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Summary;  A generalization of the 
von Neumann and Morgenstern theory 
of utility, by omission of the 
Archimedean postulate, and an 
extension to the infinite dimensional 
case are given. C J 
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MU LTIDIMEN SI ON AL  UTILITI ES 

Melvin  Hausner 

§ 1.     Introduction. 

This  paper generalizes the   von Neumann and Morgenstern 

theory  of  utility   by  omitting, the  Archimedean   postulate. 

The  work   was  dor.e   originally  at  The RAND   Corporation  in  the 

summer  of   1951   by  :<.   Dalkey and  h.   M.   'i'hrall.     hefined 

r;ethous  were  introduced  by J.   G,   Wendel   and  the author  in 

order  to   simplify  the  work and   extend   it   to   the  infinite 

dimensional   case. 

Two distinct   concepts   enter  into  a formulation  of 

utility   theory:   the   set   of   prospects,   which  we  shall   call 

the mixture  space and   the  ordering or  utility   on  this  set. 

For  convenience  we   shall treat  the mixture  space  first 

(axioms Ml   — M5)   and   then   introduce the   ordering axioms 

(01   — 03).     The   two  sets  of axioms,   taken  together, 

characterize a   utility   space.     As  an   intermediate  step,   we 

shall   consider a  weak  utility space,   wliere  axioms Ü1  — 03 



are weakened.     The  weakened axioms are   still  strong enough 

to  permit   identification   of "indifferent"   elements and 

still   preserve the  operations  of mixture  and order. 

The  main  result  is that  a mixture  space  may  be  embed- 

ded  in a vector  space;   a   utility  space may be embedded   in 

an  ordered vector  space.     The last   section   characterizes 

ordered  vector   spaces. 

§ 2.     Algebraic  Preliminaries. 

We  now  introduce  the  following  notation,   to  bo  use- 

ful   in  what   follows.     Let  S  be any  subset   of a  vector  space 

V   over the   real  numbers.     We  define: 

C(S)   - the   convex   closure of S 

■  the  set  of elements X^V  which are  of the 

form  X   m 2—x±S<   where  x^  > 0» ^_x.   ■   1, 

S±6 S. 

P(S)   -  the   cone generated  by  S 

- the   set   of X^ V which are   of  the   form X  - y x.S. 

where  x*   > 0,   J^feS, 

H(5)   ■ the  hyperplane generated   by  3 

- the   set  of X6V  which are  of  the  form X  -  /"x^S. 

where ^~x^   -   1,   5.6 S . 

V(S)   ■ the   vector space  generated  by S 

- the  set  of elements X  of the form X - /   xiSi 

wher«   Z   e S. 
J. 

The  above  sur-s are taken to  be  finite.     We  note  that 



c(s) c P(.>),  H(::) c v(s). 

I.     The set  P('ö)   is closed under addition and   scalar 

multiplication  by  positive reals.     ouch a set   is  called a 

cone.     In the  course  of various  embeddings  to be done,   it 

happens that   it   is frequently  more,natural  to embed   in a   cone 

rather  than   in  a  vector  space.     A   cone   C nay be  characterized 

by the following   properties   (see §3,   PI   — P8 for the   complete 

set   of  axioms): 

1. C  is  a   commutative semigroup with  cancellation 

under   tlje  operation ♦. 

2. C is closed under scalar multiplication by positive 

reals. The usual associative and distributive laws are satis- 

fied. 

If  C   is   a  cone,   it is   possible  to   embed  C  in  a  vector 

space  V so that   addition  and scalar multiplication   in  C may 

be e xtended  to V  and   so  that   C generates  V.     Tiiis  embedding  is 

unique  and may   be accomplished  by the  familiar method  of  first 

embeddinp;  C   in   a   group   C   under  ♦   (cf.   Van  der Waerden, 

Moderne  -»Igebra,   p.   43,   where a  ring  is  embedded  in a   field). 

The group C   nay be cade  into a vector space by  defining 

X(H-B)   - xA - xB;   x > 0 

ü(A-b;   -  0 ; 

-x{n-B)   -  xB - xA;   x  > 0,   A, dec. 

We   may  then verify  that   C   is  a   "ector  space V  and   C   -  P(C), 



V  - V(C). 

