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SUMMARY

A complete computation procedure is given
for a special olass of two-stage linear pro-
grammirg models in which allocations in the ¢~f¢*

first stage are made to meet an uncertain btut ..

inown distribution of demands occurﬁing in the : v er
second stage. This case, applicable to many . ?}%
practical problems constitutes the pplncipal 'd_;%
part of the paper. Next, a class of models :.réig
18 considered where the activities are divided ) ??;?
into two or more stages. The guantities of “;;fiﬁ
activities in the first stage are the only ones Jg%ﬁ
that can Le determined in advance because those | ‘Jf%
in the cecond and later stages depend on the i%:1
. i Ta
outcome of random events. Theorems on convexity' _Eﬁfg
A 8
of tne objective (cost) functions are established ‘2iﬁ
for the peneral m—stage case, : ﬁﬁ;?g
-
‘ff@ﬂ
. »
v ‘t% » t?fj
R S
SE- VAL




LINEAR PROGRAMMING UNDER UNCERRTAINTY

by _
George B. Dantzig R

A. Perguson has proposed that linear programming methods be .‘gkﬁy
extended to include the case of uncertain demands for the problea *?
ot‘optimnl allocation of a carrier fleet to airline routes to uquL: ;
an snticipated demand distribution. The application of the theory |-
found in this paper fo his problem (discuseed later under lxﬁlplo f) ‘jé
will be the subject of a separate joint paper. TheAcaae of certain éig
demands was discussed earlier []. » &

The essential character of the generel models under consideration -
is that activitiees are divlded into two or more stages. The quan-
tities of activities in the first stage are the only cnes that are "
required to be determined; those in the second (or later) stages
can not be detemined in advance since they depend on the earlier
stages and the random or uncertain demands which occur on or bctoro

the latter stage. It i1s important to note that the set of activities -

i

are assumed to be complete in the sense that, whatever be the choice
of activities in the earlier stages (consistent with the restrictions
‘ 3

"

spplicable to their stage), there is a possible choice of activities ' -

in the latter stages. In other words it is not possible to get

in a position where the programming problem admits of no solution.
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Example 1: Minimum Bxpected Cost Diet. A nutrition expert

wishes to advise his followers on a minimum cost diet without prior

inflationary trends) are likely to show variability due to weather 4

conditions, supply, etc., he wibhea tc assume a distritutiorn of

possitle prices rather than a fixed price for each food, and deter-

mire a diet that meets specified nutritional requirements and
minimizes expected costs. Let x, be the quantity of J*" food

purchased in pounds, pJ i1ts price, and aiJ.be the quAntity of the

ith nutrient (e.g., vitamin A) contained in a unit quantity of the

th

J food, and b1 the minimum quantity required by an individual
for good health. Then the X, must be chosen so that '
" w
a 0 (1=1,2,...
(1) ng 14%5 2 by x, 20 (1 ,m)

and the cost of the diet will be

n
(2) c¢c= ng PyXq

The x, are chosen before the prices are known so that the expected

oosts of such a diet are clearly

() Bxp C= §B.x3
V)

“-ere &, 1s 1ts expected price. Since the BJ are known in advance,

J

-» 4o ";\-tq * ':"“P"g A -y Ny ) 2R % S ha Y ;5# ‘!g.
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knowledge of the prices [6]. Since prices of food (except for general:
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° the best choices of x, are those which satisfy (1), minimize (3).
Hence in this case expected prices may e used in place of the

«: distribution or prices and the usual linear programming problem

25

i L R, L 2
2
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Example 2: Shipping to an Outlet to Meet an Uncertain Demand.

[ 4

t
;" Let us consider a simple two-stage case: A factory has 100
Et items on hand which may be shipped to an outlet at the cost of ‘1

¥ apiece to meet an'uncertain demand 62. In the event that the

= demand should exceed the supply, it 1s necessary to meet the

¥ 4

|
i‘ unsatisfied demand by purchases on the local market at $2 apieoce.

