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Hjr TJ*lllnf; C,  Koopnana 

aftcir «uthorfa naao:    Cha:ico footrxjt« reference froa 1 to 2. 

•bora lln» 1 of text:     Inaort Boctlon hoadirv;t     lüTHOD^XTIOM 

Una U*      For mcmn thoy be eoperatcd"  road "let  ua  first aak 
c   ourselTes whrther -hcry can be eeparated." 

Una III     Inairt "Howtrver," before "auch", 

Una 13«    for "production problona as"  road "the potontlalltlea 
of efficient nrodaction in  the oarm way**, 

Una ll»t    Inaert "of nroductlon" after "factor»", 

line l^i     Inaert "indeed" before "poaolble", 

Una 19i    For "In"  read "Tith t^ia undoratandln^,  thorefora» 
«a can in"« 

footnota •!    Chanrra • to "1",    Inaert "To ba reprinted aa Cowlaa 
Corr-dsaion Paper,  No.   f?2." 

footnota li    Chanr« 1 to 2.    Dolote "aovpraa  colleami^a at tha 
Cowlca Comdaslon,   lncl•i(llnr',1.     Inaort "0.   H, 
Dantslp,   N,  Ooornoacu-Popfrn"   after "C^iflBt", 
For "Paprr-1 rcid "An earlier v^ralon of thia 
paper waa".    Include footnotefln footnote 1« 

pa^a 2» Una 2i 

Una It 

Una 61 

Una 7i » 

Una 9« 

Inaert footnota reference 3 after "a otlrv:»". 

Inaert footnote reference h after "State". 

For "operation"  read "oprrntlona"#     Inaort "acononio 
thaoriat'a oodol of" before oonfiatitiva". 

Delete "of econonlc theory*, 

Chan^a footnote rofcrencea 3« U to ^v 6, 

Una 12»    Change footnote raforoncaa $-7» to 7-9, 

Una I61    For "It ia mtfilciert" read "Rfficiancy can alao ba 
aohienrad"* 
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r-ee 2, Insert footnote ) aa followsl Tho mcetin;;s of the American 
tconondc Asoociation ocntioned in f oo t note 1 were orr,aniz 
arolni tho thema of "A StocktaJd..nc of Ar.:lericon Capitalise." 

~ tootnotoe 2-7 to read L-9 • 

.,.,. ), l1De U• Insert after "obj tive" 1 "To tlaXim:izo t he military 
effectiveness or security obtcincd from ivcn ro­
eources ld.thdrarm from othe r uncs , or, cquivalentl.y, 
to attain a required 1 e l of oecurity at rn1n1mum 
coat in t erms ot resources withdrawn." 

llne 12• Change f ootnote reference from 0 to 10. 

~ 19• Por "conducted too tllCh in ~ad in~titu 1on:U terms" 
read "concerned too II'UCb with absolute irJJtitutional. 
cat.ecoriea"., 

Insert 

,_. J&. wert aboYe line one the eoction heading 1 A 0 .L OF m:m TIO!f. 

line 7• Change footnote 9 to 11. 

l1De 10• Por " ,\Jch substitution 1n p!"'duction arises" read 
"Actually, much substitution in production, between 
alternative factors aa well u between altcnative 
products or product-factor coat>inationa, arises". 

l1ne U• Insert "diecrete" before "proceeeea". 

Una 12• Insert "cont1nuoua" betore "Yariation" J for "in" read 
"withiD". 

11M 17• Chanee footnote 10 to 12. 

footnote.• Chanee 9 and 10 to 11 and 12. 

toot.Dot.. 12, line ) 1 tor "botb to be included 1n a forthcoming 
.,no~aph of the Cowloa Col!lld.saion" read "in Activitr 
~ia of Production and Allocation, ~t.11 J li): 
•e at ena or rootiiOte• "R8Priilt9d in leoent to 
Ecoml!lrt.r1ea, Vol. 17• Jul¥, 1949.• 
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...,. ~. line lt Por "positive" read "nonne~ativo". 

11ne La Insert after "outputs." t "All comroodHy flows and 
activity levels arc constant throur.h time. " 

line l)a For "are" r ead "l!JSY be". 

line 17• In8ert footnote rc!eret .... e 1) ar er "proportions". 

In8ert. footnote 1) as to :tlon: "For a ~ivcn ratio or labor to 
land inpute (not correspondins; to one C'f the point s 
o lectcd) the inputs of land and labor requ ired to 
reach t ho 1soquant l evel of o t t arc s li ,htly lena 
in tho continuous cl than in he dlscrt! e . Pl 
because i n he continuoU!l r.nd 1 l abor can he a pli 
uniformly in that ratio to all lan involv !1 
1n the (artificially r NJ rlcte ) diner 
labor i3 a 11 . in different rat i s to t sec r s 
of he land. llo~evcr, the ff er nee in inrrut:J between 
the two roodel8 can be nade arbitrarily small by 
oolcctinr, a eufficient number or basic pointe in the 
discrete 1." 

~ 6, Una lt For •.ecomodatea" read '~an accoiiiiiDdate". 

