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UNKAH PROOIUMMINO UNO» UNCERTAINTY 
■ v 

T 

by 

Oeorge B.  Dantzig 

A. Ferguaon haa proposed that lixiaar prograaailng aethoda bo    ,, ^ 

•xtanded to include the ease of uneertaln denanda for the probloa 
• 

of optimal allocation of a carrier fleet to airline routes to meet 

an anticipated demand distribution. The application of the theory 
- i 

found in this paper to his problem (discussed later under Example 4) *'J1 

will be the subject of a separate joint paper. 'Hie case of certain "H 

denanda naa discussed earlier [*]• 

The essential character of the general models under consideration 

la that activities are divided into two or more stages. The quan— 
! 

titles of activities in the first stage are the only ones that are 

required to be determined; those in the second (or later) stages 

can not be determined in advance since they depend on the earlier 

stages and the random or uncertain demands which occur on or before cj^g 

the latter stage.  It is Important to note that the set of activities > 

are assumed to be complete in the sense that, whatever be the choice ,•> 

of activities in the earlier stages (consistent with the restrictions  . 
: 

applicable to their stage), there is a possible choice of activities ; ^ 

in the Istter stages.  In other words it is not possible to get 

in a position where the programming problem admits of no solution. 
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th« best choices of x4 are those which satisfy (l)# minimise (3).   si-fJ 

Hence in this case expected prices may te used in place of the       $ 
^2 

• :u »  distribution of prices and the usual linear programming problem 

solved» 

Example 2:  Shipping to an Outlet to Meet an uncertain Demand, 

Let  us consider a simple two—stage case: A factory has 100 
I • • -4 

t , 

items on hand which may be shipped to an outlet at the cost of $1 

apiece to meet an uncertain demand d0.  In the event that the 

demand should exceed the supply,     it is necessary to meet the     .^ 

*5 

d 
unsatisfied demand by purchases on the loeal market at 12 apiece. 

The equations that the system must satisfy are • ■ 

,.> 

100 - xn + Kl2 

d2- xn ♦ «ai- X22 

• 
c - xii -f 2x21 

! 

(«1J * 0) 

i 

I 
at factory; k 

'i where x*, - number snipped from the factory, x,« • number stored 

. 
x?1 - number purchased on open market, x^ * excess of supply 

• M over demarid; 

d^    - unknown demand uniformly distributed between 70 and 60; 
2 

C     • total  coats. 

It is  clear that whatever te the amount shipped and whatever be 

the demand d,,  it  is possible to choose x2i and x^ consistent with.       *£ 

In some applications, however, it may not be desirable to minilllie tMk*; 
expected value of the costs if the deo^aion has too great a variation Sfc 
the actual toUl coats.    H. Narkowltz  JJ  In his analyaia of liueefj—r 
portfolios develops a technique for computing for each poasible s^it^i^i 
value the minimum variance.    This enables the Investor to aacrlftot 
aome of his expectation to control his riaka. JH** 
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'•3 
It trill b« noted that the distribution of d, is independtnt  . S 

of d^*    However, the approach which we ahall use will apply even 
• n if the distribution of d, depends on dU* • This is Inportant in 

problems where there may be some postponement of the tlmlnt of demmd.^ 

For example, it may be anticipated that the potential refrigerator 
■ . 

buyers will buy in November or December. However, those buyers 

who failed to. purchase in November, will affect the demand distri- 

bution for December. 

Example k\    k  Class of Two-^Stage Problems. 
■■      ■ ■ ■ .T   .  

In the Ferguson problem and in many supply problems the total 

costs may be divided into two parts:    first the costs of assigning 

various resources to several destinations j and second the costs 

(or lost revenues) incurred because of tne failure of the total 

* amounts u, ,u0,...,u   assigned to meet demand« at various destin* 

ations in unknown amounts dj.d^,...,dn respectively. 

The special class of two-stage programming prob leave we are 

1 

considering has the following structure.    For the first staget 

- 

(6) .  h*"'** 
■ 

• 
.L bijxij" 

{xu > 0) 

! 

■ 

TVie remailca of thia section apply If (6) and (7) are replaced more .. 
generally by AX • a, BX • U where X Is the vector of activity levels 
in U-.e first eta^e, A and B are given matrices, a a given Initial 
status vector, and Ü - (u, ,11^,... ,u ). ~ > 

* 

I * v- ;  K 





■» ' - 

Theorem;    T^te expected valu< of ^.(u.ldj,  denoted by ^(u.) 

