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SUltMRY 

\ 

This paper presents a general <3ynaalc nodel of an econoay 

and atteamts to answer a nuriber of questions dealing, for example, 

with the feasibility of certain tiae profiles of deaand, the rate 

of substitution between econoaic aetiwlties taking place in dif- 

ferent tiae periods, economic growth, and industrial cycles; 

undoubtedly there are nany aore applloatioos of the general 

■odd.   The solutions to the questions inrolve the application 

of linear prograaaing to a standard Leootief input-output flow 

■ttrix and a capital building astrlx.    In addition the paper 

proposes a aethod which is designed to reduce coaputation tiae 

considerably. C } 

_        —       * - 
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A LMMj PW0QIUHCI1IS 80LOTI0« TO PYHAMIC LKOWTIKr TYPE MODELg 

Harrey N. Uagner 

i.  zmiGDucnoR 

Much reMMreb hts been uaderteken in the pest several years en the 

uses of Leontlef Input-output aatrloes; applications have been made ranging 

from industrial grovtb models to nodels of Interregional dynamics to estl- 

■ates of structural changes in the economy £\/, CH* "^ CÜ-   Thl8 P^P61* 

discusses a gneral linear prograamlng formulation of Leontlef type re- 

lationships. 

We SSSUM that for any tlse period t under consideration, ve have 

a standard ■ dlnenslonal input-output aatrix of flew coefficients (l-A)t 

Kbose J-th coliani represents the inputs froa each of m industries needed 

to produce a unit of the j-th industry's output; ve assume available a 

capital coefficient aatrix B «hose J-th coluon indicates the Inputs needed 

fro« eaoh of the « industries to produce a unit of additional capacity for 

the J-th industry.   The economy nay produce for final deasnd in a given 

period (which is comprised of eonsunption and export activities), osy 
* 

build additicoal capacity which is then available at later periods, and 

■qr create stockpiles vhlch may be used to meet final demand or Investment 

requlremsats in subsequent periods. The activities of the econoqy are to 

be pi iigia—il for T time periods. 

The author is indebted to Fred T. Moore for suggesting the basic 
problem and asny of its applications, and to George B. Denttlg for 
clarifying May aspects of the linear programing technique. 
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3am questlo&f we My Mk of the eeononle aodel are: 

1. Does a program exist «hieb Beete e specific set of flael IISMIIIIB 

over the T time periodsT   If so, Is there en optlml progren eetlsfying 

the schedule of floel ft—tof   If not, «hat ere the bottlenecks?   Whet 

capacities or stocks are In short supply? 

2. If the ecoocny gives up units of final denand In soae period, 

that can be 0alned In the «ay of Increases In production for final ilsaiiii! 

la later periods?   What Is an •optlaum* program for building up future 

productive capacity using present productive capacities? 

3*   Hov are our answers quantitatively or qualitatively affected by 

the nuaber of time periods considered? 

The model below Is sn attempt to solve these and other related 

questions.   The next section describee the general characteristics of the 

model and subsequent sections discuss specific applications and possible 

modifications. 

n.   GBBRAL FCWfJIATIOII 

A.   The Linear Prograasing Model 

Consider the economr over the time periods t « 1, 2, ..., T.   In each 

time period the flow structure of the eccaumv is represented by a familiar 

Leontief m dimensional matrix (l^0t — later In the paper, for the purpose 

of simplification, the subscript t will be dropped» but all of the analyses 

la this paper can take advantage of an (I-A) oatrix which changes over tins. 

Ve also have available an m dimensional square matrix of capital 

coefficients B.   B is a matrix of non-negative nunfcers in which the J-th 

coluaD represents the inputs from each industry needed to build an additional 

—. 
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mit of oapMity for tho J-th InAustiy. If a it Urf» and thorofore the 

ifwiit of twntiaa la B it wmll,  certain rovs of B My bo coqpoood 

•atlvoly of Mroo (iadioatiag that aoaa iaAuatriea do not food Into any 

laduatrr'a bwlldlna prooaaa). For thia roaaon, B* cannot ba aaauwd to 

ft daaotaa a tactor of final fl—ml raqulrad In tlaa period t; ft 

laoivdaa dralaa for private and public conauaptloo, «xporta, exosenoua 

addltloaa to Invaatorlaa and anofnoua capacity building.-^ We define an 

aaogwoita aimnit of lureatant aa the level deteralned by factors outalde 

the nodal — the aodal Itself detendaes the levels of Inventories and 

capacity building nsadad In addition to enoganous Inveafant to Met final 

dMMd raq^lxaaanta. Zt la eavlsagsd that «ost particular applications 

of the Mdel viU daalgMte tero levels for exogsoous Investaent. 

8t repreaants a vector of aiDganw stocks vhleb are aade available 

in tiM period t fro« the enogenoua Inventory building which took place 

la period t • 1 (a part of f *« )* &*  !• the vector of Initial stockpiles. 

et la a vector of awg—M capacities for all industries, c. Is 

the initial capacity status of each Industry; for t > 1, ct nay take into 

account dspreoiatloo of the capacity e.; also for t > 1» ct takes into account 

aagr I^# > 0, ahare t* < t, that la, capacity built by exogenous ccmsldcra-       | 

tloas la earlier periods. 

The vector X» represents the production levels of each of the a 

iadustrles in period t. 

lbs vector -<t specifies the levels of non-exogsnems capacity building 

-'Letting 1^ be an a cduM vector of exogenous capacity building, then 

I 

HL is the aaowat of goods required frcoi the a industries for this investaent. 
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ln period t (i.e., cepeclty building which the progm itself detlgnstet). 

The vector s. specifies the levels of non-exogenous stockpiling In period t 

(i.e., stockpiling which the program Itself designates). 

The vector u. specifies the levels of unused or surplus capacity In period t. 

Z denotes an m dimensional square unit natrlx (l 's along the aaln diagonal 

and zeros elsevhere). 

Z+ denotes an m diaensional square aatrix of non-negative eleoents which 

are leas than or equal to 1 along the aaln diagonal and sero elsewhere. A further 

explanation of this aatrix appears below. 

It Is required that 

ft, 8t, ct, Xt, st, V 4 "  0 

The linear yep—lag models'is then: 

Figure 1. 

I 'i A "i "i 
m 1.  ■ i B—— 

Activities 

^   ^2   »2   ^   X3 A     '3     ^ 'l-l    ^     T   ^T     ^ 

*& 

■•    f -8 j   r3^3 
r   c, 

fT^ 

(1^ -B   -I 

I Z 

-Z 

-h 

-^ 

(Z^)2 -B    -Z 

-Z 

s. i 

(I-A^-B    -Z 

Z Z 

'^-k 

(Z-A)T-B  -Z 

• • • • | 

-'There are, of course, equivalent formulations, s 
convenient to handle coeputattonally.    The one above was 

only. 

of which nay be more 
chosen for expository 

--wiMMnkM*.«» 
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Tte ■oAtl In rifurt 1 it prtibtibly "too gtotml* for any psrtlculmr 

appllastlon.   fiMjilit of poMibl« •l^pIificatiOBa are:   all (X-A)t are 

idaatlcal; all ct are equal to c, , I.e., depreciation and exogenoua inveet- 

■ut art eliaiaated; all St (except perb^pa 8.) are equal to zero, i.e., 

twuMMiit ttockpiling it eliaiaated; finally all Z^ are equal to the 

identity natrix Z.   Actually It will differ from Z if depreciation on 

tndogtnout capacity building it to be taten into account. 

Tkt tyttea of equatloot ttatet that in each tiat period, draint for 

final daand f^, capacity building ^, and ttod^iling tt, which are not 

tatltfied by axlttlag ttockpilet, art net by actual production in the m 

ia&uttriet at the level L*   Ihe progrtm require! that the operation levels 

X» «utt not exceed axofnout capacity c^ plut tay capacity built up endo- 

ftaeutly in previout period*. 

The eqpmticnt for the latt tint period are toaevhat flexible.   In 

Figure 1 they appear In a fern which parallelt earlier periods.    In specific 

applicationt, activities ay be added or reaoved. 

If we aaauae 

S " ct rcr lkU- * 

8t • 0 f or t > 1 

(ZWl)t - (I-A^ - (I-A) for aU t 

the nodal in Figure 1 etn be rewritten in the following neat foral 

^ 
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■oto thftt «hi aoteU la Pifarts 1 MA 2 «rt of block trUaguUr fon £ij. 