Une 4• Delete comma att.er "altemativAs" and inaert "such". 

line S • Insert "various" be ore " ~ods". 

line lOt Chan e footnote refer nee floom ll to 1.4. 

line 1St For "feasible" read "pons ihl o." 

line 17• For ·~ensiblo" r ead "attains le" . 

l1ne 21• Chanao footno te reference from 12 to lS. 

toot.notoa 1 l"em..d>er 11 and 12 to read lL and lS. 

tootnota lS, line )t For "and" read "":7h.lle". 

line L• For co1rna beforo "zero" read "are" J Jt'or 
"input coot!icients are" read "ncr,ative 
coefficients or the disposal activity are•. 

~ 11 line )a For •acceasible" read "attainable". 

ll.De lu Por •.cceasible" rMd "attainable.• 

U.. 6. T• For •Instud ot apeaki~ of" rud •u a 8J11011J11 tor-"J 
ror -... oan aleo uae the 8)11010.,... upr•aioa" read 
- alao UN the apreuion". 
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prntf 7ß lln« 10i    ChAn^e footnote reference frr*i 13 to 16|    For "for* 
read "In". 

line 12»    For "does" road ,Vlllf,
# 

line 13*    Chanre footnote rcforenco from Ih to I?» 

between lines  Ui and l^i     Insert SfCtlon hcadirvrt    FITICTTTJCT rRICLS, 

lines 16#   17»    Change footnote referencoa from "Ut and 1^ tr  IB and 1^, 

footnoteet    Change  footnote roforenroa  from 11-15 to  16-lfl» 
A/llno 10, 

footnote In/    For "^resent analysis"  road •'present study^» 

p*^e 8t line 2i      For "in relvi^n*1  r^aJ "relative", 

line hi      Delete "entirely. 

line 5* FOP "only olenents Tindorlylnr thin price c^nceot are" read 
"foundations on r'iich this price concept is erected cor>- 
eist onli' of", 

line Hit    Aftor "point"  insrrt "in question", 

lino IB»    Charvre (3) to readt    "The prices of all final  r^tods are posltire." 

botweon linen  1^ and 19:     Insert "(U) The prices of p.ll prinary good« 
are nonno-atlve." 

lino 19»    For (U)  read (5)l For "or"  road "of", 

line 20»    Change footnote 15 to 20, 

line 21«    For •on"   read "aa to", 

footnotee«    Chan-e ninhors fron 1<> and 17 to 19 and 20. 

footnote 19«    For "to be included in a forthcorlnf» Conlos rr-Jnaion 
'bncranh"   read "in activity Analysia of  Pro iuc* ion and 
Alloeati^nj  op.  cit.71 

peg« 9f  line 1«      For"acce8sible"  read "attainable", 

line 15«    For "Al thoae intere«ctions"  read "In an efficient  point 
located on one of tv;c3o intoreoctions,", 

lines 17» 18«    For "In this case" read "In the apocial enso of such 
an efficient point,"• 
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~ 10, 11M St Por "ar,ainst" road "for". 

Unu 12-lSt Repl.lce by "propo3ition). In that ease, and only in 
that case, there is no 1"frlY or uninc tho new opportunity of 
.... h.nd•• -'••'-h.., &.n 41n.-.h• ""t.tnn wi t!h v•'f":L•t.i.~n" In t.~ 
levels of tho othor ( productive) activiti es or not, eo aa to 
increase tho net "output" or any final r,ood without decNaa­
inc the net "output" of some other final r,ood~ 9ocause or-. 

between lines 17, 10: Insert section headingt mx;;, JTRAJ.IUTIOU 01 
Dttli>IOtr>. 

l1.ne 221 For "!or attaining" read • that ons\ln'". 

lino 2L 1 For "nonner;ativo" read "podtive" • 

p&l!e 11, line lt For "is" read "flAY be". 

....... 

-· 

line 4 t For " to ac vity yiodling" r ead "Arty activity yiel..d.inr." • 

lino S• For "en~ar:ed in" read contracted". 

line lOt Chani;e f ootnote reference from 10 to 21. 

line 121 Ins ert period after "T.lllintaincd" and delete r st of paragraph • 

betwoan lines 1) and lLr Insert followinr, parar,raph: "It should be 
onphasized that, if an inefficient otate of resource 
allocation prevails i niti ally, it is not clai:JCd that ad­
her ence by all concemcd to the rules stated l"'Iuld l ead 
the ccc~ism to an efficient point , or cv n clo3e to 
such a point, in a stated tine interval. To establish such 
a cl.ai.r.t would require a dynar.ri.c analysis restin~ on a mre 
prccine dynamic epcci!ic~tion or the M.ll s in ques tion· (b7 
~ ~ch to expand a profitable activity, etc .) . It is 
clair. d only that adher ence to the rules will pcrp tuate 
an f fici nt s tate once it has somehow come about. Thus, 
the idea or variation in the stecrin~ prices or in t he 
technolo"Y to obtain other efficient points t must also be 
understood in the sense of cocparative statics, not as a 
Chant!• throur;h time. ~ 1t The rules that have been stated• 

line l41 Delete "These rule•" and run what follcr.m into the ahove 
1naort. For "stated" read "!orraulated". For "ange" read •t.nge'\ 

line 16t For "thus combine 1n ono decision unit several" re&d "who 
thu. represent in one decieion unit a coDibination or several•. 

llne 19• ror •a composition• read ftthe composition". 

