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SUMMARY

’The purpose of thie paper 1s to illustrate how
the functional equation technique of the theory

of dynamic programming may be employed to treat

-

T

a class of variational problems with constraints./ | _—
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NOTES IN THE THEORY OF DYNAMIC PROGRAMMING - IV:
A VARIATIONAL PROBLEM WITH CONSTRAINTS

by
Richard Bellman

8l. Introduction

We have, in another place, [5), considered the problem of

maximizing the functional

(1.1)  3(y) = /T P(x,y)at
subject to the constraints

(1.2) a. dx/dt = 0(x,y), x(0) = c,

b. 0{y<x

using the classical techniques of the calculus of variations,

with modifications imposed by the constraint (1.2b).

We now wish tn treat the problem using the approach of the
theory of dynamic programming. Expositions of the techniques we
shall employ may be found in (1], [2] or (3], and we refer to

these works for more detailed discussion.

The basic i1dea 1s to consider a varlational problem as a
multi-stacge decision process of continuous type. The emphaslis
will now be upon determining y(O) as a function of c¢c and T above,

rather than detc¢ mining y as a function of t for O ( t { T.
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We shall show how we may obtain a functional equation for

U(e,T) = Max J(y),
y
and how a limiting for:. of this functional equation may be used
to determine the structure of the extremal curve given certain

simple structural properties of F(x,y) and G(x,y).

In order to establish these results rigorously, we consider
first the firlite analogue of the variational problem above,

namely, the problem of maximizing

(1.3) J( ) g F( )
10 = » 1 2
3 {yk} =0 x}c y.«(

where the Yy, are subject to the constraints

(1.%) a. X

sl -— xk = O(X,k, yk), k = 0,1,2,...,N—1.

b. 0S¥, £ %o

This we again attacxk by means of the functional equation
approach, employing a technique we have used rcpeatedly, cf. [1],
(2], (3). This approach is particularly suitable for a machine

computation of the problem.
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§2. The Basic Punctional Equation

Let us maxe the assumption that the solution to the varia-
tiona. problem described in (1.1) and (1.2) exists and that y(t)

is a continuous function of t in [O,TC for every T ) O.
We then define the function

(2.1) U(c,T) = Max J(y).
y

Let us now proceed formally to ottain a partial differential
equation for U on the assumption that U has continuous partials

with respect to ¢ and T.

We have, along an extremal,

a S 4 S+T
(2.2) U(c,S+T) = /37 Flx,y)dt » 377 R(x,y)dt.

Hence, employing the 'principle of optimality", the section of
the function y(t) in [0,S] is determined by the equat'on

(2.3)  U(c,5-T) = Max _ [ 7% Plx,y)at + /57T P(x,y)ar .
Y 10,5

Consider the second int:7ral over [5,5+T]. At t =« S, the
value of x 1s x(S) as deternined by the differentlal equation of
(1.2a). Since the problem is independent of the start'nc time,

we 8ee that

(2.4) fSS*T P(x,y)dt = U(c(S),T).
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Hence, (2.3) becomes

(2.5) U(c,S+T) = ax ] L 27 Flx,y)at + U(e(s),T) J.
yg DS

If we now l«¢t S—> + 0 and assume the continuity of all functions

appearinz, we obtain in the 1imit the partial differential equation

(2.6) Up = Max [ P(c,v) + o(c,v)ucj,

- 0Lv<e
where we se- v = s(0) for tvporraphical convenience. The con—
dition O { v £ ¢ 1is the consequence of the restriction 0 { y < x.

$3. Heurlistic Considerations

Let us now see what we can deduce from (2.5) under the
assumption that Uc 1s a positive, increasing function of T.
This 18 a very natural condition to expect to be satisfied !n

a number n»f problems of engineering and economic origin.

we first of all impose the conditions that F(x,y) and
3(x,y) be concave functions of y for all x 2> y 2 0. It follows

that the function

(3.1) K(v) = F(c,v) + G(c,v)Uc

for any fixed values of ¢ and Uc will be a concave function and
possess a sincle maximum, which may be at =~ = C, v = ¢, or in

between.

