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THE USE OP MULTI-STAGE SAMPLING SCHBCS3 

IN MONTE CARLO COMPUTATIONS* 

I. Introduction 

^One of th« »T*ll*ble technique# of Monte Carlo computation#, 

iraportance stapling,^can make Monte Carlo computation# much mor# efficimit 

if w mee able-to choo»# Judicioxialjr th# probability distribution from 
^ tv jb*^**^ 

which th# sample ob«arrêtions are drawn. ^The detail# of thi# technique 

wiU be reviewed b#low. The difficulty in pHçtice i# that one i# 

often not able to epecify a priori what the more Efficient probability 

distribution i#, or even if a good choice car. be made with regard to the 

parameter cla#» of distribution« to b# u#ed th# parameter value# ar# 

difficult to determine. In thi# eituation on# naturallj think# of using 

some sort of multi-stage sampling in which information obtained in a 

preliminary #aaple is used to determine the way in which th# remainder of 

th# sample i# to be picked. Some result# relating to procedure# of thi# 

type are described below. 

4e turn now to the description of the setting of the problm# and th# 

technique of importance »ampling. 

•Presented at Symposium on Monte Carlo Methods, Gainesvill#, Florida, 
March 17, 1954. . ,.. . , 

Prepared while the author wa# at th# University of Chicago. 

I 



II. The Siting of the Protl 

The proble« to be dlecueeed ie the estinatlon of 3, where The proble« 

'5 • J ^ 

2 - : 

where g(x) i# eo«e known function of x; e.g.. x t ein xt x 

g(x) - 0 X < X 

-1 X > * 

f(x,0) i# the probebility dietributior of x, where 0 ..., i» * 

vector of pere«etere determining the probability dietribution. Frequently 

the characteristic of the problem that makes Monte Carlo methods preferable 

to ordinary numerical methods is the complexity of f(x,9). Often it is 

not possible or convenient to write down f(x,9) in closed fona,but one is 

able to sample from it. 

The general idea of importance sampling is the following: rather 

than sampling from f(x), suppressing 0 in our notation for the moment, it 

is preferable to sample from another probability distribution h(x) giving 

where h(x) is rsstricted to be a probability distribution such that 

h(x) ¿ 0 unless g(x) f(x) • 0. There ie therefore a wide choice available 

in choosing h(x) and if we consider the estimate 

g*(x) £ g*(xi) 
n 1*1 

based upon a sample x^ ... x^ from h(x) it is possibls to make it a 

better estimate of S by a proper choice of h(x) than g(x), where 
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IW - £ £ '<*i> 
n i-1 1 

.hen th. .«pi. ^ ... ^ i. drawn fro. f(x). Both ..tímate, ar. 

consistent, unbiased ..tímate, of 5 • ^ varlanc. of th. .stimat. 

g*(x) is «qual to 

^ - - ss 
-oo 

It can b® shown that the optimal h(x), the h(x) that minimise, the 

variance of it. associated estimate pTO» i» 

\iU)\ f(x)- 

* * f(x) ^ ’ 
-oo 1 

If g(x) >0, h(x) - is the optimum choice of h(x) and the 

variance of the associated pflT 1® ••ro* If on 

positive and negative value, then a s.ro variance estimate is not 

possible unless mor* complicated procedure, are u.ed. It will be pointed 

out below it i. seldom po..ibl.# or practical^ achieve these optimum 

results. 

Before going on I wi.h to discuss a difficulty introduced by the 

application of importance swipiing techniques that is glossed over ir. 

the above formulation of the problem. It often is the ease that x i. 

a very complicated random variable and that one does not pick an x 

from f(x) but construct, x a. a function of .everal other random 

variable*. For example, suppose the random variable x 1. the 

12n 

2 
statistic *n , 
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»fh*r« th« y*« mr« drawn fro« th* uniform di»tribution (0,1) and 

Il S *2 - **• - yn* In thi* CM# * 1» A function of **w*ral random 

▼ariabla* and wa danot* this by x(y^, •••, yn) • x(y). It may then be 

aaaier to conatruct x from the y1# than to draw x from f(x), or 

aran this may be the only practical way to obtain sample values of x. 

