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ON SOME VARIATIONAL PROBLEMS OCCURRING IN
THE THEORY OF DYNAMIC PROGRAMMING

Richird Bellman
Irving Glicksberg
Oliver Gross

1. Introduction.

—The purpese of this paper 18 to presentssome results of an
investigation of a class of interesting and important variational
problems involving the control of a physical system over a time
interval. One lerge category of problems of this nature arises
in connection with the maintenance of a dynamic system in or near a
specified state at minimum cost.. The cost is usually compounded of
two parts, the first part measured in terms of the deviation of the
system from the desired state, and the second part measured by the
cost of the resources used for control. The theory of mechanical,
electrical, and economic systems contain many questions of this
type.

“Another large category of problems, of economic and industrial
origin, are those in which 1t 18 required to maximlze the output of
a system given a limited quantity of resources. Only one represen—
tative of this category will be discussed in this paper. —

The mathematical difficulties encountered in treating prob-
lems of the types above depend to a large degree upon the mathema-
tical model used to represent the system, the functionals employed
to measure the cost of deviation and the cost of resources, and the

constraints imposed upon the permissible types of control.
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As far as the mathematical models are concerned, we shall
consider here physical systems which are ruled by a system of

linear differential equations of the form

N
dxi

(l) —a-r— = aijx‘] + f'i(t), 1-1,2,"',N
x,(0) = =,, O0gt(T

which in the more convenient vector-matrix notation takes the form

(2) g%— = Ax + f(t), x(0) =e, 0 t(T
where
X1 fi(t) Ci
Xg fa(t) C2
(3) X = . ’ f‘(t) - g ’ Ch o
’.‘u szt) €y

Here the vector x represents the state of the system at any time ¢,
and the forcing term f(t) represents the influence of the resources
used for control.

If, in place of continuous control, we apply intermittent
control, the equation above 18 replaced by a difference equation,

(4) x(t+1) = Ax(t) + I‘(t),. (=@ 1,2 s P

x(0) = c.
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I" we consider systems in which time lags occur, in place

of (2) or (4) we obtain equations of the fom

(5) %ﬂ = Ax(t) + Bx(t-1) + r(t), 1¢tT
t

an(t), O_<_t_<_1

A discussion of control problems involving differential-differernce
equations will oe postponed to a subsequent paper because of tne
variety of new features which arise.

As fer as the functionals representing the cost are concerned,
we shall take them to be linear or quadratic, with constraints of
linear form involving boundednees and positivity.

We discuss first, 1n.§2, the case where the cost of deviation
1s measured by \F [}—y, x—ﬂ ét, where rh,v represents the inner
product of two gectors, where x is the actual state, y the desired
state, and the coat of control is measured 'y a 6?[?,€]dt. Tre
problem 13 then that of choosing an f so a8 to minimize the total

cost

r T

(6) J(f) = f‘ x—y, x—yldt + a J"[:f,f‘:]d‘b
o - -~ o

where x depends upon f vy way of (2). Using the krown representa-

tion theorems expressing the solutions of innomoge:-~cus llnear dif-

ferential equations in terme of the s8olutions of the homogeneous

equations and the forcing terms, the prohbhlem may he reduced to



.
minimizing the functional
T 19 t
(7) Sf [:Sr K(t,ty)r(ty)dty, - y, sf K(t,t;)f(t;)dt,—x]dtg
T
+ 5( [:f.!jdt

over all f.

A completely analogous problem is obtained for Aifference
equations in which integrals are replaced by sums. For the -case
of differential-difference equations a functional corresponding
£ (7) 1s mhtained.

To treat trnese various prorlems simultaneously we abstract the

general prcblem and consider the problem of minimizing
(&) llar+ g/ |2 + al|f]]|®

where A is a hounded linear operator on functions belonging to
T

L?(0,7), and |[£!]2 = § [f‘,f]dt = (f,r).
0

Relatei to tne preilem of minimizing the total cost is tiat
>f minimizing tne cost cf devsiatlon subject tc ¢thie restriction that
the cost of control be bounded by a fixed quantity, and the dual
provlem of minimizing the cost of control given that the cost of
deviation is to remain below a certaln bound.

After naving ootained the existence and uniqueness of the

minimizing function in the general case, together with the integral
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equation it satisfies, we turn to the application of the general
result to the differential equation model.

In the next three sections we consider some particular
problems in which the cost functions are of a varied type and
in which there are constraints on the forcing term f. In §3
we treat the problem of minimizing N} (1—u)2dt over all f

o)
sub ject to

(9)

where u is related to f by means of the equation

(10) S =+, u(0)al.

In the succeeding section, §k, we treat the problem of minimizing
T
J(du/dt)adt subject to the same constraints.
In §5 we treat the problem of minimizing Max |1-u| subject
0Ct<T

T
to [ f2dt ¢ a,, by considering the solution of the dual problem
o

T
of minimizing bf f2dt subject to -4 ¢ 1 —u <d for 0 < t < T.

Turning from this class of problems we consider a problem
arising in the mathematical theory of economlcs concerning maxi-

mization of profit. Setting

N
dx1

(11) It ay vy xg(0) = ¢y
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where ‘13 2 0, tne problem 18 that of choosing Yy between O and

Xy 8O as to maximize the functlional

T N
(12) of [; (xi—yi)] dt.

In the course of the solution it {8 necessary to answer the

followlng question, of some independent interest. Given

dx1 N
(13) — = ; aiJ'J +r1(t). 11(0) - ci

what are the necessarv and sufficlent conditions upon the matrix
A = (aij) in order that x; > ° for t > O whenever ¢, 2 0 and
£,(t) > 07
The answer turns out tc e quite simple, namely .iJ >0, 1 * J.
There are a multitude of interesting questions which we have
not ment ioned at all. A quite important one is that where there
are two forcing terms,

(14) -g%— = AX + f + g

the first, f, representing factors at our control, and the® second,
g, repre3enting exogenous factors beyond our control. Although we
shall not discuss any problems of this type in this paper, let us
merely point out that there are at least two approaches to the cor-—
respording minimization problems. We may regard g as a random

function with known expected value and autocorrelation functiom,
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and minimize E(J(f,g)). Or we may introduce the concepts of game
theory and consider tre problem of determining the f and g which
yileld

(15) Min Max J(f,g), Max Min J(f,g),
f 4 4 f
and then consider the corresponding game over function space.

Finally we mention that there are several alternative approaches
to the problems we discuss. If we allow the problem to remain in
its native form (6), subject to differential side condition, we
have the classical problem of Bolza. It seems, however, simpler to
consider the space of functions f¢l2(0,T) than the space of func—
tions possessing derivatives.

In this connection we can also use the Lagrange multiplier
approach, particularly in the problems of the later sections. We
have preferred to use a direct -attack based upon the Neyman-Pearson
Lemma. Subsequently we will present a new approach to a more

extensive class of problems based upon dynamic programming techniques.

§2. Quadratic Punctional.

In this section let us consider the problem of minimizing
(1) Ju(f) = (g8 + Af, g + Af) + a(f,1), a>0,

where f and g belong to L2(0,T) and A is a bounded linear operator
on L (0,T). The function Ja(f) represents, from ‘he above
models, the total coat of control, where the first term represents

the cost of deviation and the second term the cost of control.
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Theorem 1. There is a unique f€ L2(0,T) which furnishes the mini-

mum to Ja(f').