If we assume that Uc is a continuous function of T, as we

have every right to expect, we obtain the important result that
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as T varies, a region where v = O can never abut a region where
v = ¢. There must always be a transition region where 0 {v<e,
a8 region we call the fuler region since the Euler equation must

be valid there, a region of free variation.
The critical value of v 18 the point where K'(v) = 0, or

(3.2) P, + 6, U, =0,

Let us make the further assumption that g, 2 O for all v in the
range 0 { v c for any ¢ > 0. If we assume that U,—> ® as
T—> @, azain a physically plausible result in many of these
problems, 1t follows that, for sufficiently large T, K'(v) =

F, + G, U, will be positive for 0 { v £ ¢. The maximum will then

occur at v = ¢c.

It is easy to show that Uc—4>0 as T—»0. If we assume that
F, <O for all o L v<e, as is the case in the case P(x,y) =x -y
treated below, we see that K'(v) < O for small T and hence the
maximum is at v = O.

Under the assumption that Uc is positive and monotone
increasing in T, we see that the solution will be the following:
(3.3) v =0, 9o dm

6 v e, '1‘1 AL s T2

V=c, Tst,
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where the transition points Tl and T2, in general, will be
functions of c, and may degenerate, i.e. T1 = 0, Tl = 'I‘2 or

T, = T.

2

We see then the utility of the functional equation as a
heuristic device for obtaining information concerning the struc-—

ture of the solution.

To prove these results, we have two avenues open to us. We
may first of all use the method of successive approximations on
(2.6), obtaining a sequence of functions Un(c,T) in the following
way. A choice of vo(c,T) subject to the inequality 0 ¢ vo(c,T) S e,
ylelds a function Uo(c.T) determined by the partial differential

equation

U= P(c,vo) + G(c,vo)Uoc,

oT
Uo(c,o) =0 for ¢ ) 0.

Having obtained U , we choose a new vl(c,T) as the function

yielding the maximum of
K(V,Uo) < Ple,v) + G(c,v)Uoc

subject to O ( v { c. The choice of v, yields in turn a

function U1 as the solution of

Uyp = Klvy,Up)

Ul(c,O) =0 for ¢ D 0.
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We now continue in this fashlion.

We shall in a subsequent paper, in a series of which [A]
is the first, conslder in detail the existence and uniqueness
of solutions of functional equations of the form of (2.6) and

the convergence of the successive approximations above.

Here we shall follow a different path and consider the
discrete multi—stage process corresponding to the variational
problem. As we noted above, a derivation of these results

employing classical techniques is contained in [5].

§4. Finite Version

Replacin~ the interral by a Riemann sum and the differ—
ential equation by a difference equation, we are led in a natural

way to consider the problem of determining the maximum of

N
(4.1) J({y.}) =2 F(x,vy.),
{ :(} ‘/.-‘O K £

where x,, and y.. are related by the equations
<

L

(4.2) Xeyo1 = %

Ve = G(xk,yk)' k x 0,1,2,.--.N—1.

X = ¢,
and Yoo is restricted by the condition,

(4.3) 0S¥, § Xo %= 0,1,2,...,N.
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We assume that F and G are continuous functions of x and Y,

and set

(8.4) Uyle) = Max J({y}) .
Y

The basic functional equation is now

(4.5) UN+1(c) -oscgz [;F(c,v) - UN(c+G(c,v))], N =0,1,2,...