The values of x obtained are drawn from f(x) and thus 

5* j /”•/ / ••• 7n)]i(7i. 
-ÖO -C» 

The importance aampling must enter into the problem by altering the 

distribution of the y’s, choosing them not from ^(y^, ..., yn) but 

using superscripts to denote the ith vector of sample values. This 

estimate is essentially g(x^) weighted by the likelihood ratio of 

the y*s yielding x^, and this is not necessarily the same as 

weighting g^) with fix^/h^). If the mbm value of x can 

arise from many different vectors, y, there is no guarantee that 

Picking the y»s from the distribution specified by k(y) implies a 

distribution h(x) and it is suggestive to think of the variance of 
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In thn following dl»cu*«lon of the problem of finding good h(x)*e 

through luilti-stage ••apling procedure* the explicit treatment »rill be 

in tern« that iatplj one ie eaapling fro* f(x) *«1 h(x) directly. The 

changes that »rill be made when this it not the case are clear and reader* 

should constantly keep in sdnd the distinction, indicated in the above 

paragraph, between the t»ro problems. 

In practice, as was indicated above, one does not work with completely 

general classes of distribution functions but confines his choice of h(x) 

to some parametric family of distribution functions, often confining 

selection still further by using some family of distribution* closely 

related to f(x,0). Thus in effect on* makes two choices* (1) the choice 

of parametric family h(x, <*), where « is the vector of parameters 

defining particular distributions »rtthin the family and (2) the choice of 

some particular parameter value, ¿X*. It is the latter choice that »rill 

concern us moat in the remainder of the diecueeion. The choice of tne 

class of distributions, h(x,o<)f i* • ▼«T difficult problem and only 

a few general rules are available for making this decision. In soms 

problems intuition based upon the physical structure of th* real probl«i 

is of help. Kor the moment we »rill consider that th* choie* of h(x,Of) 

has been mads and our problem is to choose «' in some optimal way. If 

h(x,Of) is a on* parameter family of distribution function# w# may 

illustrate the problem by plotting the variance of the associated estimate 

of Ç as a function of Of, k typical case is shown in Chart I. As shown 

in Chart I there will be some value of , Q, which is associated 

»rith the mini*» variance estimate of Also there are often values of 

f such as 0(^, that are pols* of V(Of)j i.*., • oo • for 
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CHAKT I. 

If f(x,ô) • © • , g(x) • X, «nd th« class of distribution 

functions h(x) is rsstrictsd to h(x,0() • x e ^X, thsn 

'(2©- cx )7 Ô2 ’ 
V(o^) < 

0 < ch < 20 

- OO ; cx > 20 

or if h(x,^x ) • 9-™ x, thsn 

+An apology of sorts must bs mads for ths typs of examplss it is 
possibls to offsr in discussions of Monts Carlo methods. In general they 
are of little interest themselves because the problems of most interest, 
as far as applications of Mente Carlo methods are concerned, are those 
that are not analytically tractable. All one can hope for is that the 
examples are revealing as far as principles are concerned. 
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20" 

V(cx ) ^ 
¿X(20-^ )3 O2 ' 

0 < < 20 

; > 20 . 

In avmÊãry, than, th# problem is th# following: f(x,0) is given, 

i.e., both th# form of th# distribution end th# velu# of th# parameter 

▼ector 0 ere known, end g(x), e known function, is alao given. An 

estimate is to be made of ^ , where 

J - J «(*) ix • 
-ÖO 

The choice of h(x,0<) has b#«n mads, but the parameter Oc , or rather 

a g^od value of it is not known. In order to obtain an estimât# of ^ 

one simple suggestion would b# that a sample, x-, ..., x^ , b# drawn 
1 A 

from f(x,0) and on this basis an «stimat# b# made of sajr °«0, 

and the sampling th#n proceed using h(x, 0) as the distribution 

which further samples are drawn. Some combined estimate based upon ^ 
A 

and C2, the estimates obtained from this two stage sampling plan would 

be used to estimate ^ . Given a fixed cost for the computing program we 

wish to obtain an estimate having optimal characteristics, e.g., mini ■up 

variance or minimum risk estimates. The elements at our cosmand are the 

choice of methods of estimating the best value « and the balance between 

the sise of the initial sample and the second samplet that is, balancing 

the value of an improved estimate of Oio against a amaller opportunity 

to make use of it for estimating Of course, once the restriction of 

the sampling schäme to two stages is lifted other possibilities arise. 
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HI. A Two Stage Sampling Procedure for BatlaaUng 

In thla section It is proposed to discuss some aspects of the two 

staged sampling procedure suggested in the paragraph inmediately above» 

The first problem to be treated will be the sampling distribution of an 

estimate cK0 of the value of Of for which V(Or) takes on its 

minimum value, in the case where h(x,^) is a single parameter family 

of distributions. 