Proof: Since a(f) may be interpreted as the norm of the element

[g + Af, f] of L2 x L2, the existence and uniqueness of the mini—
mizing f, which we shall call ra, is a simple consequence of the
fact that a strongly closed convex set in Hilbert space has a uniquu
element of minimal norm. It is clearly sufficient to consider

those f for which a(f,f) < 19r Ja(r). These form a weakly compact
convex set. Since A is weakly contlinuous, the image of this set

in Lp x L2 18 weakly closed, hence strongly closed, and convex.

Theorem 2. EEE

(2) R, = (- - I\"A)—1

be the resolvent operator of the positive operator A*A (where A*

is, as usual, the adjoint operator to A), then

(3) f =R _ A*g.

Proof: Let A be an arbitrary real constant, f an arbitrary func-—

tion in L?(0,T) and consider
(4) J(fg + Af) = (8 + Af, +AAT, g + AT, + AAT) + a(f, + AT, £, + Af)
= Jo(fg) + 2A (g + Af,, Af) + a(f,,]]

+ 28 C(Af,Af) + a(f,fr)7] .
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The condition that J(f,+ Af) be a minimum at A= 0 ylelds
(5) O = (g+Af,, Af) + a(f,,f)

= (A*g + A*Af, + ara,r),
for all f, which implies
(6) A*g + A°Af, + af, =0,
which in turn ylelds (3), since — a ¢ O 18 In the resolvent set
of the positive operator A*A.

Now, as 18 well known, RA 18 an analytic function in the
d - 2 d o2 _ 3

regolvent set, Th RQ\ - R)\’ I RA - 2RA' and %

R = -7\_1(1 +X_1A*'A)“1 tends uniformly to zero as A —>» 0o. Thus

(R:A*g, Avrg) = :.f‘a.,z —>0 as a —>» 00, and ,ra,|2 s non-—

increasing as a function of a > O, for

since F‘—a’ as the inverse of a strictly negatl.e orerator, is

strictly negative; indeed since f = O only if A*x = O, ;f‘ai ' 18

strictly decreasing 1f A*g s ¢. Similarly, since
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(12) (g + Af,, g8 + Af,) = (g + Af,, g8) + (A*g + A*Af,, f,)

= (g,8) + (fy, R*g) —a(fy, f,).

= (g,8) + (R_jA%g, A*g) —a(f,, f,),

we have

(13) -4 |lg+af,||® = 2| (R .A*g, A*g) - a(R2_A*g, A+g)
da a “da -a -a

= (RZ,A*g, A*g) - (RZ_A*g, A*g)
== Qa(RiaA'g, A*g)

a
Thus. g + Afaaiz, as a functlon of a > ), !s non-decreasing, and
strictly increasing 1if A*g # O.

These properties enable us to easily dispense with the related

prorlems of minimizing the cost of deviation with a limited amount

of controi, that 1is, obtaining

(10) ¢(c) = min | g + Af| ]2,
LT 12

The monotone charazter »f l'fal,a an? g + Afallz can also be

seen for A*g % O from the fact that B + fy,» 0 <8 <b. For If
= [ 2 - ' | 2

uy | lg + Afall ) Vg |lfa,i , then u_ + av, < u, + av, and

up + bvy < ug + bva 8o that u, + bv, < u, + av, + (b--a)va < uy

+av, + (b—a)va and (b-—a)vb < (b—a)va or v, < v adding - av, <

- v . H :
av, to ug + 8 a < U, + av, we obtain Ug < Uy

8;
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and the dual problem of cbtaining

(11)  WY(e) =  min i,
| 1g+Af]|®<e

which 18 the minimum cost of control required to keep the cost

of deviation below a certain level.

[
i

a
(for a > 0). Since Ja(fa) = ljg'? ¢ Ja(f) = g+Af] % +a ¢

Let us consider first the trivial case where A*g = 0 =

for any T and all a > 0, |!g||? ¢ | ig+Af 2 for all f and clearly

é(c) = ||g, ]2 for all ¢ > 0. Moreover we have W(c) = O for

c> |{lell?, with \P(c; undefined for ¢ < ! 'g;|2. 1In the somewhat

less trivial case of A*g & O, since el 2 18 continuous and

strictly decreasing, for ¢ in the rarge O ¢ ¢ < 8up i,fa‘ &

- 1im Ilfa;fz, we clearly have a unique a > O for which [f_ | 2
a—>0

and thus fa alorie rrovides é(c), since otherwise we should have

an f & e for which | ig+Af 2 ¢ | g+Afa‘32, AR NS 11 2 so

that Ja(f) < Ja(fa‘, wiich 13 Impossible. Thus, to complete our
discussion of (17, we need only consider the case in wricn
12

sUp l'f‘all2 i1s finite, and ¢ > sup | o

If sup | |f

g |2 = ltm .12 18 finite, then trnere is an

a—>
elemert fo to which fa convern.es gstrongly as a —> J, which mini-
mizes @ g+Af 2 for all f in L, nence provides ¢(c) for all

c > sup Ilfallz. This follows from the fact that the set f}.}

has a weak cluster point f_ for which ||f [|* ¢ 1lim 1eal1%,
a—> 0
and the minimal property of ' ¢ + Afa; . For since g + Afo is a
cluster point »f g + Af_, we have I| g + Af_ | < 1lim l'g + AT_|
a 0 - i a

< llw ¢ Af . lence, if , ¢ + AT < ¥+ Af .1, we have
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Ja(f) < Ja(ra) for sufficiently small a, contradicting the minimal

property. Thus, ||lg + AT || < [ig + Af|| for all f. Furthermore,
g + Al = | g + Afoil if and only if Af = Af_, from the strict
convexity of the unit sphere in Lp. Now if Af = Af‘0 and therefore
g + ATl < (18 + Afail for all a, we must have  |f|| > ‘;faii for

all a so that '!fl" > 1im ,;fai| > :.fo‘, > 1lim AR
a—>0 a—>0U

Thus, fq is the unique element of minimal norm 1in the closed

variety {%: Af = Afés.
Since this 18 true for any weak cluster point fo' there 18
only one and since ,ifai —_— ,;foll, |;ro - fall —> 0 as asserted.

Also, since A*g + A'Afa = — afa tends strongly to zero, we obtain
Az + A'Af'o = (),
Rimilar considerations apply to (11. when A*g & ). For ¢ 1in

the range of |g+Af, 2 "~ ¢a ¢ on, we have a unique a for which

ig+Afa{i2 = c and f, alone provides Y(e). If c is not 1in this

range, we have two cases. If c < ||g+Af,,|% for all a > O and

i |
.!fa.:2 18 unbounded, the problem is vacuous, since ||g+Af] |2 < ¢

< |!g+Afa'[2 implles Ja(rj < Ja(fa) for |:fa|'2 > |if]|2. But if
sup "f&'lz < o then since the element f_  provides the absolute
minimum of | g+Af |2, Y (c) 18 defined only 1if c = Ig+AT 1%,

and tren Y(c, = fo;'z. n the other hand, If ¢ > iig+Afa||2 for

all a > >, tren since f,i12 —>0asa—>o, c> & %, and

a''

\P(c, = ) 18 vrovided by = O.