11ne 2S• lnaort •prcceee" before "naana~r-.•. 

l1nl 261 IDaer\ ttprocul" before manaeer" • 
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12, line Ut    Chane© footnoto reference from 19 to 2?. 

footnote! Change nuribcr of footnoto fron 19 to 22# 

Pftm I3p lino $t     Insert after "Titloa."!     "PtQrslcal doprociation of capital 
lu taken into account, of couroo, aa an Input floir." 

Una 9«      For "prcyvloualy" read "usually*', 

line 10t     Insert "both nraninrf il and"  aftor "ouppoeodly". 
/or "knowledrre la aaaunod"  road "aaaunptiona are nado"» 

line II41     Insert "Input-output" before "coefficients". 

At and of article insortt    Cowl»»8 Comlsalon for Penearch in Economics 



Tjallinl C. KooJa&ns* 

The probl•s ot welfa re econaaics can be broad.l7 arranaed in two 

groups: the first aroup is concerned Yi.th 110st efficient allocation 

of resources in production, the second with aoat deeirable distribution 

of ca.aodities or of inca.e. WbUe these two probl• areas can be 

distinguished, can they be separated? Do the7 not han& toaether 

particularly through the effect of the rewa rd tor huaan ettort on the 

quantity and oua.lU.y of that ettort . 

Any t heory ot optimal choice must specify what aspects ot reality 

a r e accept d as given ! acts, what as pects are reaarded as subject to 

choice , nd v.'hat is the objective guidin& such choice. The taous so-

c i ali s t maxima "tram each accordin& to his abU1t7, to each accordin& 

to his n eds ," seellls to aastae that h\llan effort is aYaUable in &ben 

quant ity once needs are met. ~~ch an assu.ption is not necessar.y to 

j~~ti.ty the separate s tud.7 of allocative etticienc7 in production. We 

can s tUI..i y pr...uuction probles as ...-e stud7 a d-.nd cum or a:rrr other 

behavior schedulea Asstain& that certain a.ounts ot labor, land serrl.ces 

and other factors are vaUable in pven quantities, how can we ch&rac-

t. rize efficient modes ot production, accordin& to eJIIIe &i.Yen criterion 

of etticiency? Such an inquiry can be useful even t 'aouah considerations 

outs ide the sphere of production aa7 further restrict the auantitatiYe 

factor CCIIIbinations that are possible. 

* I am indebted to several colleacues at the Cowles Ca..ission, includina 
• Christ, • Hildreth, J. Marschak, S. Reiter, tor Yaluable ca..ente 

and suggestion • 



In the present paper ~e concentrat entirely on the problsa or 

efficient alloc tion in production. Much of the l iterature touchinl OD 

this topic i s concerned "'ith the eYal u tion or alternative institutional 

or administrative torme ot organizinl production. This evalu t1on forms 

part or the grand debate on the merits or private or corporate enter-

pris e versus a centrally directed economy -- a debate touchina upon the 

broad theae or the present 11eet1n« and illportant in ights about out 

topic can be sained t~ this debate. The ta.ous article by Enrico 

Barone on "The Ministry or Production in the Collectivist State" l emphasized 

t he idea th t an eeonaay under centralized direction, to be etticient, 

should in most or its operation satist) the same formal conditions as are 

satis fied by the ca.petitive society ot econaaie theory. This idea has 

b~en subst ant1al.ly accepted by all participants 1n the ensuin« debate . 

The controversy was about m thods ot satis fying these conditions. 

Von Hayek2 
and Robbins) arsued that it was blpos sible to 1apose thes e 

condit ions by explicit calculation in one central ottice and by centralized 

adainis tra tive direction b s ed on t he result s or such calculation. A 

4 5 6 n\abe r or writers includini Dickinson, Lan«e , and lAmer , then took up 

the " Soc iali s t" s ide or the debate, 1ncorpor tin« in their IIOdel or a 

socialis t econCJIIlY the r elevant theoretical consecuences , but not the 

actual torm ot compet i tive organization. These uthors a rgued that, in 

1. In " Collectivist Econcmic Planning," edited by F. von ayek, London, 
1935, see PP• 24 5-290. 

F. von Hayek , "The Pre sent St ate or t he Debat e ," l.c. PP• 201-243, 
e spec ly pp . 07-214 . 
J . L. • Robbins , The Gr eat Depression, London , 1934, see p. 151. 
4 . M. D. Dickinson , "The EconOII.ic b s is of ocialiSIII," Political 
Qyarterl x, ~ept.-Dec ., l 9JO . 
5. O. Lange and F. T ilor , "On t il e. Econa.ie Theory or Soc1alisa, " 
Minneapol i s , 19) 8 . 
6 . A. P . Lem r, The EconOI!lWo! .... ontrol, Ne· .. York, 1946. 



order to attain the objectiYes ot socialist ec~ ceDtralbed 

calculation is not necessa~. It is sutticient it all •anacers ot 

individual plants or industries respond to price s75t• applicable 

to the whole econca,r, in a manner prescribed by the tol101roi..n« nll.esa 
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the m~er ot any plant should produce any output or output ca.b1D­

tion at llinilnD cost, and the ~~&na~er or ruv plant or industry sbcNl.d 

arrange tor production at such a leYel ae to eqaate price and aaraia&l 

cost. 

