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Summary: A generalization of the

von Neumann and llorgenstern theory
of utility, by omission of the
Archimedean postulate, and an
extension to the infinite dimensional
case are given. (‘)

MULTIDIMENSIONAL UTILITIES

Melvin Hausner

§1. Introduction.

This paper generalizes the von lieumann and Morgenstern
theory of utility by omitting, thie Archimedean postulate.
The work was dore originally at The RAND Corporation in the
sun:er of 13951 by . Dalkey and h. M. “Lrall. hefined
methods were introduced by J. 5. Wendel and the author in
order to simplify the work and extend it to the infinite
dimensioral case.

Two distinct concerts enter into a formulation of
utiiity theory: the set of prospects, which we shall call
the mixture space and the ordering or utility on this set.
For convenience we shall treat the mixture space first
(axioms M1 — M5) and then introduce the ordering axioms
(01 — 03). The two sets of axioms, taken together,
characterize a utility svace. As an intermediate step, we

shall consider a weak utility space, where axioms 01 — 03



are weakened. The weakened axioms are still strong enough
to permit identification of "indifferent" elements and
still preserve the operations of mixture and order.

The main result is that a mixture space may be embed—
ded in a vector space; a utility space may be embedded in

an ordered vector space. The last section characterizes

ordered vector spaces,

§ 2. Algebrai. Preliminaries.

wWe now introduce the following notation, to be use—
ful in what follows. Let S be any subset of a vector space
V over the real numbers. Ve detine:
C(S) = the convex closure of S
= the set of elements X€ V which are of the

form X -insi where x; > O,in =1,

Sié S.
P(S) = the cone generated by S
= the set of X€V which are of the form X -insi
where x4 > O, SiéS.
H(5) = the hyperplane generated by S
= the set of X€V which are of the form X = insi
where } x, = 1, S,€S.
V(S) = the vectorspace generated by S

= the set of elements X of the form X -insi

wheve C € S.
4

The above sums are taken to be finite. We note that



c(S) € P(4), H(E) €V(S).

I. Trne set P(Z) is closed under addition and scalar
multiplication by positive reals. such a set is called a
cone. In the course of various embeddings to be done, it
happens that it is frequently more_natural to embed in a cone
rather than in a vector space: A cone C may be characterized
by the following properties (see §3, P! — P8 for the complete
set of axioms):

1. C is a commutative semigroup with cancellation
urnder tlre operation +.

, 2. C is closed under scalar multiplication by positive
reals. The usual associative and distributive laws are satis-—
fied.

If C is a cone, it is possible to embed C in a vector
space V so that addition and scalar multiplication in C ﬁay
Le e xtended to V and so that C generates V. This embedding is
unique and may be accomplished by the familiar method of first
embeddine C in a group C' under + (cf. Van der Waerden,
Moderne slgebra, p. L3, where a ring is embedded in a field).

The group C' may be made into a vector space by.defining

x(A—8) = xi — xB; x >0
O(A-B) = 0 ;

—x(n—B) = xB — xA; x > 0, A,8€C.

we may then verify that C' is a ector space V and C = P(C),
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V= V(C).

II. If S is a convex subset of V(C(S) = S), then
P(S) consists of elements of the form xA where x > O and
A€ L. We reek a condition (given uhat o is_convex, that this
Nmmion 13 unique. Pu-t, suppose the representation
‘i not untquo. Theu xyA; = x;A2 where xy § xa or x; = xz and
_g P Ag, in the rirst case, we may assume (by dividing by

x, - xg) that Xy — x,; - 1. Then O = x,4; — x2A; €4(S). The

amd —Second case xp; # x, > O is 1upoo.1b1.. Conversely, iuppoue

O€H(S). Then O = }:xi“i where ) x; = 1. Uy transposing,
if necessary, we obtain ZyiAi = zziai where Yy > Q, 2y > O
and Eyi ¢ }:zi. This gives two different representations
of the element ZyiAi in the form xA, n €S, since t he x may
be taken to bte }:yi and zzi. *Thus, a necessary and
sufficient condition that any element in P(S5) be represented
uniquely in the form xA is that O¢H(S).

II1. Ve set down some definitions concerning orderings
for future reference.