1Thus
[

a.|2 for some a > 2, in which

fheorem 3. If A'g ¢ O, elther c = | [

case f_ alone provides ¢(c) orc> i f (2 and f_ = 1im f
- a — "0 . a
a—>

provides the minimum. For c in the range of |Ifa'i2,
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13
\ d C)

(12/ c = — 8
where c = Ilfall2 relates ¢ and a.

Similarly, either c = Ilg+Afai|2 for some a > o, in which
case f, alone provides \Y(c), or ‘Ifall2 18 bounded and
c = ||g+Af0;lz, in which case f_ along provides our minimum
Y(c), orc > iig+Afai|2 for all a > 0, and f = O provides the
minimum. Also, in the range of ||g+Afa,|2,

d (o 1 .

(13) = - =, c = [ig+Af 12,

It only remains to verify (12) and (13). Since —QQTQQL
o d ) |2 da - . da

I l,g+Afa| e = - ?a(R_afa,fab-aE— and c = (I‘a,r8
= (B2, A*g,p*g),
v ] . da _ da
(1%) = 2(r2  Asw,Ag) e 2(”-a a’rd T "
and (12) holds. Cimilarly, for ¢ = A At T (- Qa(n_a,l
and
- dy(c,  _ a 2 _ (s . . da

(19, o i el PR Q(Y-axa’la de
and (13, holds,

Let us finally ovserve 'nat {f ror some eleme .t LE LE(., .,

Lave g = —An, Liuen Lipe value f Ja(fa is yiven oy

we

a

da

ic
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(16)  J{f) = (8 + Ag, & + AQ) + a(ff)
= (8 + Afy 8) + (8 + Ag, AQ) + a(f, Q)

- (8 + Agn g)o
by virtue of (5). Using g = —Ah and (5) again, we obtain

(17)  3(f,) = a(f,, h)

a,

£3. Application to Differential Equations.

Let us consider the application of the preceding results to

the case where the system under control 18 ruled by a set of dif-

ferential equations of the form

4 N
£y g
(1) —a-r- _ b1JXJ+f1(t),

xi(o) - cir 1=1,2,° " ,N,

or by an n-th order equation

aNu L
(2) —T——*al——-w—r *"'+5N\J-f(t),
at” at

v (0) s k=0,1,2," " " ,N-1.
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In the latter case we consider the problem of minimizing

T N-1 dku T
(3) J(f) = f Iié;;bk ( ﬁf'ck)a] dt+ac;f!"dt,

(o) dt

while in the former we wish to minimize

T N T - s
(%) J(f)-of [2_; bkuk-ck)'] it + 8 f LZ r;J; it

Since every N-th order linear equaticn may be ccnverted Into en

N-th order linear system by means of the substitution

(5) X; = u

d
Xp = 3¢

dN-lu

N T T8 S

we 8hall confine our attention to systems. These are most effec—

tively discussed using vectcr matrix tecnnique. Set

Xy f,(t) Cy
(6) x=[{xg |, f(t) ={fa(t) ], c=[ca |,
X, £(t) ey
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Equation (1, may now be written

(7) -%%— = Bx + r(t), x(0) = c.

Let us assume for simplicity that the coefficlents b 1in (4) are all

unity, and use the usual inner product notation
N

(8) Ean:] - E- xiyi'

The expression to be minimizel takes the form

T T

(9)  J(r) -bf G, x=G] dt + a J [r,f]at.
(0]

Furthermore, we define the norm as

1/2 T 1/2
(10 ltli = (e,1)  =(J .
0

To convert this problam into the type dilscussed

in §2?, we require the following well—known result in the theory

of linear differential equations.

Lemma 1. The solution >f (7' may be written ‘n the form

t
(11) x =y + | ¥(t—ty)r(t,)at,,
(o]

where y 13 the solution of the homogeneous equatlion

(12) g =38y, y(0) =c,
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and Y ig the matrix solution of

(13)  §{ =By, ¥(0) = 1,

which 18 to say Y = eBt, y = eBte.
1f we set
(14) ge=y-¢

t
Af) = Jq Y(t—t,)fr(t,)dt,,

J

then x = g + Af, and the variational problem is now a special case
of that considered previously.

Purthermore, since y satisfies (12), we have

(15) G- =g+ bBe, g(0) =0,

whence

t

(16) g(t) = f Y(t—t,; )Bc dt, = ABec(t).
o

The a1joint operator to A, A*, 1s define< by

T

(17) ave = | Y(t-ty)f(t,)dt,.
t
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We obtain this by considering
T
(18) (Af,g) = f [Ar,glat,

-t
f Y(t-—-t;)f(tx )dtl,g(t):}dt.

(0]

\—

O‘ﬁe o\»—] ©

- T
r(t:), zf Y(t—tt)'g(t)dt]dtlo
1

‘—

]
as we see by interchanging the orders of integration, where Y(t—t,)

B'(t-t,)

is the transpose of Y(t-t,), the matrix e , where B' is

the transpose of B,

Referring to the previous section, the minimizing f is given
(19) f = ) -a - A" asg,
which means that f satisfies the integral equation,
(20) af + A*Af = Ag.
From (17) and (20) we obtain the condition
(21) £(T) = O.

Since the inverse of A* is —%f = B', we obtain from (20)

(22) a(g—{——B'f\+~Af- ~ g,
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which means that
(23) -%%- - B'f =0at t = 0.
Using the operator d — B we have
43
d d d
(24) a( xE -~ B') ( -3 ~ B)f + f = '(7IE —~ B)gs= -Be.
This is a system of linear differential equations subject to

the two-point boundary cnnditions of (21) and (23). The solution

exists and is unique by virtue of Theorem 1.

Q4. Application to Difference Equations.

Similar results hold for the variational problem associated

with the system of difference equations

(1) x(t+1) = Ax(t) + £(t), te0,1,2,'"",T

x(0) - C,

with the norm defined by

T N
(2)  [lt!] -(;; (), r(e])2

The analogue of Lemma 1 is8

lLemma 2. The solution of (1) may be written

t
(3)  x(t) = y(t) + ?_o Y(t—ty-1)r(t,),
‘-
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where

(%) y(t+1) = By(t), y(0) = ¢,
Y(t+1) = BY(t), Y(0) = I,

which is to say Y = B®, y = BYe.

The remaining details are now completely analcgous.

$5. Differential-difference Equations.

If we consider problems of continuous control with a time lag

we meet functionsl equations of the form

(1) ﬁgéﬂ = au(t) + bu(t-1) + r(t), ¢t >1

u(t) = g(t), 0t 1.

Although results similar to the above hold, we shall postpone dis—
cussion of these until a later paper devoted solely to equations

of this type, since some additional difficulties arise.

56. A Result Concerning Posltivity.

Let us agree to call a vector x non-—negative if all of its
components are non-negative and write x > O, and similarly call a
matrix A non-negative if ‘1J > 0, writing again A > 0. '

Using this notation we shall prove

Theorem 4. The necessary and sufficient condition that the solu—

tion of

\
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.-

(1) 9% “AX 4+ f(t),  x(0) = e,

t .

be nen—negative for t > O whenever f(t) and c are non—negative

is that

(2) 8, > 0, 14 3.