18 a convex function of u.. v*,.4j 
         ■ ■   ■      . . i  ..      j 

Proof:    Let p(cij) te the proudbillty denaity  of d,,  tren .^w 

... 

♦  OD 

(11) ^jtuj)ÄC1j   j    (x-Uj) p(x)dx 

J 
■ 

^   >   OD -f   OD J! 
m al   J   xpU)«1* - ajuj    ^/  p{x)dx 

wtience  differentiating ^(u) 

^ -•• oo 
(12) ^(Uj) - - «j    j    P(x)dx 

a 

x-u, 1 

i 

: 
'•A 

It is  clear that        .^(u,)  is a non-de^reaolng  rcnctlon of u.wlth ^J(^J] 

and that jAu*) la convex.     An alternative proof  (due also to Scarf) 

is obtained by applying a  lemma which *ce shall use  later on. a 

Lerrjna :     If ^(x^ .x^,... ,xn i^)  Is a convex function over a flx»d 
•d 

reylor. n for every valut of ♦,  tbtfi any positive Unaar combination '>i 

of such functions la also convex In-TU 

In particular If Ä Is a random variable with probability density 

'(O),   then expected value of ^ ■'*' 

i 
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(13) ^(x1#x?,...,xn) • J  ^(x1#x2,.,.#jcn(#) p(^)d^ 
— oo 

■ 

«    it 

la convex.    For «xampia from (10),  ^(ujdj,  plotted below,   is  convex.! 

(14) ^(uJdJ  1 a.d J^J X 

0   I u 
J 

Frorr. the lemma the result readily follows that ^.(uj  la convex. 
J J 

From the basic theorer the expectad value of the objective 

fuiiction le of the fom 

(15) 
n 

Exp C • ^Vu ^^VJ^J5 

wh.ere ^(u4)  are  convex functions.     Tt.ua the original  probiert, has 

.een  reduced  to minimizing  (l^)  subject   to  (6),   ('/). 

This perrdta application of a well—known  ctevloe for approximating 

such a problem by a  standard  linear programming problem in  the case 

the  objective function can ue repi<esented ty a awn of convex functions. 

See for exaople   tj]   or Q.amea and Cooper,   "Ninlniiaation of Non- 

Linear Sepaxalle Convex Fu;.ctlonfif''   ~2j .     To ao  this one apprvxl»nates 
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i 

tht derivative of ^(u) in mom*  eufficiently large range 0 ^ u £ uf 

by a step function 
. .2 

(16) 

involving Vc atepa whara aiza of t.ht 1th baaa is a1 and its height 

ia hi; «here h1 < h2 ^ ... £ h^ because ^ is convex. An approxi- 

mation for ^(u) ia given by 

*. 

* 

(17) ^(u) i ^(0) ♦ Min Z ^ A. 
1    i    i 

. 
• 

sub je 

(18) 
■ 

et to 

u 
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Indeed,  it ia fairly obvious that the approximation achiavea ita 

minlinuBi by choosing    ^S   * *!»     <t *•$»•• •    unt11  th# cuBulative 

sun of the A    exceeds u for some  i-r; Ar is then chosen aa the value 

of the residual Nittt all remaining    AkH.i - 0.    In other words, «a 
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have approximated an  Integral by  the sum of  rectangular areas under 
MS 

Ihc  curve up   to u.   I.e.,    * i 

(19) fij(u)  - *((J)  + J     jrf  (x)dx •    V   h.a.   + h-A 

The  r. lext  step  Is to  replace  ^(u) by r' h,A. ,  u 
T " 

by ^ • 

J 
In the programming proLlem and add the restrictions 0 v ^ v a-I  If .£ 

the objective Is mlnlmlration of total costs. It will, of necessity, 

for whatever value of u ■ Z ^i  an^ ^ £ ^i < a- » mlnlnlze ^ ^i^i* 

Thus, this class of two—stage linear progranmlnß r i'oblems Involving  ^ 

uncertainty can be reduced to a standard linear prof.ramming t:,pe 

problem.  In addition, simplifying cor.putatlonal methods oxli3t when 

variables have upper bounds such as A,   < a.; see [^] .* 

Exami-le 5:  The Two—Ctage droller; wlti Genets Linear C'ci^ucture. . 