UNAUJ LMstief aodels %M»mm ttet the production of period t Is 

«Mdlakle to mXiMtf mm fiMl Aannd roquiii—nts la period t j la other 

vords, there is ueuelly ao tlae lee aeoeeeasr \>eUeeu production end con- 

w^tlia (there le e ont period let la eepeclty building ectlrltles — see 

Section XXZ.C).   It Is relatlvelj simple to Introduce, say, a one period 

lag la production for fiasi deaad; Figure 3 Is a nodlfloatlon of Figure 2 

■hevlBg hoe the lag Is Introduced.   Also the effect of capacity building 

WBf be lagpd lengii thna one period, end If this Is the case, the corre- 

•poadlag rmliiis of the Identity aatrlx reprstentlng the result of capacity 

bulldlag any be aonred dova several periods.   Farther aodlflcatloas sppeer 

la euteeq^nt sections. 

The grasrallsed aodel consists of 2tf equations and Shout Iwff 

setlvltlss, ilepertllnj en the ectlrltles present la the last period sad 

those, If mag, uhlch al^t be eddsd to earlier periods.   Za short se new 

have a dyanalc LaoBtlef type aodel la terns of a set of equations con- 

^■^ aore unknovns than the «after of etuatlons.   Hence one approach 

to the eolutlon of the systsa Is through linear progreaalag. 

-~mm 
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B. At Difftrrtnce SquatloB Nod«! 

Tte IlBMr progrMHlat «odtl M it vppmn in Flaar» 2 tef •& eatct 

ivpvtMBtatloa «f a Mt of dlffereac« equation« and in this fon levcral 

prcpartlet of tht ayataa beeoat apparent. We uae the seae Dotation as the 

prerioua aaetion la describing the difference equations. In addition, Ft 

denotes the ▼ector of goods which the econo^r requires froa the a Industries, 

not Including the interindustry flovst 

«) 't • ft ♦ B^ ♦ .t - «t.!   (»o'V 

Ho» Ft - (I.A)Xt or 

la any tine period the capacity level C. is the SUB of the capacity 

level existing in the previous period sad say increase in capacity which 

was undertaken in the previous period:        t . 

(2) Ct.Ct.1+^ «r Ct"«!*     ^   A 

By definition, unused capacity la a period is the difference between 

available capacity and the capacity used up for productloat 

(3) Pt - Sfc - ^ 

Analogous to the linear pmgrsiing model, it is required that 

w ff w v vA- 0 

The restriction in (U) end the Identity (3) iaply that production aay 

not eaoeed capacity availsble. 

fro« the system of equations we derive two relationships. The first 

is trivial 

(5) -^t " Vl * Vl * Ct **** (2) ftnd (3) 

k second less trivial fonaila for ^ is 
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(6) 

The derlvstion of (6) aay be found in Appendix B and assvaeee the 

«aftence ef [^(I-A)"1 B*X J "1. 

As !• also shewn In Appendix B, (6) Is exactly eqiilTalent to the 

relationship implicit in the model in Figure 2. From (6) it is evident 

that new capacity building in time t is a function of the difference of 

the final demands not fulfilled by existing stockpiles, the difference in 

stockpiling, and the difference in unused capacities between period t and 

t+l, and new capacity building in period t-fl. 

The requirement that -/ = 0 has certain interesting consequences. 

Although it is well known that (l-A)" contains only non-negative elenents, 

it probably is not true that L(I-A) ■♦■ BJ ' has only non-negative elements. 

Suppose, for example, that the J-th column of ["(^-A) ♦ B]| * contains 

some negative entries. Assume for the moment that 

(7) vi - •% ■ 4*i • it*i - 8t - ^i - ^»0- 
ftov if the ctAvam vector (f^ - ft) eoatalas a I U the j-th position 

and seros elsewhere, (6) Implies that negative levels of capacity building 

are to take place, which Is contrary to the requirement £.  * 0. Another 

way of stating the hypothesis Is that If an increase of one unit of final 

demand in a single industry Is «anted — stocks and unused capacity to 

remain unchanged and no building to take place in future periods — then 

the model indicates to destroy capacity. This type of infeaaibillty act ally 

stems from all the assumptions In (?)• The explanation in economic terms 

is that negative numbers in the matrix I (I-A) + B | ' mean a unit Increase 

In final demand in period t •*- 1 is feasible only by depleting stockpiles 
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or by creating new e«c<ii cmpaclty In cone inductrlet.    Hence if the 

InerenM la flntl i—afl 1* to be feasible, ell of the zero equalities 

cannot hold la (7); surplus capacity or stockpile levels aust change. 

finally notice that the level of capacity building in tine t depends 

both on what happens in tine t 4- 1 and also on «hat happened in tine t - 1. 

Specifically, had additional capacity been built (increasing u.) or mer- 

chandise been stockpiled before t (increasing B+ ,), then capacity building 

d—ail oa period t could possibly be eased; siallarly investnent daaaada 

in period t ♦ 1 say cause production in t in addition to that for f+ and 

s*.   Because of both the forward and backward effects of the different 

activities, a search for a feasible solution to a given set of ft's might 

be very difficult using the dlffern*» equation aethod directly.   By eaploy- 

ing linear prognunaing and the slaplex method..   | 1J   , searching for a 

feasible sdutlon asy becoae relatively easier. 

Ve shall now take up several different applications of the dynamic 

aodel aad indicate the method of solution. 

nx.  riAflXBXLmr NGBKLB 

Aa the aase laplles, a feasibility aodel deals with the question of 

finding progrsas of industrial output for the ecoooev which meet a schedule 

of required deauds.   Figure k is another illustration of the general aodel 

In which 

etmel f or aU t 

8t-0 for t >1 

h'1 for all t 

(1-A)t - (1^ - (I-A) for all t. 

■i   mu 
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AB laspeetloB of the aodel rmils that If ^ ■ (l-A)'1 ft - Xt 

^7 ^  ♦ tbn «MSlbUlty 1» obrloutly possible. Also If ^ ? (I-A) (*i~\) 

tkta fewlbUity it not possible. The ease la which (l-A)"1 ft , for t > 1, 

■«ssfls the laltlsl oapeclty c. presents the reel problsn for It Is then the 

■oft he ehle either to stoeksOe u earlier periedi or to buUd oepeclty. 

Also It Should be observed that In a Lerntief system It is not always 

possible to completely utilize capacity In every industry by high production 

levels. This fact Is aade obvious by considering an economy in which 

Initially all capacity Is being used and then suddenly new capacity is created 

In one Industry whose production depends on raw materials from other in- 

dustries. The new capacity will go unused for an increase in production 

In this industry requires inputs from other industries which already operate 

at full capacity levels. Thus (l-A) c. « f  may be infeasible. I.e., f 

asy not contain only non-negative elements. 

flMUjr it *MU ha aeM thet If la any ptriot tht veeter (st ♦ ut) 

ceatalas strictly poeltlve eo^poaents, then final demand in any Industry can 

he Increased by soae aaount. Even If seas eoaqpooents are cero, final demand 

la ea Industry having corresponding zeros In Its coluaa of (I-A)' may be 

A. 

The'sl^lest* feasibility model Is a designation of T vectors of ft to 

he aet gton initial capacity c., and stockpile &; a Unser programalng 

teehaique Is to be saployed to find a feasible solution.   As is usual In 

lineer prep—lag problene, a feasible solution nay not be unique. 

Zt is easy to go one step further end try to find soee sort of •best" 

feasible selutioa.   for exsaple, a nsnpower input figure asy be aesociated 
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vltb each productlv» activity; the "beit" solution nay then be defined as 

the solution vhlch odniaixes aaopover input. Or a dollar revenue figure 

■a/ be attached to SCBM of the activity vectors and then the solution vhlch 

■udaltcs revenue is defined as optimL. 

Another variant is oaxlmlzing the level at which a particular activity 

is employed (or a cosiblnatlon of levels at vhlch particular activities are 

employed). 