II.     If S  is a   convex  subset  of V(C(S}   -  S),   then 

P(S)   consists  of elenents of the foriii xA  where  x > 0  and 

AC^.     We   reek^a   condition  (giv^r  v.hat  o  io.oonvexv  that  this 

r9pr«Md|«ti on tm uniqu«.    First,   auppos« th« r«pr«8«ntation 

ia net uni^u«.     Thmo Sf^f   * «aAa wh«ra X|   j xa or X|   - xa and 

.Al f Aa»     ln %h*  firat  ease,   we «ay aaauaa  (by dividing by 

xi  — xa) that X|  - xa  " 1.     Then 0 - X|A,  - X2Aa£H(S).     The 

^ae«ond eaae X| * xÄ > 0 is  impoaeible.     Conversely,     suppose 

OGH(SJ.     Tlien Ü  ■   XIX^K.   where   XIxi m  ^m     **? transposing, 

if necessary,   we  obtain 2ZyiAi  " T"^A<   where y^^ > Q^  *£ > ^ 

and ^   yj   ^   ^L2!*     This  gives  two  different representations 

of  the  element   'Y~V\^*   in 'tlie   form xA,   *£ S,   siiiCe t lie x may 

be  taken to td    y~ y^  and   Xlzi*     Thus,   a  necessary  ana 

sufficient   condition  that  any   element   in   P(SJ   be   represented 

uniquely in  the  form xA is that  Of H(S). 

III.      .Ve  set  down some  definitions   concerning  orderings 

for  future  reference. 

If S   is any set,   an ordering < is  a  binary  relation  on 

S,     Thus,  for  any  elements X,   I £  S   it   is determined  whether 

X v Y.     The  relation  *- is transitive  if X  v Y,   Y v, z  imply 

X «^ Z,     it   is   a  total   ordering  if  it  is transitive  and  if 



for any distinct  elements X,   Y  either X < Y or Y < X.     It is 

reflexive  if X < X,   and irreflexive  if we never  have X < X. 

^3•    Mixture  Spaces. 

A mixture   space is  a  set M ■   [A,ß,...]   which  satisfies 

the following axioms: 

N1.     For any  AtB€M and for any real p»   0 ^ p ^ 1, 

the  p—mixture  of A  and.  öt   denoted  by npB,   is  a 

uniquely defined   element   of M. 

M2.      Apd -   B(1-p)A 

M3.     Ap(3rC)  -  (A rr^-rr ü)(p*-r-pr)C p+r—pr 
M4.      npA   -   A 

M5.     If ApC   -   dpC  for some p > Ü,   then  A  -   B. 

Taking r  ■  0  and   B •   C   in H3,   we have with the   help 

of 1% 

npB  ■  rtp(Bo3)   -   (A|B}pa. 

üy  the  cancellation  law  (M5J   we  obtain 

M6.      A, B -  ü. 

If V   is  a  vector space,   we may  define  ApB ■  pa. •♦■   (1—p)B, 

It   is then   easily  shown that  V   is a mixture  space.     We   shall 

show  that   tuis  is   the most  general  mixture  space:     any 

mixture   space   is   isomorphic to  a   convex  subset   of a  vector 

space. 

Ti-e   embedding  of M will   be  accomplished  by   first   embed— 



ding M in  a   cone  P and then,   as   indicated  in  §2,   embedding  P 

in  a vector  space V.     We shall   be  concerned  only with the 

embedding  in  a   cone.     For  convenier.ee,   we  set  down  the 

axioms  for a   cone which were   indicated   in §2.     A   cone  P  is a 

set    (A,b,.,,i      satisfying the  following axioms: 

PI .     Taere  is an operation ■♦•   in P such that  A ♦  B is 

a  uniquely determined element  of P,   where A,B6P. 

Scalar multiplication by   positive  real  numbers x 

is defined so  that  xA  is  a  uniquely  defined 

element   of P. 