If 5 is any set, an ordering < is a binary relation on
S Thus, for any elements X, YE S it is determined whether
X < Y. Tre relation < is transitive if X <Y, Y <« Z imply

X <« 2. It is a total ordering if it is transitive and if



for any distinct elements X, Y either X < Y or ¥ < X. It is

reflexive if X < X, and irreflexive if we never have X < X.

§3. Mixture vpaces.

A mixture space is a set 1 = {g,u,...7

. which satisfies

the following axioms:
M!. For any A,‘B €M and for any real p, O gp g t,
the p—mixture of A and o, denoted by apB, is a
uniquely defined element of M.
M2. Ap3 = B(1-p)a
M3. Ap(Brc) = (A—p-:%_?;-ls)(p*r-pr)c
ML. ApA = A
M5. 1If ApC = 3pC for some p > O, then A = B,
Takirg r = O and B = C in M3}, we have with the help
of M4

ApB = ap(BoB) = (a,;3)pi.

By the cancellation law (M5) we obtain
M6. A'B ® A

If V is a vector space, we may define ApB = pa + (1-p)B.
It is then easily shown that V is a mixture space. Wwe shall
show that tiis is the most general mixture space: any
mixture space is isomorphic to a convex subset of a vector
space.

Ti.e embedding of li will be accomplished by first embed-—

o - e em——



ding M in a cone P and then, as indicated in §2, embedding P
in a vector space V. Wwe shall be concerned only with the
embedding in a cone. For convenience, we set down the
axioms for a cone which were indicated in §2. A cone P is a
set EA,b,...E satisfying the following axioms:
P1. Tnere is an operation + in P such that A + B is
a uniquely determined element of P, where A,Bé&P.
Scalar multiplication by positive real numbers x
is defined so that xA is a uniquely defined
element of P.
P2. A+ B= B+ A
P3. A + (3+Cj = (A+B)+C
Py. If A+ B=~ A+ C then 8 = C
P5. x(A+B) = xA ¢+ xB, x > 0
P6. (x*y)A = xA ¢ yA
P7. x(ya) = (xyin
P8. 1+A = A

Given the mixture space M, we define the set P to be
" the space of all ordered couples (x,A) where x > O, A€, and
we formally write (x,A) = xA. Thus x*a = yb if and only if
x = yand A = 5. (Later, A will be identified with 1ea and this
definition of equality simply places I in V in suerh a way that
o ¢'H(M). An extraneous dimension i: thus introduced.)

The set P Leing Jdefined, we now define addition and

scalar multiplication in P.



D1. r(sA) = rs(A)

D2. rA + sB = (r*s)A;E; B.

And we now verify that P is a cone.
P1 is trivial.
P2. rA + sB = (re+s)a=f= B (D2)

r+s
- (s+riB;§E A (M2)
= gB ¢+ rA (D2).
"."ﬁﬁ\'w W
. Ll ~— A

- (reset) [A (pzd= )] .

.
r+s+t

Similarly,

- S o0m J [ I r*a ]

with the help of M3 it may be verified that

r p-2 - r_ . r+s
Ar+s+t ( s+t C) (Ar+a 8) r+s+t c,

which proves P3.
Ph. If rA + s = rA + tC, then

(r+s) A;%g B = (ret) u;%g C.

dence, s = t and by M5, B = . Thus sp = tl
proving P4.

P5. x(ra+sB) = x(r+s) A;E; B)

xrs .
Xr+xs 8)
= (xrsa + (xs) B

= (xr+xsi(A

= x(rA) + x(s3)



P6. (x*ylra = (xr+yr)a

(xreyr) (4 5252 4) (M4 )

(xr)A + (yr)A
x(rA) + y(ra).

P7. x(y(rd)) = x(yra) = (xyriA = (xy)(rai)
P8. 1°(rA) = (1°r)A = raA.

P is thus a cone. If A€M, we define f(A) = 1.A€P
to obtain the following lemma.

Lemma 1, There is a function f mapping M into a cone P in
auch a manner that

1) f is 1-1 into P.

2) f(apB) = pf(A) + (1-p)f(B) for O < p <1,

Proof. Define f(A) = 1-a. Tnen 1) is a cousequence
of definition of equality in P and 2, is verified by the
followiug computation:

f(ApB) = 1-ApB
-~ (p*(1—p)ApB
pA + (1-p)B
p(1<a) + (1—pl)(1+B)
pf(A) +« (1—p)f(B).