This all too brief su.rYey sbovs that there was considerable adap-

t ation ot earlier notions ot a socialist eco~ to the theorist's 

ima&_ ot a compet1tiYe enterprise society, aa the discussion vent on. 

To remind us that the real wrlcl always otters a areater Yariety or 

problss than our att•pts a t tbeori&in& bave enrisa&ed, a new cont r -

bution to the discussion has recently came tra. outside aoad.aic 

economics . M. K. Wood, a sc ienti t and ad&inistra to I", and G. B. Dantzt,, 

a thematician, both ot the Depar..aent ot the Air Force, wen !aced "'itb 

t h allocation problems or a widel7 raaitied part or the .tl!tar,r eatab-

11 lwtent. n this probl•, th~ existing adJdnistzaatiYe structure pi"'ridea 

no ternative to centr direction ot a complicated ettort in.olYial a 

l arge maber ot &eods and serrlces , all to be geared to one aeneral 

objective. In this situation, a s they nport in two recent articles in 

E&onqae~£ica, 7 the7 revert to the •ethod discarded b7 all participants 

7. Marshall It. Wood and Georae 8. Dantzi&, "Pro&~ ot Interdependent 
Activities: I General Discussion," Ec:c;etrica, Vol. 17, J1Jl7..()ctober, 
1949, pp. 193-l99J and Geor1e 8. Danta , "PI"'&r~ ot Interdependent 
Activitiesa II Mathematical ~~el," ~., pp. 200-211. 
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1n the debate who caae a.tter Baroaea the actual colleotioD ot releYBDt 

techldc&l 1Dtonaation 1n one oenter and the calculation ot an allocation 

procraa to serYe as a basia ot a larae m.ber ot detalled directives. 

They see 1D the denloJaent ot electroaic ca.put,ers a new possibility 

tor t.bia aetbod, untoreseen 1n earlier pbases ot the discussion. 

This 1ntereet1D& tum 1n the discussion ahovs, it ee-.e to ae, that 

the earlier clbcueaione bad been conctucted too aucb 1n broad inetitu-

tioDal te.-e -=a.passina the entire ecoDa7. Eve 1n the capitalistic 

enterprise eco~, there are a&n7 sectors where the pideposta ot a 

oa.petitiYe aarket are lackin&, and explicit analJaia ot tbe allocation 

probl• ia needed. An;)ther exaapl.e aq be added to that diacuased by 

Wood and Dantzic. In deteN1ni.n« the beat pattem ot routiD& ot •ptr 

ra.1lroad carw, there are no •rket quotations pl.ac1Dc ditterenti&l prices 

oa alt.ernatiYe leop-aphic locations ot cars. Present arraJ~~•ents onl7 

pendt thi~ cOIIplicated probl• to be haodled bJ ectatnhtrative direction. 

In .aet ot the present paper we shall therefore le&Ye aside the 

queatioD ot t.he lnatitutioaal aJTalll•ents UDder which allocative deci-

siooa re ude. e wiab to coacentrate on the toJWal conditioas tor 

e!fic1ent use ot resources, so as to leaYe the door open tor later 

application within the plant, or to the indh1.dual tina, to public 

enterpriaes or adainstrative or1ane , to an 1Ddustl')', or to the ~ 

as a wbole. The aa1n departure ti'WI prerlous anal7aee in welfare 

econaaics is 1n the adoption ot a ditterent IDOdel of production. 8 In 

8. This IIOdel was first presented be!ore the ~.adison aeetiJaa ot the 
Econa.ttr1o Society in Aupat 1948, see "A Kath-.atical Model of · 
Production," &:oac.etrica , Vol. 17, No. 1, Jan. 1949, pp. 74-S. It is 
closely related to the IIOdel ot YOn le1aann, see "A Model of GeDeral 
EcODiaica &qui.l1br1•," Re!iev of Econ.ic Studies, Vol. lJ and 14, 
194.5-47, pp.l-9, and to that of DantSilfi. c. 
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this IIOdel, we sball not preauppoae that Mrginal coet is neceaaarll7 

known quantitatiftl7 to the -.nagar ot the incU~idual production ~··• 

or even definable in te~ ot technological data a~..Uable to hia. Much 

substitution in producUon ariaea throuch shi!ta in the en.nt to which 

alternat1~• proceases are used, rather than through ~arlati011 in !actor 

cc.binatiOilB in the 1nd1~idual process. The ~· or the present 

IIOdel 1s to demonatrate that the poas1b111ty or such ahi!ta 1a sutticient 

by itself to .. t.ablhh the ~~oncepta or Mrg1nal , ... ~uetirltr aDd -.rginal 

c~t vbere applicable, and a 110re pMral conoept vbere tbeae are not 

applicable. For aiaplioi t7, w couicler • statio IIOdel Olll7. 