As a first illustration, consider the recent attack for solving 

feasibility problens through stages, starting at a trivially feasible pro- 

gram of f. 's and then successively Increasing the levels of some of the 

cosrponents of the f+'s until infeasibility occurs. Such a procedure lapliee 

to Bams extent a preference ordering vhlch determines at one feasible 

solution what it is desirable to add next to the requirements. An approach 

to this problem by linear prognunlng is to begin with a trivially feasible 

solution and select what cosaponent of an ft, say that in the 1-th industry, 

is to be increased. A vector is added to the activities with a minus one 

in the l-th position of the chosen period; a price of 1 is placed on this 

vector, all other vectors having a price of sero. By maxladting "profit" 

in the linear prograaaing sense**/we accordingly find the m^—'F level at 

which the new vector can operate without destroying feasibility. We msy 

then increase the level of the i-th industry in the chosen period by an 

amount not exceeding the mavlwi found, and search for the maxliann amount 

by which we can increase output of the next selected industry in some 

chosen time period. 

*  Let X denote the column vector of levels at which all activities 
operate in a feasible program and let p denote a row vector of prices 
associated with each activity; then px is defined as the profit of the 
program. 
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Btewae of the utual tite of such linear progrtadng problem, it does 

not 9mm lUtely ttet in the early stagec one would enploy this aethod by 

aerely Uposlag inereaees in ilngle coHponents of ft at each try. Increases 

by *juva* rather than "steps" vould seem to be more practical. The dcterml- 

■atlon of "Jiova* is fseilitated by the rigidity of the input-output re- 

laticnshlps. In gsneral, if we find sg^ vector v (i.e., not asrely a vector 

with only s single noo-tero eleaent) can be introduced at a certain level a 

at tine period t*, then we know fro« the caluans of the nstrix (I-A)' how 

■ueh we een increase different coaponents of f.#, viz., letting f.# represent 

our desired increases in ft#, the increases are feasible as long as (l-A)" ft# 

is ctayaasntwise less than or. 

Hence In the earlier "juaps" we aig^t select a coqposite vector v 

(whieh aay even extend across different tine periods) which is to be Intro- 

duced at a mudmm level. For exnple, if it is desirable to increase the 

output of three Industries in a particular tine period t*,  and the increases 

are to occur In a certain proportion, a cooposite vector which is the sun 

of the corrstpooding vectors in (l-A)* , weighted according to the specified 

proportions, aay be introduced as an additional activity for period t*. 

Then the linsar prograaalng problea is to aaxinize the level of this 

cc^osite activity. 

A drawback on the above approach is that after deteraining the aaxlauB 

level at wh.d) the cooposite activity aay be introduced and the corresponding 

co^ooents of t.  are accordingly Increased, it asy still be possible to 

further introduce at a positive level a composite activity which is the 

weighted average of fewer coluaos of (l-A)* . When this aspect becomes a 

drawback, the process aust go bach to working in "steps*. 

.-».*«■.... - 
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A »ccoDd UluBtmtlon of the problem of aaxljnlzlng the level et which 

a particular actirlty Is employed 1B found In the real« of military plan- 

niag.    Suppose fovenasnt planners, after having determined a minlmm 

level of f. to be allocated to civilian consumption, wish to utilize the 

lining resources of the econooy so as to maximize the amount of munitions 

production possible.    Let the activity of munitions production be repre- 

sented by a vector bundle of inputs needed from each industry.   Then this 

activity msy be Introduced in each period and the linear progreiaaing tech- 

nique can be used to answer certain maximization problems.    If planners 

are only Interested in obtaining the mudmm amount of the munitions mix 

over the T time periods, the problem is solved by putting a unit price on 

the munltlotts activity, which then need only be Introduced in the last 

period, and by maximizing the level at uhich the activity operates.    If 

it la not simply the total amount of the munitions mix over T periods 

which la to be maximized because of different time evaluations of nmitions, 

the planners most place relative prices ou units of the munitions bundle 

available in different time periods (i.e., oust set a discount rate over 

time for munitions) and then maximize profit in the linear programming 

acnae.    Note that the requirement of having to price a certain activity 

in different time periods is not a weakness in the linear programming 

approach but is inherent in the problem Itself.    In most cases, an increase 

In cooauaqptlon at one period Implies a decrease in the potential level of 

consumption in later periods because of the Interrelations among the 

activities over time.   A condition that the vector representing the 

munitions bundle operate in each period at some mlnlaam level can of 

course be easily handled by incorporating this minimal demand into the 

f^ vector requirements. 
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AB S third llluBtmtloo one ml^ht be Interested In «utlaltlng the 

operating capacity or level of a ttockpUe of a certain Industry at the 

end of T tine periods. If the capacity of Industry J at tiae T is to be 

as large as possible, the linear programing problem is set up by putting 

a unit price on the J-th colunn of B in every period and then oaxlaizlng 

the profit. If capacity created in cue period is aore vmluablc then capacity 

created in another period, Instead of a unit price being placed on the vector 

in B for all tine periods, a price should be affixed vhlcb corresponds to 

the tiae evaluation of capacity. A similar approach is used to naxinise 

the final aaount of a stockpile (a positive price Is placed on the desired 

stoekplliag vector in the final period). If capacities (or stockpiles) in 

several Industries are to be "■axiaised" a problem analogous to that of   , 

munitions production arises, vis., relative prices must be placed on units 

of capacity (or stocks) in the different industries. Since it is likely 

that building units of one type capacity drains resources which could be 

used for building units of another type of capacity, it is not possible 

to solve the problems of Increasing capacity in several industries inde- 

pendently; relative evaluations of capacity must be made to arrive at a 

"maxlwB* solution. 

As a fourth sample we might consider vazying levels of f». There 

are several possible formulations of this problem: consider the case of 

not making any specifications sbout f* but including in every tins period 

for each indurtry a unit vector activity vhose operating level represents 

the drainage for final demand in that industry, lach of these vectors is 

given a price and the linear programing problem as usual is to aaxlaise 

profit. This formulation does net seem too useful because it nay turn 

out that some components of f+ are sero for certain time periods. Another 
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«pproftch vould be to specify alnlaui req,uir««ente (haadled in the seae 

■HMr M « specified ft) end to ■exlmite profit by pricing the unit 

teetore according to the values of cc^ponentviee increases in ft over 

the «tala— specificatlone. But even this forailfttion has the difficulty 

of needing to decide vegan relative prices for each unit vector. To over- 

coae this difficulty, one aigto introduce a single vector representing a 

product nix for coosuqptlon In the civilian sector; the method of solution 

of the problea nov is identical vlth that for the Eunitlons nix. 

As a final exaapLe let us exsnine the capacity aspect of feasibility 

nodels. Suppose a given set of final deoands f. are required and it is 

desired to kncur the "nlnlauB" snount of capacity needed to attain the final 

d—ad schedule, i.e., to find a "nlnlmanf c, vector which assures feasi- 

bility. The quotations marks on «lai— indicate that there are many 

vectors of capacity vhleh assure feasibility but probably no vector which 

is coaqpooentvlse less than or equal to any other feasibility producing 

vector; in other words, it probably is the case that a unit more of one 

type of capacity and a units less of another type of capacity are substi- 

tutahle Insofar aa feasibility is concerned. Hence relative prices on 

capacities are needed to obtain a "ntnlrmwi*. In this example, Figure k 

is altered to have a zero vector in place of the c, vector and a new 

vectors are Introduced: the j-th vector has a -1 in the J-th position 

of the capacity equations of each tins period and zero's elsewhere. 

from a planner's point of view, it is probably not of mich Interest 

to kno* a "minltma* aaount of capacity needed for feasibility of a certain 

set of final demands, but rather the "rnlnlf* amount of Increase over 

existing capacity which is needed. For example the government, desiring 

that a certain schedule of ft 's be feasible if the econow Is placed in 



», irlJtes to knov bov sieh capacity la additioa to that which exists 

should be Vullt la a prewar ■ofcUlsatloa period.   A Hdnlwa" criterion 

for building of new capacity Bl^it be easier to define la this case, I.e., 

relatlw« prices on capacity building algbt be easier to dctcmine. 