We have _ 

f(x) 
Ç * / *(x) Úxji) ) ^ 

mOO 

Oo 

'OO 

and (1) assume that we have 
oo 

V(Oi). J g2(x) f(x) <1* - 

1 yjjü . j 2 fiil 
■k) I CX ^ U 

f(x) dx 

oo 
* J T(x,CX) f(x) dx, 

oo 

ri. 3<x ' 

and 

-oo 

ot» 

liïlÇi . / ^ fU»?J f(l) eu 

This assumes, in effect, that for almost all x, the derivatives 
2 

, and exist for every belonging to a non-degenerate 

interval A. 
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(2) For ererj ¿X in Av it is also assumed that 
2 oo 

|¿_1Í5»2U| < H(*) «nd f H(i) f(x) d* <11. whara K 1» independant 
1 I ¿ge, 
of X . £» 

(3) For every <X in 4, the integral J ^(x,0«) f(x) dx - £f(_V (x,^0)j 
-<30 

is finite and positive.* 

If we now denote as the value of for whieh^ " °» 

or the minimizing value of , an estimate of Q is the solution 

of the. equation 
n 

i E rUi.oO -o . 
i“l 

By now the whole analogy to maximum likelihood estimation is obvious, 

although only in terms of the asymptotic distribution theory and its 

proof. is obviously a consistent estimate o< Q and we are only 

concerned here with its distribution. In order to investigate the 

asymptotic distribution of we expand t(x,<x) about 0 and 

obtain ... , » 

J Y x»*0_ ^ .q,o) ♦ I ^ H(x) (cH - q^0)2 

[2] 

f (x,^) - f(x,2«0) ♦ -^ 

where < 1. Thus the equations determining q may be written as 

S ¿ - n Ç/(vV * 5 ¿ - 31 o> 

1 E HÍXiKS,,-^t0)2 - 0 
i-1 

i - Bc ♦ V^O - 01 05 * 3 ♦ B2H0 - ^ 0>2 * °* 

*^e denote by Ef(y) the expected value of the random triable y with 
respect to Oie prolability dei'.sity function f, thus we might write 
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Th. B'. 4P. randón »ariabl.., b«ln* function, of random Tariabl«. 

.... V by Khintehln.'a th»r« Bq conï.rg.s in probablUty to 

..ro. B, conTopge. in probability to ^ B2 conv.pg« 

to th. non-n«gativ. valu. »[«(.)] < *• Thu. wh«, .. r«PÍt. th. »bov. 

U 
equation as J_ £ 

7^] 
-¿)2v(o(0) 

we see that the denominator converges to -^that t e 

numerator is essentially the sum of independent random variables each 

with m«n ..PO «d Wianc. thu. th. cntrl li-it 

th.or.rn appu.. «d th. .urn i. ..ymptotloally normal with 

..an ..ro and yarlanc. *Ef[f 2(*,=*0)] • Th.r.for. ,/S U 

asymptotically normal with mean aero and variance 

¿ V(°tç) 

L-aCX j 
In the case where ^ is a vector of parameters lt .... <*k) #i«il*r 

results on the joint distribution of sample estimates can be obtained 

in a straightforward way. 

V. turn now to a d..eription of an ..tlmatlon procdur.^for 5 ¡ ^ 

a .ample of ala. r,-, ia drawn fro. f(x,8) and .atlmat.. 5X and n 

are produced, ^ 

1 ni i-i 

th«-. a sample of alt. n2 i. drawn fro. h(*,«0) and «. ..Ornat. 
/\ 

^ 2 computed, 



5î - ^ t.ig(Xi) 
A 

and finally the two estimates of ^ are combined to form ^ # 

/s C. 

S--1Í! 

Pa«e 11 

^ A 

♦-2I2 

A A M 
where the weights w^ and w2 are perhaps given by 

A 
W 

i2 
/"2 

1 0 2 ¢2 
ff2 

n. 

A A 
w_ - 1 - w. 

and 

k ^ ' 5Î 

2 n2 i-1 ^ h2(xlt^) J2 

2 2 
If one were able to estimate before sampling the values of 6 ^ and G ^ 

as function of and n2 a reasonable choice of n^ and n could, 
✓"V ^ ^ 

perhaps, be baseo upon the loss function L(^, • • In 

this case one would try to minimize by proper choice of n, and n the 
/N A ^-2 

expected loss (risk), ^ Var(^) • Rin^, n2), the ^ 

expectation being taken relative to the probability distribution of C , 

subject to the condition (cq ♦ c^n^ ♦ c2n2^ * C* w^1*re 

Cq - initial cost of programnu-ng and cost of computing 

estimate ^„, etc., in other words all fixed costs 
0 

giver, that two stages of sampling are to be done. 