“ The equations that the system must satisfy are

i:?(u) . 100 = x3; + Xy, (x1J > 0)
dy ® X35 t X5 = X2
Ce xll + 2x21

. Where x,, = number shipped from the factory, X,, = number stored

K4

at factory;
X5y ® number purchased on open market, Xan © excess of supply
over demand;
' d, = unknown demand uniformly distributed between 70 and 80;

C = total costs.

It is clear that whatever be the amount shipped and whatever be

the demand dl' 1t 1s possivle to croose X0y and x22 coneiatent,with:

M

In some applicdtions, however, it may not’'be desireble to minimisge
expected value of the eosts 1f the deolefon has too great a varis
the gctgal totai c:oot:lt.:e géilnrkgwibz tig h%l o{blh
portfolios develops a ¢ que for coaputing for e ]
value the minimum variance. This enables the inv'liq; g:.
some of his expectation to control his rilka.

e wﬁmﬂiamﬁuréiﬂ'
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the second equation. The unused stocks x + x,, are iaeumod to ,,é"ffi"?'
i 12 22 ; #;-,,c

have no value or are written off at some reduced value (like last ""3’
year's model automobiles when the new production comes in). To iﬁ;
. 2
1llustrate some of the concepts of this paper, a solution will be‘.‘ ,'
. j [

presented later. - j
Example 3: A Three—Stage Case. | Si

For this purpose 1t 18 easy to construct an extension of the ;‘.,"

| ' Vi

previous example by allowing the surpluses X,, and X,, to be carried ¥

over to a third stage, i.e., ~ : Ty
: :
:
e e, _'H' ',
‘(5) 1st stage t 100 = ‘ X117 * %0 | i
2nd stage dr = | X4, X517 = Xp5 ' J
70 = - X + X2 + X
12 23 24

3rd stage d} - + Xon ¢ Xy + X3

Ce j’ xll +2!21 + XE} 4‘2!)1
- .
o
where x23 = number shipped from factory in 2nd stage, X,y * numper . %
stored at factory in 2nd stage; i i
: A

70 = number produced 2nd stage;

d; = unknown demand in 3rd stage tniformly distributed between '

70 or 80; - ‘:":l‘]

A%

X3y * n’umber purchesed on the open market in 3rd sum32 - &3

/ “.‘ ‘ 4 'J

exoess of supply over demand in 3rd atage.. ,‘s};i

°No solution for this example will be given in this :gor. A
this casc perhaps the simplest approech 1 through the hn!lquol 'v 755

of dynamic programming; see R. Bellman [1].
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It w11l be noted that the distribution of d, is independent .
of "2' However, the approach which we shall use will apply even

L]

¢

if the distribution of d, depends on d,. . This is important in

problems where there may be some postponement of the timing of demand.”-;
For example, it may be anticipated that the potential refrigerstor

buyers will buy in November or December. Hoirivor, those b\;yon
who failed to.purchase in November, will affect the demand distri-

bution for December. o &
AN

EKxample 4: A Class of Two-Stage Problems.
In the Ferguson problem and in many supply problems the total

costs may be divided into two parts: first the costs of assigning
various resources to several destinations J and seoond the costs
(or lost revenues) incurred because of the failure of the total

~

amounts Uy sUps eyl assigned to meet demands at various destin-— '

ations in uniknown amounts dl.da,....dn' respectively.
The special class of two—stage programming problems we are
considering has the following atmctun.‘ For the first stage:

n {

(6) X,, ®a (x,, > 0) s
. §s 1J 1 X 13 < W

(7) T b s
g Ty b
PR 2

-

3

‘Y

“Me remarks of this section apply if (6) and (7) are replaced more "
generally by AX = a BX = U where X is the vector of activity lonll
in the first stage, A and B are glven matrices, a a glven initial) <-*.