P2.      A ♦   B -   B ♦  A 

P3.     A  ♦   (J*C)   -   (A+a)*C 

Pi».      If  A*   B-A-t-C  then   3  -   C 

P5.     x(A*B)   -  xA ♦  xB,   x  > 0 

P6.     (x*y)A - xA ♦  yA 

P7.     x(yÄ>   -   (nyt* 

P8.     1-A  « A 

Given  the mixture  space M,  we  define the   set  P to  be 

the   space  of all  ordered couples   lx,A)   where x > Ü,   A6K,   and 

we   formally write   (x,AJ   -   xA".     Thus X»H  ■  yb if  and  only   if 

x   -  y and A  •   b.     (Later,   A will   be identified  with  1»A  and this 

definition  of  equality  simply   places  14  in V   in   cuoh a way that 

0  *  H{H) .     An   extraneous   dimension   11   thus  introduced.) 

The   set   P beinp, defined,   wo now  define   addition   and 

scalar multiplication   in   P. 



Ü1.  r(8A) - rs(A) 

Ü2.  rA ♦ sB » (r*s)A r+s a. 

And we now verify that P Is a cone. 

PI io trivial. 

P2.     rA ♦   sB -   (r*8)A r+8 B 

- ^^^ST: A 

(D2) 

(M2) 

(D2). 

-   (r*9*t)CA?Tf7r (B^ O]   . r+s+t 

Similarly, 

(rA+s^i   ♦tu -   {r*a*ti   1(^7^ B)   r**B*t.  C^   * 

'..ith the help of hi  it  may be verified that 

C, V+s+t   ^^s^t  C, 
i,   r     ai     r^s 

which   proves  P3. 

PI».     If rA ♦ sb -   rA ♦  tC,   then 

(r*8*  A?^ 3 "   (r+t)   iir?t G* 

Hence,   s   ■  t  and   by M5,   B ■  C. 

proving P4. 

P5.     x(rA*5B)   -  x(r~»-s)   A^j B) 

-   ^xsMA^rB) 

Thut.   so tC 

- (xr^H  ♦   (xs)   B 

- x(rA)   ♦  x(a3) 
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Pö.     (x*y)rH ■   (xr+yr)A 

- {xr+yrMA ^Jp A) (M4) 

- (xr)A +   (yr)A 

- x(rA)   +  y(rA). 

P7.     x(y(rAj)   - xCyr*;   -   (xyrM -   (xy)(rA) 

PÖ.     1'(rA)  -   (1T)A  - rA. 

p   is  thus a  cone.     If AfiM,  we define   f(Ai   •   1»A 6P 

to obtain   the following  lerama. 

Lecuna   1 ,        There  is a  function  f mapping M  into a  cone P  in 

such a manner that 

1 )     f  is  1-1   into P. 

2)     f(Apb)   -  pf(A)   ♦   (l-p)f(ri)   for 0 < p < 1. 

Proof.     Define f(A)   ■  1«A.     Tnen 1 J   is a  cousequence 

of definition of   equality  in   P and  2)   is verified  by the 

following   computation: 

fUpEO   -   l-ApB 

- (p->(1-p^ApB 

- pA  ♦   (l-p)B 

- p(1 'A)   *   (1-p)(1'B) 

- pf(A)   ♦    (l-p)f(B). 

As   in § 1 ,   the  cone   P may  be t   ^en to be a  cone  in  some 

vector  space V  which it   generated by   P.     The statement  of the 

enbeddii g theorem  follows. 



Theorem 3.1 .       Let M be  a mixture space«     Then there exists 

a  vector space V over the real numbers and a function f nap- 

ping  M Into V auch that 

1. f  is one—one   Into V. 

2. fUpti)   -  pfU)   ♦   (1~p)f(B),     0 ^ p ^ 1. 

3. f(M)   -  C(f(Mj),     i.e.,   f(M)   la   convex. 

4. V  - V(f(M)). 

5. O^H(f(M)). 

Proof:   Let V  be  generated by the  cone P  of Lenna  1. 

Then   1.   and  2.   are true  by Lemma   1.      (The   cases  p ~ 0 and 

p  -   1   are  trivial   by M6.)     To  prove that   f(M)   is  convex, 

observe that   if A»,   B1e f(M),   so that  A«   -  f(A),   B'   -  f(B), 

then   pA'   +   (1^)6'   -   f(ApB)ef(M)   by  2.     Hence   f(M)   is   convex. 

Since  f(M)   generates   P   (because the  elements  1*A in the  proof 

of Lemma   1   generate   P)   and   P generates V  we have 4.     As   for  5«, 

we need to prove that  if xf(A)   • yf(B)   for x,y > 0 then 

x  -   y  and  f(A)   •  f(B).      in terms  of the   cone   P of Lenma   1,   we 

have   xA -  yB so  that  x   -  y and A  -  B,   proving  the  result. 