P-531 
6-3-54 
Page 12 

- cost per observation fro» f(x,0), 

C2 ■ cost per observation from hix,^). ^ 

In general it will not be possible to evaluate " V(^) - H(n^fn2) 

beforehand because the values of the required expected values, etc., will 
/\ 

not be known. In any case V(^) will be a quite complicated expression 

? 
since ^2.* ^2* not ln<lcT>endent of one «mother. 

41 though E( ^ |°\0) - ^ , the mean value of ^ is not ^ , in general, 

because of the bias introduced by the various covariance between 

/s 2 í5 O 2 
1» ^ J2 ^ ^2’* ^ Äld'lltloriJ^- «ilfficulty is that in many cases 

£p[y q)]J is unbounded. This is easily illustrated in the case of 

the examples given earlier where there is always a positive, but small, 

probability of 01 q > 2Ö f°r any finite value of n^. The situation is 

illustrated in Chart II, where ia t'^® probability density 

function of n^ > r.j. As becomes large the probability approaches 

one that sampling from h(x,0( ) is preferable to sampling from f(x,0). 

Nonetheless «pKC^vI is unbounded. No reasonable man would fore¬ 

go the advantages of sampling from hix,1* ) if the probability is near 

enough to one that it will improve his estimate of ^ despite the 

♦This bias in the estimate ^ can te removed by the use of a sampling 
technique called hybrid-splitting. This technique requires that two two- 
staged samples be taken, with and n2 the same in each, and the weights 
wi and ^2^0? one of the two-ataged samples be used to combine the estimates 
^ and 5 2 of the other two-staged sample. In this way the weigh^g and 
the estimates are independent and the resulting weighted estimates 5 
arid 3 arr both mbiasei estimates of £ of equal value a priori. 
Thus 1/2 s'*' ♦ 1/2 5is a reasonable pooled estimate, also unbiased. 
The r«no/al of bias via this means is not always, or us"ally, costless in 
terms of the variance of the final estimate of 5 and these costs must be 
balanced against the value of the reduction of bias obtained. 
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1 

resulting unbounded expected velue of the variance of the estlaate 

obtained fron: hCx,^). Of course, since the weight given to the 

estimate derived from the second sample tends to zero when its variance 

is large the expected or average variance of ^ is not infinite but is 

2 
essentially This implies that one’s loss function is not 

- Ç )2 and as a convenient alternative 1 suggest that V(o« ) 

be replaced by a quadratic approximation about and further that the 

expected loss, be simplified to 

"N A 

- *1 ^ * “î VApprox (S2> ‘ * 

n2 
v(«0) 

E[f2(x.a^ 
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g2(i1) - gUj)2 

V(=x0) 
"0 i-1 h(xi,50) 

Bf [f2(x,a0)] " “ ^ ,+/2(xit<>0) 

a2v(fq) - .i ^ àr^0) 
"0 1-1 

/V 
where ^ q is, of course, the solution of 

¿ £ '♦'(v* * ■ °- 
"o i-l 1 

If A(nQ) > 0: Continue sampling froa f(x,0) and take a sample of 

sice n, and test afain using A(hq ♦ n) 

A (n^) < Oí Take sample of sice n2(nQ) from h(x,o<0(n0)). 

Sampling is to proceed by repeated application of this test until the 
/N 

decision has been made to sample from h(x,Ck), at say the mth step 

when A(oq ♦ an) < 0; then sampling will proceed from hJ^x.^QinQ^mzijj • 

The final estimate of ^ is to be made as before. 

If the total sample sice is large (it can then be shown that the 

best value of n^ will usually he large) and if the cost of making the 

sequence of decisions is negligible relative to the other costs of com¬ 

putations then this procedure should be nearly optimal, in the sente that 

it minimized the expected lose (risk) for fixed total cost of computation. 
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Some exaaples have been worked out. in order t.o determine the optiiael 

balance of n^ and n2. Of course, the examples are not themselves of 

direct Interest but one would hope that they shed soxe light upon the 

beet choice of n^ and n2 in other more difficult problème, where 

g(x) and f(x,0) are very similar but one cannot evaluate the required 

expressions. This is the most one can expect of analytic examples in 

Monte Carlo problems; that is, that they be suggestive of how to proceed 

in the more difficult cases encountered in practice. 

The examples are the following* As before let 

f(x,0) - 0 e“0* 

g(x) - X 

oo 

so that 5 " J f(x»0) ux - 1/0. 