status vector, and U = (ul,uQ,...,%

-

€y } 4h‘““i\'”'|? ‘\! #.’m



where x1J represents the amount of 1th resource asgigned to tre J

destination and bij reprecents the number of units of demand at

destination ! that can ove satisfled by one unit of resource i. For

[

the second stage

>
- b
(‘

-
‘yd |

8 d, = + Vv, —5 j=1,2, ,N i
(8) g =y ; ] (J ) i
° » » ,‘,'f.l
where vJ is the shortage of supply and sJ is the excess of supply.. .. ;
The total cost function 18 assumed to be of the form . vﬁé

o B o

( m n n A
S) C= .Y 3 X,, + > @a,v, . 2
g 15 g6 W e %
i.e., depends linearly on the choice Xy 4 and on the shortages vy ;
(which depend on assignments uJ'and'the demands dJ). ;ﬁ
’ 1 v ! e > 8
Our objective will be to minimize total expected costs. Let S
¢J(uJ{dJ) e the minimum costs at a destination 1if the supply is u, iy
8

and the demand 13 d,. It is clear that 4
¥ :‘

[ '

10 - gN(u,d,) = a,d, = u if a4, X
"

0 iIf d, < u ¥

e ey ~

where o is the coefficlent of proportionality. We shall now glve :
a result due to H, Scarf. %
¢

v ."("E"

Equation (8) should be viewed more generally then 8imply as a vig

statement about the shortage and excess of supply. In fact, glven ﬂﬁ%
any u, and dJ, there 1s an infinite range of possible values of v, ﬂ&fi

and sJ gsatisfying (3). For example, vJ miciit be interpreted as the 'i;'
amount obtalned from some new source (perhaps at sore premium priCe)

and 3 the amourt not used. When the cost form is es in (9), P
) ‘1%";“ ‘t..l

becomes clear that in order for c¢ to be a minimum the values of v, ahfﬁﬁﬁ
8 will have the more restrictive meaning above. ¥ ;;a
,zw&

**i1. Markowltz in hLis analysis of portf{olios corisiders the 1nten—uqx @s

relation of the variance with the expected value. See (5].




is & convex function of uJ. p
Proof: Let p(dJ) be the probabliity density of d,, tren oy

+ @ Y
1 a t-r"‘zz._.
(11) #i(uy) = a, xju (x=u,) plx)ax
- Frae

J

= g
a, / xp(x)dx au, JP(X)GX *::
J XU\JJ x‘»;-‘:
5T
whence differentiating g(u) ‘.;j
o
+ o0 < 14
N Py ]
(12) ﬁJ(uJ) o - QJ f p{x)dx . 2
XU 3
It 1s clear that ﬂ (u ) 15 a non-decreasing Tunction of quith q(uﬁ
-

and that ﬂJ(uJ) 18 convex. An altemmative proof (due also to Scerf)

i1s obtalined by applying a lemma which we shall use later on.

Lerwa: If .ﬂ(xl,xe,...,xnIO) is a convex function over a fixed “:fl;

region ) for every value of @, then any positive linear combination

of such functions is also convex in (i,

In particular if @ 1s a random variable with probability density '4

v(8), then expected value of ¢

s
B 2 ¥
= I ‘ .\ t'b h\o‘

\

o WL
RN B Rt v, s A-Lrg_.“*‘*ﬁ& n}



+ 00
(1)) ‘(xlox2’--°:xn) - ‘/ﬂ(xlpxpo'°oxn‘0) p(O)dG
- 00 !

18 convex. For example from (10), d(uJIdJ), plotted below, is convex.i

(14) #(uJidJ) a,d,

0 e b

From the lemma the result readily follows that jJ(uJ) 18 convex.
From the basic theorem the expected value of the objective

function is of the form

n
(15)  Exp &= Faxy v 2 oyl

w.ere dJ(uJ) are convex functions. Thus the criginal problem hLas
;een reduced to minimizing (15) subject to (&), (7).

