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SUMMARY

\ﬁJTh&E paper is a summavry of some applications of the

theory of dynamic programming to various classes of

multi—stage decision problems of stochastic type. ( ) P
N



§1.
52.

$3.
$4.

§5.

$6.
$7.

P-589
11—

DYNAMIC PROGRAMMING AND MULTI-STAGE
DECISION PROCESSES OF STOCHASTIC TYPE

Richard Bellman

Table of Contents

Introduction

Some Representative Multi-—Stage Decisicn Processes of
Stochastic Type

2.1 Allocation

2.2 Optimal Inventory

2.3 Gold—Mining

2.4 Learning

2.5 A Deterministic Maximization Problem
A Modicum of Nomenclature

The Principle of Optimality

Functional Equations

5.1 Allocation

5.2 Optimal Inventory

5.3 Gold-Mining

5.4 Learning

5.5 A Deterministic Maximization Problem
Successive Approximations

Approximation in Policy Space — Monotone Convergence

Bibliography



P-569
-1-

§1. Introduction

A large number of problems of theoretical and practical impor—
tance reduce to the computation of the maximum of a function of the
form

(1) P(xlo X@y 0.y xn) - gn; ai¢1(xlo Xgy) oo, xn)o

subject to a series of constraints of the form
(2) RJ(X" x" LI Y Xn)so, ‘] '1. 2. e o oy .o

If n 1s a number of even m.derate size, prosalic cpmgaitational
techniques are utterly unavailing, and the use of unadorned calculus

is equally fruitless, and sometimes even i1llegitimate.

If the functions ¢1 ard R; are linear, numerical results, and
sometimes even analytic results, may be obtained using various ver-—
sions of the elegant "simplex" technique Jevised by G. Dantzig. 1If
scme of the functions are non—linear, the theory of non—-linear pro-
gramming, as conceived by Kuhn and Tucker and others, must be

invoked. Naturally, tne computational road is not as smooth as {n

the linear case.

If the functicns above possess certain features of symmetry,
or if, in particular, F(x,, X2, -.., xn) represents the "return”
of a multi-sta,e process, the theory cof dynamic programming 18 often
useful as we have shown in a number of papers, cf. [1], [2], [3],
(4, [5], B, (7], (€, [3]. In general, the more non-linear the

problem, tre more useful the tech.alqies of thls theory.
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For problems of deterministic type, such as those posed above,
we have at least a choice of the techniques we may wish to employ.
However, if we consider multi-stage decision processes of stochastic
type, where the functions and coefficients may be stochastic, them,
in general, there seems to be little alternative to some variation

of the functional equation approach.

Use of the functional equation technique is, as pointed out
above, only Qroritablo when the problem possesses certain symme-
trical features. The general linear programming protlem of deter—

mining the expected value of the maximum of

) Px) = 3=z,

where the X, are subject to constraints of the form

n
(b) cIJxJ<ei. {1 =1, 2, ..., m,

where the cU and e, are stochastic parameters subject to glven

probability distributions, seems at the moment still to be outslde

mathematical ken.

In this paper we shall consider some multi-staie declsicn
processes of stochastic type which are particularly suited to the
techniques of the theory of dynamic programming. Flve processes

of stcchastic type, concerning a wide range of topics, will be
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treated in outline, and then a deterministic maximization problem,
inserted to shcv: how a problem of this type can profitably be con-—

sidered as a multi-stage decision problem.

Some applications cf these ideas to the calculus of variations

and theory of intesral equations may te found in (0], [1], {2] and
x.

In the section following the presentation of the problems we
shall present some basic terminology of the theory of dynamic pro—
gramming. Pollowing that we shall discuss the "Principle of
Optimality", which we utilize to obtain functional equations for

the determination co¢f optimal policies in the above decision pro-—

cesses.

We shall then indicate the use of successive aprroximations
in determining numerical and analytic solutions and the application

of the concept of "approximation in pclicy space” t2 obtain monotone

converyence.

§2. Representative Multi—Stage Decision Processes of Stochastic Type.

Let us now consider some representative processes which we

shall show below may be treated by the methods of dynamic programming.

$2.1 Optimal Allocation

Over a period of n years, it is necessary, at the veginning of
each year, to order some equjipment to perform certain tasks. Wwe
possess an initlal amount of money x which is to be divided iInto
two parts, y and x-y. The first part, y, is to be used to purchase

equipment of type A, and the remaining amount, x-y, 18 to be used

to purchase equipment of type B.
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Let us assume, for simplicity, that if we spend y dollars to

purchagse A—equipment there are two possibilities.

