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SUMKÄRY 

A single Item Is to be produced over a given number of time 

periods to satisfy known future requirements while minimising costs < 

where the costs per unit for production, storage, and change In ■M 
production rate are known functions of time. 

While such a problem can be solved by regular linear programming.^ 

methods, the novel feature here Is that the primal and dual problfjwi^V^ 

are solved jointly by means of a rapid graphical method Involving . v ^i 

only Intersections and rotations of straight lines. The underlying j $ 

reason for this stems from a special .property of the near ^'square . 

block triangular* nature of the coefficient matrix.!' In some cases. ^ 

the answer is given on the first application. UsuallV only a few 1"- ;%; 

.Iterations art required. 
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"1   A 1. INTRODUCTION 
^/ •.  .., 
V. Linear prograaming problems can be solved by the standard 

simplex method [l]. For dynamic linear programning problems fonqal 

application.of this technique Is often Impractical due to the large 

$&'   number Of colunn« and rows in the matrix of coefricients. Ihere is v^ 

If        .   . 

ki 

r. 

therefore a need to develop special methods for solving such problems v3S 

by eltheb7«* simple explicit formula or at least one involving rapid ^ 

convergence to the Optimal solution. In some problems such as the  '^ 

one discussed in this papex> the special structure of the matrix and  ^ 

,      the relations between the primal problem and its dual can be exploited^ 

••*""■*•,   to advantage. . T-V* 
■\' • . . /:       . ^ '. ' .V'T 

H*-- the general problem under consideration is similar to one studied 

by Jacobs an^ Hoffman; It is to determine a production schedule for a ^ 

single type fte» over a number of time periods to satisfy a, given req^ij 

ment schedule While minimising total cost. Unit production costs,  > '7J 

Storage costs, and costs of changing production rates are given '•;».  ^ 

functions of time. ' r^ 

r . i 

A special case la that in which production is required to expand ^v r   ' . -   : v* 
^ or s,t least be non-decreasing.    It will be shown that this expanding   •'.< 
*% ■'•   •. ''*'• '' ' 'f"»--j' 

V,' production*pt^oblem can be solved directly in an important case (a    * rA,t* 
-    ■ ?xJ5 

convex requirement schedulu) and a ripiJ iterative process is ouw '• f.9k 
■ ■■■K\r' 

lined for the general requireirent »caedulc which sometimes gives the ^ 

answer directly. The  same results hold for the more general probleq^ 
" <.*'*$ 

k The computational simpliolt?/ of the proposed method results frsifc'^ 

two properties of the system: 
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|i (l)    TV»e primal probler. and Its dual can be fomulated 

\\ geometrically In the same way. 

(2)    The values of the basic set of variables can be calculated 

It directly by auccessively solving one equation for one unloiovm at 

'ä each step.    Ocoraetrlcally,  this leads Imnedlately to a ruler 

il construction alone. 
» 1 -J 
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2.    THE EXFA>?DIWQ PRODUCTION PR03LKM 

Let T • the number of periods,    (t • 0,  1,   ..,, T) 

rt a $lven requirement due at time t. 

x«. • unknown amount produced from time t-1 to t. 
*.?  ■  . 

x    • a given constant. 

4 

1  >* 

yt ■ x^^ — xt i 0 • increase In production rate at time t. : .$? 

To express the condition that the requirement schedule lo 

satisfied for 1 • 1 ... T let 

[1 •   I   X1 1 tml      } 
the total production from t - 0 to t - i , 

^" tii 
rt • the total requirement from t • 0 to t • 1 , 

R0 - 0 . 