• • We shall aplor t.o buic coaeepta, the ccwaditr and the actirltr. 

Each co=odity 1a aaau.d ha.ogeDeoua and pertect}7 dirlalble. An 

acU'Yity, 1! carried out at a unit leftl, cona1au 1n the trautorat1CIO 

or gi~en quantities ot sa.. e• Eodities lnto il~•n quant1tiea or other 

cowod1Uea, per unit or t~, It is aaa~ that the level or arq 

acti~it can be &n:f posit!~• lalltiple ot the unit lewl, aDd that tbe 

in•ol•ed are the s.- .UUple ot thoee inolftcl in the 

unit level or that acth1tr. Hegati~• nova represent 1nputaJ poe1ti~• 

now 1 OUtJ."lta • 

It vill be clear that this IIOdel rules out ind.lrlsibilltles aa w.ll 

a.s increasing or decreasing returna to scale, and caDDOt be uaed 1a the 

an&:1.,ya1s or &n1' probl.- in which these phena..na are i.llp)rtant el-.ot.a. 

Apart tr011 thia apec1allzat1on, the nerlb1llt7 ot the IIOdel ct.acribed 

• For 111uatrat1•• applications or the•• coecepts, SM Marshall I. Wood 
and Qeorge B. Dantd11 ORe cit.; C. Hilctreth and S. Reiter, •OD tbe Cboloe 
or a Crop Rota iCIO Plan,• and T. C. loos-ua aDd S. Reiter, •1 Moclel ot 
Transportation,• both to be included in a tortbcc.inc .anograpb ot tbe 
Cowles COEd.ssionJ aM also T. C. I~, •Optlal ut1llsat10D ot the 
trant~portation ayatea, • JINicMdinge ot the International Statistical 
Conference held 1n Waahingtorl, D. C., Septeaber ~18, 1947, Vol. 51 1949. 
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Meda to be e-.pha•111ed. Cas•• where continuou s subetl t ution within oaa 

productive p~ea~ is poea1 la can be approximeted as eloaaly as desired, 

at least for ,urpoeea tt! tba017, by introducing a larger nuaber or act1•1-

ti')fi . If wheat production depends continuously ·on the quanti ties or laDCl 

aDd labor, one ~ aeleot a •u1't1c1ant nUJaber or quantitati•e ratios 1n 

vbich land aDd labor are coabined, and let each of these define a poes 1bla 

vhlat-producing actirlty. \11th reference to a gi"n boquant curve in the 

lud-labol"-pl.aM, th11 ..... tba aelactioa of a nuaber or pointe on t he 

eune ( ... diagraa) • Other pointe on the boquaat curw eu tben be 

labor 

approxt.ated b7 oaab1niac tvo .4jaoant selected aot1•1t1ea 1n suitable 

proport.1ona. .& a1.111lar dertoe CaD be applied 1t 110re thM tvo factors 

are cont1nUCIIU8 subati tutuea. Tbua, vbila the Mdel accQIIIIOI!atea e .. aa 

of oont.inuCJIUI 1ubat.1 t uUon, 1 t 1a especially dea111*! to !Delude t.hoae 

eases vbere aubetitutioo eonaietl 1n relative quantitatl•• ahltta 

betvHil cU.ae,.... alternatives, as we ... s o often in industry. 

ile shall cla111ty the good.l and aerv1ces into three categories, 

which -.y or course be defined differently 1n different applications or 
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the Mdel. Priar7 goods aN thoee which now into production from nature, 

or tram outeide the eector or tbe econo.;oy coaaidered, at a rate which 

by asauaption cannot exceed a:hen ava1la'b111 ty 11111 tatione. l'inal gooda 

aJ"e thoee produoed eoocD vhieb u-8 dHired for purpo8!1 or Coaauaptioo or 

delivery outside or the eector or the eeonaa,r etudied. 9 lnte~ate 

goode are those produced goods which are not wanted in t.beMel vee, that 

is , tor an.y purpoee other than their use ae 1 nput.a to t'urtber ac t1 vi-

ties or which the ultimate purpose 11 the production or t'1W goo4a 0 

\~bat ..,. shall call a (technologically) feasible set or net outpu t. now• 

of all ca.!IOCtlties. We shall call the set or activity lnele, and alto 

it (a) t he net nowa or all t'i 

(eeona.ieally) ~eo•••l lt 

c,_,wtiti es are nozmegati" (~a ~ 

we cannot draw directly on nature to till a det'1c1 t), it (b) the net 

novs of all primary gooda ar! nonpoeitlV! \ becaua! W ha .. no UH for 

the surplus) and etay vithin t he availability llmitatione, and it (e) 

the ne t nove of all i nter.ediate ,oocJa are zero, 10(beoaUH both 

conaiderationa adduced in parentb•••• above apply). 

We nov cone to the concept or productive etticienc7 upon whiob 

all su equant anal.rsil builds tort.b . All acoeui le eet or e--.. 