B.   HusMrlcal SdLutloas 

The aetbod by which a fsaerallinear prngrailng problem is solved 

is well known sod therefore Shall not be repeated here /~l7>   The laportant 

restrletlai factor la the solution of large scale problens by high speed 

computing aaehlaery is usually the mnfcer of equations to be satisfied in 

the system, i.e., the nuriber of rows in the linear prograanlng aatrix.   A 

ecaputational rule of thai) is doubling the nuaber of equations in a problem 

cosgRitlng tine el^itfold.   As has been noted, the general linear 

aodel in this paper contains 2aB equations.   This section dis- 

cusses a suggested fonsulation which reduces the aodel to only aff equations. 

First suppose we consider a aodel which has no stockpiling activities. 

Then a vector ft which has strictly positive elanants is satlsf^e l by 

(l-A)X^ where 3^ is strictly positive.   The difference equation representa- 

tion of the Figure U nodal without any initial stockpiles or stockpiling 

activities is 

(8) ft - (I-A)^ -B-^ 

(9) Ct - ^ ♦ i^ 

(10) ^, U,. -   0     ct, ft > 0 

The restrletloas in (10) and the structure of (l-A) imply in this 

nodal that ^ > 0.   Multiplying (8) by -(l-A)'1 and   adding the result to 

P-AOQ 
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I 

(9)   we get^ 

(U)   ct - (I-A)"1^ = {I*)'1* -{'"t 

Equation (11) states that capacity which Is left over after production 

for final demand has taken place Is allocated between investment activities 

and unused capacity.   The vector (I-A)"   B -^ Is interpreted as the total 

requirenents for all Industries to accospllsh capacity building i^.   We msy 

now set up the corresponding linear programning matrix from (ll) in which 

X.  does not appear explicitly, Figure 5; we also eliminate the X^ by use of 

equation (9) In the maximizing form, and the corresponding solution for this 

id* row matrix will be exactly equivalent to the solution of the original 

2rir row system (without any stockpiling activities) since the only set of 

variables not explicitly appearing in the new system is the Xt and the 

system itself Insures that X. > 0. 

Fifurt 5 

Activities 

c^d^A)*1^ 

I    \-(t*)\ 
|   c^d-A)-1^ 

I 

-I 

-I 

I 

(I-A)"1!* 

-I (I^)"^     I 

sr \ 

-^Siace theresult of the operation has a meaningful interpretation 

economically the author has chosen t# multiply by -(l-A)* . In a general 
problem if (I-A)"1 does not.exist, equation (9) »«y be multiplied by -(I^A) 
ami added to (8) for an aMlogous result. The latter approach in any case 
is probably an easier model computationally to use for it eliminates the 
need for finding tike inverse. The latter approach was suggested by G. B. 
Danttig. 

■ 
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Th» sane type of ellolmtloo can be oade in the general ayatam and 

appears below, bot in the general model with initial stockpiles and stock- 

piling activities there la no autcoatic nechanisxa which insures that the 

solution to the abbreviated system will be exactly equivalent to the solution 

of the «hole system; in other words, it aay turn out that the solution to 

the abbreviated system «ay not satisfy X   »   0.    We shall conalder the 

abbreviated system in further detail. 

We can derive a form for the entire system which is similar to Figure 5 

by multiplying in each time period the final d—wad equations in Figure h 

by - (l-A)"   and adding to the result the capacity equations.*-' 

Figure 6. 

•• 

h   A     -i  "i h 
Actlvlilaa 

4         •a     "2 Xj       ^          sj 

(I-A)"1* (1^)^  I 

I                                    I 

-i  -dwO"1 

-i i 

(I^)'^ (I-A)'1   I 

I 

r 

^.(I-A)"1 f3 -i 

-i 

-i    -(i-A)"1 

-i 

{l-A)'1* il-A)'1 

I 

j i \ \ 

See fn. U. 
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u. 

I 

I 

\ 

The  first set of equations in a tine period states that the sura of 

Initial capacity, previously built capacity, and previous stockpiles not 

used up for final demand production equals the sun of resources allocated 

to capacity building, new stockpiling, and slack capacity; thus the first 

set of equations is a mixture of capacities and stockpiles — such a mixture 

is sensible from the point of view that consuraption demands may be met from 

either stockpiles or current production. The second set cf equations repre- 

sents the ordinary capacity relationships. 

We vill distinguish two cases for the linear form, the first being a 

special type but with wide application, and the second being the most general 

type of linear form. 

1. The maximizing form contains zero coefficients for all X.^. u. , and 

for s., t < T. 

.6/ 
First note that if S, = 0-, the solution to the abbreviated syst'so 

yields the same "maximum" value as the solution to the whole system. If 

on solving for X a single component in a time period appears to be operating 

at a negative level, the corresponding stockpile must have been reduced by 

the same amount, for such a reversal can arise only through depletion of an 

existing stockpile. Since S. = 0. the stockpile must have actually been 

produced in earlier periods. Thus It becomes easy tc correct this type of 

infeasibility: alter the abbreviated program so as not to produce the stock- 

pile; hence the raw material inputs are saved for later use. In the period 

in which the particular component of X was negative, set the component equal 

to zero and the needed raw materials which were previously "produced" by 

running the activity backwards now are available from the inputs saved from 

—ST  
^ Or if initial inventories are to be maintained as minimal stocks 

throughout the system. 
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earlier periods (iee Appendix A). The previous analysis generalizes to the 

more complex ease of several ccoponents of Xt in a time period appearing to 

operate at negative levels. 

Now assume the existence of Initial stockpiles. If the system is such 

that componentwise X » 0 for all t in the optimum program of the smaller 
t 

system, then the smaller system yields the same result as the larger parent 

model. If in period t* the computed program reverses a single activity, 

say, the J-th, by -a, but the J-th Industry before t* has operated in toto 

at least at a level of a,  then the maximizing value found is correct and as 

before a simple adjustment In the program can be made to restore feasibility 

of the whole system. If the J-th industry before t* has not operated in toto 

at least at a level a, then considering only the first set of equations 

yields a truly infeaslble solution in the entire model. 

If in t* the computed program reverses more than a single activity, 

then the industries may have each previously created a stockpile which is 

depleted to meet the required input implied by the negative production 

activity level, and the above procedure for restoring feasibility toy not 

producing the stockpile and saving the inputs is adequate; in the event that 

the Input of one reversed activity is made available from the "output" of 

another reversed activity In t*, it may Involve a more complex analysis to 

determine whether feasibility can be established. 

7/ 2. The aaxlmlzipg form is unrestricted.17 

In the case of a maximizing form not meeting the assumptions of 1. 

above, an abtorevlated system may still be used. The X. variables, solved 

in terms of c, > -^L» and u. by use of the capacity equations in Figure 6, can 

be eliminated in the maximizing form. The elimination will then alter the 

•^The results in this paragraph were pointed out to the author by 
Harry Markcwltz. 



previoue prices on Jt.  auvd u. in the linear form. If on naximizlng the new 

form in the abbreviated system and on solving for X. in the capacity equations 

it turns out that X. » 0, the program is optimal for the entire system. 

It should be noted that since any feasible solution for the larger 

system vill necessarily be feasible In the abbreviated system (the abbrevi- 

ated system was derived from the larger model), the abbreviated system yields 

a result at least as good as the entire system. Unforturately the abbreviated 

system nay yield a ^better" solution than the original in the sense of a 

larger maximum value. The "better* solution occurs through letting some 

components of X». become negative, i.e., the reversal of an economic process 

whose Inputs are actually drawn from stocks which initially exist. Hence 

for a correct solution, the values of X. must be adjusted so that all 

components are non-negative; the adjustment In any particular case may be 

able to be done by sight cr in any case by the Dual Simplex Algorithm /"^Z- 

The question of desirability of using the abbreviated system hinges on whether 

the X. will all come out non-negative and If not whether the effort involved 

In "cleaning up" the solution by sight or by the Dual Simplex Algorithm Is 

greater than that needed to arrive at a direct solution of the larger model. 

If in most models containing Initial stodcpiles the requirements of 

ft are sufficiently large or the econocic processes are not reversed because 

of the initial stocks so that each Industry operates at a non-negative level, 

then the abbreviated system yields a significant reduction in expected 

computation time. 
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C. A Static Model 

Fred T. Moore baa suftgeoted e static version of the general model which 

exnlnes feasibility of a single vector of final d—uads f. The model 

specifies vectors of final demand f, existing capacity C, and existing stocks 

6 for Just a single period to be considered. If f is so large as to require 

in at least one Industry more resources than the available stocks and capacity, 

then new capacity must be built and ve assume that this capacity is available 

in the same period. But the activity of building new capacity requires the 

further use of stocks and capacity, hence employing a building activity uses 

up some available resources and may create new bottlenecks which subsequently 

must be eliminated. Thus the problem resolves in whether the feedback 

generated will ultimately subside. Tigere 7 lllustfates the model. 

