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MOTE OM THE KUMSUCAL TREATMENT OF SBCOND-GRDQl DIFFHIENTUL EQUATIONS 

by 

RICHARD UTTER ANL HBINAN KAHM 

(The RAND Corporation) 

A variety of aethode exlat for treating numerically second- 

order differential equations of the general form 

&&   » F   (x,/(xjj   , (1) 
dx 

sucmlemented by boundary conditions 

(I) lAx) r a        at x = a 

(II) dflTCx)    s ^3    at x = a 
dx 

These methoas have a comnon defect, houever,  beln^ all  basically 

cxtrartolaticn nrocedures which involve rerlacing the second-order 

differential by a suitable second differencec    Thip feature of 

•extranolation" throws some question on the reliability of error 

estimates deduced from these methods.    The situation would be more 

satisfactorv if the solution of equation (l) could be perfcried by 

a completely imnllclt acneme.     It has been found that such a skmle 

nossibility exists. 
i       > 

.—' The^resent setiww ^rroroede b^- converting tiie differential 

equation into an Integral equation,  which is effected by  a double 
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i nt.. r ati o • or Cll,..tlon ( 1) . 

</( ) = + t ( x-a) + d ~ dz F (z , ll(z)) ( ) 

l i en i t c v i ntly andl thi s ormt h \1 v r, 

1. t ' y "'~ r s (' st term ·J.v •· 

l( x) =a + t x- a ) + 

J 
) - .,.) F (~.: , ~ · ) ) ( J ) 

I t.} i s t u lio i "' r t i cula r w 11 suit d 0 num r ical 

t.. r t.: n Th r · r or t, li ir•· 
' 

t t w .1 ~(x) 

a x o~c 0 t t '"' i ·s o on, 1 c ur r i t zero 

.J 1 ·I ri d s i d nd c dmit c an ~li i t t r-

r c ~ 
) ' t i nt.e·r i n u i ( J ) 1 olv s 

i ss tiaJ w y so l li t t t {.;T S }") r t 

1 t. e, n 1 r of \Jt 1 . co l i e x i n t..h 1 d . 

a..n s q ( ) " 1 t. gr u d Xn i citl 1 l1 

'"'ll( ace V T a u 0 / (x) n i nt rval ( 'x) • 

t • r1 al r t o! q tio ( ) t 1nt ·ral i s 

r ac ' 
T- h 3 U'll 1 1v n a k_,-,oi t l nt ·r ati on .I l 

' 
) r ·d s to ! di ·qua ion 

1( x ) = + I - · ) t [x P( x ) - n( xn )1 , 
!1 • n J (1.) 



P(x ) :: L, 

( x ) 
\ 

(x j ,1( . )1 ( xn- k ) (G) :: cr F + 
r L-1 

j= - k 

nd t. co f 1c1(; cr- . art s . ro p c i i c 1 t. r lio :'or!1 a 

wl. i c 1 ·1 e • T l a t t. •r a s de t .. a cur ' I 

t . 1 i on . Fo r n zelda r ' t . r r 1s (., 0 

d r o: r r 1 t. l z ' 'J t . i for St. 8 r: I • r 1 

r • ., w·r, . c is 4 t o f h Ell 1 

K d . 

to a ar t. i n · r t i n ~ ·~ n · a 1 1'1 r n · t.. ua r { • .) 

1 1 n ~ s ary enec i y t c a :.; 0 ,• /( ) p ) r , ( X ) a ! , I ' 

ir t ( - ) point. 1 I • 

nnro a ut. s ttl r x = Tt l i s c·0~ i sr d 

irs d1 . [x,1( >] as 0 er cpr l 5 1 /. L ••"n L 

mini ,t( ) ' P( X), n 
,. ) ... rc t.is rl . TL 

A 

rx ,l( >] :: L ( x- ) 
.... 

( ' ) 

::r 
~ 

wl 1 r 

A - L x, li( x )) (8 ) 
ax - 11 



T 1 ·val t ion of A R. i · rrlcd out dire ~ L ~1 th the, aid 

.x.pr ssio s 

ll(a) = 
' '{e)=, 

{ ) 

(1 ) 

Z"(a) = F(a, ) (11) 

~"(x) = r [x, J (x) l ) 

lmmedla t 1y rom qua Uon ( l) d its a s eoc ia t d 

ur. arj conditions ~uation (7 w en sub titut d 1 to 

r(x) = ~: d •F ~ ,t(y >J {lJ ) 

( x) = ~· dyy F [_y , ~(y )] 

d 

I x) = a + 1.; x-a) + -xP x) - x )] , ( 1.) ) 

c not.i ~ requir •d r.rmulas to i nl i a ' i n ·r t i er .• 

0 t. i ns o: U.ose t eras v equa i o ( 7 ) whi h 

1 accurac o • i t ~ ra t1on crmu.la. 

od pr -s d r a 

.i l c ca s e i n ..1 t ( l) i s • ~Jell known F rmi-Ti omas e 

. dl -io , or is as , tl! .a yti i.nJr,lici t • o t i n .., t.J rnl 

ion !. s " n e c ited o t.ui nnro.x.lm.a solutio e. 
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