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This paper presents s general dynamic model of an economy
and attempts to ansvwer a number of questions dealing, for example,
vith the feasibility of certain time profiles of demand, the rate
of substitution betwveen economic activities taking place in dif-
ferent time periods, economic grovth, and industrial cyciel;
undoubtedly there are many more applications of the general
model. The solutions to the questions involve the spplication
of linear programming to a standard Leontief input-output flow
mtrix and a capital building matrix. Ia addition the psper
proposes a method vhich is designed to reduce computation time
considerably. L)
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A _LIKEAR PROGRAMMING SOLUTION TO DYNAMIC LEONTIEF TYPE MODELS
Eu-ny)l.\hper'

I. INTRODUCTIOR

Much research has been undertaken in the past seversl years on the
uses of Leontief input-output matrices; applications have been made ranging
from industrial growth models to models of interregional dynamics to esti-
mates of structural changes in the economy / %/, [5/, end [€/. This paper
discusses a general linear programming formulation of Leontief type re-
lationships.

We assums that for any time period t under considerstion, we have
e standard u dimensional input-output matrix of flow coefficients (I-A),
vhose J-th column represents the inputs from each of m industries needed
to produce & wnit of the j-th industry's output; we assume available &
capital coefficient matrix B vhose J-th column indicates the inputs needed
from each of the m industries to produce a unit of additional capacity for
the J-th industry. The economy may produce for final demand in a given
period (vhich is comprised of consumption and export octivit.iu), my
build additiocnal capacity vhich is then available at later periods, and
my create stockpiles vhich may be used to meet final demand or investment
requirements in subsequent periods. The activities of the economy are to

be progremmed for T time periods.

SR
The author is indebted to Pred T. Moore for suggesting the basic

problem and many of its epplications, and to George B. Dantzig for
clarifying many aspects of the linear programming technique.
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Some questions ve may ask of the economic model are:

1. Does a program exist vhich meets & specific set of final demands
over the T time periods? If so, is there an optimal progran satisfying
the schedule of final demends? If not, vhat are the bottlenecks? What
capacities or stocks are in short supply?

2. If the economy gives up units of final demand in some period,
vhat can be gained in the vay of increases in production for final demand
in later periods? What is an "optimm" program for building up future
productive capacity using present productive capacities?

* 3. How are our ansvers quantitatively or qualitatively affected by
the number of time periods considered?

The model belovw is an attempt to solve these and other related
questions. The next section describes the general characteristics of the
model and subsequent sections discuss specific applications and possible
modifications.

II. GENERAL PORMULATION

A. The Linear Programaing Model

Consider the economy over the time periods t = 1, 2, ..., T. In each
time period the flov structure of the economy is répneunted by & faniliar
Leontief m dimensional matrix (I-A)t -= later in the paper, for the purpose
of simplification, the subscript ¢ vill be dropped, but all of the analyses
in this paper can taks advantege of an (I-A) matrix wvhich changes over time.

We aleso have available an m dimensional square matrix of capital
coefficients B. B is a matrix of non-negative nunbers in vhich the j-th
column represents the inputs from each industry peeded 1.:0 build an additional

Pt il Bl o
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unit of capacity for the j-th industry. If m is large and therefore the
amoumnt of aggregation in B is smll, aminmofnnybocupoud
entirely of seros (indicsting that some industries do not feed into any
industry's duilding process). For this resson, 3"l caznot be assumed to
exist.

ftdm.cnmfortmunMLntmmiodt; ft
iscludes dreins for private and pudblic consumption, exports, exogenous
edditions to inventories and exogenous csapacity buudingy We define an
exogenous smount of investasnt as the level determined by factors outside

the model -- the model itself determines the levels of inventories and

capacity building needed in eddition to exogencus investment to meet final

demsad requiremsnts. It is envisaged that most particular applications

of the model will designate sero levels for exoganous investment.
ltw.nctaofwmthiehm-doane

in time period ¢ from the exogenous inventory building vhich took place

in pericd ¢ - 1 (e part of te_l); 8, is the vector of initial stockpiles.
¢, is a vector of exogmmous capacities for all industries. S is

the initial capacity status of each industry; for t > 1, c, WY take into

account depreciation of the capacity i also for t > 1, Ce tekes into account

any "t’ >0, m t* < ¢, that is, capacity built by exogenous considera-

tions in earlier periods. o
mmxtmﬂmt.thnpmductionlwdcofeuhofthon

iadustries in period t.

' 'nnnctora(t specifies the levels of nom-exogenous capacity building

ghtti.u !.‘ be an m column vector of exogenous capacity dbuilding, then
ll.t is the amount of goods required from the m industries for this investaent.

B i e —— i

Equations
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in period t (1.e., capacity dbuilding which the program itself designates).
The vector s, specifies the levels of non-exogenous stockpiling in period ¢
(1.e., stockpiling vhich the program itself designates).
The vector u, specifies the levels of unused or surplus capacity in period t.
I denotes an m dimensional square unit matrix (1's along the main diagonal
and zeros elsevhere).
It denotes an m dimensional square matrix of non-negative elemsnts which
are less than or equal to 1 along the main diagonal and zero elsevhere. A further
explanation of this matrix appears dbelow.

It 18 required that

>
for By 0 X 8 vy, 4 = 0

The linear programming node:l.g/u then:
Pigure 1.

Activities

- |

(TA)g-B -I

'r'r.g LI’_;[':} 'I'r.l; 5000 1 ¢

?/ There are, of course, equivalent formulations, some of vhich may be more

convenient to handle camputationally. The one above was chosen for expository
reasons only.

Lo NV W s
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T™he model in Figure 1 is probadbly “too general® for any particular
spplication. Bxamples of possible simplifications are: all (l:-‘k)t are
identical; all c, are equal to ¢ i.e., depreciation and exogenous invest-
mext ere eliminated; all 8, (except perhaps ‘1) are equal to zero, i.e.,
exogenous stockpiling is eliminated; fmmltmemﬂtothe
{dmtity matrix I. Actwlly It will differ from I if deprecistion on
endogenous capacity duilding is to be taken into account.

The system of equations states that in each time period, drains for
fizal demand f,, capacity building ., and stockpiling s,, vhich are not
satisfied by existing stockpiles, are met by ectual production in the m
mm.tmmxt. The progrem requires that the operation levels
Xtmtwtuuedwmityctplmwap‘cuyMtupendo-
genously in previous periods.

The equations for the last time period are somevhat flexible. In
Figure 1 they appear in a form vhich parallels earlier periods. In specific
epplications, activities may be added or removed.

If ve asoume

G = for all ¢
8, =0 fort>1

L -1

(x-a)t - (x-a)1 = (I-A) for all t

the model in Pigure 1 can be revritten in the following neat form:

RN . v
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Note that the models in Figures 1 and 2 aye of block triangular form /[ 2/.
Usually Leentisf models assume that the productiom of period ¢t is
evailable to satisfy amy fimal dexand requiremsnts in period ¢; in other
vords, there is usually no tims lag necessary between production and comn-
smption (there 1is & ne period lag in capacity building activities -- see
Section III.C). It is relatively simple to inmtroduce, say, & cme period
1ag ia profuction for fisal demsnd; Pigure 3 is @ modification of Pigure 2
mwmmuw. Also the effect of capacity building
mYy b lagped lenger than one periocd, and if this is the cass, the corre-
sponding colums of the identity -.tt_'ix representing the result of capacity
Wilding sy Yo moved down several periods. Further modifications sppear

in subsequent sectious.