Then the excess of accumulated production over accumulated requlreiw^it*. 

up to time 1 Is given by 

I       o       1        i — 

whore u    Is a f?:lven conrtant,  the excoae production at *r.c start.       v^ 

To expreoa tho costs let ^ 

c4  • cost of producing each uTiit  in   ...c i {.rlod frorr. 1 — 1  lo 1 .   ' 

■ ■ s 

« * 
1    ^,.V  iv^'^^^^ii^^ 
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i 
.'. d. ■ coat of «torlnp; each unit of excess IK for one period. 

e^ • cost of increasing production rate one unit per unit time 

at time 1.    • 

'.^.en the probiem le to mlnlmlr.e the total cos^s, I.e., 

T 
(l) minimize T (c^ + d^u^ -♦■ e^y^) 

4. 

subject to 

(2) 

.1 
. t 

1 1 
Z xt ^ Z r 
t=a * t-i 

1 «•• 1 ... T 

.i 

a 
.,   and 
'i 

*<> 
yl' ul i 0 » 0 ... T -f 

This problem can be restated in term« of an equivalent system I- 
i  in yt and \u  alone. Introduce the constants 

I 

■ V 
j 

T T—l • '^f 
K • e. 4   7       c,. -►     T   (t - l)df  ,    l«0,...#tur^ 

'Ul    ^        tti t      ^ 
ri • el 4  z 1        1      t-j 

an'i let TL, • 0 ; these  represent the potential increase In   'i 

\tk  total cost due to Increasing the production rate by one \Jnlt at time    ,v 

\'* '.■'-' 

1.    Note th» t 
lit •■ 

■i — * 

IS 

1 

r 

t>-l 

t      1-1    1      1-0 1 ( 
■ < 

.:     4>rh. .       4k m.ijtSmi 



so that 

Ut 

t-1 
I   (t-l)y1 

1-0 1 t 0 0 

•v » 

''■■■ -x 

Then it la'easy to verify that an equivalent statement of the problem 

18   tO 

■v 

T_l 
{V}        nlnlMlae   J \ y¥ 

t-0 t t 

•J .        ' 

subjeot- to 

and    u1#y1 ^ 0 1 - 0 ... T . 

There Is some further simplification possible. We can assume 

XÄ * 0 and uÄ - 0 for If they are not zero, then reduce each R.. by 0 0 v 

the amount u0 ♦ tx . Thus, we can write the problem as follows. 

a     T—i 
(0) -lilnlmlze    J   ltyt 

t»0 

.^ 

subject to 

(2"> 
t 

Jo 1   (t - i)y1 - Rt ♦ ut 

where each V^^ > 0» 

t-1   ...  T 

»v ■» 

^■>: \^:&&&iiA! 
vi1    i 
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in       .     . 
3. ngjOm AMD OMIMALITY COWD3CTIOW8 .^ 

The dual of the latter system parallels closely the statement 

of the primal problem. This correspondence will be used to advantage 

| in the graphical solution of the problem. These relations are e»->  ^ 

:- hlbited as follows: 

11 
[# 

* 
i 

i 
i» 

■j 

!| 

t 

f 

,. • 

m ■a 

Primal problem Dual problem 

T-l 
Minimise J y,^. 

i=ö 
Maxinlre 

til 
y^R t"t 

L} subject to 

». f y1(t - 1) - Rt 4 ut 
i-0 1 t   t 

y*^0 i - 0 ...,T-1 

t - 1 ...#T 

(7*.) • price associated with 
equations involving u^ 

ut > 0 

subject to 

- <* 

yt^0 

Uj > 0 

t -^ 1 ...,T 

i • 0 .'..#T-1 

(yt) * price asseciated with 
equations involving «^ 

Let a baaic set of variables n be any set of T variables of the 

y«'s and u€»s whose determinant of coefficients is non—vanishing, 

..: it being understood that all other variables arc set oqual to. zero. 

( To every basic set of variables U satisfying the primal equations 
■■-i 

jr*, (not necessarily feasible) the^e Is a complimentary basic set 
■*< 

^-satisfying the dual equations (not necessarily feasible) with the 

•Ä properties: 

1*3 

| 

^   » .     • f .-v *!&t*iSM 
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Primal IXnl 

If y^ is In L , then 

y^ » C    Tor    1  • 0#...,T-1   . 