This permits application of a well-known device for approximating

such a problem by a standard linear programming probiem in the case

the objective funection can vLe repiesented Ly a sum of convex functions.
o

Sce for example [3] or Charmes and Cooper, "Minimization of Non—

Linear Separable Corvex PFuictions,” 2j. To do this one &pproxinmates
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of the residualwiyf all remaining 4, = O. In other words, we

the derivative of g(u) in some sufficiently large range O _s u <,
by & step function

#'(u)

(16)

0 uo u

involving k steps whoro size of the 1”‘ base i3 a, and its height
is hi‘ whero hy <h, § ... £ h, Dbecause # 18 cqnvox. An appmxi- 3
mation for g(u) is given by *g
. k - 1:::’;1
(17) g(u) = #(0) + Nin ; hy & =7
’ , , oM
82
%
sub ject to 1

| k
(18) uoigxﬁi , 04, g2 .

Indeed, 1t 18 fairly obvious that the approximation achieves 1its

minimam by choosing Al - al, Ab - a2. ..« until the cumulative
sum of the Ai exceeds u for some ier; A, 1s then chosen as the value

. v I.r- 3 _‘"-‘-. :
o 5 A R



have approximated an integral bty the sum of rectangular areas undeﬁV\

the curve up to u, 1l.e.,

o .

(19) g(u) = g(0) + g g (x)dx & 125 hya, + hra? . .
. K ¢

The next step 1s to replace g(u) by g:h,Ai, u by g &y

in the programming proulem and add the restrictions O :_A& < aye. If

o

the objective 13 minimization of total éosts, 1t will, of necessity,
n »

B
for whatever value of u = ;'Ai and 0 ¢ &, < a,, minimize ; hyo,

Thus, this class of two—stage linear prozramming problems 1involving
uncertainty can be reduced to a standard 1inear programming type

‘& ‘.“1
problem. In additlon, simplifying computational methods exi:st when _ 73
variables have upper bounds such as 8, < a,; see {3].

Example 5: The Two—Stage Froblem with General Linear Stiucture.

We shall prove 2 general theorem on convexity for the two-—stage
problem that forms the inductive step for the multi-—stage problem. 1
We shall say a few words about the signlficance of this convexity S
later on. The assumed ctructure of the general two—stage model lis ﬂ;

¢ A.f.'y
(20) | by = A X
b2 = A21X1 + A 2x2 g
C = d(xl,xglse) ‘ , 5

e

where Aij are lknown matrices, b1 a known vector of 1initial 1inventories,.

»
A special case of the general model given in (20) 1is found in
Example &.

~ :
) ® |

a, = 3 Xy g here b, = (al,ag,...,am) i
J:l . . ] X,

- here x, (x]l""’Kln’le"‘"xen""’fﬁ

- Y S & - . in .. LS

dJ *LlciJAiJ + v, -, here b, (dJ,dQ,. ’dn) ?:
= here x, = (vl,ve,....vn.al.s?,...,sh) <

C =% 5 Cy 4% 4 +5a o
5

N

i <k
*‘W-I“a A 4 & ]ﬂ\ t K ’g

- 4 "
I\ . Y &’h?h*#{:ﬂteo.‘?‘%?“ A, "‘i



bq an unnncwr vector whose comporients are determined by a chance
mechanism. (Mathematically, E~ i35 a sample point drawn from a mult}r-
iimensional sample space with Enown protability distribution); X , 18 ¢ ¥y
the vector of nonnegative -ctivity levels to be determined In the o |
tf'irst stage, while X2 15 the vector of nonnegative activity levelce
for the second stage. It iz assumed that whatever Le the choice of
X, satisfying the first—stage cquations and whatever be the particular

1
values of bz determined by chance, there exlsts at least cne vector

x2 satisfying the seccrnd-stage equati n3. The total costs C of the
program are assumed to depend cn the choice of Xl, X2, and parametrically

0N Eq The tacic prollem 1s to choose x1 and later X2 irn the second -
stage such that the expected value of C is a minimum.