(1) (a) with probability p, we obtain g1(y) man-hours from
the equipment and retain a salvage value of a,y dcllars,
where O ¢ a; < 1.
(b) with probabllity 1-p, we obtaln ge(y) man-hours from
the equipment and retain a salvage value cof apy dollars,

where 0  ag < 1.

Similarly, if (x-y) dollars are spent .for B—equipment, we have
ccrresponiing probabilities q, and 1-q;, functions hy(x-y) and

ng(x—-y) and parameters b; and bg.

At the start of each year we repeat the process with the new

inittal amount equal to the sum of the salvage values.

The problem is to determine the allocation policy which

maximizes the total expected man-hours obtalned cver the n year

period.

§2.2 Optimal Inventory

At various specified times we have an opportunity to order
supplies of a certain set ol items, where tne ccst of ordering 1s
some function of the amount ordered wnich may or may not include
fixed administrative or "red tape" costs. At various otner times,
demands are made upon the stocks of tnese items. Tnese demands
are stochastic and their Joint distribution function 18 known.

The incentive for ordering lies in a penalty which is assessed

whenever the demand of an item exceeds the supply.
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We wish to determine the ordering policy which minimizes some

average cost.

§2.3 Stochastic Gold-Mining

We are fortunate enough to possess two gold mines, Anaconda and
Bcnanza, the first of which contains an amount, x, of gold, while
the second possesses an amount, y. In addition, we have a rather
delicate gold-mining machine which has the property that if used to
mine gold 1n Anaconda there is a prcbability p; that it will mine a
fraction r, of the gold there and remain in working order, and a
probability (1—p,) that it will mine no gold and be damaged beyond
repair. Similarly, Bonanza has assoclated the probabilities pp and

(1-p2) and the fraction ra.

We begin by using the machine in either the Anaconda or )
Bonanza mine. If tne machine 1s undamaged, we ag8in make a choice
of using the machine in either of the two mines, and continue in
this way, making a choice befcre each mining operation, until the

machine 1s damaged.

What sequence of cholces maximizes the amount of gold mined

before the macnine 1s damaged?

$2.4 Learning

Let us assume that we have two machines, I and II, with the
following properties. If machine I 1is used, there 1s a probability
r of receiving a gain of one unit and a probabllity (1-r) of re-—

ceiving nothing. If machine II is used, there 1s a corresponding
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probability s. These probabilities are not known. We do, however,
\
possess an a priori probability distribution for their values.

Given a fixed number of trials, the problem is to determine

the sequence of choices which maximizes the total expected return.

§2.5 A Deterministic Maximization Problem

n
We wish to determine the maximum of ? xi, subject to the

constraints

(1) (a) x, >0

(b) ;n;l’(xi) < a,
(6) olx;) < b

§3. A Modicum of Nomenclature

Let us now define some useful terms. We are considering pro—
cesses, finite or infinite, discrete or continuous, which require
a sequence of decisions. We consider only feasible sequences,
which 1s to say those which are consistent with various limitations
and constraints which may be imposed. Every feasible sequence of
decisions 1s called a policy, and a policy which maximizes the
"return” of the process is called an optimal policy. By the

solution of a problem, we mean the determination of all optimal

policies.

In order to define precisely the "return" of a process, we

must introduce the concept of a state variable or state parameter.

We consider a system S of economic, industrial, engineering or other

source, whose physical state at any time 1s speciflied by a set of
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~ quantities, P. 1In many cases, P 1s an N—dimensional vector, while

in more complicated situations, P may consist of a set of points
ana functlons, and involve functionals as well. The components of

P are called the state variatbles.

The effect of a decision is to transform P into another vector
P!. Hence a decision 1s equivalent to a transformation of the state

variables. Zvery policy then ylelds a sequence of states
(1) Pl’ Pa. e 0oy Pn, o0 o

We now Intrcduce a criterion function, ¢(p), measuring the value

Ar

of a state P, anu postulate that the purpose in carrying out the
process 1s to maximize this function of the final state. Tne func-—
tion, ¢(PF), of the final state P; 18 called the return of the
process, and write QD(P) to denote the value, Q(PF), obtained

starting in a state P and usinz a policy D.
Finally, we define
(2) «(p) = ia= 9p(P),

wnere we maximize over all reasivle policles. The pclicles, D,

which yleid the return r(P) are the optimal policles.

§4. The Principle of Optimality

We now characterize optimal policies by means of the following

intuitive
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PRINCIPLE OF OPTIMALITY: An optimal policy has the property that

whatever tne initial state and initial decisicn are, the remaining

decisions must constitute an optimal pclicy witn regard to the state

resulting from the first decision.

This principle immediately ylelds the functional equation

(1) r(p) = ng r(p(D)),

where P(D) is the vector resulting from a choice of an initial

decision D.