As in §1, the cone P may be t <en to be a cone in some

vector space V which i< generated by P. The statement of the

embeddi: g theorem follows.



Theorem 3.1. Let M be a mixture space. Then there exists

a vector space V over the real numbers and a function f map—

ping M into V such that
1. f is one—one into V.
2. f(ApB) = pf(a) + (1—pif(8), O s pg1.
3. f£(M) = C(f(M)), i.e., £f(M) is convex.
L. V = V(f(M)). .
5. O€H(£(M)).

Proof: Let V be generated by thLe cone P of Lemma 1.
Then 1. and 2., are true by Lemma 1. (The cases p = O and
p = 1 are trivial by M6.) To prove that f(M) is convex,
observe that if A', B'€ f(M), so that A' = f(A), B' = £f(B),
then pA' + (1-p)B' = f(ApB) € £(M) by 2. Hence f(M) is convex.
Since f()) generates P (because the elements 1°¢A in the proof
of Lemma 1 generate P) and P generates V we have 4. As for 5.,
we need to prove that if xf(A) = yf(B) for x,y > O then
x = y and f(A) = £(B). 1In terms of the cone P of Lemma 1, we
have xA = yo so that x = y and A = B, proving the result.

We now prove that the embedding is unique. To do this

e first prove the following algebraic lemma.

Lemma J.1. Let V and V' be vector spaces with elements
Xy¥y2ev. and x',y',2'... respectively. Let C and C' be

convex subsets of V and V' respectively and let()¢H(C),
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O€H(C'), Ve V(C), V' = V'(C). Let g map C onto C' in such
a way that

a. g is one—one from C onto ('.

b. g(pA+(1—piB) = pg(A) + (1-pig(B) for O < p < 1 and
‘ A,bE€EC.
Then g may be extended in one and only one way to all of V
such that

a'. g is one-one from V into V'.

b'. g is linear.

(Thus, if X = 3 x4A;, A EC, then g(x) = 23 ’xig(:\i),
i

and this extension of g is uniquely defined and satisfies
a'. and b'.)

Proof: Obviously there is at most one extension. Let
us first extend g to P(C), by defining g(xA) = xg(A) where
x > 0 and A€C. (Observe that since C is convex, and O/H(C),
xA is the most general element of P(C).) There is no question
of whether g is properly defined, since the representation
xA is unique.

OL s g is one—one onto P(C'). g is one—ore since if
xg(a) = yg(B) with x,y > O, A, L €N, we have g(a), g(B)EC
and two representations of an element in P(C'). iience x = y
and g(A, = g(B), and therefore A = B. That g is onto P(C')

is clear.
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ﬂ e g is additive on P(C). For we have

Zlxaryis) = g(x*y:L_;%; A+ ;%; 8]

(x+ylg(a ’-(iLy 8)

(x+y) [g(A) xfy glui]l (by b

xg(n) + yg(b)

glxa) + glys).

Y - g is homogeneous. For,

gix(ya)) = g(xyad) ‘
= xyg(A)

= xg(yA).

we rnow extend g to V., Let R, 4, T, V,... denote elements
of P(C). The rost general element X of V is of the form
X =K - .. vefine g(x, = g(k) — g(5). g is properly defined,
siice if i — ¢ = T — U then h + U= 0 + T,
glle) + g(t, = g(u) + g(7T) (by P) and hence G(rt;, — g(o) = g(T) — g(u).
ie row prove a' and b'.
It 15 easily verified, with the help of ﬁ and ¥ that g
is lirear. To prove that it is one-one, assume g(X) = O,

Letting X = h — G5, we have g(L—-5) = U, g(R) = g(5). dence,



by « , K = S and X = 0. Finally, g clearly maps V onto V'

and this proves the lemma.

Theorem 3.2 (Uniqueness). Let M be a mixture space and let

V and V' be vector spaces. Osuppose f naps It into V and f'

maps M into V' as in Theorem 3.1. Then V and V' are isomorphic

under a mapping g which sends an element X = z:xjf(ﬁ) (Aield)
into g(X) = z:xif'(Ai).

Proof: By Lemma 3.1 applied to the function g = e,

The above Jdiscussion has not depended on the dimension
of V. If the (essentially unique) V of Theorem 1 is (n+1)-
dimensional, then we say that the mixture space M is n-
dimensional. In this case, M is siumply an rn—di:ensional

convex set.

§4. Utility lpaces.