The gensralized modsl consists of 2aT equations and sbout Lafl
activities, depending on the activities present in the last period and
those, 1if any, vhich aight be added to earlier periods. In short we now
ave & dymemic Leontisf type model in terms of a set of equations con-
taising more wmimowns than the nuaber of equations. Hence ome approach
to the solution of the system is through linear programming.
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B. The Difference Equation Modsl
The linear programming model as it appears in Figure 2 has an exact

representation as @ set of differeace equations and in this form several
properties of the 'oyltubeeo- apparent. Ve use the same notation as the
previous section in descriding the difference equations. In eddition, ’t
denctes the vector of goods vhich the economy requires from the m industries,
not including the interindustry flows:
(1) P, =L, + Blt +o, -8 ('0 - 81)

Now ¥, = (I-A)Xt or

<l -1l

(11) X, = (IA)" P, = (I-4) [rt +34 +8, - t-:.]

In any time period the capacity level ct is the sum of the capacity
level existing in the previous period and any increase in capacity vhich

vas undertaken in the previous period: t-1 .
(2) Cy=Cpy+dyn NI T £,

By definition, unused capacity in a period is the difference between
available capacity and the capacity used up for productiom:
(3) Cp =X =y,

Anpalogous to the linear programming model, it is required that ’
(k) ft’ ct’ ‘t: 8, “t)‘zt z 0

The restriction in (k) and the identity (3) iwply that production may
not exceed capecity availadle.

From the system of equations ve derive two relationships. The first
is trivial
(5) ‘zt'xm.*“w.‘ct from (2) ana (3)

A sscond less trivial formila for 'et is

S e
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(6 4 = [(za + 3 _.1 [[( fon ) - (fy - 5py)] + B4,
+ ('t+1 - ot)} + [(I-A)-l B+I] E (ut+]. - “t)

The derivation of (6) may be found in Appendix B and essumes the
extstence of l_(t-.n"L K ]

As 1s also shown in Appendix B, (6) is enctly equivnent to the
relationship implieit in the model in Figure 2. PFrom (6) it is evident
that new capacity dbuilding in time t is a function of the difference of
the final demands not fulfilled by existing stockpiles, the difference in
stockpiling, and the difference in unused capacities between period t and
t+l, and new capacity building in period t+l.

The requirement that /;' 2 O has certain interesting consequences.
Although it is well known that (I-A)'l contains only non-negative elements,
it probably is not true that [(I-A) + B] L has only non-negative elements.

Suppose, for example, that the j-th colum of [(I-A) + B] "L contains

some negative entries. Assume fcr the moment that

(1) mpy - oy =4y =y - 8 =gy - % 2 O

Nov 1f the onlt-nctor( es1 -rt) comtains a 1 ia the j-th position
and zeros elsevhere, (6) implies that negative levels of capacity building
are to take place, vhich is contrary to the requirement V4 t g 0. Another
wvay of stating the hypothesis is that if an increase of one unit of final
demand in a single industry is wanted -- stocks and unused capacity to
remain unchanged and no dbuilding to take place in future periods -- then
the model indicates to destroy capacity. This type of infeasidility act ally
stems from all the assumptions in (7). The explamation in economic terms
1s that negative mumbers in the matrix [(I-A) + B] "l mean & unit increase
in final demand in period t + 1 is feasidble only by depleting stockpiles
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or by cresting nev excess capacity in some industries. Hence if the
increase in fiml demand is to be feasidble, all of the zero equalities
camnot hold in (7); surplus capacity or stockpile levels must change.

Pimally npotice that the level of cepacity building in time t depends
both on vhat happens in time ¢t + 1 and also on vhat happened in time t - 1.
Bpecifically, had additional capacity been built (increasing “t) or mer-
chandise been stockpiled before & (increasing ’t-l)’ then capacity dbuilding
demands om period t could possibly be eased; similarly investment demands
in period ¢t + 1 may cause production in t in eddition to that for f, and
8, Because of both the forwvard and backward effects of the different
activities, & search for a feasidble solution to a given set of ft's might
be very difficult using the difference equation method directly. By employ-
ing linser programming and the simplex method, [1] , searching for a
feasidle solution may become relatively easier.

We shall nov take up several different applications of the dynamic

wodel and indicate the method of solution.

III. FEASIBILITY MODELS

As the mame implies, a feasibility model deals with the qucstion of
finding progrems of industrial output for the economy vhich meet a schedule
of required demands. PFigure & is another illustration of the genmersl model

in vhich
°t'°1 for all ¢t
st-o for t >1
It'I for all t
(I-.a)t = (I-A)1 = (I-A) for all t.

QYL ST TIPS VS
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An inspection of the model reveals that if c, z (I-A)'l £, = X,

for all ¢ then feasibility is cbviously possible. Also if ¢ # (I-A)™ (£,-8))

thea fousibility is not possible. The case in vhich (I4A)™ £, , for t >1,
exceeds the initial capacity Q presents the real problem for it is then the
“oconcuy must be ghle ¢ither to stoekpile in earlier periods or to build capscity.

e A e o a— - P

"Also 1t should be observed that in a Lecntief system it is not always
possible to completely utilize capacity in every industry by high production
levels. This fact is mede obvious by considering an economy in which
initially all capacity is being used and then suddenly new capacity is created
in one industry vhose production depends on raw materials from other in-
dustries. The new capacity will go unused for an increase in production
in this industry requires inputs from other industries which already operate
st full capscity levels. Thus (I-A) ¢ = " may be infeasible, i.e., £

may not contain only non-negative elements.

_Plaally 1t should be moted Wt if in any period the vector (s, + u,)
.contains ltrictb positive components, then final demand in any industry can
be increased by scms amount. Even if some components are zero, final demand
ia an industry baving corresponding zeros in its columm of (I-A)']' may be
increased.

A. Examples

The"simplest” feasibility model is a designation of T vectors of £, to
be mest given initial capacity ¢ and stockpile Bi; e linear programming
tecinique is to be employed to find a feasible solution. As is usual in

linear programming problems, & fessible solution may not be unique.
It is easy to go one step fNurther and try to find some sort of “best”

feasible solution. PFor example, a manpover input figure may be associated

o oo, 7



vith each productive activity; the "best” solution may then be defined as
the solution vhich minimizes manpover input. Or a dollar revenus figure
my be attached to soms of the activity vectors and then the solution vhich
mximizes revenue is defined as optimal.

Another variant is maximizing the level at which a particular ectivity
is employed (or a combimation of levels at vhich particular activities are
employed) .

As a first illustration, consider the recent attack for solving
feasibility problems through stages, starting at a trivially feasible pro-
grem of ft'o end then successively increasing the levels of some of the
components of the ft'a until infeasibility occurs. Such a procedure implies
to some extent a preference ordering wvhich determines at obne feasible
solution vhat it is desirable to add next to the requirements. Au upproach
to this problem by linear programming is to degin with a trivially feesible
solution and select vhat camponent of an ft’ say that in the i-th industry.
is to be increased. A vector is added to the activities with a minus one
in the i-th position of the chosen period; a price of 1 is placed on this
vector, all other vectors having a price of zero. By maximizing "profit"
in the linear programming nue}/ we accordingly find the maximm level at
vhich the nev vector can operate without destroying feasibility. We may
then increase the level of the i-th industry in the chosen period dy an
amount not exceeding the maximm found, and search for the maximum amount
by vhich we can increase output of the next selected industry in some

chosen time period.