9 To obtain a clear eeparaUcc betWMn prillaJ7 aDd final good.a, we 
shall regard direct conauaptioo or gooda available in nature, auch u 
drinking water !rom a brook, u an ut.in t1 convertinc tbe natural 
resource •water" (input coefficient -1) into the ~- aood 
•drinking vater" (output eotfficient +1) • Similarly, lebun 1a the output 
or a recreation activity of vhich tJw 1Dput is that paJ"t Of labor which 
11 not used as input in other act! viti ... 

1 • It migh t 0. thoqbt that vute producta are inter.ediate eooct- llith 
poeitive net output. However, it their diepoeal 11 ooetlMe, ve O&D 

aaintaln t he zero net output oonditian by 1Dtl"'ducinc a diapoeal aatintr 
vith input cottftcient -1, and all other cot!fieiente, nro. It diep.-al 
Uee up reeourcee, addi tioaal inpat ootft'1ctenta are called tor, aDd the 
zero net output req~nt is aeaential. 



nowa, as well as an:y set ti: ~cu v1 ty levels g1 ving rise to it, 11 

called efficient if there ia notother feasible set or caa.odity tlowa in 

which all nows are at least as larp aa the correapcmdin& nowa in the 

original set, while at least one 1a actually larger. Instead ot apealdni 

or an efficient set of ca.nodi ty flove, we can also use the sfD''~ 

expreeeiona an efficient point in the cOIIIIOdi ty apace. In general, the 

notion or the set or all efficient points corresponds to the notion or a 

poeral tranafOrMtion 1\mctica, diacuaaed by Lange11 and others. Rowe~er, 

tor certain IIOdels, depending on the number of aeti vi ties and the value• 

of their technological coefficients, the efficient point set will not 

poeees a sufficient number ot ~uions to make the notion of a trans­

foraation function applicable o• 'l'h8 efficient point :1et therefore 

conatitutee the aore general cooeept of the two. 

We shall nov 1 ve a number of conclusions t hat can be derived by 

mathematical analysis** troc the model that has been formulated, while 
I 

referrin to another pu 11cation12 for proofs and ore detailed ex;la-

nations. The first conclusion is, that where the efficient point set 

11. Oacar Lange, "The FoUDdationa of Welfare EconOIIics," Ec099Pt£1ca, 
Vol. 1 , Jul.y-oc t.ober, 1942, pp. 215-228. 

• This -.y come about because the nUIIber or activities is too saall in 
rel ation to tbe number or final goods, or becall.!e a saa.ll nUilber or 
activities jointly bol a poeition or technical superiority over all other 
actiYitiea for all conoeivable eompoaitiaoa ot demand. 

•• The t.¥pe of aathe~~atical analyail involved 1e ratbar different fr~ 
that found in moat mathematical diacusdons of production theory, largely 

cause or t he role played y linear inequalities auch as aria a rr~ t.ba 
nODMgaUve character ot aetivitT le~ela and from the availab111tT lillits 
on prime.ry goode. The theory or convex seta, pertieularlT convex pol.y­
bedral cones, is drawn upcx:.. There are aanr pointe or contect with a 
model con.atructed by von Heumann, see "A Nc,del or General lconoaic Equ1-
llbrium,• RtJitw of !co99!1e Studiea, Vol. IIII (1) 1945-46. An illlportant 
cU!'ferenee 1a that in von leumannte model the efficiency or allocation 
ccaes ou t at the end ae a by-product ot an aDal.ysis concerned u1nl.T with 
an exis teoce theorem, ..,hile in the present analysis efficiency or 
allocation is aade the central theme or aaa.l.yaia. 



P-116 
~9 

18 iudeed representable b7 a general t.ranatonaaticm 1\moUOD, there al"lt 

co~tant or deereuinc returns 1n the. autput or an.r cme tiDal aood, 1D 

relation to 1acre•ses in the inJIUt l.1.111t (availab.1l1t7 llait) OD an:r OM 

pri.Mr7 !actor. 

PUrt.ber propoe1 t1oaa 1Dtroduce a price caa.ept vbich b ent1re}7 

1Ddepeadent or the DOtiOD or a aarut. The 01117 •1-nta under~DC 

t.hia price CODCept are the techDolopcal data (i.Dput-output coeff1o1eta 

ot all activities) &ad the reqw.r-nt ot ett1o1eDC7 • 

Tbe tint '11oe propot1Ucm IIQ"' that tor each ett1o1ent sot or 
o M1 ty now there exiata an es001at!4 ••t ot Flo .. ror ill o~ 

110dit1es, with the propert1u listed below. To tOJ'mllete th••• properties 

we de tiM the couoept ot the prot! t.ablli t7 ot an aotl 'Y1 t.7 u tbe agrepte 

value, at the prloea 1D qu.eticm, ot the autputa u•oolated with the \&Ill t 

lnel or that aot1vit7, a1nul the agrepte value ot ~ ooJTNponcUna 

i.Dput•. 'nle propert1ee ot the Ht ot price•, Mlotiated with the etric1ent 

point, are the tollM.nga 

(1) lo aot1vit7 ba8 a poe1t1ve protttab1lit7. 

