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NOTE ON THE NUMERICAL TREATMENT OF SECUND-CRDER DIFFERENTIAL EQUATIONS

by
RICHARD LATTER ANL HERMAN KAHN

(The RAND Corporation)

A variety of methods exist for treating numerically second-

order differential equations of the general form
Cx) Ly (x) (1)
dxz fxv X)

supnlemented by boundary conditions
(1) dx)=a atx

(11) JdZ(x) =P atx
dx

n
-]

These methoas have a common defect, hovever, being all basically
extranolation nrocecdures which i{nvolve renlacing the second-order
differential by a suitable second difference. This fuature of
"extranolation™ throws some question on the reliability of error
estimates deduced from these methods., The situation would be more
satisfactory if the solution of equation (1) could be performed by
a comnletely implicit scheme. It has been found that such a simnle
nossibllity exists.

A Thoxmhm wrocteeds by converting the differential

equatica into an integral equation, which is effected by a dcuble



/ /

integraLIOnE;f“vquuetun‘fiaf'

/X /‘y

Ax)=asylea) v\ ay \ e F i) (2)
c/a

a
The equaticn is nct conveniently handled in this formj hcowever,

an integration by narts of the last term glves

(Mx

Hx)=a+ ,(x-a)+ \\ dy(x=y) F [;,W(:)] . (3)

Ja
In this form the equation is narticularly well suited for numerical
treatment. There are two reasons for this: first, that while #(x)
at x occurs on both sides cf the equaticn, it occurs with zero
wedipht on tic ri ht hand side and hence admits of an ex~licit deter-
mination ¢t A x), and secend, tne integral in equation (3) involves
x ordy in an inessential way so that the inte¢gral may be semarated
irnto twe integralsy ncither of which contains x in the integrand.
Tnds means that equation (3) may be integrated exnlicitly with a
sitnle accumulutior cver values of /(x) on the interval (a,x).

In t'e numerical treestment o! equation (3) the integral is

remlaced by a sum. I the sum is ;iven by a kencint inteuraiion

formula, equation (3) reduces to the difference equation

#x ) =a+ (x-a)+ [an(xn) -3 ) (4)



where
n
P(xn) - Z-' c; F:x‘j,l(xj)} + P(xn-k) (%)
J=n=k .

n
Q(xx) - :E;I 5%

v W

F 'xj,f(xj)] valx )y (0

~

=n=k
and the coefficlents o, arlse from the specific inteyration “ormula
J

which is belng used. The latter also determines tie accuracy of

tie integration. For the tranmezoidal rule, the error is of the or-
der of the square of the interval size, while for Simmson's rule it
is the fourth nower, which is equivalent to that of the familiar
Runge-Kutta method.

In crder to start the integration of the difference equaticn ()
1t 15 necessary to smecify the values of /(x), P(x) arnd «(x) at tie
first (k-1) points of the integration. Tnis requires an analytic
annroximation abcut the starting oncint x = s, This {s accomlisned
by first exmanding F [x,l(xﬂ as a nower series in x and then deter-

mining /(x), P(x), and Q(x) from tris series. Thus let

Pl = 5 7 en)d . (7)
é,.:y
where
_ g° ¢ .
A e f ;‘X’J()’.)] . (8)
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The evaluation of At’ is carried cut directly with the aild of the

expressions

fa) = a (9)
'(e) =, (10)
/"(a) = F(a,a) (11)
w(x) = F [xy(x)] (12)

«hich fellcw immediately from equation (1) and its associated

boundary conditions. Equation (7) when substituted into

x
P(x) = S dyF [J,/()‘)] (13)
.
Ax) = dyy F [}','J(y)] (14)
a
and
Ax) =a+ (x-a) + [xP(x) - G(x) , (15)

constitute the required formulas to initiate the integraticn.
courscy one retains only those terms ¢f equation (7) which are cone
sistent with the accuracy of the integraticn fermula.

The metnod presented here has been anmnlied in detall tc the
snecific casc in widch (1) 1s the well known Fermi-Thomas equation.
In addition, fer tnis case, the analytic simmnlicity of the integral
‘ormulation '&s veen exnloited to obtain amnmroximsate solutione.

These results will be renorted elsewhere.