using the notation Vayo s w.tn

(4.6) Uo(c) = Max F(c,v).
0<v<e
In order to Simplify the analysis we shall consider only

the case where
(‘4.7) F(C,V) = C~V ,
a case of some interest in itself.
It corresponds to a multi-stage allocation process where

we have a single resource, measured by X, at time k. A certain

quantity of this resouree, Y,» may be used to increase X, yielding

(8.8) x 0y =% + &(x .7, )

at time k+1. The profit on the other hand will be measured by
X, it 0 The problem 18 to determine the allocation policy which
maximizes the total N-stage profit, cf. (1], [2], for a Atscussion

of similar problems.
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§5. A Simple Case

Let us begin with a simple case, where the analysis will not
overshadow the ideas. The discrete version is the problem of
maximizing

(5.1) J({}) = é_o (x,~¥,)>
where
(5.2) (a) x4 =x +0d(y)
(b) 0<y,  <x, k=0,1,2,...N .
Setting

U"(c) - M;: J({yk})’

we clearly have the functional equation

(5.3) Uy,,(c) = Oza:SC [?—V+UN(c+b(v))], N=1,2,...

Uo(c) =cC.

Our aim 1s to determine the structure of the optimal policy

under appropriate assumptions concerning b(y). We shall assume

(5.4) (a) ©(0) =0, b'(0) = @
(b) d'(y) >0, b'(y) >0 as y >
(c} B{F) <o .

A simple function satisfying these conditions is b(y) = yy/’ :
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We shall show that for each N, the optimal first alloca-

tion vN(c) has the following form as a function of c,

(5.5) wyle) = ¢, . 0<Legey
(o} < j!(c) < c. _ e' <o
uhoro {°N} 1- a sequence we shall detern&no inductively
below. In this case, there is only one transition point.

The proot will be 1nduct1ve. Let us begin with the case
N=1.

We have

(5.6) Uj(c) = Max [c—v + U ole+b(v)) ] = Max [Go(v,c)]
0<ve Ogv<e

If an internal maximum occurs, it occurs at a point where

2G
Q
W-'O.

This equation is

(5.7) b':v) = U (c+b(v))

Since U_(c) = c, Ué(c) = 1, equation (5.7) by virtue of the
assumptions concerning b has precisely one positive root. If
this root 1s less than c, there is an internal maximum. The

critical value of c¢ 1s then given by the root of

(5.8)

=1,

b'(c)

call this value c;.
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If ¢ < ¢;, the maximum in (5.0) will occur at v=c. If
¢ > ¢, there will be an internal maximum at v,;.

Hence, we have

(5.9) Ui(c) = U, (e+b(c)), for ¢ L ¢y, v =c,
= C—V,; + Uo(c+b(v;)), forc >c¢c, vm v, <cC.
The function U;(c) 1s clearly differentiable for ¢ < c;

and for ¢ > ¢;. We have

(5.10) Uj(c) = (1+b'(c)) U] (c+b(ec)) = 1 + b'(c), ¢ < ey,

=1 + U; (c+b(c)) =2, ¢ >cy .

At c=c,;, b'(c) = 1, and we have equality. Hence, U,;(c) has a
continuous derivative. Furthermore, Ui (c) > U;(c) for ¢ > 0.

Let us now investigate convexity. We have

(5.11) Ui(c) =bd"(c) , c <ey

= 0 »y C > Cy

Hence U:(c) < O for all ¢ > O.
We now turn to the case N = 2,

N=2 We have

(5.12) Ua(c) = Max [c—v + Uy(c+b(v))].
0gv<e

If an internal maximum occurs, it occurs at the point where

(5.13) =

= U; (c+b(v)).
b'(

v
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Since U, (c+b(v)) < 0 and ( 51%77)' > 0, there 1s precisely one
root of this equation, which we call v, = va(c). Since U: > U;,

it follows that va(c) > v,(c).
As above, the critical value of ¢ 1s the root of
(5.1%) ST%ET = Ut (e+b(c)).

