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^1.    Introduction 

A large number of problems of theoretical and practical impor- 

tance reduce to the computation of the maxl.-num of a function of the 

form 

n 
(I)    P(xi, x»,   ..., xn)  - >     a141(xi, x»,   ...,  xn). 

subject to a series of constraints of the form 

(2) R
J(
xi» x»» •••» xn) < 

0»    J ■ l*  ?. •••» Ä. 

If n is a number of even moderate size,  prosaic cpmpJtatlonal 

techniques are   utterly unavailing,  and the use of unadorned  calculus 

is equally fruitless,  and  sometimes even  Illegitimate. 

If the  functions  }.   and  R,  are  linear,  numerical  results,  and 

sometimes even analytic  results,  may be obtained using various  ver- 

sions of the elegant "slmpiex"  technique devised  by Q. Oantzig.     If 

some of the functions are non—linear, the theory of non-linear pro- 

gramming,  as  conceived by Kuhn and Tucker and others,  -nust be 

Invoked.    Naturally,  tne computational road  is not  as smooth as  in 

the linear case. 

If the  functions above  possess certain featjres of symmetry, 

cr if,  in particular, P(xi,  xa»   •••. xn)  represents  the "return" 

of s multl-sta^e process,   tne  theory of dynamic  proprammlng  is  often 

useful  as  *e  have shown in a  number of papers,   cf.   [l] ,   [2]»   L3J » 

W»   [<\»   fj»   C7]»   [5»   M •     In e«nerril,  the more non-linear the 

problem,   tne more useful  the  techaiqaes of  this  theory. 
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Por problems of deterministic type, such as those posed above, 

we have at least a choice of the techniques we may wish to employ. 

However, If we consider multi-stage decision processes or stochastic 

type, where the functions and coefficients may be stochastic, then. 

In general, there seems to be little alternative to some variation 

of the functional equation approach. 

Use of the functional equation technique Is, as pointed out 

above, only profitable when the problem possesses certain symme- 

trlcal features. The general linear programming problem of deter- 

mining the expected value of the maximum of 

(3) F(x) - 5^ a1x1 

where the x. are subject to constraints of the form 

(4) (a) x1 > 0 

n 
(b) 5^ cijxj 1 •i»    1 " 1' 2' •••' m, 

M 

where the c. . and e. are stochastic parameters subject to given 

probability distributions, seems at the moment still to be outside 

mathematical ken. 

In this paper we shall consider some multl-eta^e decisl-n 

processes of stochastic type wnlch are particularly suited to the 

techniques of the theory of dynamic programming.  Five processes 

of stochastic type, concerning a wide range of topics, will be 
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treated In outline, and then a deterministic maximization problem. 

Inserted to shot: how a problem of this type can profitably be con- 

sldered as a multi-stage decision problem. 

Some applications of these Ideas to the calculus of variations 

and theory of Integral  equations may be  found  In  (jo].   |jl] ,   jjaj]  and 

)       33] • 

In the section folloMlng the presentation of the problems «e 

shall present some basic  terminology of  the  theory of dynamic pro- 

gramming.     Following that  we  shall discuss  the  "Principle of 

Optlmallty",  which we  utilize  to obtain functional equations for 

the determination    of optimal  policies In the above decision pro- 

cesses. 

We shall then Indicate  the use of successive approximations 

In determining numerical and analytic solutions and the application 

of  the concept of "approximation in policy space"  to obtain monotone 

convergence. 

§2.    Representative Multl-Stage Decision Processes of Stochastic Type. 

Let  us now consider some representative processes which we 

shall  snow  below may be  treated by the methods  of dynamic  programming. 

52.1 Optimal Allocation 

Over a period of n years,  It Is necessary,  at the beginning of 

each year,   to order some equipment to perform certain tasks.    We 

possess an Initial  amount of money x which Is  to be divided  into 

two parts,  y and x-y.     The  first part,  y.   Is  to  be used  to purchase 

equipment  of type A,  and the  remaining amount,  x-y,  Is  to be used 

to purchase equipment  of  type B. 
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Let us aaaa-ae, for simplicity, that If we spend y dollars to 

purchase A-equlpaent there are two poaslbllltlea. 

(1)  (a) with probability pt  we obtain gi(y) man-hours from 

the equipment and retain a salvage value of aly dollars, 

where 0 < ai < 1. 

(b) with probability l-pi we obtain g«(y) man-hours from 

the equipment and retain a salvage value of a«y dollars, 

where 0 < at < 1. 

Similarly, If (x-y) dollars are spent .for B-equlpment, we have 

ccrresponJln^ probabilities qt and 1-qi, functions ht(x-y) ^nd 

ns(x-y) and parameters bi and ba. 

At the start of each year we repeat the procesa with the new 

Initial amount equal to the sum of the salvage values. 

The problem Is to determine the allocation policy Mhlcn 

maximizes the total expected man-hours obtained ever the n year 

period. 

§2.2  Optimal Inventory 

At various specified times we ha/e an oppcrtunlty to crder 

supplies of a certain set of Items, where tne cost of ordering Is 

some function of the amount ordered wnlch may or -nay not Include 

fixed administrative or "rei tape" costs. At various otaer times, 

demands are made upon the stocks of tnese Items.  Tnese demands 

are stochastic and their Joint distribution fmotion Is known. 

The Incentive for ordering lies In a penalty which Is assessed 

whenever the demand of an Item exceeds the supply. 




