We ahall pr^ve c general theorem on convexity for the two-ata^e 

problem that forms the Inductive step for the multl—eta^e proMem. 

We shall say a few words about the sl^iiiricance of this convexity 

later on.  The aasumed r.tructure of the general  two—sta^e uodei 1^: 

(20) bj   -  A^X, 

.^ 

b, A^,X,   -h A^X, 11 2n2 

C     -  ^(X:i,X2lE2) 

i 

■ 

i 

where  A       ire  known matrices,   b,   a known  yactor of   Initial Inventorios, 

A  special   case  oT  the  general  model given   In   (20)   Is  found  In 
Example  4. 

r; 

. 

2X1J 

a 

C    *llcu ... . ♦! a^v. ru 

here b^^  - (u.^ ,a?,.. . .a^) ^ 4 

nere x.,   » ^^i i' * * * '^iri ,J<"^i »• • •» ^On * * * " »^Si 

here b^ - (d^,d2,...,är ) ^ 

nere x^ * (v^v^,... »v^iu ,s_>,... ,a^) ^. 

ji 

3 

Jk^M ■**»;* * w«;1 



b^ an unknown vector whose conpon^nta are determined by a chance 
mechanism.     (Matherriatlcally,   E^  13 a sar.ple point drawn froir a multi»-      .»4 

im '"i 

'■iimenslonal> sample space  with known probability distribution);   X.,   is      \\ 

the vector of nonnegative  'ictivity levels to be determined in  tue        ,3h>l^ 
first stage,  while X^ io the  vector of nonnegative activity  levels 
for the  second ^tage.     It   is  assumed, that whatever be  the  choice  of 
X.   satisfying the flrst-eta^e equations and whatever be  the particular 
values of b^ determined by chance,   there exists at  least one vector 
X0 satisfying  the seccnd-öta^e equations.     The  total costs C of   the 
program are assumed to depend en  the choice oV X.,   X^,  .and paranetrlcally^ 

on E0.     The basic problem is  to choose X-,  and  later X0 In  the  second 
'stage  such   that the expected value of C is a minimum. 
Theorerr:     If 0'(X. ,X0|ß0)   is  a  convex function  In  X, ,X0 whatever be 
X-   in/v,,   I.e.,  aatlsfying  t.ie  lat stage  restrictions and whateve 
be  X^ in Si o «i ^(X, |b2),   i.e.,   satisfying the  2nd stage  restrictions 
given b0  and X^ ,   then  there exists a convex function ^(X,)  such 
that  the  optimal   choice of   X    gubject  to b,   »  ^TTX,   IS  found  l>y 
minimizing  ^(X, )  where 
■ — ■■■■■ ■ ■■      *■ fl 1 ■  wm ■  ■ ■ ■   mm 

(?1) ^(XJ Exp   [    Inf     0(X1,XjEp)    ] 
E^     X,/  fi^ id* 

Exc  C    -    Inf    0O (X-, ) 
X,v   L.     0     1 

the expectation  (Exp)  is  twiken with respect  to  the distribution  of 
2^  and  the  greatest  lower Lcund  (Inf)       is  taken with  respect  to  all 

T!^c  chance mechanism may be  the  "market,"   the  "weather." 

The greatest  lower bound  Instead of minimum Is used to avoid ^ 
the possibility that  the minimum value  is not attained for any ad- 

or    XiCJTV, .     In  case when«  the  latter occurs. missible  point   X^Sl^ X1€ Sc1, 

It should be understood that while there exlstu no X^ ^here the 

minimum is attained, there exists X. for which values as close to 

minimum as desired are attained. 

.»'» v>< 

v-  '.^ '     •. v^\. ^ 





r*'>^^>- . ^T 
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of the model (30) that  (XX,l ♦ nXI!) £ .n.0(XX' •♦• nX"iB„) airl hence by 

convexity of ^ 

(26) A^(X|,X^E.)  * ^(X^X^E2) ^ ^(X* XjlBg) 

where« by   (25) 

' 

(27) X^X^B?)  ♦ u^UJlE.,)  > ^(Xj-.X^iS^) -  X^ - ^ 

and by   (?J.) 