3/ Let X denote the column vector of levels at which all activities
operate in a feasible program and let p denote a row vector of prices
associated with each activity; then px is defined as the profit of the

progran.
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Because of the usual size of such linear programming problems, it does
pot seem likely that in the early stagec one would employ th's method by
merely imposing incresses in single components of f, at each try. Increases
by "jumps” rether than "steps” would seem to be more practical. The determi-
mation of "jumpe® 1is facilitated by the rigidity of the inputeoutput re-
lationships. In general, if ve find eny vector v (i.e., not merely a vector
with only s single non-zero elemsnt) can be introduced at a certain level a
at time period t®, then ve knov from the colums of the matrix (I-A)™L how
mich ve can incresse different components of f,,, viz., letting f,, represent
our desired increases in f,,, the increases are feasible as long as (I-A)™ T,
is compomentvise less than av.

Hence in the earlier "Jumps” ve might select & composite vector v
(vhioh may even extend mcross different time periods) which is to be intro-
duced st & maximm level. Por example, if it is desirsble to increase the
output of three industries in & particular time period t*, and the increrses
are to occur in a certain proportion, a composite vector vhich is the sun
of the corresponding vectors in (I-A)™), weighted according to the specified
proportiocns, may be introduced as an additional activity for period t*.

Then the linear prograzming problem is to maximize the level of this
camposite activity.

A drewdeck on the above approach is that after determining the maximm
level at vhich the composite activity may be introduced and the corresponding
components of ft are accordingly increased, it may still dbe possible to
further introduce at a positive level a composite activity vhich is the
veighted average of fever colums of (I-A)2. When this aspect becomes a
real drevbeck, the process must go back to working in “"steps”.

vE XN T2 ¢
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A secopd illustration of the problem of maximizing the level st which
a particular activity is employed is found in the realm of military plan-
ning. Suppose government planpers, after having determined a minimum
level of ft to be allocated to civilian consumption, wish to utilize the
remeining resources of the economy 80 as to maximize the amount of munitions
production possible. Let the activity of munitions production be repre-
sented by a vector bundle of inputs needed from each industry. Then this
activity my be introduced in each period and the linear programming tech-
nique can be used to answer certain maximization problems. If planners
are only interested in obtaining the maximm amount of the munitions mix
over the T time periods, the problem is salved by putting & unit price on
the mmitions activity, vhich then need only be introduced in the last
peri'od, and by maximizing the level at vhich the activity operstes. If
it is not simply the total amount of the mmitions mix over T periods
vhich is to be mximived because of differcnt time evaluations of mmitions,
the planners must place relative prices oun units of the munitions bundle
availsble in different time periods (i.e., must set a discount rate over
time for mmitions) and then maximize profit in the linear programming
sense. Note that the requirement of baving to price a certain activity
in different time periods is not a wealkness in the linear progremming
approach but i{s inherent in the problem itself. In most cases, an increase
in consumption at one period implies & decrease in the potential level of
consumption in later periods dbecause of the intemla:‘tions among the
activities over time. A condition that the vector representing the
munitions bundle operate in each period at some minimum level can of
course be easily handled by incorporating this minimal demand into the

ft vector requiremente.
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As a third {llustration one might be interested in maximizing the
operating capacity or lewvel of a stockpile of a certain industry at the
end of T time periods. If the capacity of industry J at time T 1s to be
a8 large as possible, the linear programming problem is set up by putting
e unit price on the j-th columm of B in every period and then maximizing
thes profit. If capacity created in one period is more valuable than capacity
created in another period, instead of a unit price being placed on the vector
in B for all time periods, a price should bde affixed which corresponds to
the time evaluation of capacity. A similar approsch is used to maximize
the final amount of a stockpile (a positive price is placed on the desired
stockpiling vector in the fimal period). If capacities (or stockpiles) in
several industries are to be "maximized” a problem analogous to that of
munitions production arises, viz., relative prices must be placed on units
of capacity (or stocks) in the different industries. Bince it is likely
that building units of one type capacity drains resources vhich could be
used for building units of another type of capacity, it is not possible
to solve the problems of increasing capacity in several industries inde-
pendently; relative evaluations of cepacity must be made to arrive at o
"mximn® solution.

As & fourth example we might consider varying levels of rt. There
are several possible formilations of this problem: comsider the case of
not making any specifications about ft but including in every tims meriod
for each industry e unit vector activity vhuse operating level represents
the dreinage for final demand in that industry. Each of these vectors is
given a price and the linear progremming problem as usual is to maximize
profit. This formulation does not seem too useful because it may turn
out that some compopents of ft are zero for certain time periods. Another
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approach vould be to specify minimm requirements (bandled in the same
mammer as a specified rt) and to maximize profit by pricing the unit
vectors according to the values of componentwise incresses in rt over

the minimm specifications. But even this formulation has the difficulty
of needing to decide upon relative prices for each unit vector. To over-
come this difficulty, onme might introduce a single vector representing a
product aix for consumption in the civilian sector; the method of solution
of the problem now is identical with that for the munitions mix.

As a final example let us examine the capacity aspect of feasibility
models. Buppose a given set of final demands ft are required and it is
desired to mov the "minimm" amount of capacity needed to attain the final
demand schedule, i.e., to find a "minimm" ¢, vector vhick assures feasi-
bility. The quotations marks on miaimum indicate that there are many
vectors of capacity vhich assure feasibility but probadly no vector vhich
is componentvise less than or equal to any other feasibility producing
vector; in other words, it probably is the case that a unit more of one
type of capacity and o units less of another type of capsacity are substi-
tutable insofar as feasibility is concerned. Hence relative prices on
capacities are needed to obtain & "minimm". In this example, Figure 4
is altered to have a zero vector in place of the clnctorunnnev
vectors are introduced: the j-th vector has a -1 in the j-th position
of the capacity equations of each time period and zero's elsewhere.

From a planner's point of viev, it is probabdbly not of much interest
to knov e "minimm" emount of capacity needed for fessibility of a certain
set of final demands, but rather the "minimm® smount of incresse over
existing capacity vhich is needed. Por example the government, desiring
that a certain schedule of rt'. be feagible if the ecomomy is plmced in



war, vishes to knov hov much capacity in addition to that vhich exists
should be built in & prevar modilization periocd. A "minimm" criterion

for building of nev capacity might be easier to define in this case, i.e., -
relative prices on capacity building might dbe easier to determine.

B. Rumsrical Solutions
The msthod by vhich a general linear programming problem is solved
is vell iknown and therefore shall not be repeated here [ 1/. The important
restricting factor in the solution of large scale problems by high speed
camputing machinery is usually the number of equations to be satisfied in
the m, i1.e., the mmber of rovs in the linear programaing matrix. A
computational rule of thusd is doudbling the number of equations in a problem
incresses computing time eightfold. As has been noted, the general linear
programming model in this paper contains 2 equations. This section dis-
cusses & suggested formilation vhich reduces the model to only nl equations.
First suppose we consider a model vhich has no stockpiling activities.
Then a vector £, vhich has strictly positive elements is satisfiedi by
(I-A)X, vhere X, is strictly positive. The difference equation representa-
tion of the Figure i model without any initial etockpiles or stockpiling
activities is
(8) £, = (xA)x, -84

(9) ©p =X 4y
(10) 4, uti o ¢, >0

The restrictions in (10) and the structure of (I-A) imply in this
model that X, >0. Multiplying (8) by S(1-A) and addiog the result to

-

PALAOOQ
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(9) we sety

(1) c, - (I-A)'lrt = (1-A)71B £+

Equation (11) states that capacity which is left over after production
for final demand has taken place is allocated betveen investment activities
and unused capacity. The vector (I-A)’l B [t is interpreted as the total
réquirementa for all industries to accomplish capacity building jt We may
nov set up the corresponding linear programing matrix from (11) in which
xt does not appear explicitly, Figure 5; we also eliminate the Xt by use of
equation (9) in the maximizing form, and the corresponding solution for this
ol rov matrix will be exactly equivalent to the solution of the original
2mT row system (without any stockpiling activities) since the only set of
variables not explicitly appearing in the new system is the xt and the

systen itself insures that xt > 0.