Activities 
X             ^ u 

Figure 7. 

§ f-S 

c 

(I-A)          -B 

I              -I I 

Transforming the model as we did earlier In this section we have 

Activities 

JL 

Figure 8. 

u 

8 (Mi-ÄrMf-s) 
c 

(I-A^B-I 

-I 

I 

I 
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Flrat note that If say the J-tb coaponent on the left-hand side of 

the first set of equations is negative and the J-th position of the J-th 

coltom of I (l-A)"1 B-I is not negative, then the vector f is infeaslblc. 

The ecanomic Interpretation of the non-appearance of a negative entry is 

that .it takes In toto more than one unit of capacity In the J-th Industry 

to increase capacity of the J-th Industry by one unit; if such a condition 

occurs then obviously a program requiring building capacity in the J-th 

Industry vould not be feasible since building a unit of capacity in an 

industry whose capacity is in short supply takes a > 1  units of capacity 

and to build a it takes 0 > a units of capacity, etc.. the process never 

coBvtrfiog. 

The slaplex aetbod m& be used to test out feasibility of such a model. 

Appending an additional set of activities might produce nore useful results. 

Any schedule of f is feasible if irt>orting is allowed -- in aathenatical 

terms, if we add the vector of activities M, importing, which appends an 

identity matrix to the first set of equations in Figure 7 and in Figure 8 

appends -(l-A)" to the first set cf equations, we guarantee the existence 

of feasibility (see also Section V). We choose a vector of import costs 

corresponding to the activities M and employ the linear protTanming tech- 

nique to minimize total costs. If f is feasible in a closed economy, no 

importing will take place (cost is zero); otherwise the resulting program 

will indicate which of the imports are necessary (of course, the amounts will 

depend partly on their relative prices). 

The computational method suggested above in B. of considering only 

the first set of equations can also be employed here. In this case a 

variant on Figure 8 is suggested in which the X activities are eliminated 

by use of a transformation with (I-A) rather than (I-A)  (see note h). 
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(f-f) - (I-A)C 

C 

Figure 9. 

AetlTltles 
JL 

(I-A)-B 

-I 

-(I-A) 

I 
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iv.   lun or suBSTTTifnoN (« TMSB err) NCDKLS 

Ecoooolsts are often interested In the general question of «hat is 

the trade-off between different production actlvlties, i.e., by how auch 

can the Isnrel of one econonlc aetlrity^be raised fron the resources need 

by lowering the level of another activity. For exaople, in a given year 

one My want to know how auch additional petroleum can be produced if the 

production of coal is cut by a ton? Or one asy wish to know whether a one 

ton reduction in steel production in a year can free raw aaterials and 

capacity so as to allow for the production of more than one ton of steel 

in following years. Consideratloos of this type will be grouped under the 

category of substitution models; we shall next indicate how the general 

linear progrsamlng model set forth in Section II can be employed to find 

rates of substitution smoog economic activities. 

A nearly trivial problem is finding the rate of substitution between 

activities in the same time period. Since the J-th column, say, of (l-A) 

ladioataa tte |—I of raaoureai from «vary laduttrjr naadad for a unit of 

production for final deaand of the J-th industry, knowing the final demand 

to be decreased, ve know the resources freed In each Industry, and knowing 

-1 

IT "Activities" In this section are the sane as those in the previous 
section:    direct production, capacity building, and stockpiling. 
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tte final deaand to be increased, ve can easily find the soount of increase 

which is possible froo the use of the freed resources. The only qualifica- 

tion to be noted in this and the sore coaplicated substitution problems Is 

that the amount of increase found Is the mlniawn increase possible; in other 

words, it is the increase if the only resources which can be used are those 

freed by the decrease in final demand in the one industry. If additional 

excess capacities or stockpiles exist in certain industries, an even higher 

increase may accrue. 

A computationally difficult rate of substitution to obtain is one 

between activities In different time periods; the linear programing model 

is well "equipped* for this sort of analysis. The statement of the general 

problem is: at the econosy's disposal are the resources freed by decreasing 

final demand in the J-th industry; more specifically, the economy may 

allocate the vector of capacity given by the J-th coluna of (I-A)' . 

Depending on the problem, this capacity may be available for the first 

period only or for all or part of the periods under analysis. It is in 

the last period we wish to know at bow high a level some particular activity 

can. operate. Again depending on .the problem, stockpiling may or may not be 

included In the model. 

First let us consider the formulation of the trade-off model without 

stockpiling. The linear prograninfi matrix is a variant of Figure 5. If 

the capacity freed in the J-th industry is to be available every period, 

appearing as the left-hand column in 

Figure 5, we write the vector of available capacities specified by the J-th 

then instead of [^ - (I-A)"1 ft 

/  \-l 
column of (I-A)    If the unit of final demand is to be released only in 

the first period, then the J-th column of the inverse appears on the left 

in period 1 and a zero column vector appears In the remaining periods. 
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ZB the last period we include the activity whose level we with to mxloite. 

For eaaple, the activity My be a COIIOD, say the k-th, of (l-A)' and Its 

level of operation is the eaount of final ill Mini for the k-th industry which 

can be satiafied. A price of 1 is put on this activity to find its aaxlw 

operation level, sll other vectors being priced sero, and the linear prograa- 

■iag technique ■axiaises profit by the standard approach. Note if the activity 

to be ■axialzed la also the J-th colmm of (l-A)' and this column of capacity 

is available for sll tiae periods, then the activity can be operated at 

least at the unit level in the last period. It is the increase over the 

unit level of operation which yields the reward for not consuming in earlier 

periods. In this aodel the —v<«"^ level found can be operated for all 

succeeding tias periods because it depends on capacity availabilities only. 

The introduction of stockpiling presents certain conplications. If 

one is interested in the asviwia level at which an activity can operate in 

the final period sad is not concerned as to whether or not the activity can 

operate at that level in subsequent periods, then all stockpiling activities 

in every period should be placed in the aodel and the aodel appears as in 

Figure 6. It is possible that the aarlwiim level found asy be obtained by 

stockpiling throughout all periods and at the last period stockpiles are 

reduced to zero; if this is the case, in the period following the last one 

under analysis the activity level would fall, provided no new capacity is 

sade available froa other sources. The method of solution is the saae as 

above, that is, a unit price is placed on the activity whose level is to 

be aaxialzed. other activities being given a zero price. If on the other 

band, one is Interested in being able to oaintaln in subsequent periods 

the level at which the activity operates in the last period, then the 

P-«09 
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T*<g*fn nalntalnable level can be found soaevhat at before: place a 

unit price on the particular activity vector, a zero price on the rest, 

but do not allov stockpiling activities to take place in the next to 

last period; thus the level at which the activity in question operates 

In the last period depends on available capacity only (the capacity 

once built can be used In subsequent periods). 

Ihe model probably yields more useful results If it allovs for 

the creation of stockpiles which nay be used in later periods for 

production. The full model with stockpiling contains 2Bff equations, 

but a reduction In the nuaiber of equations to aff as was possible in 

the feasibility models of Section III is also possible in trade-off 

models, and is especially useful if initial stocks are at a zero level. 

The results of the optinun programs which yield the trade-off 

equivalences nay be used in the feasibility models. Recall that one 

type of feasibility model tried increasing the schedule of f.'s by steps 

until an increase was no longer possible. The procedure started with a 

feasible schedule of f^s; the closer the starting model was to the ideal 

aehedule of ft't (if oat tsiata), prttuMbly the saaller the mmfcar of 

tests for feasibility had to be made. Results of trade-off models should 

aid in setting up am initial feasible schedule. One approach which might 

be used is sketched in the following example: suppose that we are 

investigsting a schedule of f 's over T periods. By using trade-off models 

suppose ve have also derived tables for t*  « 1, 2, ,. T indicating how 

much a unit of final demand in period 1 in the J-th industry is worth in 

terras of final demand in the k-th Industry for period t#. Finally assume 



the tchedule of exogenoua oapacltlet la «callable for each tiat period. 