A utilityv spvace is a mixt.ure spacr M with an order
relation < imposed on its structure. In view of §3, we assume
that M is a convex subset of a vector space V with V = V(i),
Og(H(M). The relation < is required to satisfy the following
axioms:

O1. Tie relation < is a total ordering on M, which is
irreflexive and transitive.

O2. If A< pand O <~ p <~ 1, then pA + (1—pj)C <« p3 + (1—p)C.
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Observe that the converse of 02 holds since < is a total,
irreflexive orderirg.

Before considering utility spaces, we shall consider weak
ut.ility spaces. 7These are mixture spaces with an ordering g
satisfying

W1. Tle relation £ is a binary, reflexive and transitive

relation of M. It ic a total ordering.

w2. If A< 8 then pa + (1=p)C £ p3 + (1—p)C for O < p < 1.

wW3. If pa + (1-piC < po + (1-p)C for some p such that

O<p<«<1, then A § 3.

Definition 4,.1. Aa~B if and only if A ¢ B and B 5 A.
It is easily verified that this is an equivalience
relation. Let [A] be the equivalence class containinug a,

i.e., X€ [a] if and only if X~A,

Pefinjtion g.z..! [»] < [B] if and orly if A § B and [A] # Do].
It is then seen thaé the relation < on the equivalence

classes is uniquely defired and is traunsitive, irreflexive.

It is a totil ordering. Then 01 is satisfied. Let M' be the

set of equivalence classes., e make i.' into & mixture space

by defining

[~]p[B] = [~pal.

with the lelp of w2, it is easily verified that this definition
is unique. Jhat ' is a mixture space follows from the fact

trat & is one.
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To prove 02, assume O < p < 1 and [A] < [B]. Since
A < B we have pA + (1—p)C < pB + (1—p)L. .e need only prove
that p3 + (1-p)C € pA + (1—p,C. DBut assume that
pB + (1—p)C < pa + (1—p)C. By w3, we would have U . A, hence
A~3, [»] = [B] which contradicts [A] <~ [by. iience 02 1s
verified.

we see that w2 was ueeded to Jdefine mixtures, w3 to
define order.

siven & weak utility space [k, we identify elements by
tle above process to obtain a utility space ii'e any inform
atio:. obtaired on ' will then be reflected in [.. For tnis
reason we con.ider only utility spaces.,

an ordered vector space V is one which satisfies tue
following axioms:

V1. There is a binary, transitive aud irreflexive
relation < or. V'. The relation < is a total ordering.

V2. 1If « > 8 then a ¢+ C>B + C for ,B,CeV.

V3. If A > B and x > O then xA > x4d.

an ordered vector space is thus a utility space. Axioms
01 and C2 are easily seen to hold. The purpose of this section
is to embed a utility space in an ordered vector space. Since
tle utility space M is embedded in the vector space V as a
mixture space, it suffices to extend the order relationship
froa (. to V. . assume that V = V(M, and LJ%:HPU. The order

relatior. will ftirst be extended to P = (i) and then to V = V(P),
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To extend tle order on M to P = P(M), we define

xA > yud 4if and only if x > ¥y
or
x = y and A > 8 for x,y > 0; A,3€MN,
we now verify V1, V2 and V3.
V1 is trivially verifiatle.
V2. assume xa > yo. <€ must prove that x»n + 2C > yas + zC.
But XA 4+ 2L = (x+z,; A ;%; C and yo + zC = (y+z) B ;%; Cc. Ir
x > y, we have the result, since x + 2 >y + 2. If x = y,

then x + z = y + 2 ard since a4 > 13, we have a xfz C>20 ;%; c
by G2. Herce xa + 2C > yA + 2C in any case.
V3. Let xA > yis. Then the condition rxa > ryB is
egquivale:nt to the condition xA > ys. This proves V3.
Finall:, the order on P will be extended to V by
def'ining

A—DB>C~—D if arnd only if A + D> B + C

for A,3,¢,0 &p,
it is easilyv seen that the definition is unique and
we orit tlis 1roof. .e now verify the axioms V1, V2 and V3.
Vi is trivially true,.
V2. Let o« — B> C - D, .e must prove that .
(a-8) + (&=F, > (C=D) + (E-F) for n,n,...Fep. But we have
A+ U >4+ C, hence n + D+ L+ F> 5+ C+ E =+ F, py
delinitior,, we have (n+s) — (b+*F) > (Cc+E) — (L+F). idence,

by rearranging, we have the reault.
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V3. If A-B>C-Dand x > U, we have
A+ Dl> B+ C,
xA + xD > x5 + xC,
XA — xb > xC = xu,
x{(A=B) > x(C-D).