If y,.   js In O,  then 

>tut i'or    t - 1,...,T  . 

If u4   Is In Z^,  then ^ - 0 BO       !       If ur   la In ^,  then yt - 0 so 

that    u.3^ »0,    1-1,...,T :  M.at u.y.  - 0 .,T-1 

% 

i 

if for any ^Ivoji baslr  sot of primal  variances /' aijd v.ori'espondlng 

basic set of dual variables »5 one car. exhibit a leasitle solution 

with these properties then 11 1c optlrui. 

Tliere dual  relatloni: V.SVK a useful craphKal  intorpivta* Ion, 

Draw the  requirement  schodulo K • (H.)  as  :i  r.lrto/rcin,   „nd  the dual 

(K. ).     Let T? be the   lower convex subset of  the polnta t^, ).     'iV.e 

prxxJuotlon p^ot   X -  (X^),  a broken line  connectir.:  the series of 

points  (X^)  lien above or Just toucher  P. at each  time i.     The cüirv- 

pletaentary dual    pr^Juctlon    plot X i.lv3 below or Ju/^t tc/ucliec  H. 

Both X and T will be  convex r.roken llr^ ^rupLE slnorv j.   i.-.c! y4   > 0. 

We  see   that y«.  > 0 (X hi-  i nreaK at  time-   tj  only  It' X Is touching 

1?.     Thuo, yf may be positive or-Iy  If T,   in  on P.     Ir addition, Y has 

a br'eak at t,  yt > 0,  only  if X  touches  H at  tlno   :.     J»      ^rr'ecpondo 

to  the» vertical  distance  fror   -  J»'  te X  at  time  *.,   un J U^   
f'^.responds 

to  the  vertical  dlotar;co  fzo/. H dc'.'i.  * ^   A   i^   -Lie   t. 

* «u:> 



Hi' 

TYiea« graphical con^o^ta can bn exhltlr.e^ i;y ::.(;  following 

simple jsxanple. 

Let Ho - 0,  H1  « 1,  R^ « 3,  ^ « 7,  R^ :'s aj^ 1,   c1   -   I, 

Then 

^u - 1- 

'/V:. 

i 
i 
^> 
'. - 

.4. 
• 4 

■ ^ 

4 

Plot  R and R as In Fig.   1.    Conpl«mentary au.l dual solutions 

are  Indicated.    Since the values of u*,  yil  u4,  y,   (see parenthetical 

rigureo beside variables in detached coelTlcle..t array below figure l) 

ar^e nonwie^atlve^   this pair of solutions  la optlüval. 

M 

;H1 

f 
Mi 

■,^' •v 

r.^ 
-TAJ 

-• 
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Prlatl Proble« 

(1)(2)      U)      (1) 
7o yl y2 y3 "l U2 U3 U4 

Dual Problen 

Ko R, R2 R3 

icU)(8)lo)C2) 

tSs l?)- XML  . iH 
^X fl y2 y3 y4 Uo \ U2 U3 

you) 1 

^^i' 

^  2l 0     Uo ^ u2 ^ yl y2 y3 y4 

(0)(0)(1)(0)(3)(0)U)(2) 

^R 

2   3    4   1 

1    2    3 

1    2 

1 

'2 ^ R4 
l(l)0)(7)CU) 

^J  ^ 0     *Ul"U2-U3-U4-yo*yl"y2-y3 
(o)ei)(o)(o)H)e?j(o)K) 
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4. A SPECIAL COMPITTATION PROPERTY 

Theorem 1; Olven a basic oet of variables we can find tnelr values 

. directly by successively solving one equation for one unknown at 

. each step. 