Proof: The lolufion of (1) has the form

t
(5) X = QAt c + f eA(t—tl) f(tl)dtgp
o]

from which it follows that if x > O for all ¢ > O and f(t) > O,
we must have eAt 2 0, and clearly this is sufficient.

. The préblem then reduces to finding the necessary and suf-
ficlent cpnditlion that At 20 for t > 0. Since eAt = I 4+ At
3 ..-,.1t is clear that 8,y 2 O, 1 ¢ J 18 necessary in order that
oAt 2 0 for small pogitive t. The following simple proof that this

condition is sufficient is due to S. Karlin. We have e
At/n 5 0

for any integer n. Cho®sing n large enough, we will have e
foro;S' tst', by virtue of aiJ 2 0. Since the product of non-
negative matrices 1is non-negative, we obtain the desired result.
In the case of variable A(t) sufficiency at least may le
established readily by means of the chLange of variable

t

() b[au(t)dt 7,0 1m1,2, N,

xine

At _ (eAt/n)n
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converts (1) into the form

t
- (t)de,
(5) dy, 3r E

-ar- aiij + f‘i(t)e

yi(O) = cy.

The sufficiency of the condition ﬁij(t) 20, 1 ¥'J,'£; now °1.‘r‘_r‘ |

-

'§7. A Froblem 1n Mathematical Economics.

Let us consider the following idealized problem in mathema-—
tical economics. We have a system with N outputs measured by the
variables xi(t), 1=1,2,'-"N. Each output x, is divided into two
parts y, and z, where zy is taken out as profit and Yq is reinvested
to increase future ocutput. Assuming that the change in output is

determined by the equations

ax, (t) N
S ; a, v (t),  1=1,2,777,N,

xi(o) - cil

with 8,42 o,

what reinvestment policy does one follow in order to maximize the

total profit, A
g (xi—yi) ét ?
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Since it 1is not difficult to establish the existence of a
solution, we shall omit this point and turn immediately to obtain-
ing the solution.
In order to illustrete clearly the techniques involved, we
shall treat in succession, the one-dimensional, two—-dimensional,
and N-dimensional problem.

The One—-dimensional Problem.

We have

(2) -gél— - 8;,y1, 833 > 0, x;(0) = ¢,

and we wish to maximize
t

ik
(3) Ji = j’ (cy + ay,y \f yidty — yi)dt,
0 o

where y; is subject to the conditlons

t
(5) Oy ¢ + a;, J yidt.

An interchange in the order of integration in (4) yilelds

T
(6) Ji = T + Jﬂ (ay, (T-t)-1)y dt,.
0

Let T, be the value of t for which

(7) 8,,(T-t) -1 = 0,
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assuming for the moment that T > 1/a;;y. The function y, which

maximizes (6) subject to (S5) is then given by

t
(8) Yi = ¢; + a3, J~ yadt, 0t T,
0

-0 . Ty {t T

Note that T, depends upon T. If T < 1/8,1, y1=0 i8 the maximizing

function. There 18 no difficulty in obtaining the explicit fomm

of Y.
The Two-dimensional Problem.

Consider the problem of maximizing

T
(9) Jg = 5( (zy+zg)dt,

where
dx1
(10) T " 84yYy * B40¥p  1e142,
xi(o) - cio
81J > 0, and, finally, Zy = Xy =Yy, 0 < Yy < X,

Solving for the x, in terms of the y, in (10) we obtain

t t
(11) Xg = Cy + By, Sf yldt +a, df y2dt, 1e1,2.
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The expression for Jg then takes the form

T t t
(12) Jg = f I.Cx + 8, f yi1dt + ag, f yidt —Y{]dt
o

o 0

T % t
= J [Cg + a3 f Yadt + agp f ypdt - y.]dt
(o)

o]

T
- (or+emiT + | ((l“+an)('r—t)-1) y,dt
(0]

T
d f ((‘lzﬂan)(T-t)-l) yadt.
o
Let Ty, T2 be given by

(13) (ay1+482,)(T-T)-1 = O,

(ayg+822)(T-T2)-1 = O,

and take T large enough so that T, and Tg are positive. Assume
without loss of generality further that Tz > T,.

A partial solution to our maximization problem is then given
by
(18) Y1 = y2 = O, Teg € & <IT

z, = 0, 0<tgT.
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The only unknown remaining i1s the value of z; Iin T, { t £ T2.

Returning to the expression for Jz in (9) and using the partial

results of (14) we obtain

i
(15) Jz2 = fjf z,dt, + (T-T2) (Xl(Tz) + XD(TQ)) .
1

Employing (9) we obtain

'L iy
(16) x1(T2) = ¢y + a1y f yidt + 842 f yedt

(o] (o]
T
= C3 + 8;4 v2dt + a2 f xgdt,
T| Tl

where c; is a constant independent of the value of yz in [T,,Tg],

and similarly

Te

T2
(17) Xa(Ta) = Cq + 824 Tf yi1dt + a2z vf xadt.
1 L |

t
Using 2z, = Xy —y; = Ccy 4+ 84, ; yvidt + a, jygdt — Y1, We obtain
o
finally

41

T T2 t
(18) Jo = (:5 + 'f (CG(T—t)—l) yidt + l[g(rf _or y:dt) at
1

T2
+ (a2 + a5,) ’J‘ x2dt.
1
t

To proceed further, we require an expression for"rbygdt for
o

0 t <Tz. In this interval we have
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t t t
(19) 1?-5— (f )’adt) = yo = C2 + 82 f yidt + aze yedt,
o o 0
and thus solving, we obtain
t
- azet -az28 o
(20) _f y2dt = e _r e Cg + ag, “yidt, ds
19) o o

8
= ¢, (t) + az, e.zzt j (9-‘22s f YI(tl)dtl)dso
T] Tl

for Ty < t < Tz, where ¢, is independent of the value of y, in

T2 T2

(21) S xeat = S yoat
Ty Ty

8p2Te L i
= Cy 4+ 8p;e (P f Y|(t1)dt1)d..
T Ta

\

Interchanging orders of integration, this is
| az2T2 j2 A2 —azz8
(22) c, + 8y, e f (y,(t,) f e da) dt,.
T t

The important point to observe 1s that the coefficient of y,, namely

m

az2T2 —ap28
az,; ¢ J e ds, 1s a decreasing function of t,.
1

T2 t
It remains to simplify the expression f ( f yadt) dt.
Ty o]

We have
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(23) 'j’(j ygdt) dt = cg + 8, f Elazt‘[f(e-lazs i‘r:\ y,(t,)dt,)ds]dt

t

Te t
= cg + 8,5, 1[ [:e‘“t 'If ya(ty) (t‘;f e—.“'ds) dt.] at.