Thus, the utility space M is embedded in ar ordered
vector space V. As we have mentioned before, an extraneous
dimension has been introduced since C)#kHLU. fhe dimension
of M has bLeen defined as the dimensior of :d(i). Once the
above embeuading .as been done it is an easy matter to embed
M in a vector space of its own dimension. To do this we
simply embed H(..) D M in a vector space by selecting any
point A €H(!) ard iefining f(X) = X — A for X € H(M) .The
image of H(!) is then a vector space whose dimension is
H(M). loreover, f is one—one and f preserves convex comb—
inations ard order. This seemingly roundabout :metl.od of
irntroducing a:. extra Jdimension greatly simplities the embed—
ding proceaure since all of our embeddings secem to be
accorplished easily by first externding dJdefinitions to P(ii)
where O'%Hl_}. Lastly, it should be poirnted out tha*t the
"propef" e:xibedding should be thought of as an embeddirg in
a1l affine space, since the relations of pmixtures anu order
are preserved under the affine group. We use a vector space

for corvenience in manipulation.
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§5. Ordered Vector Sgages.'

Je row proceed to claracterize ordered vector spaces.
The definivion has been given in §3 by axioms V1, V2 and V3.
1t is convenient to introduce equivalent substitutes by V2

and V3 as follows:

) V2' If a >0, 3> 0 then 4 + 8> 0
V3' If A >0, x> 0O then xA > Q.

VWwe have

A > B if and only if A — 8 > 0.

Thus ti.e Jruer is determined by the positive elements which
we uenote bv v'. V2' and V3' imply that v’ is a cone. Since
the order is a total order and is irreflexive, vt 1s o

maximal cope not containing O,

we row introduce a definition which reflects the
failure of the archimedean property. Let a, BEV® (A,B>0).
Then we say that A dominates B if A > xb for all real x > O.
Wwe write A > > g or B < < A. This is defined only for positive
elements of V. The relation <~ < is irreflexive and transitive;
and A ~ < 3 implies a < 8. iiven » arnd B, 1f neither A <« < B
nor B < < A we write a J3, a is egquivalent to 1. ©Bquivalentlv,
A~B if and only if xA < B <~ ya for some positive reals x and
y. a#again this is defined for A,L)éV*. The relation ~- is

seen to be an equivalence relation. we denote by [A] the

'Thie section has agpeared, in essence, 1n the Proceedings of

A.M.S., December, 1952. 1It 18 1iincluded for the sake of
completeness.
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equivalence class containing A. «e may then define [A] > [B]
to mean A < < B, e then have a total order on the equivalence
classes, since t his definition may be seen to depend only on
the equivalence classes and not on their representatives.

Tle seemiipgly irrelevant reversal of order is for later

corn.venience.

Lemma 5.1. If A >>Band C > 0 then a + C > > 4.
Proof: If x > 0, then A > xiv. Hence A + C > xJ3.

Lemnla .2. If A >> “,’Aa’.o.’ﬂ axld X‘,...,Xn > o’ then

n
es e +
A > > X'A' + an‘\no
Proof: If x > U we have

A > nx xiAi

Sunming and dividing by n, we have
A>X(X,A' + e an\n),
proving t he lemma.

Leama io}- If /\ >>;‘],ooo,n\n and X’X',...’xn >0,

~ then

N "‘-°—-_ﬂ*'*,‘f . oy J-%QM’ 7 mee, ?‘W.;‘:IZ T e

]

- -~

Proof: By Lemmas 5.1 and 5.2.

Corollary 5.1. If A, t 1is a set of elements of v' no two
t/

of which are equivalent, then the At are linearly independent.
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Proof: 1If there is a linear relation among the At’
then we will obtain a relation of the form
xA 4 X]A' + v 2+ xkAk

= xk+1Ak+1* cee + xn;{n'

where the x's are positive, the A's belong to the given

set, and A > > A,,...,An. But this contradicts Lemma 5.3.

As usual, we define [A| = + A according as A is non—

negative or negative. The usual laws apply:

|A + B| < |A| + |B]

IxAj = [x|{a].