'ion?l S
Activities

T-1781.:u:e the result of the operation has a meaningful interpretation

economically the guthor has chosen te multiply by -(I-A)']'. In & general
problem if (I-A)~l does not.exist, equation (9) may be multiplied by -(I-A)
and added to (8) for an analogous result. The latter approach in any case
is probadbly an eesier model computatiomally to use for it eliminates the
need for finding the inverse. The latter approach vas suggested by G. B.

Dantzig.

P-609
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The same type of elimination can be made in the general system and

appears belov, but in the general model with initial stockpiles and stock-

piling activities there is no automatic mechanism vhich insures that the

solution to the sbbreviated system vill be exactly equivalent to the solution

of the vhole system; in other words, it may turn out that the solution to

the abbrevisted system may not satisfy X, 2 0. We shall consider the

abbreviated system in further detail. '

We can derive & form for the e:tire system which is similar to FPigure 5

by multiplying in each time period the finel demand equations in Pigure L

by - (1I‘.-A)°1 and adding to the result the capacity equntions.y

Pigure 6.
‘ o Activities
_ o4 oy w% 4 * “2] L, 5
a1 M a) | (Bt
Y I I
q-(1a)t e, -1 (1)t (-0 (1)L 1
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The first set of equations in a time period states that the sum of
initial capacity, previously built capacity. and previous stockpiles not
used up for final demand production equals the sun of rescurces allocated
to capacity building, new stockpiling. and slack capacity; thus the first
set of equations is a mixture of capacities and stockpiles -- such a mixture
is sensible from the point of view that consuuption demands may be met from
either stockpiles or current production. The second set of equations repre-
sents the ordinary capacity relationships.

We will distinguish two cases for the linear form, the first being a
special type but with wide application, and the second being the most general
type of linear form.

1. The maximizing form contains zero coefficients for all Xt, u,, and

for By2 t <T.

First note that if 8, = OQ{ the solution to the abbreviated system

yields the sare "maximum" value as the solution to the whole system. If

on solving for Xt a single component in & time period appears to be operating
at a negative level, the corresponding stockpile must have been reduced by
the same amount, for such a reversal can arise only through depletion of an
existing stockpile. Since S1 = 0, the stockpile must have actually been
produced in earlier periods. Thus it becomes easy tc correct this type of
infeasibility: alter the abbreviated program sc as not to produce the stock-
pile; hence the raw material inputs are saved for later use. In the period
in vhich the particular companent of Xt wvas negative, set the component equal
to zero and the needed raw materials which were previcusly "produced" by

running the activity backwards now are available from the inputs saved from

-
é‘ Or if initial inventories are to be maintained as minimal stocks

throughout the system.



P-609
[ 8-27-5“
-233-

earlier periods (see Appendix A). The previous analysis generalizes to the
more complex case of several components of Xt in a time period appearing to
operate at negative levels.

Now assume the existence of initial stockpiles. If the system is such
that comyonentvise Xt 2 O for all t in the optimum program of the smaller
system, then the smaller system yields the same result as the larger parent
model. If in period t* the computed program reverses a single activity,
say, the j-th, by -a, but the j-th industry before t* has operated in toto
at least at a level of Q, then the maximizing value found is correct and as
before a simple adjustment in the program can be made to restore feasibility
of the vhole system. If the j-th industry before t* has not operated in toto
at least at a level a, then considering only the first set of equations
yields a truly infeasible solution in the entire model.

If in t* the computed program reverses more than a single activity,
then the irdustries may have each previously crested a stockpile which is
depleted to meet the required input implied by the negative production
activity level, and the above procedure for restoring feasibility by not
producing the stockpile and saving the inputs is adequate; in the event that
the input of one reversed activity is made available from the "output” of
another reversed activity in t+#, it may involve a more complex analysis to
determine vhether fessibility can be established.

2. The maximizing form is unreatricted.z/

In the case of a maximizing form not meeting the assumptions of 1.
above, an abbreviated system may still be used. The )(t variables, solved
in terms of s It, and u, by use of the capacity equations in Figure 6, can

be eliminated in the maximizing form. The elimination will then alter the

. The results in this paragraph were pointed out to the author Ly
Harry Markowitz.
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previous prices on.lt and u, in the linear form. If on maximizing the new
form in the abbreviated system and on solving for Xt in the capacity equations
it turns out that Xt Z 0, the program is optimal for the entire system.

It should be noted that since any feasible solution for the larger
system will necessarily be feasible in the abbreviated system (the abbrevi-
ated system was derived from the larger model), the abbreviated system yields
a result at least as good as the entire system. Unforturately the abbreviated
system may yield a "better" solution than the original in the sense of a
larger maximum value. The "better” solution occurs through letting some
components of Xt become negative, i.e., the reversal of an economic process
vhose inputs are actually drawn from stocks which initially exist. Hence
for a correct solution, the values of Xt must be adjusted so that all
components are non-negative; the adjustment ir any particular case may be
able to be done by sight or in any case by the Dual Simplex Algorithm [ﬁi?.
The question of desirability of using the abbreviated system hinges on whether
the Xt will all come out non-negative and if nct whether the effort involved
in "cleaning up” the solution oy sight or by the Dual Simplex Algorithm is
greater than that needed to arrive at a direct solution of the larger model.

If in most models containing initial stockpiles the requirements of
ft are sufficiently large or the economic processes are not reversed because
of the initial stocks so that each industry operates at a non-negative level,

then the abbreviated system yields a significant reduction in expected

computation time.
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C. A Static Model
Fred T. Noore has suggested a static version of the general model vwhich

examines feasidility of a single vector of final demands f. The model
specifies vectors of final demand f, existing capacity C, and existing stocks
8 for just a single period to be considered. If f is so large as to require
in at least one industry more resources than the available stocks ard capacity,
then nev capacity must be built and ve assume that this capacity i{s available
in the same period. But the activity of building new capacity requires the
further use of stocks and capacity, hence employing & building activity uses
up some available resources and may create nevw btottlemecks wvhich subsequently
must be eliminated. Thus the problem resolves in vhether the feedback

generated vill ultimately subside. Figure 7 illustrates the model.

Activities Pigure 7.
ll x L u
8 £-8 (1-A) B
b
c I -1 I
’:‘.
L]

Transforming the model as ve did earlier in this section we have

Pigure 8.
Activities
— IF X 4 u
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Equations
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First note that if say the j-th component on the left-band side of
the first set of equations is negative and the j-th position of the j-th
colum cf [(I-A)'l B-I] ie not negative, then the vector f is infeasible.
The economic interpretation of the non-appearance of e negative entry is
that .it takes in toto more than one unit of capacity in the j-th industry
to increase capacity of the j-th industry by one unit; if such a condition
occurs then obviously a program requiring building capacity in the j-th
industry vould not be feasible since building a unit of capacity in an
industry vhose capacity is in short supply takes a > 1 units of capacity
and to build a it takes B > a units of capacity, etc., the process never
comverging. .

The simplex method may be used to test out feasibility of such a model.
Appending an additional set of activities might produce more useful results.
Any schedule of f is feasible if irporting is allowed -- in mathematical
terms, if we add the vector of activities M, importing, which appends an
identity matrix to the first set of equations in Figure 7 and in Figure 8
appends -(I-A)-l to the first set of equations, we guarantee the existence
of feasibility (see also Section V). We choose & vector of import costs
corresponding to the activities M and employ the linear prograrming tech-
nique to minimize total costs. If { is feasible in & closed economy. no
importing will take place {cost is zero); ~therw!se the resulting program
will indicate which of the imports are necessary (of course, the amounts will
depend partly on their relative prices).