Theoren: If g(Xl,XelEz) 1s a convex function in xl,xg whatever be
X, inn,, 1.e., satisfying tne 1st stage restrictions and whatever

A
be X? in @ ~ ;E(Xllbg), L€, sa%isgxing the 2nd stage restrictions
given b, znd X,, then there exists a convex function ¢6(X1) such
trat the optimal choice of X, subject to b, = A, X, 13 found Ly

1l
minimizing g (X, ) where

-

(ﬁl) gﬂ)(xl) = EXF L Inft ﬂ()gl,xgliiz) ]

PP PSS FEERRE A R0 N S Ay - = 2 L S

i Sl

b2 A2. n2 |
2 Exp C = Inf g (X)) i
] kly d 1

tne expectation (Exp) 1s taken with respect to the distribution of

- NS
22 and the greatest lower bound (Inf) 16 taken with respect to all
X, = (Xl.n

(28

-
-

R

P

)

!
The chance mechan!sm may be the "market," the "weather."

- %

The greatest lower bound instead of minimum 15 used to avoild
the possibillity that the minimum value is8 nat attalned for any ad-
missitle noint XQ’JL? or Xlé Sl In case where the latter occurs,

it should bte understood that while there exists no X1 ~here the
ninimum 1s attained, there exists X1 for which values as close to
sainisum as desired are attained.




. e. L ‘t

» o
Proof: In order to minim!ze the Exp 2, (X ,,.QIL,) ft is clear

e selected S0 that d(x,,Y,gu ) 18 minimized for fixed X, and E_. o

A
that once X, has been selected, E, determined by chance, that X, must 'j%
4
2 :
R

“hus, the coste for given X add E, 1s given by

/ 3 ‘,\{{"
(22) g (X,1E,) = Inf ¢(A |E.) . 4
l 1 < 2 2 «

. X c‘) q
The expected costs for a given Xl is then simply the exvected valuc P

of dl(xlisg) and tihils we denote by gO(xl). The optimal cholce of
Al to minimlze expected costs € is thus reduced vo chocsing Il 30
1w Lo minimize ¢6(X1). There remalns only to estarliish the conveslty Hj
proverty. We shall show {'irst that ¢1(XI‘E°) for Lounded ¢, 1

for ;1 in(;l. If true, tuen applying the lemma, the resull tnat

dc(Xl) 18 convex readily [oliows. Let us suppobe tiat o (X, E,)) s

not convex, then there ¢xist three noints 1n'2:: K', X;, Xf = AX! + uX"
(A + = 1, 0 <2< 1) that violate the conditior for convexlty, 1.e.,”

(23)  MYXIIE,) + wg(X]iB,) < #(XTIE,)

or ' vty

(24) MEXJIE,) + ugXYE,) = g(XME,) - € >0

0 o)

for any €o > 0, however, there exists X; and X! such that
(25) ¢1()'ils?) = )’(x'oxéiss)"'El 0 <€1< € o
g (X E)) = g(XI,X8iE,)-¢, 0 Cen< €

Setting X2' = XY+ uxg we note because of the assumed linearity - ,ﬁgﬁ

’ LY
"M pivef 1s along linec sugyected by I. Glicksberg. ‘g



- alRe®

TITWET LRI

TG OREAT S B PG VAT, T R e Tl CTe R NG S o

of the model (20) that (AXé + uX5)£_ILQ(kXi + uxgixg) and hence by

convexity ol ¢

(2€) MWIX{,XLIE,) + ug(X],XTIE,) > #(X],XTIE,)
whence by (25) :
(27) M{X1IE,) + ug(XTIE,) > g(XT,XJIB,) — A€ - €, 3

and vy (2’«5) A

-5

(28) gy (XT1E~) > g(XTLXRIE,) = M) = nlobe (0 < NEwe. <€)

[

3
¥ vt
AP

3
)2 413 »

SYEE

A%
™
-

which contradicts the asswnption that pl(x;wsz) » Inf d(x”,xggx?).

