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FEi SUMMARY

L K% .
TIaPY - A single 1item 18 to be produced over a given number of time

-y 5
;"‘ periods to satiafy known future requirements while minimicing costs

',"‘5.',"'"' . where the costs per unit for production, storage, and change in
. N

productiaon rate are known functions of time.

‘?'3\

A‘“

i o ' While such a problem can be solved by regular linear programming

V.
methods, the novel feature here is that the primal and dual problcym "‘52
o are solved jointly by means of a rapid graphical method involving ,‘
Cop
ot only intersections and rotations of straight lines. The w»dorlyln’g ﬂ
reason for this atema from a special property of the near 4'aduare - ‘_"'.g
_ ' . ~e-
‘3. block triangular® nature of the coefficient matrixd" In some cana N4
.."ﬂ," 3
the answer 1s given on the first application. Usuaﬂ\only a L‘ew ST
7 '.;u:crauona are required. o ; Pe
s ' \ C e
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»‘2{? L : 1. INTRODUCTION f‘&_._
‘: - I.d.ma.r programing problems can be solved by the standard z"_'f:i
‘ aimpltx uthod [1]. Por dynamic lincar programming problems __gg__p_l_ ‘:"«"‘
5 ‘Lppucution.ot this technique i1s often impractical due to the large :
Q;s;‘ 6uibor of colm’mn and rows in the matrix of coefficlents. There _u *;
;;:, : thoretore a neqd to develop special methods for solving such problem xé‘:‘
f o by eitheb's umplo explicit formula or at least one involving rapid- 4‘;*'
:. convergencg to the optimal solution. In some problume such as the Iﬂ;
' | one discussed in this papern the special structure of the matrix and ' :\
the relations between the primal problem and 1ts dual can be exp1ozu&.;{{
iy = ~ to advantage. o
*'2 - The gencml problem under consideration 1is similar to one atudiedé
'_"'.: | by Jacoba m@ﬂorrman, 1t 18 to-determine a production schedule for a f
‘_. . ungle typo I‘Cu over a number of tn\e periods to satlefy a given mqﬁ;;:
ment acmdulo mnc muwnizing total coat. Unit production cona. .{ ‘ Qq‘
R Itome costs, and costs of changing production rates are given S
runcuona of timc. . “i/"{& ¢
> . A special case 1n that in which production 1s required to expana :
é,' or at, luat be non—decredsing. It will be shown that this expandins ’::
"; production‘ ptoblem Lan be solved directly in an important case (a T ,“‘;f;
) convot requ,treunt achedulu) and a rapid iterative pgrocess is ou t«-*é%?t

‘ , 1ined for the general requirement sciedule which sometimes gives th;z ’ﬁ
apswer directly. The same results hold for the more general pt'obiolp,. -
s -The computational simplicitiy of the proposed method results fl'a!“ ’3“
. two properties of the system: e s 1“;
'’ : -,s."'?‘{:’;
Lo e
43 \ r‘.‘ "ti
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geometrically in the same wa:.
(2) The values of the basic set of variables can be calculhtéd»‘lﬁ
Al

(1) The primal problem and its dual can be formulated

) ¢ directly by successively solving one equation fcr one unknown at ‘{'ff
.-E each step. Gcometrically, this leads immediately to &.ruler B %z
g ; _ '_‘“‘
% construction alone. Lt
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2. THE EXPANDING PRODUCTION PROBLEM i o
- e
Let T = the number of pertods. (¢t =0, 1, ..., T) %‘{’
. N
vi ry = given requirement due at time t. ':‘-‘::;\{f
Xy = unknown amount produced from time t-1 to t. - 4
i X, = a given constant. i o
¥y = Xg4y = X¢ 2 0 = increase in production rate at time t:._.u\}?
To express the condition that the requirement schedule is s‘..f".:
- satisfied for ie1 ... T let | | 44
" 4 o
X, = 3 x, = the total production fromt = O to t = 1, -
1 t=l E Y
. > &)
i ‘ "’Qa
. R, = Zl r, = the total requirement fromt = O tc t = 1,
t= =
R =0, :
. - ‘ it
R ' W
N ‘ ‘Then the excess of accumulated production over accumulated r'equiremé!iti
up to time 1 1s given by . e J 4
ul. = U, + Xi - Ri >0
: 1
where u. 18 2 given conctant, the cxcesa nroduvction at ‘re start, ‘,
. 7t
To express the costs let P