(28) ^(X^'iS.)  > ^(X*,X*|E2) - X^ _ H^+t0 (0 < X^-HV^  <, t0) •^'-2 

■ 

* 

which  contradlcta  the assumption that    p1(X^iB:?) • Inf ^(X^X^iE^). 

T^.c  proof for unbounded 0 Is  omitted. 

Rxaiiple  5:     Tt^.e  Multi~3t^e  Pre, ler  wjt'r.  Gcrierai   Linear  Structure. 

Th«  structure aseuxned la 

(29) b1  • AnX1 

Gc  • A21X1   * A22X1 

b^ - A5:lX1  4 A^  ♦ A3,X3 

b4 " A'aXl  * ^42^ * A43X? * A4uXa 

o    • A ,X,   4   A   ,.X    4 A  -X,  •♦• A,««Xm ni        ml  1 m? 2        ro^  7 row ra 

C    • 0(X^,X^,...,X^iR^^S*».••»2^) 

T 

e        * 

. v'^» 
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where il Is the set of possible X_ that satisfy the m _ stege 

restrictions. JjfS 

Since the proof of the above theorem Is Identical to the two-    i 

stage case no details will tc given. The  fact that a cost function 

for the (»-1) stage can be obtained from the m 4 stage Is simply    ->> 
* ' %^ 

th 9 a consequence that optimal behavior for the m      stage  is well defined,^ 
i 

I.e.,  given any  3tate, e.g.,   (X^.X^,.. • ,Xto-1), at  the  beginning of 

this  stage,   the best possible actions  can be deterralr.ed and  the 

ralnlmun! expected  cost evaluated.    This is a standard technique  in 

"dynamic progranwlng.11    For tne reader Interested in method:?  ouilt ' , 

around tnls approach  the reader is   referred  to R.   oilman's  took oxi 
v 

dynamic progransnlng [l] . 

While the existence of convex functions has been demonstrated     j 
/ 

that permit reduction of an m—stage problem to equivalent 
• '■. 

m—i .nv—?,... ,1—tita^e problems, It appears hopeless that such fuTiCticns  N 
can be computed except in very simple cases.  The convexity theorem v* '

H
V' 

was demonn^rated not as a solution to an m-etage rroblem but on'v 
in the hope that It will aid In the development of an efficient 
computatlunal theory for such models,  it should be remmbered that   fjj 
any procedure that yields a local optlnun wlil be a true optimum if 
the function is convex.  This is Important, because multl-^lmenalonal   'A 
problems In which non—convex functione are defined over non—convex 
donalns lead as a rule to local optimum and an almost hopeless task, 
computationally, of exploring other carts of the domain for tve        ' 
other exticmea. 4^ 

Solution for Example 2: Shipping to an Outlet to Meet an 

Uncertain De:na..J. 

Let us consider the two-etage  case given earlier  (4).     It  is 

clear that.  If supply exceeds demand  (x^  > d^),  that    Xp,  • 0 glvte 

■ it 

if 

r ^'i 
aiinimum coste and,  If x^ < d^,  that x21 • tg^ll «lv,lft mlnliraun ooats.^ 





.- 

'    ■ ü * J ■ n Solution for Sxample  5t    7t>e Qtneral TVo-JStage  Cas». J   I 

lifhen the number of possibilities for the chance vector bp it 

i    *?l\ fc^'   •••'  b2k) wlth Probabilities    p1, p.,   ...,  pkl    (^ - l),*^ 

it  Iß not difficult to obtain a direct linear programming solution      V 

for sirAll k,say  k-5.    Since this  type of stnioture  Is very special« 
-» 

It appears  likely that techniques can be developed to handle large 

k.    For k-O,   the problem is equivalent to determining vectors X, and 
l\)      (p\      (*\ vectors    xy',   XX*}, X*-'    such  that ,-,« 

(53) bl             *    A11X1 

1 

b(l)  - A    X    ^ A    X*^ D2            ll21Al ^ A22A2 

- b1^   -AX,                          ♦A     X(2) D2           R21A1                       * *28*2 

2           •ßl*!                                              ^ ^2*2 

£xp  C -  jriX1    ♦ Pj V415* p2S242)4 P3SX23) 

• • 

i 
Hin 

where for simplicity we have assumed a linear objective function. 

fa 

• •        • 

m 

i 
■ 

■ •   .i 

v »*#J^   ^ 