The computational method suggested above in B. of considering only
the first set of equations can also be erployed here. In this case a
variant on Figure 8 is suggested in which the X activities are eliminated

by use of a transformstion with (I-A) rather then (I-A)-l (see note L).
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IV. RATE OF SUBSTITUTION (OR TRADE OFF) MODELS

Economists are often interested in the general question of vhat is
the trade-off between different production activities, i.e., by how much
can the level of one econcmic sctivitygj be raised from the resources freed
by lowering the level of another activity. PFor example, in & given year
one may vant to knov how much additional petroleum can be produced if the
production of coal is cut by a ton? Or one may wish to know vhether a one
ton reduction i{n steel production in a year can free rav materials and
capacity 8o as to allov for the production of more than ocne ton of steel
in following years. Considerations of this type will be grouped under the
category of substitution models; we shall next indicate how the general
linear programming model set forth in Section IT can be employed to find
rates of substitution among economic activities.

A pearly trivial problem is finding the rate of substitu.ion between
sctivities in the same time period. Since the j-th colum, say, of (I-A)~}
wmm-_m-tof.ml gr.mmtquidadforcmtof
production for final demand of the jJ-th industry. knowing the final demand

to be decreased, we know the resources freed in each industry, and knowing

E "Activities" in this section are the same as those in the previous
section: direct production, capacity building, and stockpiling.
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the final demand to be increased. ve can easily find the amount of increase
vhich is possible from the use of the freed resources. The only qualifics-
tiom to be noted in this and the more complicated substitution problems is
that the amount of increase found is the minimum increase possible; in other
wvords. it is the increase if the only resources which can be used are those
freed by the decrease in final demand in the one industry. If sadditional
excess capacities or stockpiles exist in certain industries, an even higher
increase may accrue.

A computationally difficult rate of substitution to obtain is one
between activities in different time periods; the linear programming model
is well “equipped” for this sort of analysis. The statement of the general
problem is: at the economy's disposal are the resources freed by decressing
final demand in the j-th industry; more specifically, the economy may
allocate the vector of capacity given by the Jj-th columm of (I-A)'l.
Depending on the problem, this capacity may be available for the first
period only or for all or part of the periods under analysis. It is in
the last period we wish to know at how high a level some particular activity
can, operate. Again depending on the problem, stockpiling may or may not be
included in the model.

First let us consider the formulation of the trade-off model without
stockpiling. The linear programming matrix is a variant of Figure 5. If
the capacity freed in the J-th industry is to be availadble every period,
then instead of {L.cl - (I-A)‘1 rt] appesring as the left-hand column in
Pigure 5, we write the vector of available capscities specified by the J-th
colum of (I-A)™>. If the unit of final demand is to be relessed only in
the first period, then the j-th column of the inverse appears on the left

in period 1 and a zero column vector appears ‘n the remaining periods.

P-609
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In the last period we include the activity wvhose level we vish to maximize.
For example, the activity my be s colum, say the k-th, of (2-&)'1 and its
level of operstion is the amount of final demand for the k-th industry vhich
can be satisfied. A price of 1 is put on this activity to find its maximm
operation level, all other vectors being priced zero, and the linear program-
ming technique maximizes profit by the standard approach. Note if the activity
to be maximized 1s also the J-th colwm of (I-A)™ and this colum of capacity
is available for all time periods, then the activity can be operated at
least at the unit level in the last period. It is the increase over the
unit level of operation vhich yields the rewvard for not consuming in earlier
periods. In this model the maximum level found can be opersted for all
succeeding time periods because it depends on capacity aveilsabilities only.
The introduction of stockpiling presents certain complications. If
one is interested in the maximm level at which an activity can operate in
the final period and is not concerned as to vhether or not the activity can
operate at that level in subsequent periods, then all stockpiling activities
in every period should be placed in the model and the model appears as in
Pigure 6. It is possible that the maximum level found may be obtained by
stockpiling throughout all periods and at the last period stockpiles are
reduced to zero; if this is the case, in the period following the last one
under analysis the activity level would fall, provided no nev capacity is
made available from other sources. The method of solution is the same as
sbove, that is, a unit price is placed on the activity vhose level is to
be maximized, other activities being given a zero price. If on the other
hand, one is interested in being able to mmintain in subsequent periods

the level at vhich the activity operates in the last period, then the

pP-609
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meximm maintainable level can be found somewhat as before: place a
unit price on the particular activity vector, a zero price on the rest,
but do not allow stockpiling activities to take place in the next to
last period; thus the level at wvhich the activity in question operates
in the last period depends on available capacity only (the capacity
once built can be used in subsequent periods).

The model probably yields more useful results if it allows for
the creation of stockpiles vhich may be used in later periods for
production. The full model with stockpiling contains 2uT equations,
but a reduction in the number of equations to mT as was possible in
the feasibility models of Bection III is also possible in trade-off

models, and is especially useful if initial stocks are at a zero level.

The results of the optimum programs which yield the trede-off
equivalences may be used in the feasibility models. Recall that one
type of feasibility model tried increasing the schedule of tt's by steps
until an increase was no longer possible. The procedure started with a
feasible schedule of ft 's; the closer the etarting model was to the ideal
schedule of 1, 's (12 one exists), presumsdly the smaller the mmber of
_ tests for feasibility had to be made. Results of trade-off models should
aid in setting up an initial feasible schedule. One approach which might
be used is sketched in the following example: suppose that we are
investigating a schedule of ft's over T periods. By using trade-off models
suppose we have also derived tables for t* =1, 2,...., T indicating how
much a unit of final demand in period 1 in the J-th industry is worth in

terms of final demand in the k-th industry for period t*. PFinally assume



the schedule of exogenous capacities is svailable for each tims period.

We can nov build up a feasible solution by allocating the available capacity
to components of final demand in any period according to the trade-off tahles.
After reaching the point at which there is "no more" ) capacity to allocate
and wve are reasonsbly satisfied vith the relative values of the rt'a, ve

can then try for further absolute increases in final demand by direct
application of the linear programming technique described in Sectiom III.
Note that increases may be possible 1) since the trade-off tables caly give
ainimm trade-offs ratios and excess capacities or stockpiles present in
certain industries may increase the ratios, and 2) since the feasible program
derived by inspection of the tables may not have been optimum in the sense
of comserving capacities which are in short supply.

In the process of solving a linear programming model by the simplex
method, & vector of shadow prices is computed. Multiplication of this
vector vith any ectivity vector indicates the profitability of introducing
an additiopal unit of the activity into the program. By the proper use of
the shadov prices, we can amsver the question of whether it would be "profit-
sble” in addition to the unit of final demand already given up, togiv;up
units of fimal demand in other industries. Hence ve might formulate a
concept of "complementary” industries according to a capacity criteriom;
more precisely, having given up in some time period a unit of final demand
in the k-th industry, ve are able to determine whether the cperating level
cf the J-th activity in a later time psriod will be higher if a unit (or
part thereof) of final demsnd from the n-th industry is also given up.

To obtain the answver we only need to multiply the vector of shadowv prices,

o

5 More precisely: vwhere lack of capacity in some industries has become
e bottleneck.

P=609



determined i{in the solution of the optimum trade-off between the k-th
industry and the j-th activity, by a vector containing the n-th column
of (I-A)'l (properly positioned or repeated to take into account the time
period (s) in whigh the capacity freed from the n-th industry is to be
made anmble).-l'-c-,/

V. GROWTH MCDELS; IMPORTS; TIME MIDELS; CONCLUSION

A close analogue to the feasibility models are growth models. The
distinction stems more from the criterion of purpose than structure; the
figures in Sections II and III are applicable here. A growth model
postulates a time path of final demand for all of the industries and
deternines the implied rate of investaent and total output for every
industry.