If we can separate P into a "space" vectcr, w, and a "time"
vector T, then (1) takes the form

(2) r(w,S+T) = Max _ f(rD(S),T),
D[o,s] v

where DEb,s] represents a sequence of decisions over the time-interval
[0,s].

Observe that the form of the equation is the same regardless
of whether we are dealing with a deterministic or stocnastic situa-
tion; in one case we have a function of the final state, 1in the

other case an average of functional values. Further discussion will
be found in (2], (5] and [11].
§5. Functional Equations

Let us now use the method expounded above to convert the

problems discussed previously in $2.1 — §2.5 involving policies

into problems concerning the solution of functional equatlons.
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5.1 Allocation

Let us define

(1) fn(x, = expected return in manhours cbtained over an N-—stage
perlod starting with x—dollars and using an optimal

policy
Then

(2) fa(x) = Max [ piga(y)+(1-p1)ga(y)+qihs(x=y)+(1—q1)ha(x—y) s
O<y<x

and

(3) fn+1(x) - 023§x [.pIQIE.Gl(y)+hl(x‘Y)+fn(aIY‘bl(x‘Y)) ]

+paq;[fgg(y)+hg(x—y)+fn(agy+bg(x—w)) J
+PlQaC:El(¥)+“aAﬂ-y)‘fn(81Y*ta(x—Y)) ]

+PzQaEe’;z(Y)*ha(X-Y)*’fn(a:lf*ba(x—)’)) Js
for n > 1, see ad, (21, (3], [4].

$..2 Optimal Inventory

Let us cconsider for the sake of simplicity a process involving
the stocking of one item where we may order at each cf a finlite
number of equally spaced times, and we must fulfill the demand at

tnese same times. We assume that there is no delay in filling an

order or a demand.

We assume that we know completely the following functicns:
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(1) (a) 9¢(s)ds = the probabllity that the demand will lie be—
tween s and s+ds.
(b) x(z) = the cost of ordering z items initially tc increase
the stock level
(¢) p(2) = the cost of ordering z items to meet an excess,

z, of demand over supply, the penalty cost

Let us define

(2) fn(x) = expected total cost for an n-—-stage process starting

with an initial supply x and using an optimal ordering

policy
Then

(3) fi(x) = Min [ k(y—x) +/;,°°p(s—y)o(8)ds 1,
y2X

foe(X) = ;‘é: Ck(y=x) + /3P p(s=y)d(s)ds + £ (0) /5% d(s)as
+‘/6y £, (y-s)d(s)ds J.

See (2, [7].
$5.3 Stochastic Gold-Mining

Let us define

(1) f(x,y) = expected amount of ;0ld mined before tne machine 1is

damaged when A has x, B has y and an optimal pclicy

is employed

Then we see that f(x,y) satisfies the functional equation
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(2) f£(x,y) = Max | A: py[rox+f((1-ry)x,y) J,

B: qi[ ray+f(x,(1-ra)y) 3

If we wish to maximize the expected value of some function of the
total return, R, say ¢(R), then we must, in general, introduce
another state variable, a, the amount of gold already mined. Let

us define

(3) f(x,y,a) = expected value of ¢(R) when A has x, B has y, a
has already been mined and an optimal policy is

employed.
Tnen f(x,y,a) satisfies the equation

(4) f(x,y,a) = Max | A: pif((1-r,)x,y,8+r3x) + (1-py)¢(a),

) B: qif(x,{1-rp)y,a+ray) + (1—q1)g(a)
See (2], (4], (11].
§..4 Learning

Let us consider the case where we have an unbounded set of
trials and the return on the kEﬂ trial 1s discounted by a factor
ak_l, where O < a < 1. Furthermore, to simplify the notation,
let us treat only the case where one machine, II, has a known
probability of success, s, and the cther machine, I, has an

a prioril distribution of prcbabllities of success, dF(r).

Our fundamental assumption is that the new 5 priori distri-

bution function after m successes and n failures on the first

macnine 1s
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(1) dF _ " (1-r)"dF(r)
mn(r) U/:Irm(l—r)ndF(r)

On the basis of this assumption, we obtain for the functicn

(2) £, n(8) = expected total return obtained using an optimal
’
policy after m successes and n failures on the first

machlne,

the functional equation

——n

(3) !‘m’n(s) = Max |I: [\/(‘)t rdF,_(r) JC1 + at‘m_l’n(s)]
+ [Al (l—r)dan(r) anfm,n#l(s) ]

{El: s/(1-a)

See [9].
$-5.5 A Deterministic Maximization Problem

Let us write
n
(1) rn(a.b) = the maximum value of ;E x, subject to the constraints
of (2.5.1).
Then clearly for n > 2

(2) r_(a,p) = Hax) Cxa + 1 _,(a=F(x1),0=G(x1)) J,
X1

where x; 1s bound by the constraints
(3) 0 < xi<Min [Fa), ¢"(v) ],

and

(%) fi(a,) = mn [F1l(a), c7(p) J.
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Regardless of the value of N each meximization in (2) ts a two—
dimensional prcblem and can ce programmed for computing machines

quite easily.