We show that since the values of the varlaLleo are uniquely 

determined, (the uniqueness follows from the assumption that their 

determinant of coefficients Is non—vanishing) their values can be 

'• detemlned In the manner stated. For the purpose of tide proof It 

will be convenient to solve for the x.'s. Consider the aubeet of 

those equation» of the form R^ • f   x1 + uf 
*  1-1 *   L 

where u. » 0. Prom 

oaci^ of these equations subtract the preceding one In the subset, 

'^hen we have 

(3) «a - «b * ^a ■»- x a+1 ♦ x 

R - R. c   b 

b+l 

+ xc+retc. 

Consider next the relations xtif, ~ 
xt " yt wrtere ^'t a ö' ^ies« Imply 

jQ'^ that some of the successive .^'s will be equal. Write their sums In 

(5) ac multiples of the x. with the smallest subscript. 'There will 

be rit  most one x lb common between two ßuccesalve equationi:; otherwise 
j 

the equations are completely  Independent  of one 'another.     For example, 

5     If y,   • 0,   then x^,  ■ x. .     Otherwise,  If yb  > Ü,   there  13 no x In 

comnon and the^ problem splits up Into r.ubproblems,   eac!   of wt.lch is 

solved separately. ?s 

■t-i 

**?! -*. 
Ay«»   v» ^w. k-rJ.Z&k&ÜM 
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lt should be noted that this  set of equatlonc nunt te uniquely 

solvable for x. because the equations omitted Trom consideration ar« 

those In wtiloh ut or yt were not set equal to «loro.  IViese occur In 

only one equation each and are determined by the values of x,. 

There will be at mopt three different x^ In any equation of 

()).  ^or example, R, - R « px,- + qx, + rx. where q md r n.v be 

zero.  If there were four or more different x*s, those not on either 

end could not hive been uniquely determined a contradiction to our 

ansumptlon.  In the case where there are three different x's In an 

equation, the first one must be uniquely detemlnod fror, the preceding 

equations and the last one from the equations following; otherwise, 

the value of the middle variable would not be unique. Then again in 

this case the problem splits up Into subprotlens. 

Finally we are left with the case where there are two or less 

x's In equation of (5) «und each equation ha-j an x In : D.rr.on with the 

adjacent ones.  Then, If all the equations had two x's there would 

be one more variable than there are equations.  Thus, a^ least one    K. 

equation has Just one unknown wlilch ij solved direotly and fed into   -' 

the adjacent equations leaving Just one unknown x to De solved In the 

next step, etc.  Thus, tne theorem Is proved.  CirapMcaliy, tnls neana 

that a solution In x's can oe constructeti by ! ule: alone if one ^nows .» 

which u^'s are zero and which y4's are positive. 

4 

i 
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3. CONVKX REQUIREWEWT SCHEDULE 

^|« Theorem^; If r, > r. ,, l.«,# R la convex, then the optimal solution 

:&     is 8iven ^y the toaalc eet of variables y. If "R. lie» on R, and u, if '\'A 

R, Is above R where T\ le the lower convex subeet or points of (R^). 

The dual optimal solution Ic coincides with R and the construction 

of the primal optimal solution follows Imtiedlately. n % 

The convexity of R assures the feasibility of this solution. 

^|< Pui themore, the optlmallty oondltlona of *2  hold since 

R. on R iinplleG u. • Qa y*  In 3, u.  * 0, y.   In ^ . 

T^. not on 1? tmpllss s^ In /^ t y* ■ 0, u. In ^ , y. • 0* 

Thus, ^^y*  ■ Of Ujy^ ■ 0 for 1 - 0,...,T. 

These relations are exhibited by example of #3; see Fig.  1.    Slndt ? 

R Is convex to obtain the optimum solution given there, first plot 

X   ■ E the lower convex hull of R^.    To obtain Xt note that X.   • Rt 

wherever X.  bends (i.e.,  t • 1,  3); allow bends In X.   only where 

ut - 0 (I.e.,  t - 1,  :5). 