5 .
it

Cy = cost of producing each undt in ..¢ jertod from 1 = 1 o i, '

e 2 , , e
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;_é d1 = cost of atorins each unit of ercess uy for onc neriod. *
i e, = cost of increasing production rate ocne unit per unit time ',
- at time 1. 2
0:. ‘z
. . .
'r.en the problem is to minimize the total ctos's, 1.c., ﬁf
. g . Y
. (1) minimize o (cix1 + deu, + eiyi) =
o7 "’ ."
sub ject to _ ;ﬁ
(2) b |
2 TOXe D r L Y
. ts1 Pl t .
3 ;
4 B
s and . Xg0 Y90 ¥y 20, 1=0...T. 4=-4
%, BRI 4
7‘! cwlLp
- I ) SN
¥, i This problem can be restated in terms of an equivalent system - .
; . y
| ; in y, and ug alone. Introduce the constants
3 : R { B e a1)a, | 1e0,.. i}
: . L . ] + Lo + t - 1 d ’ - cosy ' ',‘.
B R S TSR St L
g g
M. wnd let HT = O ; these rcpresent the potentfal increase in .
- ﬂi'total cost due to increasing the production rate by one unit at time .°°
o ¢ : 2t
B © 1. Note thst
i é‘g‘ i .3
- 5 (c - 1)
e¥ X Y x = T - 1 Y ¥ TR ' "é
- PO BRI v A
T ‘ %‘ .
\# -
3 ‘
g

<.
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?2" U ) i ) N5 . o "‘: o w A b - =
9‘61—0 . . e T I'l'.-'l.r'.‘
—5— 5
N
';-'."‘."-"\";"
. L
8o that
' Ll o
_‘ ) u, = 12 (t - 1);,'1 - Ry +tx +uj . . '
) 2 n
ﬁ?’ Then 1t 1s'eapy to verify that an equivalent statement of the problem
. s to
( ),._ TLJ.R
ny 3! minimize Ry y i
y P Lot Ut o
W P I - RO
" subjeot: to N
‘ .v
. '3'
. ‘e N - -
(2‘{ -ut - 1é(),(t', 1)y1 Rt + txo + U, 2‘0
RIERE | : : . . e
‘mé ’ ui.yizo ' 1.000;T.
. o, . ' N
There is some further simplification possible. We can assume .
: o
X « 0 and u, = 0 for if they are not zero, then reduce each R by '
;; the amount'na + txo. Thys, we can write the problem a3 follows.
e T—1
(1) “mnimize T F.y,
, t=0
subject to
t .
(29 1§o\t-1)yi-ﬂt+ut, t =1 ... 7
o where each yi'“t<2 0.
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3. DUALITY AND OPTIMALITY CONDITIONS .

. .
4

The dual of the latter system parallels closely the stat.ement._'- ' ‘3

5

in the graphical solution of the proflem. These relations are ex—
hibited as follows:

).
: Prima‘.l problem Dual pr‘cSlem ‘
: B | T L
Minimize 120 yiﬁi M:fximize t:LI 'ith '. A-
subject to subject to |

L . T S
o 1§O yals - 1) = R + 9, tzi Vgt~ 1) = AU v
. f yy20 , 1 =0...,T~1 | 371:-‘-’0 » t@l...,T
¢ U 20  t=1...,T G20 1e0..,71
“ f (‘y‘t) = price associated with (yt) = price asseciated with “l
R ~squations involving u, ‘equations involving 'ﬁt’"f |

-

L y
Ly |
- \ »

>
b ot
Gl e

A

let a baaic set of variables /~ be any set of T variables of the

t a1 N
4
'y

iy ™

P yl's and ui's whose determinant of coefficients is non-vanishing,

i

: 1t beling understood that all other varlables arc set oqual to zero. -

.To every basic set of variableab satisfying the primal e’quati'one

" LA
ety ¥

AR ;{', (not necessarily feasible) there 18 a complimentary basic set
(" ‘f.“

-. '*;.:Lsatlsfying the dual equations (not necessarily feasible) with the
;‘ : f‘ properties: : 5
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Primal D2l

If y, 18 1n f, then If ¥y, is in ’3, then

1 4
|
? oy
l ’f
yiﬁi = C for {«0,,..,1=1 . : ;t“t =L ' te=1,...,T. 4
, | _ & L
If u, is in 5, then ir'i = 0 80 ' If u, is in «, then Yy = 0 so
i
that uiii «0, {=1,...,7T i Thas Eiyi A e O .., = .
L