We now prove that the   embedding is   unique.     To do   this 

■ e   first   prove the   following algebraic lemma. 

Lemma 3.1. Let V and V be vector spaces with elements 

x,y,z... and x'.y'.z'... respectively. Let C and C be 

convex  subset» of V  and  V   respectively and let 0^;H(C), 
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0€ H(C' i, V- V(C), V - V (C).  Let g map C onto C in such 

a way that 

a. g is one—one from C onto C . 

b. g(pA+(1-piB) - pg(AJ ♦ (1-pJg(Ü) for 0 <. p < 1 and 

A,b €C. 

Then  g may   be   extended   in  one   and   only  one way to all  of V 

such  that 

a*.     g  is   one—one from V   into V. 

b'.     g  is  linear. 

(Thus,   if  X  -  y~~ x^.   k^SC,   then  g(X)   -  ^       "x^U^ . 

and this   extension  of  g   is   uniquely defined  and   satisfies 

a*.   and  b* . ) 

Proof:     Obviously  there  is  at most   one   extension.       Let 

us  first   extend  e; to P(C),   by defining g(xA)   -   xg(A)   where 

x > 0  and   A€G.      (Observe that  since   C  is  convex,   and O^K(C), 

xA is   the  most  general  element of  P(C).^   There  is  no  question 

of whether g   is   properly defined,   since the representation 

xA  is  unique. 

0C •   g   is  one—one   onto   P(C,>.     g   is  one—ot.e   since   if 

xgU)   -  yg(B)   with  x,y > Ü,   A,b   6M,   we  have  gUJ,   gd^tC 

and two representations   of an element   in  F(C').     Hence x  - y 

and g(A/   «  g(üi,   and therefore  A   -  b.     That  g   is onto   PfC') 

is  clear. 



.;,..■ .:/• 

/J • g  is   additive  on  P(Cj.     For we  have 

- (x*y)g(A ^ dJ 

- (x*y)fe(A)  3^ g(u)J (by   bj 

- xg(H^  ♦  yg(fa) 

- g(xHi  ♦  glyb). 

Jf » g   is homogeneous.     Kor, 

g(x(yAj)   - g{xyAJ 

11 

- xyg(Ai 

- xg(yAi. 

..e  row extend  g to V.     Let R,   13,   T,   V,...   denote  elements 

of  P(C).     The rost general  element  X  of V   is  of  the  form 

X  - h  — -.     Uefine g(x;   -  g(K)   - g(M,     g   is  properly defined, 

since   if  h  - :l   -   T -  U   then  h  ♦   U  ■   o   ♦   T, 

g(lt;   +   gU;   -  g(^)   *   g(Tj    (by   ß )   and   hence  G(hy   - g(oj   -  g(Ti   - g(U) 

<Ve   now   prove  a'   and   b'. 

It   IJ easily verified,   with  the   help  of   ß    and    f   that   g 

is  lii.ear.     To  prove that  it   is  one—one,   assume   g(XJ   - Ü. 

Lettinrr  X  -  h — 5,   we  have g(K—J)   -  0,   g(lU   ■ g(3).     Hence, 
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by   o<    ,   R  -   S ar.d   X  -  Ü.      Finally,   g   clearly maps  V  onto V 

anti  this  proves  the lemma. 

Theorem  3.2   (Uniqueness).       Let M be a mixture  space and  let 

V and  V   be  vector spaces.     suppose  f raaps  K  into  V  and   f' 

maps M   into  V'   as   in   Theorem   3»'' •     Then V   and  V'   are   isomorphic 

under  a napping  g  which   sends   an element   X   ■   ^~x,f(/Q   (AjfeM) 

into g(X)   -    51xif'(Ai). 

Proof;        13y  Lenma   3.1   applied   to   the   function g  -   f'f-1    . 

The  above  discuysion   has   not   depended   on  the  dimension 

of V.      If the   (essentially   unique)   V  of   Theorem   1   is   (n+IJ— 

dimensional,   then   we   say   that  the mixture   space  M  is  n— 

dimensional.      In  this   case,   K   is   simply  an   n—di.-aer.sional 

convex   set. 