“Oo 

We will examine two different choices of h(x): hix,^) • ^te and 

2 '“v » 
h(x,A) m OK X e . In the case of the first of these we find that 

v(or0) 

and - 8/2. If we let .j - c^/c and let (e-Cg) * then 

[.1*5 - 

.185 n, ♦ .356 ♦ -f— 
1 kl J 

From this we find optimal n^ S, as a function of and kj. These 
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IV. An ÀTaptoUc Klnlaui Sxp»cfd Lo»». S«qu«nt._UI 

Procodur« for SgtiaatjnjL S 

It 1» completeljr unlikely th*t optiaiiAtion of two at««« »Amplinp 

schemes could, or should, be carried out along the lines suggested above 

for the reasons Just mentioned. In addition, to assume that one can 

evaluate 8(n^, 02) implies in practical situations that one can directly 

compute in which case there would be no problem, or at least no Monte 

Carlo problem. These difficulties suggest using knowledge obtained from 

the initial sample observations from f(x,0) to decide when to change 

over to sampling from hU,0^), as well as determining 0¾. A sequential 

scheme for accomplishing this is described below. One can think of sampling 

procedures that are sequential in different ways; tnc one discussed here is 

a sampling procedure sequential for the determination of the best point in 

the sampling for the changeover from f(x,©) to h(x,<*0). The procedure 

The procedure would be as follows} Choose an initial sample of sise 

n0, where tIq is large enough for the asymptotic approximations involved 

to be reasonably accurate, and choose the value of n, the incremental 

sample sixes. Take a sample of sixe n^ from f(x,9) and form 

where 

to evaluate these expressions. The sample estimates would be 
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so that does not depend to any great extent upon k^. Table 2 glees 

the values of A(n1# n2) for optimal choices of and n2. 

Table 2 (k2 - 1000) 

Optimal Values of 
nlf n2, given ^ kl 

Value of ®^L(ni»n2) for 

optimal choice of n^,n2 

n^ • 501, n2 • 499 

501 250 

502 150 

502 112 

503 Ö9 

r-< 
O
í
 

-
V
 

*r\ 

. 

.000004 

.000008 

.000012 

.000016 

.000020 

These again are to oe compared with the simple random sampling value for 

0*11(1000 , 0) of .0010. Por no reasonable values of k^ is simple random 
% 4 

sampling better than a two staged sampling procedure (if optimal). 
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This a.Tiount8 to ignoring t«ma for the sanpling variation in the weights 

and the complicated covariance ten** involving the variables S . ^ 
? ? Jl 1 
52* ^ ^2* Th0 aver4«« variance of ^ 2 ^-9 approximated by taking the 

expected value of the quadratic approximation of vfc¡< (n, )1 relative to 
/s t. o 1 J 

the asymptotic distribution of which must introduce ar.other 

approximation error for finite n^, thus we have 

V(«0)ÄV(o»0) ♦ >T<V 

a« 

, , à2v(a ) A 2 

(olo * O<o) * 5-j-2- (^o 

and 

J V(S0) p[50(ni)] ) . i -.^0. ïp („ )] 
”<X5 U 

*^nCe —àõT*” " °* ln evaluAtlR£ the weights w^ and w^ , (T^ must 

also be replaced by the approximation expression given above. 

AU one can suggest is that this is a reasonable thing to look at 

when deciding upon sampUng designs. If possible, one would choose n, 

and n2 such that c(l»(n^, n2l] ■ ^(ni* n2) ^-9 sdnisiiced subject to 

the constraint (cq ♦ c^ ♦ c^) - c. Care should be taken in any 

case tnat the n^ is large enough for the asymptotic varlax.ce to be a 

reasonable approximation. 
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v&luea are ¿Ivan In Table 1* 

Table 1 (k2 - 1000) 

Optimal Values of 

nlt n2» «ir«n k2 kl 
Value of for 

optimal choice of n^,n2 

- 47, n2 - 953 

53 474 

64 312 

85 229 

158 128 

1 

2 

3 

4 

5 

.0002 

.0004 

.0006 

.0008 

.0010 

These are to be compared withO^HdùOO, 0) • .0010, the value for simple 

random sampling. We see that for ^ > 5 that the two staged sampling, 

even if optimal, would be worse than simple random sampling because of 

the high relative cost of sampling from h(x,0(). 

In the case of h(x,0<) - x e”^* we find that since C*0 - e 

Defining and as before; tnen 

slv 

If • 1000 we find that the optimal n^, 

d ’ *uch that 
1000 

n. 50 

n2 500 

kl 
- 1/2 ~ 

50 
di 

and n2 as functions of 