This means that In the convex requirement ^ase, the two curves 

always bend and touch at the same values of t. 

v.-ifc 

3«. 
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6. GENERAL REgUIgggUT SCHEDULE 

This case has not been solved directly, but a rapid iterative 

procedure has been devised which in some cases (including the convex 

case of ^5) gives the optlnal solution directly In one step. By this 

procedure the X solution Is always feasible.  If, In addition, the 

X solution is feasible, it is also optimal.  If cone y,, or u.'s are 

negative then the largest one indicates the correspondlnc u. or y. 

to enter P. This new variable Is allowed to increase (graph5cally) 

until some other dual variable ID driven out of £', and a correr.pondlni 

prlral variable to enter /' .  Tlese shifts In '~ and /3 follow fron 

the price relations between primal 'ind dual variables discvase .i ln#5. 

•Rie procedure will be Illustrated by Example 7 and Plgurea P and 

3. T^e algebraic steps and their corresponding geometric construction 

are listed below. 

Rt  Ra Step 1. Let  max  — » — 
t < T t   a 

Interpretation:    Rotate a ruler about the point rt    - 0 downward until c 

it touches R at R_.  In caae of c  lie, dlwayc choose» the point -.vith a 

Uie smallest eubr^ript. 

Choose  X^ » 0, y.   In   ^ ,   md ii    ■ C not in   'l. . a a a 

Step 2.     Let y- ■      min 'i 

< a    a—t      a—a 

\"" ^ 

*m*jicii**ütiMi 
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i&O 

UV] 
I« 
! H 

n 
i i 

1 lh   Interpretation: - Rotate ruler upward about the point 7. • 0 until 

f   it touches R at Kr.    Draw a line through these two points and extend 
> .     «• 

!  it to the left. 

Choose yj In £ and üj • 0 not In ß . * 

¥fi 
V 

I 

I 
* V 

«b ;<L  Step 3.    Let     max     -t - -t . 
^Tj t < a    t       b 

•» 

5.   ' 

1 

5n 

;.  Interpretation:    Rotate mier as in Step 1 about R0 * 0 until it 

^|* touches R at b < a.    TVien ^ • ya (a ^ b).    Ihis is found graphically <i 

$£ by extending the line in Step 2 to t • b. 

Chpoee y^ in ß and ub • 0 not in ß . 
M 

»V»«J 

3 
\1 Step 4.    Let   yB min 

t  < b 
n^. on n 

\-\      \-\ 

b - t b - b 

t^^ Interpretation:    Rotate tl.e ruler upward about X  until it touches 

T^ at T^j.    Draw a line through these points and extend it to the left. 

Choose   y^ in t-   and up • 0 not In ß , 

>^ 

^ 

Repeat these steps until t • 0 is reached, the X solution has 

-i*be«n.constructed In this process. The X solution Is now drawn in  * 

Pig. 2 fror, the loiowledge of which y^ are in 3  ird which u. ^ art  j 
* . ■■- it 

'not in  ß.    'Mo can be done dinjetly (of, ^3).    At this »tage the' it 
'**%} erlticsl y.'s end u.'s altomate as t runs through 0 to T. 

il •'i.^l.* •      ». >-J .//'.^ 
J-<- 
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In the example we see that althou~h nc y. happen to le negative, 

ßone u^ are < 0, vrjth the lü-nrect "loTnMcr. hrlnc u02.     Fror.j titc 

simplex algorltVun,  this lr.1lcit(»F wo si.on "id ^11 rv.- y^p lo enter   £. 

We Increase y^o > 0 (^y allowing a bend ei  t ■ ?:  In T) until  r.one 

variable In ß  drops to roro, In tM«-. ^;\ce y-,. .    '-V.la iridicatea chat 
u18 "^^ 0:1't:r ^  -•,   pi ice of Uop.    Ti.e now solutions X aiui X are 

drawn In Pig.  J.    Since X hLa no n.   •: O.   o^ y.       0,   Iv  ir. the optimal 
1 

solution to the probler..    TMs IHuptr'vtes thitl the rtartln^ pro- 

cedure gives a solution which 1» usually quit? clocc to th^ opt'nur.. 