R
-
4

Ti.e procf{ for whowided ¢ 1& omitted.

-
o

“ -
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Example 5: The Multi-Stage Prc:ler with General Linear Structure.

The structure assured s

-

-,

o N P

[
A
' ¥
o T

(29) by = ALK

o, = Ay Ky + Ay K,

b, == A:“-l‘(l + A}EXZ’ + A)ZXD i
L, = R X + Ay K ¢ Au}x3 + ALK

[ 4 L L] L] [ ]

O  ® ApaXy + ALK + A Ky e e Ak

C = "(xl’x,\.,...,&nixg.gj’.oo,gm)




where bl‘io a lmgwn yector; b, 1is a chance vector (1w2,...,m) whose

L components are functions of a point Ei drewn from a known -ulti-
w ¢ o

dimensional dintribution. A»‘&J are mown mtriccs. ‘Iho aoquhnco of _.

n ey ..' ‘s
. daciliona is as rollovn. X1 the veotor of non-ncgativc aotlvity; ' ,ﬁ?
g )
levels in. tho 18t ntuo, is chonn so as to utiary tho first uta;c )

rutrdf&ﬁn b o Anxj‘:; tho uluu or componenta or b are chonn g ,_’

7

i O kg s,‘_-.
e by chmohby dotomfn}n‘ 795 12 is chosen t.q,“t.l ?j"ihb end augc sf‘&\*
‘e rl‘,'q' ,,3.
‘httﬂit!onbt b2 ‘2 + A22!2 eto. 1tcutﬁv01y for the third 7a'r,:“.*<
' iﬂhﬁcr grages. It 14 SuRber asewmed that: . . A
.3; ; . " s " ., R :
...,«'.;; e 30mt8 ot‘ !J are non-negative; R
ROy (2) There onlu lt lolat one XJ utllrymg thc Jth atm ',»i-‘ A
- i ’-,13."‘ v v":;t::\‘;‘p‘
t .% ' rummtn muvor be the ohotce ofwxl S SV ¢ J'-d 3
; unltym; the earlier restraints or the outoomes ° Ry
P 0 R 8 S LN S R
:;( bl ’be. e oo 'b &)P ) { ,- ) “ '@
(3) The total ©e8t  C 18 a convex funotion 1n'Xy,...,Xy g
M \;'Tf?,'-i
: which dopond on the valuee of the u.pl’ points l2 83,...5 ‘.“
.'lrs_m. &_mmm.!_mme_w_mthuth 8 _sonvex .y
ctton oan ’ obuihod ..dm  “the m*" gtage restrio—"’ j
T
;g g replacing the connx cgn funotion # by A\
RN
. .:‘:&:‘:
’ yad .‘f_ r;
(30) F1 (¥ 2' xn—;"e'”"'h-a ' 1o
8 £y \m(.

. ' : o EXD mr #(xl’ 2.0. ’E . ’Bm) ?n":g
L g E A&% - % :-;
m ’ : a;‘ -
Rl F it
» 4 éﬁ“’ '?. H a
{ e .‘
|3 g i J - 'A:;ii
/ i a2 ’;
£ ~
sle B 1
¥ * ol ‘= "{ ’1‘ ”?
.9 o, e
X s 4 ) ' -y a F A
b - ]
N ¥ i ,‘!L ;nh; ‘?’n



th

where Sl 18 the set of possible X that satlsfy the m  stage .