$6. Successtive Approximations

Generally speakinys, the functional equaticns of the above
sectlons are as intract:zble as far zs exact solutions are concerned
as trne differential equations of mathematical pnysics, ensineeriny
or metnematical economics are. They serve, hcwever, twc useful
purposes. In the [irst place, a great many structural properties
of optimal pclicles can be deduced f{rom simple properties cf the
coefflclent functions which appear. Secondly, tne method of
successive approximations can be used to good effect to compute

tne maximum return, and in that way the optimal policies.

In tne allocation and optimal inventory problems dl!scussed
above, tne use of successive approximaticns is quite natural. We
are merely computing the N—stage return forn =1, 2, ... . If
n is large, and we are not particularly interested in the results
for small n, tnis metnod of approximation 1s not as efficlent as

others we can devise.

One particularly useful zpproximation is that of an unbounded

process. Thus, for example, in (3) of $5.2, we may, if n is large

replace f_(x) by f(x) = 1im fn(x). This function satisfies the
" n—pm

equation

(1) r(x) = Max Epmx CS:(ﬂ*hl(x—-y)*'f(axY*Dl(X-Y))]
0<y<x |
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+r2q1 [ ca(y)+ni(x=y)+r(aay+ou(x=y)) J

+p1Q2[ 1 (y)+ra(x=y)+r (2 y+ra(x—y))

*L2Q2E*;a(Y)*ha(x—y)+f(32Y‘Uz(x-Y)) ] ]. x >0,

wite ((0) = O.

Tris equation may now be solved by tie metnca <! success!ve
approximations, using nct the criyinal seq.ence {rx(x)}», tne se—
quence cf N—sta, e returns, but a seq.ence zhusen to apuroxinate

rd;x) more closely trom tue very ve,lnning.

We snhull discuss a elmple way of dceins tnis in the next

$7. Approximation in Pollcy Space

A cnaracteristic of ,reat importance pucsessed by -hese
dynamic programming processes 1s the duglity petween the return
function and the policy which yilelds tnis funection. Tnis duisl!ty
i8 actually innerent in many ctner functional equatiors, bitl not

as obviously, cf. [10], [11], ﬂ.?.]. [1}]

Let us consider equation (6.1) tc 1llustrate c.r remar«<s. We

write this equation in tne faorm

(1) r(x) = Max T(f,y¥).
Oy <x

The quantity y = y(x), the allccation Wren we have asn amcunt Xx of

resources, we calil tne policy functlion or policy.

Ovserve tnat tne cnoice of a policy ylelds a return function, =nu

conversely if we nave obtalned f(x), explicitly or by some iterative
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tecrnique, then tre maximizaticn of T(f,y) ylelds all optimal

value of y, and hence all optimal policies.

It follows tnat we nave the privileze of sclving the problem
by cetermining cptimal policies or maximun returns. The method we
presented above was appruxim=tion In function space. 1t turns out
that tne alternative method of approximition in pellicy space rossesses

very important tneoretical ana computational advantases.

Let us dliscuss the thecreticzl advantages iirst. We cbtaln 2
first approximation by choosing an initial pclley y, = yo(x). Using

tnis policy, we compute ro(x) by iteraticn, using the formula

(2) r5(x) = T(ry,5,)-
We ncw define

(3) fa(x) = Max T(r,y).
Ogy<x
It is clear that fy(x) > fo(x). Continuin,; we iefine
(4) f‘n+1(x) = og;ix T(I‘",y) v B2 L
Since T(f.y) is a positive operator, le‘o ylelds (p>f, and hence,
inauctively rn+1 2 rn. We tnugs nave nunowone c.nverzence. The

applicaticns of thls congept tu otner flelus s.cn as tne calculus of

variations nave been discussed in (1§, [1j, 22, 33-

Let us now discuss the practical aspects. Many cf tnhe processes

~e consider nave been carried out for some time in the real world.
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In the course of these ye:rs, a great deal of experience nas Leen
galned and = numver of tecnn!ques hive been cevised wnich ylelid
resuits consider:tly vetter thazn what misht ve crtalned ty on in—

experlienced perscn.

Congequently, in all these cases w~e hrave fair acir . x! 2tions

in policy space, even tnou;h the correspoending apprexiaations in

unctlion space may be completely lacking.
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