* 
^ 

t 
f. 

1 

»» 
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EXAMPLE 2f FIG.3 

I* 

■\ • *i. 

's: 

^ 

^ 

** r 

«^ M 
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7« fWOSWSRAL CASE WITH DECREASING PRODUCTIOü ALLOWED ,+ 

This problem Is similar to that studied by Hoff mar. and Jacobs.   ".} 

A decrease in production has an associated cost as a function of time. .? 

In addition to the notation of #2 we have 

-n-1 xt*l ~ xt     lf xt+l < xi ' ' * 

■... . ^3 
where yj > 0 Is the magnitude of the decrease in production rate at   ** 

time t, ^ 

•( ^ the cost of decreasing the production rate one unit at time 

t (ej Is a given function of t). '-^j 

then similar to the definition of Rt, see 
#c , we define the 

potential total gain from decreasing the production one unit at time l,v 

T       T-l 

t-1+1    t-l 

for 1-0, ..., T-l and Elf - 0. 

The duality bctveen H and 1? breaks down somewhat since *e new 

have two dual functions 1, and R^ to plot; wnereas 5n *? we had Juct 1L. 

Ihe probier can be stated as follows: •> 

^r^v. _ -t^l:^:^.^ 

»! 
# 
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!   Minimize Z tfyl • ^1 ^^ 

^ 

wher« f   (t - i)(y1 * yj) > Rt + ut ' 
i»ö o» 

and xt -  Z   {y1 - yj) > o 1    i-o    1      1 
>r; 

#2 

for t - 0#...tT, and each y1, yj, ^ > 0. 

* The correspondlne matrix fomat for T • 4 4-3 given below where 

;   the conditions x.   > 0 have'.been omitted. 
# 

^».^ 

t 

I.» 

IM   * 9 

r 
it- 

"•"tu » *-• 

i«3 
'  1 

V 

*'! 

71 ■ .--»taa 

.V 

,r 

', '8 »i 'i 1 "a '2 "! »j '? ^ "4 

!2 
b 
i 

i-i -i 
2-2         1-1 -1 
3-3         2-2         I -1 -1 
4-4        3-3         2-2        1-1 -1 

«a 

h-M h-** *>•% »*■*: 

o^o ^hh^Hh^'iHhh 

*  "' *: 

•♦*t\ 

V. 

*•.' v- 

V-^JL» 
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We plo' 
o. 1   —       - * 

c*l ^ el ^ 0', 

tue   ■•■l^l-an:-_ 

i - 

Ao  in ^2 we construct  tho  dual X ßched'ilr  but  Ir.  this  oaöo   It muct 

lie between ti.o  two plots  n.  and T^»    i.e.,   R?  < X,       H, .     Ther1 u. 

equals  t^ e distance from K.   dowr  tc  X,  and n* equals 

from "X.   down to T?*. 

Thien    X,   « ^^t   i.e.,  ut » 0,   wner,  y^   >  0  In   1- 

^i * ^i' 1'e-' ^r ' 0' v;hcn y* ^ 0 ls ln ^    • 

In  addition  to  the  optlmallt^  conditions   of " J). 

Sirre  ^hc  product!')i;   r-ite  1L     il:..--.d   »^   -•■•:■ ?    au *, 

' r;dt ^« _> ^ t,or eu:jI' ^* It IP ir?. or.Monde J, nj^eve.-, fiat Uiece - 

dltl')'.3 be ignored ^.ile workin; in:»cu.';h. the .': .;! i-u . > '-.r;, t.-». >'c 

obtal..!:.^ -:  tentatl/t   .; Mr'.ai   MOUM-:    .■.. « •:    };     ■.•.. >     -:   i     z 

that  X plot lr ncj.-'iecro.irln^. 

l^ra^fle   3   I ir'-^tv'** v:.   rve   ■,/   .»1   v:a^'-'   .    •-••v  n     >.^   •' ; :^   ' 

...   rri**   Torivi  J vc   ~>i   i..^^.j   roii-    >    .    .CM       ,   ^      .      .   ,i   ■ 

on- 

3x;inole  "  om   of   the  x'c   U:  r.e •.  -1 *   4 

re  r.Gulflei   .11.     yn   'i-.'vj;t-   :. 
!-} 1-1 

dltlon   i. at 

l.-e: . 