Sj 4.     Utility  Spaces« 

A   utility  space   is  a   mixt ore   spac^ M   with  an  order 

relation  < imposed  on   its   structure.     In  view of §3»   we assume 

that  M   is  a   convex   subset   of  a   vector  space   V  with V  ■  V(M), 

Ü^H(M).     The.   relation  <  is  requireJ to   satisfy   the   following 

axioms: 

Ü1.     The  relation <   is   a   total ordering  on K,   which  is 

irreflexive  and transitive. 

02.      If  A  <.  a and  0   ^ p  *-  1,   then   pA   ♦   (1—p)C  ^ pj  ♦   (i_p)C 
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Observe   that   the   converse  of 02   holds   since   < is  a  total, 

irreflexive   ordering. 

Before   consiuerinr  utility  spaces,   we  shall   consider weak 

utility   spaces.      These  are  mixture   spaces  with  an  ordering  < 

satisfying 

Vi'1 .     The relation  <; is  a  binary,   reflexive and  transitive 

relation   of 1^.      It   ic  a total  ordering. 

V.2.      If  A  <  ii  then   pn  ♦   (1-p)C  < p3 >    (1-p)C     for   0  < p  < 1 . 

\M3.     If  pn  ♦   (1—p)G  <• po ♦   (1—p)C  for some  p  such that 

0  <v p <  1 ,   then   A  <;  B. 

Definition  /t.1 .        H'-'b  if  and   orily   if   A  v.  B aiid   3 < A. 

It   is  easily   verified that   this   is  an equivalence 

relation.     Let   [A]   be   the   equivalence   class containing A, 

i.e.,   X fe 1>]   if and  only   if X^A. 

Dafinition 4.^.      [A]   <  [B]   if and only  if  A  ^ B and   [A]   /   pf] • 

It   is  then  ^een   that   the relation  <- on  the equivalence 

classes   is   uniquely   defined  and  is   transitive,   irreflexive. 

It   is a   tot il   ordering.     Then  01    is   satisfied.     Let  N.'   be  the 

set   of  equivalence   classes,     .!e  make i-.'   into  a   mixture  space 

by   ciefinin^ 

fAjpfB]   -    [*päl* 

With  the   help  of   ..2,   it   la   easily   verified  that   this   definition 

is   unique.     That  1-.'    is  a   mixture   space   follows   from  the   fact 

that  ii   is   one. 
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To   prove 02,   assume  0  < p < 1   and    JA]   <   fB].     Since 

A  <.  B we   have  pA ♦   (1—pJC  < pB ••■   (1—pJU.      ..e   need  only  prove 

that   p3 ♦   (1—p)C ^ pA  ♦   (1—p^C.     But   assume that 

pB  ♦   (1—p}C  ^. pn ♦   (1—p)C.      By  «3,   we  would   have   ii ■>. A ,   hence 

A~ij,    L^J   "   iX]   which   contradicts   [Aj   v   fbj .      iier.ce  02   Is 

verified. 

»•e   see  that   ^2  was   needed to  define mixtures,   »3  to 

define   order. 

Jiven a weak utility space K, we identify elements by 

the above process to obtain a utility space i-.'. nny inform— 

atio.i obtair.ed on li' will then be reflected in /•-. Kor this 

reason  we   consider  only  utility   spaces. 

nn   ordered  vector   space  V   is   one   which   satisfies  the 

following   axioms: 

VI.     There   is  a   binary,   transitive   and   irrefiexive 

relation  < on  V.     The  relation  < is  a  total  ordering. 

V2.      If  H  >  ü then   A  ♦   C >  B ♦   C  for^i^.CeV. 

V3.      If  A  >  B  and   x  >  0  then  xA >  xB. 

An   ordered  vector  space   is thus  a   utility   space.     Axioms 

01   and  C2   are  easily  seen  to   hold.     The   purpose   of this   section 

is  to   embed  a   utility   space   in  an   ordered   vector space.     Since 

the   utility  space M  is  embedded   in the vector   space  V  as  a 

mixture   space,   it   suffices  to   extend the   order relationship 

fro.i  .'.  to  V.      .e assume  that   V  -  V(M/   and   0^J1(MJ.     The   order 

relation   will   lirst   be   extended  to   P   "   P(Mj   and   then  to  V   -   V(P). 
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To extend   ti:e   order  on M  to   P   ■   P{Mj,   we  define 

xA >  y\i  if   and only  if x  > y 

or 
x"yandA>i3  for   x,y  > 0;   ^,3^1»;. 