We can now build up e feasible solution by ellooating the available capacity 

to coaponents of final deaaod in «ay period according to the trade-off tables. 

After reaching the point at which there is "no more" ^capacity to allocate 

end we are reasonably satisfied with the relative values of the ft's, we 

can then try for further absolute increases In final deaand by direct 

application of the linear prograaaing technique described in Section III. 

Rote that increases aay be possible l) since the trade-off tables only give 

■Inl—i trade-offs ratios and excess capacities or stockpiles present In 

certain Industries aay increase the ratios, and 2) since the feasible program 

derived by Inspection of the tables asy not have been optiaum in the sense 

of conserving capacities Which are in short supply. 

In the process of solving a linear programing aodel by the aiaplex 

aethod, a vector of shadow prices is conputed.   Multiplication of this 

vector with any activity vector indicates the profitability of introducing 

an additional unit of the activity into the program.   By the proper use of 

the shadow pricea, we can aaswer the question of whether it would be "profit- 
* 

able" in addition to the unit of final deaand already given up, to give up 

unite of final deaaad In other industries.   Hence we might fonadate a 

concept of 'coqpleaentazy* industries according to a capacity criterion; 

■ore precisely, having given up in scae tiae period a unit of final ilnaanil 

In the k-th industry, we ax« able to deteraine whether the operating level 

of the J-th activity in a later tlaa period will be higher if a unit (or 

part thereof) of final deaand from the n-th industry is also given up. 

To obtain the answer we only need to aultlply the vector of shadow prices, 

v  More precisely:    where lack of capacity in soae industries has becoae 
a bottleneck. 
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determined In the solution of the optlaum tnde-off between the k-th 

Industry and the J-th activity, by a vector canteinlng the n-tb colunm 

of (l-A)* (properly positioned or repeated to take Into account the tioe 

period (s) In whJUjJj the capacity ftp—d froo the n-th Industry Is to be 

■ade available).—* 

V. GROWTH MODELS; IMPORTS; TIME MODELS; CONCLUSION 

A close analogue to the feasibility nodeis are growth nodels. The 

distinction steas aore froa the criterion of purpose than structure; the 

figures in Sections II and III are applicable here. A growth model 

postulates a time path of final demand for all of the industries and 

determines the implied rate of investment and total output for every 

Industry. 

One veil kncnm formulation of a growth model is Leontief's "dynamic 

open system*, Chapter 3 ££].   Leontief presents a system of differential 

equation« which contain both input-output flow relationships and stock 

requirements. Specifying a certain set of polynomials which represent 

the course of final demand, Leontief is able to solve the system explicitly 

for the functions which yield time paths of output in all industries. Two 

limitations arise in this approach: the first is the solution of the system 

depends in part on observing data of a time period in which capacity is 

assumed to be fully utilised in all industries; the second, and Leontief 

treats this difficulty in some detail, is the solution nay call for a 

igr 
' —'Mote that shadow prices any be used in this ftubion generally; 
la all models, once an optlaum program with a certain set of activities 
has been found, one may test whether the introduction of a new activity 
increases "profit*. 
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revcrsal of certain economic proceiees, i.e., for a deaccumulation of 

capital stock (rather than the appearance of Idle capacity and surplus 

Inventories).    To overcome the second problem. Leontief proposes a some- 

what complex method of assuming an industry to be in one of several phases 

depending partly on whether the Industry's output is Increasing or decreasing; 

the Introduction of phases eliminates any tendandes toward unrealistic 

deac cuaulat ion. 

Although the linear programming model proposed In this paper does not 

yield an analytical solutioo for the equations of Industry output over 

time,  It does indicate a numerical solution.    Furthermore it makes no 

assumptions about full utilization of capacity In any initial period and 

automatically prohibits deaccumulatlon of capacity (other than that due to 

normal depreciation). 

One particular type of "growth" model might postulate that final 

demand has reached an equilibrium in the sense of remaining at certain 

constant levels over time.    Using the model of figure 1, one nay further 

postulate rates of depreciation of capacity determining c.  and I., and 

specify a linear "profit" function of the activities which Is to be mini- 

mised or maxlmlxed (say, employment or national income).    Tbe model will 

then test for feasibility of the steady level of demand and if feasibility 

exists the model will give the minimum or Maximum profit; the feasible 

model, depending on the profit function, will thus trace out the cycles 

of production In each Industry which arise in an economy investing only 

to maintain a steady amount of demand and to replace worn out capacity. 

The reader may have noticed that the models In the previous sections 

dealt with economies which were allowed to export (exports were Included 

in f.) but not to Import (with the exception of the static model, Section 
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III.C.). We can easily add Import activities to the model and if it is 

desired oake export activitiee explicit. The addition of being able to 

import any industry's goods in a feasibility model insures the existence 

of feaeibility for any set of f+'B- Hence if one is interested in producing 

feasibility only, but assumes that hone production is an activity "preferable* 

to importing, then import activities nay be given negative prices and the 

linear programming technique in searching for feasibility is required to 

select a program which minimizes the cost of imports. If the schedule of 

f's can be met by donestic production, the optimal program will not use 

any Imports and the total cost of Importe will be zero; if the domestic 

econony cannot meet the f. demands, the program will indicate (depending 

on relative Import costs) which goods are in short supply and need to be 

imported. 

Up to this point, the amount of time periods over which the analysis 

is to take place has been thought of as fixed. We may also consider models 

in which the nusiber of time periods becones a variable factor. In both 

feasibility models and trade-off models time paths of the operating levels 

of different activities may change as the number of planning periods in- 

creases. Another reason for examining the time factor is one nay wish to 

know how soon a certain stock of goods can be created or a certain level 

of final denand be sustained. The method of solution of this type of 

question is difficult for it necessitates repeated application of the 

feasibility models: start with a model where t * 1; if one period is 

infeaslble, try t ^ 2; etc.; until feasibility is finally reached. (Starting 

at t- 1 is of course only one of several approaches; another is to start 

with a model in which the number of time periods obviously is sufficient 

for feasibility and then  work downward.) 
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IB »uiamry this paper hae presented a general dynimlc model of an 

eeooomr which attempts to answer a nusfter of questions dealing, for exaaqple, 

with the feasibility of certain tioe profiles of demand, the rate of sub- 

stitution between economic activities taking place in different tine periods; 

econonic growth and industrial cycles; undoubtedly there are nany more 

applications of the general aodel.   The solution to the questions Involved 

the application of linear progrsjBlng to a standard Leontief input-output 

flow antrlx sad a capital building aatrix.    In addition the paper proposed 

a method which Is designed to reduce computation time considerably;  further 

details on the method are given in Appendix A below. 
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AFPEnDDC A 

Notes on the Solution to an Abbreviated System 

In Section III.B. an outline for reducing the number of equations 

in the dynamic model was given. This appendix reviews the method in 

further detail and presents a numerical illustration. 

The model in figure h has the following difference equation 

representation; 

(1)  ft-8t.l + (ig0Xt-B^-Bt 

r»i      t  t 

(3) ft, 8t, xt, ^, c1 1^ ^ 0 

If ve nultipl>^(2) by -(l-A) and add it to (l) ve obtain 

(U)  ft - (1^)^ . 8t-1 - B^ - »t ♦ _f (I-A)/1 - (I-A)ut 

The linear programming matrix is then 

Activities 
Figure 10. 

ll/ Note that the legitimacy of the multiplication is dependent on (I-A) 
being a square matrix.    The economic interpretation is that the model assumes 
a unique production activity for each industry. 
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Figurt 10 differs from Figure 6 only because the latter vas derived 

from en alternative tranaforaetlon uelog (l-A)' .   To obtain Figure 10 no 

aaexavtion   as to the existence of the inverse needs to be made, and there 

is no need to coapute the Inverse even if it exists. 

The first set of equations in each period In Figure 10 explicitly 

contains all the variables in the systea except Xt.   Roe if the linear 

fora to be oaxiaized (or niniaized) has zero coefficients for all X   and 

u^ — i.e., if direct production or unused capacity are considered as neither 

"cost* incurring ncr'revenue* yielding — end has zero coefficients for all 

s^, t < T — i.e., if only stockpiles existing at the end of the last period 

have vslue — then it is suggested that an attempt to find a solution to 

the entire problem be male by using only the first set of equations in each 

period.   The assumption shout the linear fans is not too restrictive, since 

as the exsaples of this paper have illustrated, one is often interested in 

■axlaizing a stockpile at the end of T periods or a capacity or a product 

nix vector, end is not priasrily interested in the corresponding rates of 

production, slack capacity, or intermediate stockpiles. 