1

The integral has the form

T2 &azt t
(24) TJ" e (T,!‘ yile) Ple,endat, ) at

Ta T2 8.2t
- ﬂf yi(ty) (ﬁf' e \p(t,t.)dt) dt,.
We have
T2 agat agot
(25) R (tf R \P(t.tg)dt) . '\y(t‘.t"
1

Te agat
+t‘,f e -}é:-dt

e agat -az2t,
=0 + \r e (—e ) dt; <€ 0.
T

Hence the coefficient of y; in (24) is monotone decreasing. Refer—
ring to (13) and observing shat c6(T-t)-1 is monotone decreasing,
since ¢, > O, we see that the total coefficlent of y, ‘'will be
decreasing in (T,,Tz) when Jz is written in the form

T2

(26) J2 = cg + ;jﬂ k(ty)ys(ty)at,.
1
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To maximize then, we choose y, as large as possitle in [T,,Tq]
where k > O, and equal to zero in [T3,T3], where k(Ts) = O.
Since c6(T—t)—1 is negative for t > Ty and the other coef-—
ficlents are zero at Tz, 1t follows that Ta is actually between
Ty a&and Ta.
We have thus demonstrated that the maximum of J, subject to (10)

et seq. 1s given by

(27) Y1 = y2 = O, Ta < t < T
2230, OstSTa
zy = 0, 0 £t g Ta,

wnere T, is a definite number between 7 and Tz, and

(28) (ay1 + 824 )(7-Ty)-1 = O,

(ay2 + a22)(T-T2)-1 = O,

for T > 1/(ay; + a2, > 1/(8,2 + az2).
The other cases admit of a'nilar solutions. The ccnditions
8,y > O may be relaxed to a;; + a2z, 2 O, 2;2 + az2 > O.

The N—dimensional Problem.

If we examine the details of the previous case we see that

822t 4 non-negative. In order

everything hinges on the fact that e
to see what the required analogue is, let us consider the N-
dimensiocnal case using vector-matrix notation.

We have, as before

N T N
(29) J -;; J I ; ay,)(1-t)-0 vy dt,
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where 0 < vy < X, and the X, satisfy (1). Taking T large enough,
let 0 Ty € Tg € *°* £ TN be given by

N

(30) ( g aiJ)(T-—TJ)—l = 0.

As above, it follows immediately that Yy is given by

(}1) yf:' - x-‘v’ 0 < t < TN’
=0, T, <t T,
We may then eliminate y, and solve for y, , in (TN—I' TN) the only
interval in which it is unknown.
At the very next step, when eliminating YNt and Yy and exprese-—

ing them in terms of the other Y We are confronted by the problem

of solving a system of equations of the form

du1 Jﬁ
(32) " =JZ;;1 8y quy + ?;; 8y J vyt + ey, 1=R+1,°°° N

for the Uy i=R+1,°°°,N, in terms of the yJ, J=1,2,°°°R, and of

determining the monotonocity properties of the coefficients of

the yJ.
In order to solve this problem we employ vector-matrix nota-
tion. Let
Vi /bl
(33) v = Va2 » b = ba ’ A= (‘13)0 1,J=1,2,°°°,n,
v b
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and consider the system
u dv
(34) - =AY ¥ ¥ v dt, v(0) = 0.

where all the components in b are non-negative. The expression

for v is

At -As
(35) vee of e of y,dt) ds.

Interchange of order of integration ylelds

o t
(36) v=ert [ ([ e as) by (t1)aty.
e] ts
At T As
The mateix function e f e ds enters as one coefficlent.
t

The derivative with respect to t, is -eA(T—t‘).

T
Similarly, when we consider Jnv dt we oLtaln

T t
en LA ( L e relta)an,) ae
(o] 0

T T
- 6‘('(?(; eht \{(t,t,)dt)b ¥ (t1)dty.

Since
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T
(38) g ff APt t)ar = AT W(y,t)

A
#.éf e t %}8& dt,

1

- D= ‘f eP(t=t1) 4o
t

we see that everything depends upon the signs of the elements of

eAt. We have, however, in § 6, demonstrated that all the elements

will be positive 1in eAt

if a;4 2 0 for 1 + J.
UUsing the above results and the previous techniques, we may
establish that the solution to the maximizatlion problem has the

same general form for all dimensions, namely ,

(39) yk = xi’ 0 S t < sk’
BG » sk< tST, k-l.a....'no

The computaticn of the numbers Sk is laborious but straight—
forward.

Let us observe, finally, that the simplicity of the above
result 1s due to the fact that we assumed all the coefficients
were non-negative. Actuelly, all that is required is that

a,;,20, 1 + J and that

n
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In the general case where the a“ are both positive and negative,
the problem will be much more difficult.
$8. Quadratic and Linear iunctionaln.
i

If either the cost of control or the cost of deviation 1s taken
to be a linear functional, and linear constraints of physical origin .
are introduced, the complexity of the problem of minimizing the
total cost is greatly increased. Essentially this is due to the
fact that unrestricted variations are in general no longer permissible.
The problem now requires a combination of classical variational
techniques and Neyman-Pearson-type techniques blended in an adroit
manner.

Our first result is

Theorem 5. Let x be the absolutely continuous solution on [O,T] of
T
g% «--x+, a.e., x(0) = 1. Then the minimum of (1-x)24t
T o
subject to fdt <a<T, 0 f ¢ MM1) is furnished by
o

0 t < log (1/1-A)
(1) f(t) = 1-A log (1/1-A <t < log (1/1-2) + a/1-x
0 log (1/1-A) + a/1=-A< t,

where A is determined by a transcendental equation given below.

The minimum of f (dx/At )2dt under the same conditions 1s furnished
o

by

tb)? + P(t-b) t<b

(2) r(t) =
0 ht<KT
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where/‘,f, b are determined by transcendental equations, given
below.

>

Proof: Let S denote the subset of Lg(0,T) of all f for wnich

0Lr¢wy, f f dt < a, which is weakly compact. Since
()
8
(3) x(t) = et 4+ et j e%f(s)ds,
o

the mappings f —» 1—x, f —> dx/dt = —x + f are weakly continuous

80 that the images are weakly (hence strongly) closed convex sets

and have unique elements of minimal norm. Since each mapping is

easily seen to be (1-1), in each case there is a unique minimizing f.
Let £  minimize J(r) -f(l-x)’dt, and for f in s. ‘

let r)\- (1-2) fo+Af, 0OKAL,

T t
(4) o(A) = 3(r,) = J et ot e‘l:(l—nro(a)+ﬂ(t)]dl)'dt.
o ©

Since ¢(0) must be the minimum of ¢ on [D,f], we have

t

p 5
(5) 0gé'(0) =2 {(1x,)(-e"" of e® (f(s)-f (s)as)at,
o]

t
where x (t) = et 4 ot I e'fo(o)ds. Since clearly ¢" > O, this
o

condition implies J(ro) = ¢(0) < (1) = J(f). Thus f, 1s the unique
element of S for which

t T t
T
(6) S (1—x°)e"t af e’to(u)dl dt > o.f (l-xo)e't af e't(o)d' at
o

for all f in 8. Interchange of the order of integration yields



P-380
35—

T T . - .
s -
T
80 that f maximizes (f‘.l(o)'-‘JfKods. over 8, where

T

(8) K (s) =e® ;f et (1x,)at
(which of course depends on !'o), and the determination of f appears
as & problem of the Neyman-Pearson type.