We   row  verify VI,   V2   and V3. 

VI   is   trivially   verifiable. 

V^.     .vssune  xa  > yj.     ..e must   prove that   x*i  ♦   zC > ya *   zC. 

■sut   XH   +  zu  ■   (x+z;   A  -Jr C  and yb  ♦   zC   -   (y*zi   B -J^ C,        If 

x  > y,   we  have   the  result,   since  x  •♦•   z > y ♦   z.     If x   ■   y, 

then   x  ♦   z   -   y   +   z  ana   since   a  >  ii,   we   have   *. —^-j  C  >  3 —^ C 

by  02.     Hence  xA  ♦   zC  > yA  ♦   zC  in  any  case. 

V3.     Let   xA ^   yb.     Then   the   condition rxn > ryß is 

etjuivaler.t   to   the   condition  xA > yu.     This   proves  VJ. 

Finally,   the   order  on  P  will   be   extended  to V  by 

defining 

A - b >   C -  D   if and  only   ifrt*l)>B+C 

for   A, d,ü,L) fe p. 

it   i.s   easily   seen  that  the   definition   is   unique  and 

we   orit   this   i roof.       .e   now  verify   the  axioms   VI,   V2   and  V3. 

VI   is   trivially   true. 

V2.     Let   >i   - Ö >  C — b.      »e   nust   prove  that '. 

(^-Lii   *   {c,—t)   >   (C—b)   ♦   (b—F)   for   «,n,...F6-p.     but  we  have 

n  +   L)  >  ü ♦   C.      iience   ,y.*i)*Z+F>iä+C*Z*F.     oy 

defitiition,   we   have   (»i+b;   —   (b+F;   >   (O+Ej   —  (b+F).      Hence, 

by   rearranf inp;,   we  hove the  result. 
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V3.     If  A -  B- > C - D and  x  > O,   we   have 

A  ♦   U  >  b  ♦   C, 

xA  +   xü > xa ♦   xC, 

xA  — xb > xC — xb, 

x(A-0;   > x(C-D). 

Thus,   the  utility  space M   is   embedded   in  an  ordered 

vector  space   V.      As   we  have  mentioned   before,   an  extraneous 

dimension  has   been  introduced  since  O^H(Mi.     The  dimension 

of M has  teen defined  an the dimension   of  d(»J .     Once  the 

above  embedding    .as   been done   it   is   an  easy matter  to  embed 

M  in a  vector  space   of its  own  dimension.     To  do this  we 

simply  embed  H(I.) 3 M  in a  vector space   by  selecting  any 

point   AfiHCJ   and   defining   f(X;   -   X - A  for l6H(MJ.The 

image   of  H(.'l)   is   then  a   vector   space   whose  dimension   is 

H(M) .     Moreover,   f   is  one—one  and  f   preserves   convex   comb— 

inations   and   order.      This   seemingly   roundabout   .nethoü  of 

introducing  an   extra   dimension  greatly   siraplilies  the   embed— 

dinF  proceaure   since  all  of   our   embeddings   seem  to   be 

accomplished  easily   by  first   extending   definitions   to  P(M) 

where C^H'..).      Lastly,   it   should   be   pointed   out   that   the 

"proper"   embedding   should   be  thought   of as an  embedding   in 

un  affine   space,   since  the   relations   of  p—mixtures   anu   order 

are   preserved   under   the  affine Kroup.     We  use  a   vector   space 

for  convenience   in  manipulation. 
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§ 5-     Ordered   Vector Spaces. 

We  now  proceed to   chsracterize  ordered vector spaces. 

The defini'-ion  has  been Riven   in §3   by axions  VI,   V2  and V3. 

It   is   convenient to  irtroduce   equivalent  substitutes  by V2 

ana  V3  aa   follows: 

72»      If rt  > 0,    B >  0  then  A  ♦   B > Ü 

73'      If  A > 0,   x >  0  then  xA > Ü. 
i 

V.e  have 

H   >  B   if  and   only   if  A  -  B > 0. 