1" tor any glven basic set of primal varlac.es JTand corresponding
vasic set of dual variables gone czn exhibit a teasitle 30lution
with these propertics then it 1c optiras,

These dual relatiorc have a use{ul praphlical interpretatlion,
Draw the requiremsznt schodule R = (Ri) 23 . nigtoram, .nd the dual
(Hl)‘ Let B te thc lower convex suiuset of the points ('.5.1). '‘ihe
production pivt X = (X,&), a2 btroken line connecti:r.c the seriesg of
points (Xi) liles above or just touchies R ut each t.me 1. The cumn-

’

-
- R T PR SO A
2es olow or REPTIR voucues 1.

>

plementary dual "pruduction jpiot

-

Poth X and X will be convex browken ilre gruphe sinoee by d ¥« 2 0.

We aee that y, > 0 (X 1,15 = nreax al time %) only !t L 1s touching

R. Thus, y, may he positive url,; T, 15 on R, Ir addition, ¥ has

e
A

a break at ¢, :’-'t > 0, onily 1f X toucnes # at time <, o, . -iresponds

L ] ¥ - . il - o -
Lo *theevertical distarce fror & up (o X ut tlie °, ani L. corresponds

to ti.e veprtical diatance o R odeurn o

A S s I



These graphical conceptd can be exhlbliteu oy tie follicwing

simple example.

Let R, =90, Ry =1, Py «3, Ry= 7, B = iljuy =1, ¢y =1, ell 1;‘"%

(-O-L,elt-, e,c\-j,ej-l.
Then
376l T F "l
“o'eo+Cl*C3+Cj+(‘-l*d2+2‘1}+3du 1y

" T e 4T S LT il Bh =

e - e

é,-‘l Romey+ 2,40, +d, =6

‘ ,..

: "_I"::! F} » 0:5 + ('" - 2

) -

.}; R& 0

\g Plot R and R as in Fig. 1. Conplementary auo? dual 3olutions

v » are lndlcated. Since the values of Ugs Jya Yo . (see parenthetical
- - - D
& flgures teside vartiabtles in detached coefficie.t array below fi-ure 1) 4

)

-‘aj ~are non-neiative, this puir of solutions 1s optiinal,

:'\?’JI.
1

- L.
I TRIR P,y }:ﬁ.’m'

v
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4, A SPECIAL COMPUTATION PROPERTY

Theoreml: Given a basic set of variables we can {ind their values
directly by succeasively solving one equation for one unxnown at ,{;-
each 3tep.

we show that 3ince the values of the varlatles are uniquely
determined, (the uniqueness follows from the assumption that the!lr

determinant of coefficients is non—vanishing) thelr values can be

' determined in the manner stated. For the purpose of this proof it

will bte convenient to gsolve for the xi‘s. Consider the subeet ¢f

"N 1=

3
2
4
v
;*ﬁ- those equations of the form R, = {' X, +u, wrere u, = C. From
'?gb cach of these equations subtract the preceding one in the subset.
o
}

Then we have

-

(3) R, - R .}x& LM VVCEPPREL I e

RC-Rb.xb +.ao +xc+]pet(:.

Consider next the relations Xy41 = X¢ = Yy Where y, = 0. These imply
' that some of the successive.x's wlll be equal. Write their sums in

(3) ac multiples of the x, with tie smallest subscript. "There will
%ii be 5t most one x in common between two successive equations; otherwise
the equations are completely indecendent of one:Lnother. For example, !
if Yha 0, then Xpe1 ™ Xp- Otherwice, 1f Yy 2 O, there 13 no x in

common and the problem gplits up into subrroblems, rac: »7 wiich 18

svlved separately.
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It should be noted that this set of equatiornc must te uniquely
solvable for x, because the equatlons omitted from consideration are
those in which u, or y, were rot set equal tuv cero. These occur in
only one equation each and are determined by the vclues of X,

Thera will be at most three different x's in any equation of
(3). For example, R, — R = px, + qx, + rx, where q and r r.v Le
zero. If there were four or more different x's, tihose rot on either
end could not have been uniquely determined a contradiction to our
assumption. In the case where there are three diffcrent x's in an
equation, the first one must be uniquely determined fror the preceding :
equations and the last one from the equations following; othervise, |
the value of the middle variable would not be unique. Tlen again in
this case the problem splite up into subproilems,

Finally we are left with the case where there are two or less
x's in equation of (3) and each equation has an x in :doamon with the
adJacenc'onea. Then, if ali the equations had two x's Lnere would
be one more variable than there are eQuations. 71hus, av least one 5
equation has juat one unknown w.,lch i3 sclved directly and fed irto 1
the adjacent equations leaving just one wivnosn X to ce solved irn the i
next step, etc. llius, tne theorem 1t proved. Graptdcally, 'nls means

tnat & solution in x's can ve constructeu vy rule: 2loune if one knows ..

which ul's are zero and which y,'s are positive.