(2) AnT aot1'Y1t7 carried aut at a poe1t1ve lnel to attain the 

ett1c1eat set ot c• odi t.7 now baa a zero proti tab1l1 t.7. 

0) · TM prioee on ill tiDal aDd pr1Mr7 pocSa are DOGMptiw. 

(4) The pr10N OD ill pr1.Mrr iooda whoee Mt input doe• DOt reach 

the availabill tr l.1a1 t are zero. • 

It will be noted that DO state.nt 11 IMC!e on the lip ot t.he priMI 

ot 1Dt.er.ediate pode. IDdeed, Mpt1ve price• vill U"iae r.r \IMte 

12. T. c. Jt~, •ADalr-11 ot Pl'ocluct1!1l e aa &tr1o1ent Coabtut1cm 
ot loti'Yit.iee," to be 1Dcluded 1D a tortbc.t.ng Cowl .. cc-tsa1• IIDDop'apb. 

• TbMe goods are therefore properl.7 oalled trM po4l v1 tb nteNDM 
to the ett1c1ent point 1n q~ctiCIID. 
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The aecopd prict propoei tion statts that the converee is also true. 

An aoceaaible point with which a aet ot prices with the listed propertiea 

can be aaaociated ia an efficient point. 

It aboul.d be Mntiooed that the 11t or prices aaaooiated vi th a 

liven efficient set or coaaod.1ty flows 1e not neceaaarily uniqueo In the 

cut vhere a pneral tranatorMtion .function txiata, the aet ot prices 

will be unique alaoet tveJ7Vhere on the lqperaurtftoe repreaented by that 

tunction. lt the set ot prices ia unique, ratioe or the prices ot final 

aM/or priaar7 pocS. can be interpreted as marginal rat .. ot aubetitution 

betww.m goode. The aubatitution 1n queation ariaea !roa auch variationa 

in the activity lev•l• aa to leave all caa.odity flow~ conatant except 

thoee or the two goods between which aubetitution ia conai4ered- while 

aa1Dtdn1nc etticienoy in the .ctivity ccabinatir.>n before and attar 

variation. The•• rate• ot aubetitution are applicable t.o f1pU.t (u 

but otten ODl.7 with finite liaita or variation. Thia cc.ea about 

bteauae the blperaurtace repreatnting the tranatormation tunction conabta 

of atotioa. ot h1PerplaDe•_ Joined at their interatat.ions. At thMe inttr­

aectiGIUI ~ginal. ratta or subati tution are pneral.l7 ditterent tor 
I 

1ncreaaea and tor decreaaaa 1n tbe net output ot Ul1' one ot the two 

c~ tiea 1n qUHtion. In thb caae 110re than one aet ot uaociattd 

prices (to be preciHc an 1ntin1ty ot aet ot pricea) satieties tbe require-

menta etatt4. 

It JU3 be restated that the price CODHJ't eatablilhed doea not in ~ 

vq preauppoae tht exiattace ot a -.rktt or ot exeban&M or co-o'U tie• 

between ditterent CNn!r.t. The price ooncept 1a found to be a •th-tical 
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consequence or an etrieient choice or aoti vi t7 levelJ. In the important 

case in which the activities engaged in are eutficient in uuaber and 

variety to lead to a unique aolution ot the condition (2) that their 

profitabilltl .. be 1ero, the price• have alread7 been interpreted as 

technological rat.• ot aubeti tution UDder efficient allocation. .ln 

add! tional. interpNtatiOD, not thus lial t.d in 1 ta applicabill t7, le 

derived troa the following tb1£d p[lOe propoei tiog. 

and let ue 

add to the teobnolo17 a maber ot exehanp activitiea, defiMd by •au 

or an arbi traril,y a elected eat or Fie••, ae follow a We a hall 1aag1De 

that, through CODtacte vitb another eoODCJIVt aliT Ou~-IQA. 

exehanpd aaainat aa.r other cca.odit7 at a price ratio oc.p.1ted tro. the 

•elected ••t ot Ffces. Then our ~i tion apeoitiea the coadi tiaa~~ 

UDder vhioh, attar the opportuni t7 to enpge in t.Uae esohenp aoti._ 

1 tiefJ has been provided, the original ••t or th-~ 

be efficient. This original ••t ot tlova reaaine ettioient it aDd 01117 

if the pricee selected to define the exchallp aotivitiea are at the 

s.- tiM • e-~t ot prio.a a88ociated wi tb the original eat of llov•, 
(in the sense ot the tlrat price propoeitian). In that o .. e, aDd Oftl7 

in that ease, there 1a no va;r to inore .. • the net •output• ot uq tiDal 

eood, wi thaut deoreaae in the net •output• ot aa.e other tiDal gooct, 

by uaing the nev poesibility r)f axe~, po~~dbl,y in oa.binatian with 

variations in the levels ot the other (productive) aoUvitiu. Beoauae 

or this pr~ltlon a ••t ot prioea associated with an etticl•t point 

can also be called a correapcmd1ne set ot !l'fiol!I!Ctl pr1Ha. 