restrictions. 2%%
Since the proof of the above theorem 1s identical tc the two— -

stage case no details will be given. The fact that a cost functiorn 'f

th Wy iy

for the (m-1) stage can be ottained from the m~ stage is simply i
e Al
N
& consequence ‘that optimal behavior for the mth stage i8 well defincd,_'
3
R
i1.e., given eny state, e.g., (X,,X,,..., ), at the beginning of .,
, , 1:%2 Xa-1 o
this stage, the best possible actions can be determined and the -
.ﬂ‘
minimum expected cost evaluated. This 1s a standard technigue 1 &
2
“dynamic prugramming." For tne reader interested in methods ouilt Lﬁ
around tuis approach the reader is referred to R. “ellman's book o y
dynamic programming (1]. e
While the existence of convex functions hLas been demonstrated B
that permit reduction cof an m-stage problem to equivalent o
m-1,m—2,...,1-stage problems, 1t appears hopeless that such funcricns ¥
can be computed except in very simple cases. The convexlty theorem ‘3&
was demons'rated not ag a solutior to an m-—atuge rroblem but on'y
in tre tope that 1t will ald in the development of an efficlent )
computationali theory for such models.. lt should be remembered that 9
any procedure that ylelds a local optimum wiil be a true optimum 1f :
the function 1s convex. This 1s important, because multi—-dirernslonal {
problems in whiclh non—convex functione are defined over rion—<convex “
comaing lead as a rule to local optlimum and an almost hopeless task, '; 6«
computetionaliy, of exploring other rarts of the domain fo:. the ¥}'
other ext:emes. Zéj
Solutlon for Example 2: Shipping to an Outlet to Meet an o
Uncertain Dema..d. ' éi

Let us consider the two-stage case given earlier (4). It {s '?'
A 'A\:

clear that, if supply exceeds demand (x11 > d,), that X5y = O gives” 3

mininmum costs and, 1f X114 < d2, that x

/"’
o1 ® 1 31vbs minimum contp y@i

w
t‘b )% G" L ‘(‘ "*w 1’:"-«.‘"
'xmo&‘d. 18 2 '.‘L’ o m«. ”Y ﬁ



Hence
(31) Min ¢ < x
121 11 1f xll b, d?

\

8ince 4, is assumed to be uniformly distributed between 70 and 80

(32) gxp[lln o ] -1- Xy, + 150 \ ' if X4y £ 70
x ,
» e 21
. 1 2

77.5 ¢ S{T5 = xy)° Af 70 <x)y < 80
Xyq if 80 g x, o
\ ‘);‘
This function is clearly convex and attains its minimum 77.5, which F a
g
1s the expected cost,if x,, = 75. Since x,, = 75 is 1n the range "s
3

of possible values of X, 48 determined by 100 = x,, + Xx,, this 1a

clearly the optimal shipment. In this case it paye to ship x,,=T=75, -4
the expected demand. | “ v' X %
It can be shown by simple examples that one cannot replace, in *,;‘3
general, the chance vectors b, by 5,, the vestor of expected values ‘f,
of the components of bi' Nevertheless, this procedure, which is n‘k“‘;:’
quite common, probably provides an excellent starting solution for 5 :}f:
any improvement technique that might be devised. For example, in | Y ‘
the problem of Ferguson (application of Example 4), using as a start ' iﬂ 53
the solution based on expected values of demand, it was an easy mttorg ‘:
to improve the solution to an optimal one whose expected costs wou fé
15% less. | e 4’,3‘;
;,.:{g ':nﬁ « A:anii?
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Solution for Example 5: The General Two-Stage Case.

When the number of possibilities for the chance vector b2 is

p(1) (2) ' b,gk)

.-—) '] 2 » e o &

1t is not difficult to obtain a direct linear programming solution
for small k,say k=3, Since this type of structure is very special,
it appears likely that techniques can be developed to handle 1argo .
k. For k=3, the prohlem is equivalent to deternining vcctora X and
vectors x(l) EE)’ x( ) such that

(53) by =A%

(1) . (1)
b2 = A 1x1 + A22X

(2) _  (2)
b2 A21x1 + A22X

(3) (3)
bs’ =A% + A

(1), (2) (3) .
Exp C = lel + pllfex2 + p282X2 + p)‘BX  Min

where for simplicity we have assumed a linear objective function.

with probabilities Pys Pos oven Py (Zbi - llji’
=
E R

\
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