Et 0 (1.e., t =1, 3).

" always bend and touch at the same values of t.

5. _CONVEX REQUIREMENT SCHEDULE

Theorem 2: If ry 2T 15 1.e., R 18 convex, then the optimal Bolutiot-zf.'.' '_J

is given by the basic set of variables Yy ir ﬁi lies on F, and uy 1£ ‘

'ﬁl 1s above R where R 18 the lower convex subscet of pointé of (ﬁi). '.
Tre dual optimal solution X coincides with R and the construction :.

of the primal optimal solution follows imuediately. , oF .-
The convexity of R assures the feasibllity of this solution.

Furthermore, the optimality conditions of *2 hold since -

Ri on R implies ﬁi 0, ;71 in B, u =0, y n o
Ri rot on R implies 31 inb, 'ii = 0, u, in 5, Yy e 0,
Thus, ui'ii -0, 4;yy =0 for & =0,...,T.

. - e w
These relations are exhibited by example of #3; see Fig. 1. Sinée !

R 18 convex to obtain tre optimum solution given there, first plot

')'('t = R the lower convex hull of ﬁt To obtain X, note that Xt - Rt

t
wrerever X, bends (i.c., t = 1, 3); allow bends in X only where

This means thet in the convex reqQuirement case, tihe two curves



" P=£10 .‘ R a
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6. GENERAL REQUIREMENT SCHEDULE

This case has not been solved directly, but a rapid iterative
procedure has been devised which 1in some cases (including the convex

case of *5) gives the optimal solution directly in one step. By this

L

procedure the X solution 18 always feasible. If, in addition, the
X solution 1s feasible, it is also optimal. If sore Y, or ui's are
negative then the largest one indicates the correspording ﬁ'i or ?1
to enter B This new variable 1s allowed to increace (grapnically)

until some other dual variable ic driven out of [0, anc & correspondin

priral variable to enter /- . Tiese shifts th '~ and 2 follow from
the price relations between primal and dual variaivles discussed 4n? 3,
The procedure will be illustrated by Example 7 and Figures © and

3. The algebrdic steps and their corresponding geometric constiuction

are listed below.

ct ln:xj
® ‘”;U

Step 1. Let max
. t_g'r

Interpretation: Rotate 4 ruler about the polint RC = 0 downward until
it touches R at Ra’ In caae of « tie, dlwaygc choose “he polnt with
the smallest subrseript.

——

Cnoose X = 0, J. in PR T u, = Crnot in 7.

T
S¢ = & H
tep 2. Let y— = min -
- T < a a-t REXY
5, on B

YO

* ‘e
. ’ ." . ¢ . . " .. “ ‘.“l;
LA :'“*'v' . - '-:..P ."-‘ (‘.?l!
NG R YN v ?

L7 e
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Interpretation: - Rotate ruler up_wﬁvd about the point Xa = 0 unt1l .
it touches R at IE' Draw a line through these two points and extend .38

it to the left.

Choose Yz in _B'md 'Gi- = Onot 1n B. S T"_;'

Step 3. Let max_

Interﬁi;etacion: Rotate ruler as Ln 8tep 1 about R e 0 until 1t |

touches R at b <3 TenX =¥ (a- b). “This'1s found graphically ;'V

by extending the line in Step 2 to t = b, .
Cnooae?bin B and u, «0not 1n 5.

Step 4. let yg= min HB Xb _
t <b b-t be-b e -
Ft on R . - .