With the help or these for.al propoa1t1oaa, we •hall now coaaider, 

although still in a rather abstract faahian, ·~ wtitutlaaal 



arranpmente under which etricient allocation 1.7 be attained. The 
-

~i tions stated, aDd in particular the pi'Oti tebili tr properties 
' 
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(1) aad (2) ot the etticienc7 prices, stronglr suggest .. chaDisma !or 

attaiain& etticiencr b,y decentralization or deciaiona concerning activity 

level•, ..ahanie• which are aiailar to thoae ret erred to above. Let 

ua aaau., in the tirat •Jlooation JIOdel, that a set or nom.gat.ive prices 

on final c• 1 od1t1ee is preecribed, either adminiatrat ivel.r by BCBI central 

au~ t7. or aa urket price• renecting a balance or preference• or 

oouu.ra veight.d b7 the !DOOM cUatribution. Theae u.:r be called 

•tttr1PS pr1oea in that through their variation it ia possible to steer 

tbe allocation of resources to the production or alternative efficient 

aeta or oCWWO'iit7 nove. Let the level or ea~h activity and the price• of 

prt.ary and intemediate goode be determined by a bidding proeese gover ned 

b7 the rollowinc rul .. a 1o actiy1S, lieldiryr: a !!!pti ve prot! t is to be 

epptr!d 1p. AD7 aotirlt-7 yieldini a zero profit 11 to be ll&intained at a 

oautant level. AJJ7 aotivity 71-eld.i.ni a poei tive profit 11 t o be expanded, 

it neceeaaJ7 b7 bidding up prices or 1 te input oa.odi Uee. Behavior 

according to theae rule• could either be induced b7 adainistrat ive 

authori t 7 biDding the action ot -.nagera or 1Ddividual activities, or it 

could reault tra. a ca.peti·~ive Mrket structure where each activity is 

eng~ in br maD¥ independent entrepreneurs. • The second price propo­

dUon now impli a that ettioienc7, once attained in such an adll1niatrat1ve 

or aarket structure, 1a maintained (provided there 1a no change in 

technolog or in the ateering prices). 

• We are, ot oourn, concerned vi th t he logical content or the rules onlr, 
not with the que8tion whether and how compliance by managers or entrepreneurs 
can be secured. 
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These rules are not Jet eqW.valent to thoee stated by Lange, Lerner 

and others. The latter rules appJ.r to pl.Wlt aanagers who oontrol 110re 

than one activity in our aenae or tO. tera, and thua oaabine in DGe 

decision unit aeveral, poeeibly ~. or our tictitioua acti•ity aanaeers. 

!{owever, the Lange-Lerner modal 1e closely approached in the following 

second •11ooat1on modela Detine u a proce•• a set or actirlties con-

trolled by one aanager. Define the set or 

activity levels selected by its ma.nager. Nov, the attainaent or e!ficienc7 

in the econ~ as a whole bas as prerequisites (A) t he attainment or 

efficiency by each process aanager ¥itbin the set ot aot1v1ties OOQtrolltd 
by ~. and in particular, (B) the selection or sueh an efficient act1vit7 

composition by each proeeas manager that an associated set or efficiency 

prices exists which il' the same for all aanagera. E!!ioiency for the 

econOII!iY as a whole, once attained, vill be maintained it each manqer 

behaves according to the tolloving rul•• Chooee onlJr rro. those aete 

or acti•ity levels that correepond to an efficient point within your procees. 

If for all such points the profit on the entire proo•s 1e zero, discontir 

all activity. If you are in a point or nonnegat1 ve prot! t on the proceas, 

attempt t o raise• your protit-at-t~gi•e-pricea by varying the 

compoe1 tion of the process. If you are in a point of sero profit, aDd 

there is no increase in prot! t poe si ble by variation or aoti vi ty lntl.a, 

continue all act! rl ties at the same level. If your atte.pt to raiae 

profit-at-given-prices leads to a rise in prices or certain input e~ 

modi ties, deteraine TlU · further actioo in the light of the new price 

lituation. 

The reader will have realized that behavior according to these rules 

• It the profitability is ini t ially positive, this can alw~ be done 
by proportional increases in the levels o~ all activities in the proce ... 
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pres pposes a knowledge, on the part of each process manager, or the 
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eff~cient point set that can be constructed on the basis of those actl vi ties 

involved in the process that he controls . Als o, behavior aooording to 

the e rules is equivalent, 1n ita outcome, to profit maximization ;mder 

perfect competition. 

Comparin the r es ts or t he above analysis with t he earlier 

diseussiona referred t o above, it appears t at in one ense ve have 

made more limited assumptions. We have ruled ou both indivieibili Uea 

and increasing or decreasing t urns to scale. As a result of that 

lllli tation we have o ta.i ed a stronger propos ! tion. The rules on t he 

allocation mechanis stat.d have en round to be not only gecessary, 

but also sufficient for an efficient se or resources. 

On t he other haricl, becauee of our si111.pl assumptions ve have not ye 

reached tbe problems arisin from discr panei es between avera.ge and 

marGinal cos t, pro le vhich have received considerable emphuis in 

earlier scuasions. 