Before we pursue f  further, note that for « 2 1, f ¢ (a.e)
implies x < X, with strict inequality for & > 1 (in particular
x(t) < M); for etfo(t) - d/dt(etxo(t)) gtl(et and thus etxo(t) -1
Sdet -.(Sg(et - 1. Also K (t) = X on a set implies, as one sees
by differentiation, that x,(t) =1 — o = f,(t) (a.e) on this set.*

With these simple facts in mind we can now deduce several facts
about K, which will determine f . First E = {t: Ko(t) > O} is non-—
voild; otherwise, since clearly to(t) =0 (a.e) where Ko(t) <0
and fo(t) =1 -0 = 1 where Kc(t) = 0, we should have x, (t) €1
and not identically 1 (since, 1if xo(t) =1, then f (t) = 1 a.e. and
} !‘o dt > a) so that K (t) = et{e" (l-xo(s))ds > O for some t

o
despite the assumption that Ko < 0.

Secondly, the measure of the non-void set E (which is open since
K, 18 continuous) exceeds a/M. For if this is not the case those f
in 8 which maximize (f.Ko) have f(t) = M for t¢E; in particular,
since f_(t) = M on E, K, 1s twice differentiable in E and

Ki(t) = Ko(t) — (1-xo(t)), Ko(t) = Kg(t) + x{t) = Ki(t) + M — x,(¢).

,-.

* For xe™ -fe"(l—x (s))ds and thus x (t) =1 —X= et

+ e° ,fesf (s)ds, so (1-X)e® = ¢ f‘ (t), a.e.
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Consequently K, has no maximum on EN(0,T) (at such a maximum t
Ko(t) = 0 and 0 > K;(t) =-M - xo(t) > 0). Thus K, is monotonic
on components of E, and, as 18 easily seen, if t€E then either
[0,t] 18 contained in E and K 18 non-increasing there, or [t,T]
is contained in E and Ko is non-decreasing there. The latter can-—
not be the case since K (T) = O; neither can the former, since
then 0 > Ké(o) = K,(0) - (1—30(0)) = K,(0) > O, and we come to
the contradictory conclusion that E must be void, so that the
measure of {i:Ko(t) > O} . Ii.t:xo(t) > O'}i >

Since this is the case, there 18 a non-void set of 4> O for
which | ft:K (t) > K}l > aM; let A be the sup of these K. Then
| {t:ko(8) 2 A = |r\[t Ko(t) 2431 > a/M and | feiky(e) >AY| < am
since {t K (t) >)\3 is the union of an increasing sequence of
gets it.Ko(t 2fn > 7\} eachof which has measure < a/M. In view
of this last fact every f in M maximiging (f,K,) has value M in
Yt:Ko(t) >7§ and by exactly the argument used in the previous
paragraph we find this set 1s void.

Thus, setting E = {t:xo(t) = A = sup Ko} , |E| > a/™ and any
f in M maximizing (f,K,) vanishes outside E. Since x, 18 strictly
decreasing where f, vanishes and assumes the value 1 — A on E,
the closed set E must be an interval [t,,tz], and clearly. !/

~t, t < t,. Now it 1s obvious

t, = log (1--7\)"1 since xo(t) = e
that any f which assumes the value M on a subset of E of measure
a/V and zero elsewhere maximizes (f,K,), so that the maximum 1is
MAAM =2a; (f,K,) =Aa = (1-2) A IE|, |E| = a/1= and we see
that ro has the form indicated. We obtain an equation for A from
K(t2) = A, x(t) = (1 7\)a.-tg ~t (for t > ta) which ylelds as the

equation for ) ,
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o G

(9) 3/(1-A =1-(1-A"Te = +1/201-NDe

T
The minimization of J(f) = f (dx/Aat)2dt over 8 can be
o

achieved in the same manner, as we shall see. Let fo minimize
this functional J and set fz" (1-;\)!‘0 + A, o(A) = J(tﬂ)
0CAL1lor

T t
(10) ¢(A) = f((l-ﬂ)!‘o(t)df(t)-e't-e“” f e'[(l—a)fo(s}-mr(s)]ds)adt
(o] o

for £€8. Once again we have

T
(11) 0gé1(0) =2 [ (o= )(r(t)-r (t)e"" j [f(s _ro(a)"ds at
(o}

and f  as the unique element of 8 for which

t
(12) J (f‘o-xo)(e‘t f esfo(s)da - fo(t))dt >

o}

l(f —x,)(e”" f e®f(s)ds—r(t))dt

for all £ in 8. Interchange of the order of integration yields

T r T -
(13) .f £.(s) | e® f e't(fo-xo)dt - (ro(s)—xo(n))st >
L 8

(¢]

T T '
f r(s) [e’ f e't'(fo—xo)dt - (ro(s)—xo(a))‘lde
0 s

so that f  maximizes the inner product (!',Ko) where we set
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T

(18)  Ky(s) = x(8) — £ (8) + e ;r et (£, )at
for all s.” Ko need not be continuous in this case, of course,
but Ko + ro is and this may be used to provide the analogues
of the previous arguments.

Suppose first that Ko(t) £ 0 a.e. Since f, maximizes
(t,Ko), fo(t) = 0 on all but a subset E of {t: Ko(t) < Of}of
measure zero. If we decrease ro to zero on E (so that by (14) we
increase K ) then for the altered and clearly equivalent f  and
K, we have fo(t) = 0 whenever Ko(t) < 0. Now for the altered K,
we have {¥|K°(t) < O} open, for otherwise we have t —> t,
K,(t) < 0 and K (t;) = 0 so that K (t) + f_(t) = K It) <0 S K (t))
+ fo(tn), which would contradict the continuity of K, + f  guaran—
teed by (14).

Since ro(t) = 0 on this open sact K, is continuous and dif-

ferentiable on it, and T
KI(E) = xA(t) + e J" e~®(r —x,)ds (£ (t) - x,(t))

= xA(t) + Ky (t) = £,(t) = x, ¥) + K (t)

- Ko(t) - xo(t) < 0.

Suppose (t;,tz) is a component of this set. Then tp=T, for other-
wise, since K, 18 decreasing on (ti,ts), K (te=) < O and K (tz) =
Ko(ta=) = f,(tz2) < O 80 that te would be in {t:K,(t) < 0. Thus
the set must be an interval (b,:j (the same argument shows T is in

* Prom this point on we shall think of f_ and K, as specific func-
tione and not as equivalence classes of runctgono differing
on sets of measure zero.
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the set) although KO(T) - xo(T) > 0. Thus we cannot have
Ko, 0 a.e., or | {t:K (t) >0} > 0.
Now as in the first minimization we can assert that
| {e:ky(t) > 0} > aM. For 1f this 1s not the case then f_(t) = K
a.e. on (t:Ko(t) > 0)’, so that in increasing f  to M on all this

set we decrease X and obtain equivalent f , K. for which fo(t) - M

O
whenever Ko(t) > 0. For this new K _, {i: Ko(t) > 0} is open;
otherwise we would have t —> t, Ko(tn) < 0, K,(t) > O and thus
Kolty) + fo(t,) < £ (ty) S M <K (t) + M =K (t) + £ (t), contra—
dicting the continulty of K, + f_. Now Ko is differentiable on
this set and K (t) = £ (t) - x_ (t) + K (t) = M — x_(t) + K (t) > O,
so that Ko is strictly increasing on its components. Consequently
1f (ty,t2) 1s a component, then Ko(tg—) > O and since, by continu-
ity, Ko(t.-) + M=K (t) + £,(¢t), Ko(ta) = K (ta=) + M = £ (t2) > O,
and we must have t = T, and indeed T in the component. Thus
{t: x5(t) > 0} = (v,1]. But then £,(T) = M and 0 < K, (T) = x,(T)
- M € 0, which is the desired contradiction.