]

‘ Intbrpretation Rotate »he mler upward about Xb until 1t touches

ﬁ at ﬁb’ Draw a line through these poirts and extend 1t to the left. -
s , ‘ u
Choose yg in £ anduE-Onotinﬁ. : ,’\’ ,

n‘ ' . 4 }
Rapeat these steps until t = O {8 preached. The X solution hae a

.\
w‘ » Ty

been. constructed in this process. The X solution is now drawn in Ry
'2’. Pig. 2 frorm the Inowledge of which y's are in £ 'md which ui's are Py
. “not in EB. '1\113 can be done directly (cf. #3). At this st:;.ge tl*.e'.
eritical yi's and ui‘a altermate as t runs through O to T. |

d
- IS

L A O Do o ol po ¥
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In the example we see tiuat 1lthou~=: no Y. happen to te negative, x

some u, are < 0, with the lurpect violnticn nolng LUage Prom i
simplex algorithr, thils irdicuites woe giouxd «llzw 7., Lo enter Gr,
We increase ?22 > 0 (0y allowing a bend at ¢ = 27 tn T) until some
varlable in B drors to =erv, in thile cnce ?l,. "r's Indicates :that
Uy g may anter B 4. prace of Uno - M.e new solutions % and X are

drawn in Fig. 3. Since X has no VRN 0, or Yy - ¢y 1L 1o the optimal

‘'

solution %o the problerm. This 'llustrates thut tnc ~tartinz pro-

cedure gives a solutlon which 1s usually qui*s cloge tc ti:c opt'-wm.




EXAMPLE 2, FIG.3
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7. T™E GRENERAL CASE WITH DECREASING PRODUCTION ALLOWED

This problem 18 similar to that studied by Hoffman and Jacobs. -
A decrease in production has an associated cost as a function of time.

In addition to the notation of ”2 we have

Rk 2 LR & FURL B N 1f  Xpyy <Xy ‘:ué

0 | if Xepl 2 X 6;5

where y? > O 18 the magnitude of the decreaie in production rate at -
time ¢, d;
o ‘:E

. _@¢ = the cost of decreasing the production rate onc unit at time -

t (e' is a given function of t). 1§

n\on similar to the definition of Rt' see *2 , we define the
potential total gain from decreasing the production one unit at time ¢,

Ri ® - QI + 2 C‘.t + i (t - i)dt ’
t=li+] tel

ror 1 - o’ e ey T—l and 2 - 0.
The duality between R and R breaks down somewhat 3ince we new

have two dual functlions ﬁi and ﬁ: to plot; wnereas Iin *7 we had just Ri’

The probiem can be stated as follows: i




%
.' o ." )
e 0RC AR e

e ek,

LI A

E 2K
. A

t
where Y (e =1)(yy + ¥ 2R+ U,
1=0
X )
and x. = 7 \y > 0
t &0 1 =
for « = 0,...,T, and each Yy y;, Uy 2 0.

s 5 \) - 3V '_”
g ,‘:‘V ’; ’ﬁ) "f

-u(

.’-'

8 ‘ ry
o !

":,)n 5

Z' ‘ﬁiyi = Kg yi) -

The cbrresponding matrix format for T = 4 3s glven below where

the conditions x, > O have heen omitted.

LI T T T, Ty Yy TR,
1=]l=l

1-1-1

Raf® o e

e SIS
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?3?*

‘r—'Al‘J S an E
-)9-. - g
!-(.‘
~v, X
we piot &, =3 Re otin, riat B, > BP slice b, ~ ' = ¢, + e? 2 o, ¥,
Ps iy i - - 4 e 1 1 5\(
As in #2 we construct <hie dual X scliedule btut in thls case it muct N
11 b t P ~ t‘ l t =~y IO E. 4 E‘ v ;j’ . -F '7}_\ )r‘ u *4‘"’.‘
e e ween vt VO p O s F-i a;)h --1' ‘ueo' 1 ~\- ‘1 — -:. 4 -(., 3 g‘i
equuls tie distance from K, dowr tc X, and ﬁ; equals tue risten? )
> ;','%.
from X, dewn to RY. ) 7
i 1 -’ﬁ
/-
Then X, = Fl, 1.e., ﬁ! = 0, wrer y, >0 s 1, kwa
X, = Ry, Ltie., Up = 0, when ¥ > O te tn ¥
= = {
in addition to the coptimality conittlonc or 3, - %y
B
Sifgsg Yee praausiiEn o%e Yo L lEEiE Py SnEd L YO 1% ‘w%
. > . JJ
nat Xy O for eaciy 1. It ig; e ornended, :oseve:r, tuat rhese @ on-— .
g
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Stary with ur. tentative taslc (Lut r.ot necesearily leas

for example X1 e R,, or perhaps the solution give: in “=

the Ligcest viclations on feagibilicy
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solutions and acjust the 2 and B ae T, ticlng Lnto accow.t

more cciplicated reliatrions whici. oo ~ur rere.