Thus   ti.p   jruer   is  determined   by  the   positive  elements  which 

we  uenote  by  V   .     72'   and 73'    imply  that  V     is  a   cone.     Since 

the  order  is   a total   order  and   is   irreflexive,  V     is   <>< 
i 

maximal   cone     not   containing  O. 

«e  now   introduce  a  definition   which  reflects   the 
\ 

failure  of the  /»rchiraedean   property.     Let  u,   B6V     (ii,B > 0). 

Then  we  say   that   A  dominates  B   if  *  > xb for  all  real  x > 0. 

i       We  write  A>>dorB<<;H.      This   is  defined  only   for  positive 

elements   of V.     The relation ^ «^ is   irreflexive  and transitive; 

and  H  «^ «^  B   implies  a  ^  B.      Üven   «  and  B,   if  neither  A  s. <» B 

I       rior  B < v H   we  write  n     J,   n   is   equivalent   to  B.      Equivalentlv, 

A~ B  if  and   only   if  xA  ^ B  •- y«   for   some  positive  reals x  and 

\       y.     Again  this   is   defined   for   H.otV   .     The  relation   ^   is 

seen  to   be  an   e(iuivalence  relation.      >»e  denote   by   £AJ   the 

This  section   has   appeared.   In   essence.   In  the   Proceedings  of 
A.M.S.,   December,   1952.      It   Is   Included   for  the   sake  of 
completeness. 
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equivalence   class   containing  A.     ..e  may then   define   fAj   >   £Bj 

to mean  A  < < B.      we then  have   a total  order  on   the equivalence 

classes,   sir-.ce t his definition  may  be seen to depend  only on 

the equivalence   classes and  not   on their  representatives. 

Tl.e   seetnii.^ly  irrelevant reversal   of  order  is  for  later 

convenience. 

Lernma   5.1.        If  A  > >  b and  C  > 0  then A  ♦   C  > >  d. 

Proof:     If x > 0,   then H  > xb.     Hence H ■»•   C > xd. 

Lemma  5.2.      If A  > > K^ ,A2 -in  and x, , ... ,xn > 0,   then 

A   >   >   X,A,     ♦     ...     ♦    XnHr   . 

Proof:      If  x > U we   have 

A >  nx  x.A. 

Sunning   arid  dividing  by  n,   we   have 

A > xUjA,   ♦   ♦• •  xrAn;, 

proving the   lemma. 

Leaima   5.3.        If  A  > > Aj , . .. , A     and  x,X] , ... tx     >0, 

then 

Proof:     By  LenanaeS.I   and  5.2. 

Corollary   3.1.      If    j A
t ^     is   a   set   of  elements   of V     no  two 

of which are  equivalent,   then   the  At  are  linearly  independent. 
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Proof;      If there   is  a  linear relation among the A. , 

then  we will   obtain a   relation  of the  form 

xA ♦ x.A,   ♦   -..   ♦   xkAk   - xk+1Ak+^    ...   ♦   xnAn, 

where  the  x's are  positive,   the  n'a  belong to the  given 

set,   and  A > > Ai A   .     But   this   contradicts Lemma 5»3. 

As   usual,   we define   |Aj   ■  ♦. A according  as A   is non- 

negative   or  negative.     The  usual   laws  apply: 

JA  ♦   3|   <.   JAJ   ♦    jßj 

JxAj   -   IxjJAj. 

With  this  notation we may   state  the  following   important 

lemma: 

Lemma   5.4.     Let  A^jBj.     Then  there is  a  unique real number 

x   such that  xA   ■   B or   jxA  —  Bj   < < H. 

Proof;      The  uniqueness  of x   is  immediate,  for  if 

X|   / x2  we  have 

jUj-rXiJAj   <   IxjA  - yj   ♦    jx2A - yj. 1 
1 
1 

and  if  the  terms  on  the right were   zero or dominated  by A 

we   should  have   A  < < A. 

To   prove  that  such  an  x   exists,   we  assume that   B > 0 

i     with no loss  in generality.     üince  H^ö,   we  have    yA <. B < ZA 
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for some  positive real numbers  y and z.     Let x be  the 

supremum of the  nambers  y  for which yA < B.     Let   £    > 0 

be an  arbitrary positive   real number.     Then  we  have 

(x- t)A < B < (x* £)H, 

-£A<B-xA^£.ii, 

J 3 - XA , < C A. 