•■< 

t*C 
y^   ^   C.     n.o   elencnt   In   • 

»o.utlc 

K: .   T r.o 

e   pr' :•    '.'.■ 

•...'I 

to; 

,S4 

1 

'I 

■»    . «^»'»T 'r •    ^ •      » 
< * wl i :   S_   "Pprer;e::le 1 l^lly 

I y   i  ■ I' P  '.>nt': ^our  ■ ? •;. 11 ve (n r.visj i, v . 

v< r*... .M f -1    ' 
ri 

lor !•   Üx.-irr.^len 

■ JT    r \f 

'*   ,i;   i 

1;     r.x .r.rl' 



WilO 

.tv. 

v 

.4. 
4 

* 

plot X.   lying between "ff* ano "^    arm   tc.ci.ir;; o'i;,h w1-;.   i^equlred, 

St?.ri .vlt^1. arr.   tentative basic   (tut r.ot noceacarlly  reaoltle) silution   tj% 

for exair.rl(^   X-  • R4 ,   or perhaps  the  oolutlon £lve:.  In ''S.     Determine 

the bluest  violations on feaclblll*\v    In either the  primal or JuaP 

solutions ant! adjuot  the &   and £  as   Ir, 0tjt   ti'^lr.^ Ir.to  accour.t the 

more  ccnplicated  relations which o^ur here. 

It is ea.iy to  ?.ee  that the  fur dauert a]   conputatlorj  property ot 

♦.he tdslc demonstratoi earlier lor Irorcarln^ pivd )"tic.    ourvee nol.is 

also for the mote general  j^se as well — in fact,  ae  far aa t   is 

conotrned tho proof 1c the pars if one allvows the variable y.   there 

to take on positive and necati/e values.    For ^   the  proof of  _orv. 

putatlor. property  is complicated by  the presence of possl-le Junj s 

in  the  X jurve.     Graphlrally,   th.o offoot of dropping x    fro;-  the 

Laais of the primal   (where prlral now Includes  the oquatior 

rwl n-l 
xr "    Z yi -    1 :/l 

1-0 i       1-C 1 

aind T^T ^on all  1  < r;  aocordli.jiv,  ore ^ontlhucs  to decrease these 
A. ' 

values until -here is sone violatlcr. in the feasibility of the dual 

vj) is to allow a deci-easo * in the values of W, 

■**► 

sc1'^^- u '. i • ■. • . 

> 

i 
*j 

.v. 

•*•. 

- k» 
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Bxairpl« 5.    No x.  < 0 le In ti^la optimal solution 

1 0   l 
yo n \ /j ft u

? y2 ft u, j, ft \ 

? -2     1 -1 -1 

3-3 2-2 1-1 -1 

R2U) 

R3U) 
R4(2) 

Hin 
- 6 

L_ ̂  -4 3 -3 2   -2 1    -1 -I 

11-9 7-5 3-1        10 
0 -2 -3 -2    0-2-1-10    0   -1 -1 

^13) 

Example U. 

1 12? 
yo ^o ^ yl n U2 ^2 n ^3 ^ U4 

f^ah 1 -1 -1 y^D 
RjU)! 2 -2        i -1 -1 y2l() 
RjO): 3 -3         r -2 1 -1 -: 

Mir.      8-6         7-4 4-3         10            -1 
—    5            Q  -?   -1    --)   -1 f -1    f. -1    r -1 -i 

This prlnal  solution is inleaslble  (x-,  '. 0).     TVierefcre, we ad«l 

a condition  x,  •    Z ^'1 ~ Z ^'J ^ 0' 

'V*', .v^^"^1^^ 
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10 

Forcing x, - 0 Iß the »aaie as dropping the aual points H^ + RJ 

1 • 0,1,2,  dowt  lo Fig.   5 until  some elerr.rnt  In B   drops  to  ;.ero. 