It 18 caly to csee that*t t'le furncdamenta! computation prroperty ot
the Lusls demonstrated earller for drncreaeing pred:-tic:

also for the more general cise a3 well — in fact, ue far as £ s

concerned “h2 proof 1c tle same If one allows the variatle yy there

to take on pcsitive and negative valves. For £ the proof of .c,m—

putati{on properti, l1a complicaicvd Ly the preserce of possiile Jjurmp 3

In the X _.rve. Graphi:-a.ly, tl'« effect ol dropping X, fro:. the
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Example 3. No x4 < 0 1= in tnis optimal solution. ‘~.,

4

;‘if

1 1 01 “‘

Yo P88 Yy N Y YTy 98, "

“1‘1)'1-1-1 11(3) "._
R, o2 111 y,(2)
. Ryl 343 2.2 1 -1- y;(0)
RPN = 3-9 2-2 1 =1-1i7,4)

Min 1l =9 7 -5 3 =1 1 9
- b O==3 =2 0=2=L=1 0 3 =) -1

Example 4.
1 1 2 ?
(24T e U R R ¢ I R R I
A

Rlu), 1 =1 -1 : ]1 (1)
gza) 2 =2 2= ) ;2(0)
R30)|3-3 =2 S };3(1)
RN 4=6 17 2= 1.1y ()
Ml 8-6 7 =4 o3 1 0 =1

-0 Q21 -2-1 (=1 C=l C=1=1

This primal so.l ut.ion is 1nxeuub1e (x1  0). Therefcre, we add

a condition x, Z ¥y - ,' > Ca -

0'\/1.
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It i3 interesting to verify the results of Hoffman ayid Jac‘dbﬁ"
i, ty our methods. Some of the argumentg are cic.e to theirs dut

apply to more general ceses. In [2; they concider the apecial case:

c, = 0, d, =1, e, = A\, e: = O, Thus ir our rotatlon we have
B - P
_ T-1 - T-1 - - .
R e A+ S (tei)and P* = F (t=!) ana tre H* ang R plots are g
i tee S S X3 ¥l
- '(.
- - ey 'ﬁ1
Bl:!.tiy oonvex with 3, = R; = N for ezch. t, : VPR
- 'q
a oo g
.ll 3 y o« . l."
We firal state < W
= : ; . . r N
TYicorem 3: I R* 13 stri-tiy convex, then y? > O, uy > O for zny S *
e inpossible for a1 optimai solution.
_ - - - _'a\‘
Yroof: If y{ N0, Uy » O, then u{ = 0, iy, = 0. Thus ln-l <broy e
‘.'r "‘
tv the convexity of H*, wnlch 13 impossiil2 unless w, 1 2 0 and L -
= B
: S 5
x, = 0. Dut y! >0 1inplies tnaw x,,. < &, =0, 2 contradietior. A \.-'.?
Tiis resuit includes Theorem 1 of {27, i.e., Yor a4 fixed Ny : ,{,
’ N R * v " ._"’“‘
Af X, .y < Xy, then X, = R . e el

N

¥y
a .

theorem 2 of {2] states tsat the final u, = 0. Tls would alwai&.‘l

follcw whe: there 13 no .08t for decreasding rroducticr for the last "R

period, Lrut 1o, e* = O, RSY,. -
d=a
Theorer 3 of (2, states tnat PL € X, Z K, where K 15 the upper
o — b

ronvex enveloje of K. For assume for some fl:rst t <hat ’t > Kt'
tren U, > 0 and %y our Theurem } yg = 0 or Yy 2 O 20 that X .s copvw-'.': N

. Cal e Y
Wil svee.er 3lope 8t L tian K whih has ¢ non—increasing diope with- &b

te "

‘‘me. The two curve. )(t and Kt can never meet for ¢ = 7 contr&dlCtlhéT Ve

U~ = 0 (Theorem 2 of [2]). SRR ThL €

4 ' I I X ‘i

N>

In %4 and ®5 of [2] the special cade of corvex R is discuseed. .
'O.I‘>

Al ‘t.
,

It 18 easlly checked that our Theorem 3 implies that X must iLe CONVveni.
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