Then either B — xA - 0 or |B - xAj <; < A by definition. 

We may now easily characterize finite dimensional 

ordlired vector space.  The result is known (cf. Garrett 

Birkhoff, Lattice Theory, p. 240;, but we give it here as 

an illustration of the method used for the general (infinite- 

dimensional; case. 

Theorem 5.1.  Let V be a finite dimensional ordered vector 

space.  A basis Aj,A2 A may be chosen so that t he order- 

ing in V is lexicographic, i.e.. 

A - y" x1k± > 0 
i-1 

if and only  if the   first   non—vanishing x^ is  positive. 

Proof;     Let V    be  decomposed   into equivalence  classes 

as  above.     For  each   equivalence   class t,   let  A.   be an 

arbitrary  element  of it.      By  Corollary 5.1,   the  set ("*. ( 

is  finite.     We  choose the  notation so  that   A|,...,A.   are the 
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representatives and  Aj   >>A2>>  •••  >> A. ,     Moreover, 

k ^ n   -  dimension of V. 

Let   A£V.     If A  / 0 then   JA|   belongs to   some   equivalence 

class,   say   |A|^At   .     By Lemma   5.4,   either A  - XjAt     or 

JA — xiAt   |   < < At   .     .Ve  repeat  the process  on A — XiAt 

if  it   is   not  zero and   continue until   the   zero   element   is 

reached.      (It  must   le  reached in < k  steps.)     Thus A is 

a   linear  combination  of the   A.'s;   and since  A was arbitrary 

it  follows  that  the  A's  constitute a  basis  for V.     Thus 

k   ■   n. 

U ow  1 et 

A  -  \      xiAi* 

By  Leiiima   5.3,   A > Ü   if and  only  if the first  non—vanishing 

coefficient  x^^   is  positive.     This   completes the  proof. 

Observe that  a basis  A,,...,An  is  a  lexicographic basis  if 

and  only   if Aj^  > 0  and   Ai   > > ... > > A n 

t 

Theorem 5.2. 'Let A,,..., A  and A| ,. .. ,A  be basis elements 
i 

in the sense of Theorem 5.1.  Then Aj - lA^  where T is a 

lower triangular matrix with positive diagonal elements. 

Conversely, if T is such a matrix and A,,...,An constitute 

a lexicographic basis then so jlp TA, , . . . »TAn. 
i » 

Proof;  '*e have A, > > ... > > A  and H, > > ... > > An. 
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Hence  A.~A. .  Thus A. - x^A. ♦ terms dominated by A. by 

Lenrr.a 5.^.  A. - x^^A. + xi-»-lAi-f1 * •*• where xi >  0«  This 

proves the first part of the theorem.  For the second part, 

we observe that TA.-^A..  Hence TA, > > ... > > TA proving 

the second part. 

Im terms of coordinates, we may state Theorem 5.1 

as follows:  .ith respect to some basis, the vector 

X - (x, , . . . ,xn> > Ü if and only if x, > 0 or x, - 0, 

x^ > 0  or x, - ... xn_1 - 0, xn > 0. 

In order to consider the infinite dimensional case, 

we define a lexicographic ordered vector space as follows: 

Let T be a totally ordered set.  Let Vm be the set of e.11 

real valued functions on T which vanish except on so:iie well 

ordered subset of T.   .<e define f > 0 if f / Ü and if 

f(t0) > 0 where t0 is the first t for which f(t; / 0.  It 

is easily verified that V-, is an ordered vector space.  r or 

T finite, we get the finite—dimension ordered vector spaces. 

It may then be shown that the ordered set Tjis ord«r—isomorphlc f jf 

to the ordered sec of equivalence classes in Vm.  If V is any 

ordered vector space, we let T be the set of equivalence 

classes with the previous definition of order.  Then the 

result is that V is embeddable in a subspace of Vm which 

cor.tai;,s the characteristic functions of points.  The proof is 
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by  transfji-^te   Induction.     The details  appear  In  a   piper by 

the  author  and   J.   G.   Wendel   In  the December,   195?,   Proceedings 

of  the   A.M.S.   (Vol.   3,   No.   6). 


