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—inthis- paperwe-present an exclicit expression {or tre

moments of a random deteminantlﬂ."’ /"‘“‘*“Q
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1. Introduction. In = recent paper, [.], Nyquist, hice and

Riordan discussed the problem of determining the exrected
values of powers of a randoxz deterzirart, Here a raniom de-

terminant, D is defired to be

n’
Dn - ixijlv iv.’n ® 1,2,..:,1'1,

where the xiJ are independent random veriatles,

The purvose of the present note ic to give an exrlicit
k., . .. .
represertatior for E(Dn ) in terms of the characteristic functions

of the xij' These need not te identical.,

At the moment we are merely interested in o-resenting an express-
ion which will yield a systematic technique for obtz2inirg the wmoments
numerically. In a sub_equent paper devotei to var ous theoretical
aspects such as asymptotic btehavior we shall discuss t he probler in
grezter detail. For the case of identical distributions, the nroblem
is closely connected with the study of invariants of the symmetric
group. 1he operator we ermploy below is related to the orerator of
Capelli discussed in Weyl's book on the classical grouns,

<. A Useful Operator.

Let us consider the operator e“ defined as

6, = 1 3/0z 1, kK,1 = Lc 00,0, (2.1}

where the 2, -ve independent vi:riables. Thus



S = ey,

. @ & - B B (2.2)
- )l~ a“‘ °2|\ ;lu :
and so on.

Let X represent the nmatrix (xkl) and 2 the matrix (:kl).

. o E X112k (2.3)

The basic icentity we :hall employ below is

Then ~e have

T
* itriXz®)

ek[eitr(lzt)] 2 mcn u.r(kzr) (2.4)

for k = 1,2,... ¥

3. E(CM.

Taking the expected value of both sides in (2.4), we obtain
the result

- ~T,
or ‘Trod(zu)] My B oF WA, (3.1)
€=
»
where
’kl(') - S. elxzdckl(x)o (3.2)

is the characteristic finction of the random variable X 1e

Setting z,, = C, we obtairn the result

“) '9.'[‘1’ “‘1:1-0] (3.3)

* phis is a well-«knuwn device in the theory of matric asutomorphic
unctions. 2



L. Identical Distributions,

If the variables are identically distributed and symmetric
about zero, we may write

< L
o(:kl) - e "‘Kl - .2:k1 ®esee (‘..1)

obtaining as a consequence in place of (3.3) the result

K s,
1"“3(Dﬁ) -oﬁ [e - _.,i, 'L B E; by T ree ]

From this representation the value of B(D'k‘) may be obtained by re-
taining in the above expression only the terms that y.eld a non-zero

- U

01

value after Za has been set equal to zero.

A purticularly interesting case is that where By =2 1 with
equal probability . Then
-
g E(D:) - O:[T(zcos 'klﬂ: -0 -
8, Rz kl (L.3)
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