rest of the simplex Z. It obviously satisfies the
requirements of lemme 2. Furthermore, the mature of m(y) implics that
_fM(x,z)dFo(x) > 0. On account of lemma 2, we can select an optimal stratoegy
;*(x) vhich involves at most 4 points in its spectrum for which
{ M(x,z)dF¥(x) > 0. Let h(y) = fLK(:,y)d.F*(x) . An interpretation of the
auxiliary game introduced ylelds th:.t h''(¥) >0, h'(yo) = 0 and h(yo) = V.
Consequently, h(y) >v for 0<y <1l. (ez). Suppose there exists an optimal
strategy Fo(y) for which m(y) = (;flK(x,y)dFo(x) is concave at 0. The set
X 4is chosen as we dld before for (e,). We construct M(x,z;)M(x,s2) as before
while M(x,25) = K(x,0) - v and M(x,z4) = -Kn(x,o) with M(x,z) extended
linearly over Z for each x in X. An optimal strategy using at most L
points for the game corresponding to M(x,z) turns out to be an optimal pro-

codure also for X(x,y). The details are similar to the preceding cases. A
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syrmetrical e 'gument takes care of the possibility when m(y) 1is concave

at 1. (es). We assume now that there exists an optimal strategy Fo(y)

for vhich m(y) = ‘/dx(x,y)d.r«'o(x) has the following properties:

m'(y) =0, n(y) : v, m(y) >v for 0<y<1, there exists a 0<y <y,
for which m''(y,) >0 and m'(y;) = 0. Let X comprise those x for which
K(x,yo) = v. Let Z be a i dimensional simplex spanned by 2,, 22, %3, I

and 25. Let for x in X M(x,z,) and M(x,zz) be given as defore. ilso,
put M(X,%3) = va - v, where vs 1is the tangent line to the curve K(x,)

at y, evaluated at 0, M(x,z4) = v4 - v, where v, is the tangent line

to the curve EK(x,y) at y, evaluated at 1, and M(x,2s) = Ky’(x,n) =
Furthermore M(x,z) 1s extended linearly over Z. It follows easily that

{ M(x,8)dF (x) > 0. We now verify that the optimal strategles for player IT
for the geme with payoff M(x,z) cammot possess an interior pure strategy I, .
Otherwise, { M(x,2)dF (x) = O for it is simple to shov that the value °

i zero and therefore m(y) = /K(x,7)dF (x) satisfies m(y) > v throughout

and m(y,) =v, m'(y;) =0 and m''(y;) = O which contradicts the assumption
made on m(y). In viewv of [ 1] and the corcllary to theorem b of [2] , we
can conclude, since I‘ is on the boundary of Z, that there exists an
optimal strategy l'"(x)o using at most 4 points. Let h(y) = .flK(x,y)dI‘*(x) .
It follows that h'(yo) =0, h(yo) = v, the tangent line to lc;(y) at y,
lies above v for 0<y<1l and h(y) is convex at y,. Nov with the aid
of remark (B) it is easy to show that h(y) > v throughout the unit interval.
A symmetrical argument works if the loops of m(y) take place on the side
tovard 1.

It remains only to consider the case vhere n(y) = f K(x,y)d.Fo(x)

satisfies the same properties as in (e3) except that y, = 0. We then define
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M(x,z,) and M(x,s2) as before while M(x,zs) = K(x,0) - v and
M(x,24) = Ky(x,O) with x any point in the set X where K(x,yo) = V.
A simple analysis with the help of the game M(x,z), shows in this circumstance
the existence of an optimal strategy of the desired kind.

(i) The final case consists of a solution ?o(x) such that
n(y) = f; K(x,y)d.?o(x) is convex at v, and at O 1in such a wvay that
m'(0) > 8. The auxiliary game used here is the same employed in case (D).
An optimal strategy F¥(x) using at most 4 points exists with
n(y) = /K(x,y)dF*(x) such that h'(y)) = 0, h(y)) =v, h(0) 20 end
h'(yo) > 0. It follows on account of ‘A) that h(y) > v in the unit interval.
A symmetrical analysis applies if m(y) 1s convex at 1 with m'(y) <O.

Case (f) and Case (g). The arguments for these two cases are similar

to the preceding.

The proof of theorem 2 is now camplete imn view of the fact that we have
treated every possibility. It is interesting to note that the proof of
Theorem 2 introduced some new techniques in order to exhidbit the desired
strategies. In partioular, we emphasize the proof of case (e).

In a future paper we intend to present a generalization of this result
to the case vhere X ranges over a compact space and y traverses a k
dimensional set with the cond’tion :{y.. .y(x,y) > 0 replaced by the requirement
that the nth term of the Taylor expansion in y should be non-negative. Also,

the question of uniqueness of the set of optimal strategies can be analyred.




8 7. Dimensional relations.