In this case one can caclly check that there Is a tie.    Both y, and 

u* vanlch  simultaneously.    Either auy lo  dropped from £>  and the 

two optical prlmil fioluilons are given by Fig.  6 and Fig.   4. 

#' 

v 

'a 

u 

I 1 1     1     c 

^o Ku! ^i ^fu? y? ^J ^ ^ A \ «i 
«4 a) 

K   (2) 

1 -1 -1 1 
i 

2 -2 1    i -^ 

3 -3 2 -2 1 -1 -1 

! 4-4 3 -3 ? -2 i 1  -1 
!  1 -1 1 -1 I -1 

1 ; 

Mln 

- 6 

8 -e 7-4 4-3 

C -5 -3-3    DC -1    0 

yp(o) 

-1 

Jfr\ 

0 -1 -1 -1 

<J^ l 
■•'• 

* 

^.-Äliij 
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" Rt 

rir^fil 

yA 
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FIG.4 

5vj 

<    ^. 

FtG.5 FIG. 6 

" Rt x Rl 

o R; 

i 

i 
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It  13 Interesting t^ verify the results cf Hoffman'"«j1<J Jacobs   ""^ 

[r^   ty our methods.     Some of the firgumcnts are  clcue  to  their» but 

apply  to more general c^üee.     In   [2]   they  consider the apeolal  csme:  *] 

c,   «0,  d.   •!,  e.   «X,  e;»0.    Thus  in our notation we have . » 

T-l 
X ■♦'    V    (t-0  and    P 

tti 
y    (t-l )  d.-.ci  i^e  H*  ara R plots «ro 

t-i 

'«jiSi   Bl: '-tiy convex with  .%   — R* •  X for c^ci:  t. 
CiM • ^       t 

* 

\ 

W" rirat  ctate 

Tt\C'orer. ^:     If H*  ia atrl?tly  convex,   then y*  > 0,  ut  > 0 for  any 

le  Uiposjlble for m optlmai  solution. 

iroof:     If y* N 0,  u*. > 0,  then \\' - 0,  y^   - 0.     Thus X.    .   < H•   . 

:y   the  convexity of  H *,   whlcr.  13  Ir.nossl.la  unless v*t   ,   > 0 and 

x    • 0.     But  y; > 0 Inplles tna*.  xf       < x    » 0,  a contradiction. 

This  renuit Includes Theorer. I of   [-1 ^   I.e.,   for a fixed  X| 

-.If'xl^,   < x^,  then Xt * \- 

Ihcoretn 2 of   p]   states   tnat  the  final u    » 0.     I^ils would always « 

follow when   there  la no  jost for decreasing production fox- the l^at   '^ 

period,   Ur at   In,  e*  ,   - 0. 

Theorem   5 of  [2]   states  tna*. P^  < X        K,   where K 13  the upper     -j 

"onvex enveloj e of  H.     For assureo  Tor soov* first   t  that  X     > K, , 
t w 

ihen u,.  > 0 and ty our Themen > y^ «» 0 or y    > 0 so that  X it copv#^ ^ 

witr.  stee., er slope at  t  than  K whijh has a non—inorcajln^  siope with* 

• •i'.nc.     T}-.€  two curves X.   irsi K    .an never meet  for t • T contradicting 

•   u^ - 0  (Theorem <! of  ^] ). •.-- 
* ■•»', 

In #4 and #5 of  [?j   U.e special case of convex R Is discussed«  ^5 

It Is easily checked that our Theorem } laplles that X must  Le ftonv^fti 
/. *1 

>     •*-•«.    ^ fi.! 

• *» 

& 
-SV-* SK. 

»> *», 
. . ^••-•^i 
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