One vell kmovn formulation of a growth model is Leontief's “dynamic
open systemn”, Chapter 3 [ 6/. Leomtief presents a system of differential
equations vhich contain both input-output flow relationships and stock
requirements. Specifying a certain set of polynomials vhich represent
the course of final demand, Leontief is able to solve the system explicitly
for the functions vhich yield time paths of output in all industries. Two
limitations arise in this approach: the first is the solution of the system
depends in part on observing data of & time period in vhich capacity is
assumed to be fully utilized i{n all industries; the second, and Leontief
treats this difficulty in some detail, is the solution may call for a

' l'li“l(ot:e that shadov prices may be used in this fashion generally;
in all models, once an optimm program with a certain set of activities
has been found, cne may test vhether the introduction of & nev activity
increases "profit”.

P-609
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reversal of certain economic processes, i.e., for a deaccumulation of

capital stock (rather than the sppesrance of idle capscity and surplus
irventories). To overcome the second problem. Leontief proposec a some-

vhat complex method of eassuming an industry to be in one of several phases
depending partly on vhether the industry's output is increasing or decreasing;
the introduction of phases eliminates any tendancies toward unrealistic
deaccumulation.

Although the linear programming model proposed in this paper does not
yield an analytical solution for the equations of industry output over
time, it does indicate a numerical solution. Murthermore it makes no
assumptions about full utilization of capacity in any initial period and
asutomatically prohibits deaccumulation of capacity (other than that due to
normal depreciation).

One particulsr type of “growth" model might postulate that final
demand has reached an equilidrium in the sense of remaining at certain
constant levels over time. Using the model of Figure 1, one may further
postulate rates of depreciation of capacity determining cy and It’ and
specify a linear “profit" function of the activities vhich is to be mini-
mized or maximized (say, employment or national income). The model will
then test for feasibility of the steady level of demand and if feasibility
exists the model will give the minimum or maximum profit; the feasible
model, depending on the profit functiom, will thus trace out the cycles
of production in each industry which arise in an economy investing only
to maintain a steady amount of demand and to replace vorn out capacity.

The reader may have noticed that the models in the previous sections
dealt with economies which were alloved to export (exports were included

in ft) But not to import (with the exception of the static model, Section
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III.C.). We can easily add import activities to the model and if it is
desired make export activities explicit. The addition of being able to
import any industry's goods in a feasibility model insures the existence

of feasibility for any set of rt's. Hence if one is interested in producing
feasibtlity only, but assumes that home production is an activity “preferable"
to importing, then import activities may be given negative prices and the
linear programming technique in searching for feasibility is required to
select a program which minimizes the cost of imports. If the schedule of

f.'s can be met by domestic production, the optimal program will not use

t

any imports and the total cost of imports will be zero; if the domestic
economy cannot meet the f, demands, the program will indicate (depending

on relative import costs) which goods are in short supply and need to be
imported.

Up to this point, the amount of time periods over vhich the analysis
is to take place has been thought of as fixed. We may also consider models
in which the number of time periods becomee a variable factor. In both
feasibility models and trade-off models time pathe of the operating levels
of different activities may change as the number of planning periods in-
creagses. Another reason for examining the time factor is one may wish to
know how soon a certain stock of goods can be created or a certain level
of final demand be sustained. The method of solution of this type of
question is difficult for it necessitates repeated application of the
feasibility models: start with a model where t = 1; if one period is
infeasible, try t = 2; etc.; until feasibility is finally reached. (Starting
at t= 1 is of course only one of several approaches; another is to start
with a model in which the number of time periods obviously is sufficient

for feasibility and then  work downward.)



In summary this paper has presented a general dynamic model of an
economy vhich sttempts to answver a number of questions dealing, for example,
with the feasibility of certain time profiles of demand, the rate of sub-
stitution between economic activities taking plece in different time periods;
econamic grovth and industrial cycles; undoubtedly there are many more
applications of the general model. The solution to the questions involved
the application of linear programming to a standard Leontief ipput-output
flov matrix and a capital building matrix. In addition the paper proposed
a method vhich is designed to reduce computation time consideradbly; further

details an the method are given in Appendix A belov.

Equations
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APPEIDIX A

Notes on the Solution tc an Abdbreviated System

In Section III.B. an outline for reducing the number of equations
in the dynamic model was given. This appendix reviews the method in
further detail and presents a numerical illustration.

The model in Pigure 4 has the following difference equation

representation:

(1) £, =8, 4+ (IAX -B4 -8

gl
(2) °1’-Z/g7- +X o +u
Tal

(3) ft’ st’ xt’ 4’ Cl “t Z 0

If ve mn.tipl,yy(a) by -(I-A) and add it to (1) we obtain
t-1
(8) £, - (TA)c =5, -B4 -5 + L (1-A)4L - (I-A)y,
( =] ¢

The lipear programming matrix is then

Figure 10.
Activities j )
LAn m % b |y 4y oy —
-B I -(I-A) |
I
(1A) T B -I -(I-A)
.I P :
() | (1A 1 1 B a-aw]
|
-:l = ¢ -I I :
L1 i E &

g that the legitimacy of the multiplication is dependent on (I-A)
being a square matrix. The economic interpretation ls that the model assumes
a unique production activity for each industry.
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Pigure 10 differs from Pigure 6 only because the latter was derived
from an alternative transformation using (I-A)™l. To obtain Pigure 10 no
assumption as to the existence of the inverse needs to be made, and there
is no need to campute the inverse even if it exists.

The first set of equations in each period in Figure 10 explicitly
contains all the variables in the system except xt Nov i{f the linear
fora to be mximized (or minimized) has zero coefficients for all X and
u, -- f.e., if direct production or unused capacity are considered as neither
"cost" incurring nar"revenue” yielding -- and has zero coefficients for all
8, t <T -- {.e., if only stockpiles existing at the end of the last period
have value -- then it is suggested that an attempt to find a solution to
the entire problem be made by using only the first set of equations in each
period. The assumption about the linear form is not too restrictive, since
as the examples of this paper have illustrated, one is often interested in
mximizing a stockpile at the end of T periods or a capacity or e product
aix vector, and is not primarily interested in the corresponding rates of
production, slack capacity, or intermediate stockpiles.

The mthematical "error” in considering only tbe first set of equations
in each period is that the restriction X, = O is no longer observed in
finding the solution. Hence by allowing the model to attach any sign to
a component of X, , ve may obtain & larger maximm value (or smaller minimm
value) of the linear form in the abbreviated system than would be obtained

in the entire more restrictive system. The modus operandi of a negative

component of Xt suggests that often times the value of the linear form in
the abbreviated system will be correct; in some cases the correctness is
known apriori and in other cases, the correctness of the value is discoverable

by an examination of the optimal solution for the abbreviated system.
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Suppose a solution to an abhreviated system is found, and upon solving
for Xt ‘n the second set of equations of Figure 10, it turns out that & single
camponent of Xt,, say the J-th, is negative. 8ince ve are dealing with &
Leontief input-output system in which there exists only one activity that
produces the J-th industry's goods, an input of the j-th item, implied
by the negativity of the j-th compommt of Xt., must come from an existing
stockpile of the j-th good and not from any production in period t*. The
stockpil? has two possible origins: it may have existed initially or it
may have been created by production taking place in previous periods in
the model.