In tials section we =amalyze further properties of the optimal strategles
for the two cases considered in sections 3 and 4. 'do‘.doal first with the
ca~ where Km(x,y) > 0 . Here any optimal minin!zing strategy must be
confined at most to two points, O and y, or 0 and 1 , and we can
therefore speek about the dimensi-n of the set of solutions for the minimizing
players. The two possible cases are O and 1 dimensional sets. If the
spectrum for the optimal minimizing strategles le restricted to one point,
then clearly the solution is unique for player IT.

ase (a). Let us suppose that player IT has a one dimensional set of
optimal strategles mixing the pure strategies O and To o with 0 < Y, <1l.
There exist at least two optimal strategies of the form G = )«Io + (1- )\)Iy

(o]
and G' = NI+ (1- ,\')Iy with X £ A . We consider the set X of all

n

o
x for which f K(x,y)aGc(y) f K(x,y)dG'(y) = v . Explicitly, we odbtain

» [kix,0)-v] + (1- ,\)[x(x,yo)-v] -0

(1- A)[K(x,3)-v] =0 .

+

A [E(x,0)-v]

A8 A4 A, ve find that K(x,0) = K(x,y ) = v . We now construct the
auxiliary game where 2z consists of a one dimensional simplex spanned by
z, and z . Put for x 1im X M(x,z,) = 'Ky(”’o) , M(x,23) = Kw(x,yo)
and let M(x,z) be defined on the remaining points of z by linear extension.
There cxists an optimsl ©* using only two points at most. In view of the
nature of X 1t ie easily verified that F™ 1is an optimal strategy for the
geme given by K(x,y) .

Case (b). We aseume that player IT has a ome dimensional set of strategies

using only the points O anmd 1 . It can be shown as above that there exists
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an optimal maximizing strategy consisting of at moet two points of increase.

We have thus demonstrated the following theorem:

Theorem 3. If K satisfies K)w(x,y) >0 and player IT possesscs o
one dimensional set of optimsl strategies then player I can find a solution
using at most two points of increase.

In a similar manner we can obtain

Theorem 4. If K satisfies Kym(x,y) > 0 and player IT possossos =
one dimersional set of optimal strategies, then player I can find an optimsal
strategy with at most three points in the spectrum.

Every czse 1is easily handled but ome. GSuppose the minimizing strategy
has a ono dimensional set of solutions using T, and y; with 0K : <y <1
Let X consist of ell x vwhere K(x,yo) = K(x,y1) = v . /n argument as in
Theorem % shows that these are the only points x which need be comsidered.

We construct the folloving auxiliary game defined over X and 2z where 2

is 2 tvo dimensional simplex. Put M(x,z,) = the tangent line to K(x,y) at

Vo evaluated at 1 mimus the tangent line to K(x,y) at Y, evaluated at

1 . M(x,z5) = the same as above except the evaluation takes ploce at 0O and

T ¥
2

If 7 18 optimal for the game corresponding to K(x,y) then {M(x,y)dl"(x) =0.

M(x,23) = the tangent line to K(x,y) at y; ewvaluated at minmus v .
Thus lemma 2 provides an optimal strategy T* using at most 3 points of X
wvith /' M(x,y)d"* > 0 . One can easily verify that F * is optimal for
K(x,y) . This.completes the proof.

y.O
with respect to y , it can be shown that if the y player has a k dimen-

In the gemeral case where K .’(x,y) >0 for n partial derivatives

8ional @et of solutions, then the x pleyer can find an optimal strategy
involving at most n-i points in its spectrum. Ve omit the proof sinsce it

is only leng and tedious.
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% 6. An application.

We close this note with an application of Theorems 1 and 2 to a class
of matrices. First, it is important to note that the conclusions of Theorems
1 and 2 remain valid vhen x traverses any compact set and where y ranges
over the unit interval. Ve consider now a class of matrices (au) l<i<n,
1 < j < m, satisfying the requirement that Aka“ >0 for each 1 where k
is a fixed inte integer. It is easy to show that if there exists a finite
sequence of numbers a_ (r =0,1, ..., m) which satisy Aka.r > 0 for each

r , then the function f(y, defined as

£(r/m) =a, r=0,1, ..., m,

and defined by linear interpolation between the successive values of r/fm,
possesses the property that Akf(y) > 0 with the difference increment taken
to be 1l/m. We perform this extension for every row of the matrix and we
secure a function X(x,y) with x ranging over a finite number of points
i=1, ..., n and y over the unit interval. The conclusions of Theorem

1 and 2 remain valid for such a setup where k differentiations with respect
to y are replaced by a process of k differences. Consequently, we can
find optimal strategies of the game K(x,y) for player I and IT using at
most k points and k/2 points respectively. Due to the linear nature of
K(x,y) any point Y, ©an be obtained as a convex combination of two values
rfm < vy < r+l/m with X(x,y,) = AK(X,r/m) + (1-A\)K(x,r+l/m) . Thus in
terms of the origimal matrix both players I and IT possess solutions employing
k at most k rows and k columns.

Theorem 5. If a,, 1s a matrix such that for each 1 Aka 20 for

1)
all J, then both players have solutions using at most k rows end colums

respectively.
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7inally, we remark that all the amalogous results hold for the situations

- - <) .
where hyu_y(x,y) <o, Kx--'x(x’Y) >0 and Ax---x(x"” >0
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