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Comments on Solow "Structure of Linear Models"

I. N. Hersteirt

Y

Solow makes extensive use of some results about the characteristic roots

In his—veﬂh-'mmmé.nq-paperﬂ'On the Structure of Linear Models'd“

of indecomposable nonrerative matrices which are due to Frobenius Jf2-—

A recént paper by Helmut Wielandt—{£%7T gives a drastically simplified proof
of these results of Frobenius; moreover, .n several pluaces the results
are sharpened. 0Une of the purposes of writing this note is to bring this
paper and its translation into English by Herstein 433 to the attention
of economists. [ebreu and Herstein £+ have succeeded in simplifyin;
even further the %o of these results,

s

simplifying, or obviating the need of, several of Solow's proofs. C ),4_,—
S

m here how these results are applicable in either

Wielandt's twc theorems, in essence, are:

Theorem 1. Llet A be a nonnegative, indecomposable matrix. Tnen A i.as s

positive cltaracteristic root r so that

a) r is a simple root

b) E"(E any characteristic root of A,|q’|-£ L

c) to r can be associated a positive characteristic vector.

Theorem 2. let A ve a nornegative, 'ndecomposavle matrix., Suppose further

that A has k roots of absolute value r (see Thecrem 1). Then these roots
2Ti )\
are all simple and of the form re "K » - 1, 2, ...y k. Moreover a

-1
permutation matrix P exist3 30 that PAP has the for
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with squae submatrices on the main diagonsl.

A 13 said to be primitive if k = 1., By Theorem 2 it is clear that
the concept of primitivity is equivalent to that of Solow's cyclicity
(Solow, Thecrem 2). In addition, Theorem 2 vields that every indeccmposable,
nonnepative matrix which is not primitive is cyclic in Solow's sense; the
converse to this is trivially true. (Solow does not explicitly point out,
in his definition of cyclicity, that the submatrices on the main diagonal
should be square). Solow's w now has the interesting interpretation as k,
the number of characteristic roots of largest absolute value. If A has a
positive diagonal element, this diagonal element nast remain on the diagonal
of PAP-1 for every permutation matrix P, so Thecrem 2 gives that A must be
primitive (Solow, corollary to Theorem 2). It might be appropriate to point
out the followinr here: If A 1s indecomposable and nonnegative, then A
raised to 3.me power is positive if and only if A is primitive (5. p. 6L47].
e rive below a very simple proof of Solow': Theorem 1.

Theorer. (Solow) If A is a nonnegative and indecomposable matrix whose row

sums are never greater than 1 and at least one of whose row sums is less

than one, then all the characteristic roots of A have absolute value less

thaq one,

We use the following result established easily in (1) : let A be nonnegative
and indecomposable, let r(A) be the largest positive characteristic root.
Then if any element of A is increased, r(i) is also increased.l/ It 1s enough
by Theorem 1 to show that r(A) < 1.

ith

Assume that the row sum is less than 1. Let Al be constructed

from A by enlarging only a,, 0 that the sum of the {¥h row of Al is not

greater than 1. Then r(A) < r(Ay), and since it is trivial that r(Al) <1,

the theorem is established.
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