If an initial stockpile of the j-th good is non-existent, then epriori
the value of the linear form is correct -- although, as it vill be seen,
the program itself may need certain simple adjustments. If the initial stock-
plle is to be maintained as a minimal inventory, then an equivalent model is
one without any initial stockpile. If imspection of the productio; levels
in periods up to t* i{ndicatesthe stockpile level of the j-th industry wvas
at least once at a zero level, then the value of the linear form is correct
for a reason analogous to that in the case of no initial stockpile. Pinally
even if an initial stockpile exists, but upon inspecting previous production
levels of the j-th industry (starting at period t*-1 and working beckward),
one finds that the j-th industry has produced at least as much as the
negative level in period t*, then the value of the linear form is correct.

The explanation for the correctness ©f the value of the linear form in
the above cases is: the abbreviated model used a "shorthand® way of storing
rav materials. In period t* the model desired to use as rav materials the
inputs of industry J's product in an amount equal to the level at vhich the

J=th industry was to operate negatively. Instead of storing these inputs
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in the earlier periods vhen they became availsble, the model embodies them

in the form of the J-th industry's product and in period t* reverses the
productive process. Hence if the stockpile used in t* wvas actually produced
earlier, one may easily translate the “shorthand" program of the abbreviated
system 80 as not to produce the stockpile of the j-th industry's good in
previous periods but rather save the inpute for use in t*. The translation,
altering only X, u,, and s, T < T, has no effect on the value of the linear
form and the translated system is both feasible and optimal in the entire
syatem.l—aj

The value of the abbreviated form is probably not correct if the stock-
pile used in t* was actually drawn from stock which existed initially. 1In
this case, the program called for a truly infeasible reversal of economic
activities. Even vhen this occurs, the solution in some instances may be
acceptable for the initial stockpiles themselves may be arbitrary, i.e.,
the stockpiles may exist because of production activities taking place in
a "period O"; hence it may be just as easy to make available in period 1
the rav material inputs for the j-th industry's product as it is to make
available the stockpile of the product.

The analysis above generalizes for the program in which more than one
component of Xt. is negative. If, as before, the input for each negative
component of Xt, comes from a stockpile which wes previously produced, the
technique of unecheduling previous production for stockpiles !: applicable
here. Also as before, if S, = O, then even though there may be "crossfeeds"
among the negative variabvles, i.e., even though the input for one negative

activity may stem from the "output” of anotier negative activity, a feasible

!g/Once feasibility is ob?ined, optimallty follows since: value of
linear form in entire system = value of linear form in abbreviated system.
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solution with the same op*imal value must exist for the model i{s completely
closed; with unique production activities and no initial stockpiles new
rav materials cannot be created in the system and the notion of "shorthand"
storage simply generalizes. If "crossfeeds” are present, say, in t* and
some inventories which existed initially are carried through and used in
t*, then possibly a more complicated examination for feasibility may have
to be made.

In any event -- whether the abbreviated system camputes only an
apparently or a truly infeasible solution to the entire system -- the
negative variables in the entire system can be eliminated by applying the
Dual Simplex Algorithm / 3/.

In the case of a general linear form with non-zero coefficients for
some Xt, U, Or 8,, ve may derive a modified linear form with all the Xt
eliminated by using, say, the capacity equations in Figure 10. If it turns
out that the abbreviated solution is feasible in the entire model, Xt 2 0%
then both the prcgram and the value of the maximizing form is optimal. If
some components of the X, variables turn out to be negative, the "cleaning
up" procedure vhich was suggested for the restricted linear form may or may
not produce an optimal program for the entire model. If the alterations
in unused capacities, stockpiles, and productions levels have no effect on
the value of the linear form, then the revised program is optimal. If the
translation of the "shorthand" storage device causes a diminution in the
value of the linear form, the new program may not be optimml. In this event,
it 1s suggested that the negative Xt variables be eliminated by use of the
Dual Simplex Algorithm.

To {llusirate & case in which the value of the maximizing form is
correct in the abbreviated system but in which the solution contains a

"shorthand” way of storing raw materials, a model originally devised by
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The model is interesting from several

input matrix is singular; and initial stocks exist.

it contains a production lag of one period; the production

The model, slightly revised from its original form, contains three

industries -- motor, steel, and tool -- with initial capacities of 20, 42,

and 6 and initial stocks of 60, 84, 6, respectively.

For ten periods after

the first, 12 motors are allocated to final demand and at the tenth period

after the first, the stockpile level of motors 18 to be maximized.

Figure 11

gives the general form of the model and Figure 12 the numerical values.

Bquntions

Figure 11.
T T T ’ ‘Activities : -
04w wi% G o wn 4y “3|"""Ho€ojg o | fu
4 [-A B I
¢y I 1
t |1 1 A B I
o -1 I 1
f, I I |4 I
oY -1 ~I I I ,
; l T TN S
g . T 1 =

To MAX the level of thervtcr component of

’11;
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Figure 12.
X i ,_jl N . l 4 ‘
1
b - | ke g t § be -~
Q [o) - (o] (o]
49 + +» +»
i 8 2|3 %8 % |3 g 5 4GB 1
— L =
l Notor - & 7=T -1 ]
-8, | Steel - 84 |F1. 1.2 |1 -3 -2 1
Toal - 6 -3 -6 -2 -1 ,,
e eeme meS S — ~ 4 P ..-.*; c 5 —_— - f
L}
Motor 20 (|1 1 |
!
cl Steel 42 1l l :
Tool. 6 1 1
N
Motor 12 ||1 1 |
fl Steel 0 1l 1l .
Tool 0 1l 1l
- Mo:or 20 -1
¢, | Steel 42 -1
Tool 6 -1 i L
0 i L
1 — K
v ]
£.af, = 9] forallt
! 0 e .

We make the prescribed eliminations on the model in Figure 11 to obtain

Figure 13; from Figure 13, we consider only the first set of equations in

each time period, and by adding certain combinations of the rows we obtain

Figure 14.
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Activities
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e T VI N
: e . U .
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cl B 4 I -1 I
0% 1 1 I 3 I-I | -1
— - N
Note: ft = fl for all ¢t.
Pigure 14,
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The abbreviated model in Figure lh was run on RAND I.B.M. 701 and
Table 1 below presents the results (the numbers are rounded); Table 2
presents the levels of Xt which are found by solving the second set of

equations in Pigure 13, given the values in Table 1.

Table 1. Table 2.
! '4 st ut xt
b o o~
S ¢4 §° E S g 6 3 ~
Ferlod 19 g ] S [ _2_ Period § 87
Initial ] 608 6| 2042 6
1 2 60 47 1 20 42 6
2 2 68 49 2 242 6
3 2 T8 48 3 2k k2 6
4 2 90 bl L 26 k2 6
5 2 104 38 5 284 6
6 2 120 29 6 30 42 6
7 2 138 17 1 3242 6
8 |1 158 3 3 8 I/ b2 6
9 180 7 9 15 9 35 ba -9
10 203 6 10 35 42
1 226 42

Mex. stock of motors: 226

The abbreviated solution when extended to the entire system turns out
to be infeasible; tool production in the yth period is operating at a level
of -9. Inspection of the level of stockpiles of tools before the 3th period
revedls that in the 7th period the stockpile was zero; hence the stockpile
in period 9 must have been accumulated by direct production in periode 7 and
8. To arrive at a feasible program in the entire system, we need only to
cut production of tools in the 7+h and 8th periods, which will increase the
stockpile of steel and unused capacity of the tool industry, and to change

the level of tool production in the 9th period to zero. Tables 3 and L give
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the corrected levels which are identicel with those found in & solution

vhich was independently computed for the entire system. Employing William
Orchard-Hays' Simplex Code for the I.B.M. 701, the abbreviated system con-
tained 34 equations plus the maximizing form and took 78 iteratioms of the

Simplex routine to arrive at the optimal solution.