The aatheaatlcal "error" in considering only the first set of equations 

in each period is that the restriction X    = 0 1» no longer observed in 

finding the solution.    Hence by slloving the model to attach any sign to 

a coapaoent of X^,. «e m^ obtain a larger —ad— value (or aasller miniium 

vslue) of the linear form in the abbreviated eye tea then would be obtained 

in the entire more restrictive system.    The nodus operandi of a negative 

component of Xt suggests that often times the value of the linear form in 

the abbreviated system will be correct;    in seme cases the correctness is 

knmm apriori and in other cases, the correctness of the value is discoverable 

by an examination of the optimal solution for the abbreviated system. 



V P-609 
8-27-5** 

-38- 

Suppose a solution to an abbreviated syaten Is found, and upon solving 

for Xt 
4ja the second set of equations of Plgure 10, It turns out that a ctngle 

component of X.#, say the J-th, Is negative. Since ve are dealing with a 

Leontlef Input-output system in which there exists only one activity that 

produces the J-th Industry's goods, an Input of the J-th item. Inplled 

by the negativity of the J-th component of X , must cone from an existing 

stockpile of the J-th good and not from any production In period t*. The 

stockpile has two possible origins: It may have existed Initially or It 
■ 

nay have been created by production taking place In previous periods In 

the model. 

If an Initial stockpile of the J-th good is non-existent, then aprlorl 

the value of the linear form is correct — although, as It will be seen, 

the program itself osy need certain simple adjustments. If the Initial stock- 

pile Is to be maintained as a minimal Inventory, then an equivalent model is 

one vithout any initial stockpile. If inspection of the production levels 

In periods up to t* Indicatesthe stockpile level of the J-th Industry vms 

at least once at a zero level, then the value of the linear form is correct 

for a reason analogous to that in the case of no initial stockpile. Finally 

even If an initial stockpile exists, but upon Inspecting previous production 

levels of the J-th industry (starting at period t#-l and working backward), 

one finds that the J-th industry has produced at least as much as the 

negative level in period t», then the value of the linear form is correct. 

The explanation for the correctness tt the value of the linear form In 

the above cases is: the abbreviated model used a "shorthand* way of storing 

raw materials. In period t* the model desired to use as raw materials the 

inputs of industry J 's product In an amount equal to the level at which the 

J-th Industry was to operate negatively. Instead of storing these Inputs 
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In the earlier periods when they beceme available, the model embodies them 

in the form of the J-th industry's product and in period t» reverses the 

productive process. Hence if the stockpile used In t» was actually produced 

earlier, one nay easily translate the "shorthand" program of the abbreviated 

system so as not to produce the stockpile of the J-th industry's good in 

previous periods but rather save the inputs for use in t». The translation, 

altering only X., u., sad Sr, t < T, has no effect on the value of the linear 

form and the translated system is both feasible and optimal in the entire 

system.^ 

The value of the sbbrevlated form is probably not correct if the stock- 

pile used in t* was actually drawn from stock which existed initially. In 

this case, the program called for a truly infeasible reversal of economic 

activities. Bven when this occurs, the solution in some instances may be 

acceptable for the initial stockpiles themselves may be arbitrary, i.e., 

the stockpiles may exist because of production activities taking place in 

a "period 0"; hence it nay be Just as easy to make available in period 1 

the rav material inputs for the J-th Industry's product as it is to make 

available the stockpile of the product. 

The analysis above generalizes for the program in which more than one 

component of X.# is negative. If, as before, the input for each negative 

component of X. # comes from a stockpile which was previously produced, the 

technique of unscheduling previous production for stockpiles 1.^ applicable 

here. Also as before, if S, =0, then even though there may be "crossfeeda" 

among the negative variables, i.e., even though the input for one negative 

activity may stem from the "output" of anot'ier negative activity, a feasible 

—' Once feasibility is obtained, optimality follows since: value of 
linear form in entire system ■ value of linear form in abbreviated system. 
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solutlon with the same optimal value must exist for the model is completely 

closed; vlth unique production activities and no initial stockpiles new 

raw materials cannot be created In the system and the notion of "shorthand" 

storage simply generalizes.    If "crossfeeds" are present,  say,  in t* and 

some inventories which existed Initially are carried through and used in 

t», then possibly a more complicated examination for feasibility may have 

to be made. 

In any event — whether the abbreviated system computes only an 

apparently or a truly Infeasible solution to the entire system -- the 

negative variables In the entire system can be eliminated by applying the 

Dual Simplex Algorithm /'s/. 

In the case of a general linear form with non-zero coefficients for 

some X. , \x+, or s., we may derive a modified linear form with all the X 

eliminated by using,  say,  the capacity equations In Figure 10.    If it turns 

out that the abbreviated solution Is feasible In the entire model, X.   «    0. 

then both the program and the value of the naximizing form Is optimal.    If 

some components of the X.   variables turn out to be negative, the "cleaning 

up" procedure which was suggested for the restricted linear form may or may 

not produce an optimal program for the entire model.    If the alterations 

in unused capacities,  stockpiles, and productions levels have no effect on 

the VBLlue of the linear form, then the revised program is optima] -     If the 

translation of the "shorthand" storage device causes a dinlnution in the 

value of the linear form,  the new program may not be optimal.    In this event, 

it Is suggested that the negative X.  variables be eliminated by use of the 

Dual Simplex Algorithm. 

To illustrate a case In which the value of the maximizing form is 

correct in the abbreviated system but in which the solution contains a 

"shorthand" way of storing raw materials, a model originally devised by 
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Fred B. Thaapton  Is presented here. The model is interesting from several 

point» of viev: it contains a production lag of one period; the production 

input matrix is singular; and initial stocks exist. 

The model, slightly revised from its original form, contains three 

industries — motor, steel, and tool — with initial capacities of 20, U2, 

and 6 and initial stocke of 60, 81*, 6, respectively. For ten periods after 

the first, 12 motors are allocated to final demand and at the tenth period 

after the first, the stockpile level of motors is to be maximized. Figure 11 

gives the general form of the model and Figure 12 the numerical values. 

Figure U. 
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We make the prescribed ellnloatlona on the laodel in Figure 11 to obtain 

Figure 13; from Figure 13, ve consider only the first set of equations in 

each tine period, and by adding certain combinations of the rows ve obtain 

Figure lU. 
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Tbe abbreviated model In Figure Ik vac run on RAND I.B.M. 701 and 

Table 1 below presents the results (the mnribers are rounded); Table 2 

presents the levels of X   which are found by solving the second set of 
w 

equations In Figure 13, given the values In l^ble 1. 

Table 1. 

Ä st ut 

J-       r-4 U    H u   %   * 
Period in ill 
Initial 0 

60 8U   6 20 42    6 
1 2 60 47 
2 2 68 U9 
3 2 78 48 
1» 2 90 UU 
5 2 104 38 
6 2 120 29 
7 2 138 17 
8 1 158   3   3 
9 180   7   9 15 

10 203 6 
U 226 42 

Table • 2. 

xA t 

fe    H 

Period ill 
1 20 if2   6 
2 22 42   6 

^ 
24 42   6 
26 1*2   6 

5 28 42   6 
6 30 li2   6 
7 32 U2   6 
8 34 48   6 
9 35 42 -9 

10 35 ^2 

Max. stock of motors: 226 

The abbreviated solution when extended to the entire system turns out 

to be tnfeaslble; tool production in the *b period is operating at a level 

of -9. Inspection of the level of stockpiU-e of tools before the 9th period 

revtals that in the 7th period the stockpile «as tero; hence the stockpile 

in period 9 must have been accumulated by direct production in periods 7 and 

8. To arrive at a feasible program in the entire system, we need only to 

cut production of tools in the 7th and 8th periods, which will increase the 

stockpile of steel and unused capacity of the tool industry, and to change 

the level of tool production in the 9th period to zero. Tables 3 and 'v give 
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the corrected levels which are Identical with those found In a solution 

which waa independently computed for the entire system.    Employing William 

Orchard-Hays • Simplex Code for the I.B.M.  701. the abbreviated system con- 

tained 3U equations plus the maximizing form and took 78 Iterations of the 

Simplex routine to arrive at the optimal solution. 