As in the first minimization let A be the supremum of all
M> 0 for wnien |{t: K (t) > u}| > aM, so that | fr: K,(t) 2731
2 a/M and | fe: K,(t) >>C3| < a/M. As before we can modify f_,
K, on a set of measure zero 8o that ro(t) = M whenever Ko(t) > A,
and by exactly the argument of the preceding paragraph we find that
for the modified K., {t: Ko(t) >'A} 1s void.

Thus we have an f_ and K, for which | (t: Ko(t) -XZI > aM
and Ko(t) < A for all t. For this K, and f_ we have f_(t) = O
for all t in {%: Ko(t) <;X}outside a subset E of measure zero. Let
uw modify (ro. Ko,) on E to form the equivalent pair (fo, Ko) in
the following fashion: set Ey = {t: t€E, Ko(t) + f,(t) <A},
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Er = {t: t€Fr, '*'C(t) + to(t) >A} , and
Ko(t) - Ko(t) + fo(t), '!'o(t) =0 for teE,

R (t) = A, T _(t) =f,(t) = (A-K,(t)) >0 for t€EEs.

Then T + K = f_ + i, K (t) <A for all t and f_(t) = O whenever

R (t) <A. Omitting the bars we can now assert that E = (t: Ko(t) < 2}
1s open, for otherwise we have t —>t, K,(t,) = A, Ko)t) <A

and K (t,) + £.(t)) > 2> K (t) = K (¢t) + £ (t). Moreover, for

any boundary point of E we have f_(t) = O since we have t —> t ¢E,
t,€E and thus K, (t) =2 > K (¢t ),

t
Ko(ty) = x (t,) +e " tfe"“ (r,—x,)ds
n

T
< Ko(t) = xo(t) - f‘o(t) + et é( e (ro-xo)da

eo that f_(t) < O.

Now suppose t,, tz2, t; < t2 are in the complement of E and
(t1,t2) € E. Then since £ (t,) = 0, K  1s continuous on [t,,tg],

Ki(t) = xé(t) + £ (t) = Ky(t) = xo(z)

so K;(t) = K;)(t) - xg)(c) - Ko(t) - xo(t) - xc',(t) = xo(t).

Since Ko(ti) - A » 1=1,2, we have, on ['_h.t.] o
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» K (t) - == ;)t\.—t‘ (et-—tg + ct?-t )’

and, since x (t) = xo(t;)et“t on [Xi,ta],

————:zk::f— (et't‘ + et"t) - xo(t,)et"t + eb tﬁ e"(ro-xo)da.

1+ e "7 18
T
—-4;5‘- (e't‘ + et"at) - xo(t,)et"et + J e"’(ro-x )ds.
1 +e
Differentiating,
- 22
1 + ev2—%1 ete2t o _ 2x°(t|) et1-2t xo(t)e-t
- - axo(t,) et12t xo(t,)et"'te—t
Thus
Vo 22 te—ts _ 2/
Kgits: 1+ ec2 01 © 1 4+ evi—t2 A
x_(te) = x,(t,)et1t2 o 22 <A

These inequalities show that the components of E = {t: Kc(t) <7!}
are separated by non-degenerate closed intervals contained in the
complement of E. But everywhere in the complement (since X,(t) < A
for all t)
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T
A= Ky(t) = x5(t) = £ (t) + e ; e~(f—x,)ds

so that fo is continuous and thus differentiable in such an inter-

val and

T
De~t = (x,(t) = £ (t)) e=¥ 4 Ef e (£ x)ds,

Pet = (x(t) - £1(t))e™" — (x (t)=f,(t))e™ e~(r (t)=x,(t))
and x(')(t) - fé(t) = ~Aor fé(t) - xc',(t) +)= fo(t) - xo(t) + 2.
Thus £ (t) = £2(t) — xi(t) = £ (t) = x,(t) + A - x4(¢) =A> O,
and since then ro cannot be non-negative and zero at two points we
must conclude that E has one component.

We may now rule out the possibility that E has a component
(r,8), 0 r<s<T, for then {t: Ko(t) = A}conumo [s,7], ana
since f = A and f (s) = 0

fo(t) = -?‘,\- (t—8)® + k(t-s) for t > s.
Since f! = x! +A, xJ = f7 = A and

x,(t) = B (t-8)% + (k-A)(t-8) + x(8)

hence

A=K (T) ® x (T) = £,(T) = =A(T-8) + x,(8).

But since K, (t) < K (s) =2 1immediately to the left of s we have
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0< K,;(t) = K,(t) — x,(t) for t < s and arbitrarily close to s,
so that A = K (s) > x,(s), since K  is continuous on [r,8].
Thus since 8 < T, A> O,

-A(T-8) + x (8) = A> x,(8) > x,(8) — A(T-8)

and we arrive at the desired contradiction.

Finally, then we know that X, = A on an interval [o,%], fo
and X, are second-degree polynomials there satisfying ro(b) = 0,
Xo(0) = 1, £ = x! + A; the polynomials

£ (t) = 22— (t=b)® + k(t—b)

o '3

xo(t) = B (t=)2 + (k=A)t - 3 b2 + 1

evidently satisfy these conditions. One may now determine the

unknowns A, b and k from the conditions: x!(0) = £ (0) -1,
b
J!‘odt = a, and A= K (b), which yleld the equations

-;\b+k-a--§-b=-kb-1,
8= = ADb -~ 1/2 k®,

Aw 178 [(k-?\)b - b2 1__1 (1 + e2B-2T),



£

9. The Functional Max | 1-u |.

In both of the preceding problems we have found
min S.F(x): G(x) < a} for two functions F, G on a set X; such a
problem has a natural dual, that of finding min {&(:): F(x) &b }
A simple and quite useful relation between the two is furnished
by the trivial
Lemma. If x  is the unique x, furnishing min {F(x): a(x) € .) =D
then x_ 1s the unique x furnishing min {G(x): F(x) € b} £a.
Proof: Clearly G(x) G(xo) < a implies F(x) > F(xo) = b, s0 that
F(x) < F(x,) = b implies G(x) > G(xo).