Table 3. Table L.

! £ t St Ye | 2

| ! L

| [ 9 e [ 9] 1 - &

1§ %9 8%83]8 %3 § 17
Pericd | £ & 3 2 & g = ?§ § _ Period g-_::f g_ﬂ
Initial OBY 6 |20 L2 6 !

1 2 60 L7 L 2™ k2 ¢
> 5 68 L7 2 |2 W 6
A 5 % Lk L 1 26 L2 6
s |2 104 38 5 |8 k6
¢ = 120 29 6 '| 30 L2 6
T 2 138 20 3 Il 32 k2 3
8 1 158 1 6 | 8 b b2
11 1'226 L2 -

Max. stock of motors: 226
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Models in this paper heve employed both flov and capital building
mtrices vhich were square and of dimension m. m being the number of
industries to be studied. Oftentimes in economic models there are linear
relationships which must be satisfied other than those already included,
such as labor or land input restrictions. In the case of labor. for
example, there may be associated labor inputs with the production activ-

ities X, and building activities 11 and the labor supply may have an

t

upper bound to be observed for each t. In the camplete model, such as

the one which esppears in Figure L. the additional input restrictions may

be taken care of by simply adding new labor equations. Certain difficulties

may arise if one desires to utilize the abbreviated system proposed in

this appendix when the model takes into account such input limitations.
Consider the model in Figure 4 with the following additions to allow,

say. for labor supply restrictions. In cach period the labor supply is

denoted by the column vector sw(t)' The row vectors Wy and Yl denote

the labor requirements to operate the activities Xt and ‘l;. In cach

period there is an additional activity uw(t) denoting surplus labor

(unemployment). The model now appears as in Figure 15.

Equations

Activities Figure 15.
X, 4o vy ) % Lo % W) _i_’fg___‘/g, °3 Yw(3) ™3 J
171 (I-A) -B -I
Bar) |Mx ¢ 7
1 1
1 (I-A) -B -I
- w(2) -wx -ﬁ, -1
-1 I I
I (I-A)-B -I
v(3) Yy Y 2
-I -1 I I
T e — -
| N
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The previous method of eliminating the variables Xt in the first
sct of equations can also be used to climinate the labor input coefficients
vyt multiply the capacity equations by wx and add the result to the labor
restriction equation. The result of all elimination operations is found

in Figure 16.
Figure 10.
Activities
R ) Y e Lo sawe) v X5 & sy vy |7
(£,-5))-(T-A)g] -B -I -(1-0
\vrxc1 -Sv( 1) -V‘," -1 L%
¢ i I
1‘2-(I-A)c1 (1-A) T -B I -(I-A)
chl -Sv( 2) -Vx -\f‘e -1 Vx
¢ -I I I
f3-(I-A)c1 (1-A) (I-A) I -B -I -(1-A)
¥x¢1 °Sw( 3) Wy “Vyx -w /4 -1l vx
cy -I B 1 I
) ] N A"

Now as before we can consider an ebbreviated model containing only
the usual first set of equations in each time period nplus the labor restric-
tion equations.

Notice that labor is e "cross™ between & stock variable and a capacity
variasble. It bebaves somevhat like a stock since production and 'building
activities use labor as an input, i.e., unlike a particular kind of capacity,
labor is a cammodity which i6 used in more than one productive or building
activity. On the other hand, labor behsves somewhat like a capacity since

unused labor cannot be stored for use in later periods, It is the latter
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aspect of labor (or land) that may cause a solution in the abbreviated
model to be infeasible in the entire system.

We have observed that if in the abbreviated system of a model without
e labor (land) restriction, some components of X, are ncgative and the
negativity has arisen from the model's using a shorthand method of storing
inputs, then an easy correction of the abbreviated system can be made
which restores feasibility in the entire model. The correction involves
not producing goods for stockpiles (which arc subsequently used up by
reversing the productive activity), and saving the inputs until later
periods. In a model containing labor input restrictions. a negative
component of some Xt*, if corrected as before, releases labor in earlier
periods but this labor is not ctorable until t* when it is needed. If
uw(t*) is sufficiently large to satisfy the demand for labor created by
setting the negative compcnent of Xt. to zero, then the correction yields
e feasible and optimal program for the entire system; i.e.. as before, raw
material inputs are stored from carlier pericds until t* and unemployment
in t* falls. HNote that uu(t*) may actually consist of the labor "produced®
by opereting the component of X , at a negative level. If uv(t*) is not
sufficiently large to meet the new labor demands then even though it may
be possible to devise a feasible program productionwise, the program is
not feasible laborwise and the abbreviated salution must be "cleaned up"”

by thc Dual Simplex Algcrithn.
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APPEIDIX B

1. Derivation of formula (6) on page 11.

11 p = C - C,, fromequaticn (2)

i [t+1 t] L tel " Yt * [ : [/';* [t-lil from (5)

Hence

[ [_t+1 tl "'“ul'“tJ &
AN L(ftl'Bt*Bjtu Y (ft'st-l"34"st)]

. + [ut+l = ut] or
I_(I'A)-l B"IJ Zt - (1 { [(ful - sp) - (fy - st-l)1 * Bzul

|
+ (s - 8) f + [“tu - “t]
Thus, assuming I:(I-J\).l B+ I__] 1 exists,
A, - [(I-A\)'l Bl 'I[I-A:] & {[:(rM - 5,) - (£, -5, )]
+ B[

| -1 =) E
tol ¥ (8 - st)J, + [(I-A) mx] Lum - utj

Now
o B S r s = T o - ) -
[(I-A)la+r| it lxjix-Al L(I-A)lB+I} 1

- [p+ [T-A =L ’

-
Hence

[(I-A) +B] = {[(ful -8,) - (£, -5, )] + B[i L

l 7=l 1
+ (8t+l - st)} ’.(I-A) + 1| :‘ Uy, - ut_!
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II. Equivelence of difference equati.r and 1 near jr grarmiig m dels.
We shall derive fr n ti.e most gerneral linear pr gramming m del.
Figire 1. the relationship (6). Assume as in Figure 2 (I-A)t (1-A) £ r
all t ; then for any per -4 t. multiply *he first set ~f equaticns by

(I-A)-l and subtract the product from the second set:

,éi R -1
~ ("(I A) " sy g

L(t1)-

(1) ¢, - (I-A)'1 (rt - S,

Y= - L
+ (I-A)’l BY (I-A)'l s, + u,.

t t t

Increase the t index in (1) by 1 and subtract (1) from the equatiorn

in t+l:
-1
@ [fa-c] =[] !wtd-sm)-wt-sa} :
L
G t-1
- -1
i -E ooz Jé* L Lraa).r “peiI-8) [ t  St-l ]

ar
]
. (. 1+ [ ;
[(I-A) B+1Ij .ZL = Lo -y + I-AJ ] (ft+l =S, st)
(3) l t-1
) A+ _ - ! by - j | -a
sl Lyl cawtee,
}
a T i
G &S b P [ut¢l |

Now the model iv Fi,nire 2 als. assumes:

Ct Ct+l *1 for A1l t.
I, -1 frall t.

, e . sildie o S 5 |
S, =0 for t 1 [ L .
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Also assuming [ (I-A).l B+ 1 ] exists, (3) simplifies to

[t = [(I-A) + B] -1 {[(ft+l = st) = (ft - St-l)] + B jt+1. + (s“’1 - st)}

+ l:(]I-A)-1 B+ I] * (u -u,)

t+l t
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