With this notation we may state the following important
lemma:

Lemma 5.4. Let A~|B|. Then there is a unique real number

x such that xA = B or |xA — B| < < A,

Proof: The uniqueness of x is immediate, for if

xy; ¥ xp we have

i(xy=x2)a| S [x)A — y| + |x2A — y],

and if the terms on the right were zero or dominated by A
we slould have A < < A,

To prove that such an x exists, we assume that B> O

Since A~u3, we have yA < B < za
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for some positive real numbers y and z. Let x be the
supremum of the numnbers y for which yA < B. Let £€ >0

be an arbitrary positive real number. Then we have

(x—Z)A < B < (x+* €)a,

—EA < B - xA < Ea,
‘B-XA,<€A.

Then either B — xA = O or |B — xA|] < < A by definition.

We may now easily characterize finite dimensional
orddred vector space. The result is known (cf. Garrett
Birkhoff, Lattice Theorx, p. 240}, but we give it here as
an illustration of the method used for the general (infinite—

dimensional) case.

Theorem 5.1. Let V be a finite dimensional ordered vector

space. A basis A,,Ag,...,An may be chosen so that the order—

ing in V is5 lexicographic, i.e.,

A= e xi“i >0
i=1

if and only if the first non—vanishing x, 1s positive.

Proof: Let v’ be decomposged into equivalence classes
as above. For each equivalence class t, let Ay be an
arbitrary element of it. By Corollary 5.1, the set {ntg

is finite. We choose the notation so that A,,...,Ak are t he
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representatives and Ay > > Ay > > e > > Ak‘ Moreover,
k £ n = dimension of V.

Let A€V, If A ¥ O then |A] belongs to some equivalence
class, say IAIAJAt,. By Lemma 5.4, either A = x,At, or

|A — x'At,‘ << A We repeat the process on A — x'At,

t,*
if it is not zero ;nd continue until the zero element 1is
reached. (It must te reached in < k steps.) Thus A 1is

a linear combinaticn of thg Ai's; and since A was arbitrary
it follows that the A's constitute a basis for V. Thds

k = n,

Now let
A= z xiAi.

By Lemma 5.3, A > O if and only if the first non—vanishing
coefficient x; is positive. This completes the proof.
Observe that a basis A,,...,An is a lexicographic basis if

and only if Ay > O and Ay > > ... > > L

Theorem 5.2. Let Ayyeee,a, and A;,...,A; 'ggfbaais elements

' .
in the sense of Theorem 5.1. Then Ai = TA1 where T is a

lower triangular matrix with positifé diagonal elements.

Conversely, if T is such a matrix and A;,...,A_constitute

n

a lexicographic basis then so do TA;,...,TA .

\J \J
Proof: we have Ay > > ... >> A and a4y > > ... > > A,
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Hence As~A;. Thus A; = x,A; *+ terms dominated by A, by

'
Lemma 5.4. Ay = x4A; ¢+ Xipqhinq * oo where x; > O. This
proves the first part of the theorem. For the second part,
we observe that TAiﬁJAi. Hence Tay > > ... > > TAn proving
the second part.

Im terms of coordinates, we may state Theorem 5.1
as follows: .ith respect to some basis, the vector
X =(X1ye0.yx,s >0 if and only 4if x; > 0 or x; = O,

X, 2> Oyeeey Or X7 = o0 X1 = o, X, > 0.

In order to consider the infinite dimensional case,
we define a lexicographic ordered vector space as follows:
Let T be a totally ordered set. Let VT be the set of all
real valued functions on T which vanish except on some well
ordered subset of T. we define £ > 0 if £ ¥ O and if
f(tg) > O where tg is the first t for which f(t; ¥ O. It

is easily verified that VT is an ordered vector space. fror

T firite, we get the finite—dimension ordered vector spaces.

It may thern be shown that the ordered set T\ia order—isomorphic

Pom - e

to the ordered set of equivalence classes in VT. If V is any
ordered vector space, we let T be the set of equivalence
classes with the previous definition of order. Then the
result is that V is embeddable in a subspace of VT which

conrtai:s the characteristic functions of points. The proof is
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by transfin!te induction.
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The details appear in a piper by

the author and J. G. Wendel in the December, 1952, Proceedings

of the A.M.S. (Vol. 3, No. 6).