Table 3. Table k. 

it 1         ^ ut    1 
u,    ^ 

s | 1 
E     CO     EH 

h •H 

Period 

0      u 

11 1 c 

1 |1 
Initial ' 60 84   6 20 U2   6 

1 2 ^0 U7 
2 2 68 10 
3     ! 2 78 U8 
k     \ 2 90 hh 
5 ? 10h 38 
6 2 120 29 1 

7 2 138 20 3   ' 
8 1 158 Ik 6   i 
9 180   7 6 

10 203 6   1 
u [226 U2 

xA t 

1 
Period 

SH 

w 

1 20 U2 6 
2 22 U2 6 
3 2U U2 6 
U 26 U2 6 
5 26 U2 6 
6    ! 30 U2 6 
7 32 U2 3 
8 3U U2 
9    i 35 »♦2 

10    | 35 U2 

Max.  stock of motors:      226 
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Modelc In this paper have employed both n.cv and capital building 

matrices which vere square and of dimension in. m being the nimber of 

Induetrles to be studied. Oftentlnet, in economic models there are linear 

relationships which must be satisfied other than those already included, 

such as labor or land Input restrictions. In the case of labor, for 

example, there may be associated labor inputs with the production activ- 

ities X, and b 'lldlng activities *■   and the labor supply nay have an 

upper bound tu be observed for each t.  In the complete model, such as 

the one which appears In Figure 4. the additional input restrictions may 

be taken care of by simply adding new labor equations. Certain difficulties 

may arise if one desires to utilize the abbreviated system proposed in 

this appendix when the model taken into account such input limitations. 

Consider the model in Figure \  with the following additions to allow, 

say. for labor supply restrictions. In each period the labor supply Is 

denoted by the column vector S / * 

the labor requirements to operate the activities X. and /...    In each 

period there is an additional activity u / » denoting surplus labor 

(unemployment). The model now appears as in Figure 13. 

The row vectors w« and w. denote 

\  k\ uwa) \ 
Activities 

v   X2   ^2   *> u^j U2      i 
Figure 15. 
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The previous method of eliminating the variables X. in the first 

set of equations can also be used to eliminate the labor inpit coefficients 

w«: aultlply the capacity equations by w^ and add the result to the labor 

retitriction equation. The result of all elimination operations is found 

in Figure 16. 

Figure 10. 

Activities 

\  k \ Vi) "l     1 \   £2    82 V2)    u2 S    ^    83uv(^    u^ 
(f^SjMl-A)^ -B    -I -d-iO 

Vl^vd) -V,'            -l vx 
cl I i 

fg-Cl-A)^ (I-A)    I -B    -i        -d^) 

^^-^(s) ^X -v^        -1     wx 
cl -I I                    I 

f3-(l^)c1 (I-A) (I-A)    I -B  -i       -d^) 

Vrs
w(3) -wx ^X -^        -1     vx 

cl -I 
# 

-I I                     I     1 

I i K l\ \ 

New ns before we can consider an abbreviated model containing only 

the usual first set of equations in each time period plus the labor restric- 

tion equations. 

Notice that labor is a "cross" between a stock variable and a cai«city 

variable. It behaves somewhat like a stock since production and'building 

activities use labor as an input, i.e., unlike a particular kind of capacity, 

labor is a ccnnodlty which is used In more than one productive or building 

activity. On the other hand, labor behaves somewhat like a capacity since 

unused labor cannot be stored for use in later periods. It is the latter 



P-609 
8.27-51» 

-kl- 

aspect of labor (or land) that may cauce a solution in the abbreviated 

model to be Infeaßlble In the entire system. 

We have observed that if in the abbreviated system of a model vlthout 

a labor (land) restriction, some components of X. are negative and the 

negativity has arisen from the model's using a shorthand method of storing 

inputs, then an easy correction of the abbreviated system can be made 

which restores feasibility in the entire model. The correction involves 

not producing goods for stockpiles (which are subsequently used up by 

reversing the productive activity), and saving the inputs until later 

periods. In a model containing labor input restrictions, a negative 

component of some X. #, if corrected as before, releases labor in earlier 

periods but this labor is not storable until t» when it is needed. If 

Uy/.-v is eufficiently large to satisfy the demand for labor created by 

setting the negative component of X  to zero, then the correction yields 

a feasible and optimal program for the entire system; i.e.. as before, raw 

material Inputs are stored from earlier periods until t* and unemployment 

in t» falls. Note that u. /ly\ oay actually consist of the labor "produced" 

by operating the component of Xt¥ at a negative level.  If u /  \ is not 

sufficiently large to meet the new labor demands then even though it may 

be possible to devise a feasible program productionwise, the program is 

not feasible laborwiae and the abbreviated solution must be "cleaned up" 

by the Dual Simplex Algcrithn. 
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APPETBIX B 

I.    Derivation of fnrmula (6) on page 11. 

/.,  = C    - C   .     from equation (2) 

■ [Vx - xt] * [ Vi - ut]   + [ - ^* ^t-i]   fr'" (5' 
Hence 

<-r 3L ,   - X.       +     u.  ,   - u. t+1        t I       I     t-fl        t or 

A- L1-*]"1 L^ui-8 t*B^i + BtJ - (ft - \~\**A*\\ 

+ [ut.i - ut ] or 

"(LA)"1 B^l] lt - (I-A)-1    I   [(f^  - st) - (f, - st-1) ] . B/t 

* (Bt+i " »t5 (    *     [Uui - ut] 
Thuc, assuming   f (l-A)'   B *■ Ij   '      exists, 

^ .   [(I-A)'1 B . I] -l [l-A] -1      j [(ft+1 - ,t)  - (ft - .,.,)] 

* B/
UI 

+ (6tti - 8t'    + [(I-A)'1 H '' [u 

No» 

[(I^)-1 
B > I , -1   I I-A 1 

I 

^       '  I   I-A I   ^(I-A)"1 B * I 

,   .   - u. t+l        t 

"   |B *    [I-*] f   ^ 

Hence 

/,-    [d-Aj.B]"1  j  [(V, - Bt) - (ft - Vl)]    +B^ 

+ (Vi -8t'    * [(I-A)"^*:] -l [ut+1 -utj 
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II.     Eqiiivalence of difference equation and linear pr grannii.g m-deie. 

We shall derive fr a ti.e most general linear prograraming m del . 

Fig^ire 1.  the relationship (6).    Assume as in Figure 2 (l-A)        (l-A)  f r 

all  t  ;  then for any per:'xi t.  multiply "'■he  first set   :f equations by 

(I-A)      ar;d  subtract  the pre duct  from the second set: 

(1) ct  -  d-A)"1  (ft   -  St)  .     -   ^    1^.^.  ^-(I-A)-1  Vl 

+  (l-A)'1 B^t  *  (l-A)'1  3t + ut. 

Increase the t index in (l) by 1 and subtract (l) from the equation 

in t+1: 

(2) [ 0t+l - ct ] * [ I-A ] ^ !Cft+l - ^.l* - (ft - St> (  = 
L J 

* U-A)"1 B    [it+1   .it  ]    . (l-A)"1     [  Bt+1   -  s,  ]    +    [ ut+1   - ut  ] 

jr - -i r 
[(l-A)'1 B * l]   ^     -     [ct   -  cttl  ]    +    [l-A] "     j  (ft+1  - Sul   - .t) 

(3) I t-l      r -, 

* (l-A)"1    [st+1  - 3t J    ♦    [Vl  -.,   ] 

Now the model  in Figure 2 als^   assumes: 

c.    •  c.   ,       c.   fc r all  t. t        t+1        1 

It   -  I f r all t . 

St = 0 for t   • 1 [for t = 1      SL      6j-] 
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Also asaumlng   i' (l-A)"   B + I exists,  (3) sLnpiiftea to 

A - p1-*)+ B]"' f[(ffi - 3t) - (ft ■ ^-i*] + B 4*1+ (st+i - 6t) 

-1 '(I-A)"1 B + r (Vi - ut) 
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