The usefulness of the lemma is apparent in the following prob-

| lem. As before, let x be the 'absolutely continuous solution of- .

x' = —x+ f, x(0) = 1, and consider minimizing
(1) g 1 - x(¢t)]

T
for those f&Lg(0,T) for which f f2dt < ® < T. It 1is not at all
apparent that there is a uniqueominiuizing f in this case untii,
utilizing the lemma, we consider the dual problem. To minimize
f f2dt over the set F of all f&Lp, for which mpx [1=x(t)| < a,

(or 1 —a ¢ x(t) <1+ a for all t) we are again seeking an element
f of minimal norm in a strongly closed convex subset of Lz, and

this element is unique. As we shall see, for O { b { T there is a

unique a, 0 { a {1 - e"T, for which the minimizing f has f2dt = b
(<)

so that f minimizes (1).
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Thus, we shall proceed to solve the second problen. f has
the obvious property that

(2) (r,r) < (r,g8) for g€ F

as one can see from the fact that
¢(A) = |Iar + (1-Ag!|* = X(r,1) + (1-2*(g,8) + 2A(1-2)(f,8)
has its minisum at 1 Moreover (2) characteriges f, for if
he€F also satisfies (2) then & '
0 g (f=h, £-h) = [r,r) — (£,h]] + [(h,h) — (f,h]] <O and h = .
By means of (2) we may determine f on the open set where
1-a<x(t)<1+a, or

t

(3) (1-a)e® -1 ¢ .f e® r(s)as < (1+a)e® — 1.
(o]

Indeed for each component 1 of the set we have a constant ¢ for

t

which f(t) = ce” in I . For let I, be any closed subinterval

of 1; then there 1is un'q > 0 for which, on igs
t
(») (1-a)e* -1+ < a{' e® r(s)ds < (1+a)e® -1 -7

Now if for some g vanishing outside I  we have (f,g) ¢ O, (e®,8) = O,
then f + 6g will be in F for |&| small since (3) clearly holds

(for f + tg) for t outside I,, and holds for t in I, by (4). But

then we may choose the sign of 6 so that (f,r+8g)=(f,r)+6(r,g) < (f,f),
a contradiction. Thus (e®,g) = O implies (f,g) = O ard f(t) = ce®
in I,- Since I, is an arbitrary closed subinterval of the open

interval 1, our assertion is proved.



We must now resort to another variation—that of T. Let us
denote by FT the set we have called F and by r.r the element of
minimal norm in this set. We note that we may extend fT to all
of (0, 00),by setting f.r(t) =1 ~afort)>T, and, for the
extended fT. f.rgl-“.r, for all T' > O, since, trivially for t > T,
(e*xp)t = (1-a)e®, exy(t) — eTxy(T) — (1-a)(e*—2”) ana

xp(t) =1 —a+ et Ep(T) - (1] 21 -2
€1 -2+ x,(T) - (1-8) = x,(T) <1+ a.

From the minimal property of f, 1f T < T' then
T ;3 T* T  y
Sfr;nt S‘dr Tt Sf fr.dt 5'6{ f7dt = af rrat + (1-a)*(7'-T).

It 18 evident from this relation that if T, —> T then {}Tn} 1s a
sequence of elements of FT whose norms tend to the minimal norm.
But, as is well known,” this implies that {f,rn} converges strongly
te fn in Lg(0,T).

Now 1f a > 1 then f = O 18 in F,, 80 that we need only con-
sider a < 1. In this case f = O 1s in Fq for T { T, = log 1/1-a,
clearly, and this 1is not the case Hr T > 'ro. For T > 'ro we have
x.r(’l) -Tl-c, for i1f this is not the case and t  1s the least t for
which E(‘r{.clt:-o, then evidently setting f,=0 on (t-€,t,) for

‘€> O small yields an element of Pr of smaller norm.

& The usual argument runs: 1If fne F, a convex set and
el —> il -gg lifl], then [|f £ ||* + ||f +f ||% =

2l ir 11% + 2{If,||* so that

f +f
g ~fol12 = 21 112 + 2] f,112 — 8] |—25=2-]]2 < 2|if,|]2 + 2] |1, [|®
- 415115 —> o.
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As a consequence of these facts we can assert that X is
non-increasing for all T > 0. Obviously this is the case for
T { T,» and 1f this 1is not true for some x, then we have t,t',
0L t<t' T for which xT(f) < xT(t'); consequently this must
hold for two points t,t' in the open set where 1 — a < xT(t) <1+a,
indeed for two points in the same component I of this set. But

t

on I, f(t) = cet. x% ® — X;, + ce” 80 that ¢ > 0; consequently

xT can have no maximum on I since at a maximum we would have
] t

O= Xn = = X, + ce

02x =-x; + ce® = ce® > 0.

Inasmuch as xT(T) =1 -a, Xr must then assume the value 1 + a

at the endpoint of 1. Thus for those T for which Xp is not non-

increasing max X, = 1 + a, while on the complementary set max X, = 1.
Now as '1'n —> T we must clearly have x.rn—->x.r uniformly on

any finite interval (O.K)ttor
I"rn(“) - xp(t)| =" Iof e'(rTn - f,)ds|

2t ., 1/2 & 1/2
g™t () T (rp - rptan)

< ( |

12 5 1/2
) ey - rpean)

where Ta 1s the larger of T and T . Therefore, the set of T > O
where X is non-increasing and its complement are closed subsets

of (0, o). Since the former is non-void the latter is void, and

X is non-increasing for all T > O.



P-380
A8
The form of f, for T > T, 18 now clear: f.r(t) = cet.
0t gy; fp(t) =1 -o; §<t ST. Let us set X= 1 —a. The
relationship between § and ¢ is found from the solu%ion of

X' = - X+ cet, x(0) = 1, that 1is

(5)  x(t) = (1-5)e "+ 5t
'by virtue of the fact that x(§) = oC or

6) (1-9et + 58 -x.

T
If we denote by $(c) the value of f 24t where
°
ce®, 0t §(e)
f(t) = ’

X, §e)<ctgrT

then

2
(7) ¢(c) = c® ii;z’—l—+ «® (T -§).

To find f, we must now minimize ¢(c) over all ¢, where § and c
are connected by (6), and ¢ must satisfy the additional constraints
that x be decreasing and O  §(c)  T.

Clearly taking ¢ < O is inferior to taking ¢ = 0, and ¢ > 1
yields an increasing x so that we need only consider 0 £c 1.
Differentiating (6) we obtain

0-%(e¢-e'§) + ( ;-e{—-(l-%)e'g) _“fci

- é (eg—e"f) + (ceg—co -%f—
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while differentiation of (7) ylelds

br(c) = c(e®P _ 1) 4 (o228 o) 35

= c(e2§ -1) - é (e: - e'g)(cei’ +K )

- (% — e~ %) (ced - é- ceb — ,}N)

oL (e - e5)(cef — ).

Moreover, if we note that our non-increasing solution X is, from
(5), a convex comtination of two functions, it is evident from (6)
that € inocreases with o. Since ¢'(c) < O for ce® <X, ¢'(e) DO
for co" >¢, it follows that the value c* provided by c’e"' - X
will provide our minimum if £* { T; otherwise (since § increases
with c¢) ¢'(¢) < O for al1 § < T and we must take £ = T. Now from
(6), (1 - §"e™" = Loreo

c*, 2a¢°* N
‘1-!); .“o

" _2¢* +x2 = 0

and ¢c* = 1 - 1 —x®?. Thus * = log X and we have
€ 1-,/1-?
T
(o -
r.r(t)--.f.—i.l.-let. 0gtgrT

e’ —-e

torT -log——STslog g , and
V1-oF

f(t)-

for all larger T.
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Consider now the original problem, that of finding an f

T

with br f8dt < b for which max |1 - x(t)| 1s a maximum. From
0gt<T

the solution f to the dual problem Just obtained we see that

J; f2dt 1s a continuous function of a, and for 0 { a {1 - et
o .

it 18 easily seen to be strictly “ecreasing with values T and O
fora=Oand a =1 -e T, Thus for each b in the range 0 { b < T
we have an a, 0<a 1 - e’ for which the corresponding f
provides min m%x i1 - x(t)|.
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