Call this root cg. Since U: > U; and (l/b')' > 0, ¢2 > Cy.
We thus have

(5.15) Uz(c) = Uy(c+b(c)), for ¢ < ce

= c=vg + U;(c+b(ve)), forc > ca .
Furthermore, we have

(5.16) Us(c) = [ 14b' (c) JU! (c+b(e)), for ¢ < ca
= 1+U;(c+b(v,))+g-:-i [ —1+b* (va)U! (e+b(va)) ]
- 1+U;(c+b(v3)) - 1*1/£'(v3)' for ¢ > c2

At cmcp, U;(c) is continuous, recalling (5.14).

Let us now examine the convexity of Uz(c).

(5.17) U;(c) = b”(c)U:(c+b(c)) + [1+p'(c) J2 U:(c+b(c)), for c<ca
= Up(cb(va)) [ 140 (va)3¥2 ],  for ¢ > ce.

Using (5.13),

«18 - b 5 '
(5.18) --E_%t_((%%? g%ln Uy (c+b(ve)) [ 140" (v2) g%i.j ’



P-5640
=33

or

(5:19)  &¥2 [ (vz)ul(esb(va)) + 2ve) 7 = _ul(esn(va)) .
(b'(va)j?

Hence, g—zi < 0. Returning to (5.18) this ylelds 3+b'(v3)d:£ 5O

Using this 1in (5.17), US(c) < O for ¢ > cz2. Since (5.17) shows
that U2(c) < O for 0 { ¢ < cz2, we see that Us2(c) < O for all

¢ > 0, but 1s not continuous at c = ca.
Now to the final step that
(5.20) U;(c) > U;(c) .

Having established this, we have all the ingredients of an induc-

tive proof.

To establish this inequality, we must consider three distinct

intervals [0,c1), ¢1,c2), and [cz2,0].
In [0c,], we have

(5.21) Ul(e) = [1+0b(c)] Ut (c+b(c)) > [1+pr(e)] ulle+d(c))

-« Ut(c) .
1

In [ ca,®], we have

(5.22) Us(e) = 1 + 1/ (vy) D1+ 1M (vy) = Uj(e) ,

Since vg > v;. The remaining interval to consider is [¢,,cz]. In

[c1,ca] we have

(5.23)  Ul(c) =1+ 1/b'(v,)

U;(c) =[1+0b'(c) ] U:(c + b(c)) .
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Since vz = ¢ In [ cy,c2 ],
(5.24) -1+ b'(v)U:(c +b(v)) >0
for O £ Vv <ce. In particular,
(5.25) b'(c)U;(c + b(e)) » 1.
We now wish to show that

(5.26)  Ul(e + b(e)) 3 1/b'(vy)

for ¢y { ¢ < ce. Since 1/»'(v) is increasing and v,(c) < ¢,
1/6'(vy) < 1/b'(c). By (5.25) 1t follows that, for ¢ < ca,

(5.27)  Ul(e + b(c)) 2 1/b'(e) 2 1/ (vy) .

We now have all the material required for an inductive proof

of the following

(5.28) Theorem. For each N there pxists 8 function v, (c) with

the following properties:

(a) vN(c) is monotone decreasing as c increases;

(v) VN+1(°) > vN(c'), Nw1,2:0..

(c) There is a unigue solution of vN(c) = ¢ which we
call Cy» and SN+l 2 ONG

(@) For 0.<c & cys We have UN(c) = UN—l(c + b(e));

(e) Fror cy < ¢, Wwe nave UN(c) = c-vN(c)#UN_IEco-b(vN(c)) J;

(f) UN'(c)zUn_l'(c), N=1,2,...,¢>0;
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(g) UR(c) 0, N=1,2,00., 20 .

$6. A More General Problem

Let us now consider the problem of maximizing
T
(1) 3(y) = g (x=y)at
subject to the relation

(2) g% = G(x,y), x(0) = c ,

and the conatraint
(3 ocdy<x.

As above, we begin by considering the discrete version of the

problem, where
N
(“) J[ { y“( } j - ;O (xk-yk) »

and

(5) (a) Xepp = X + G(xk,yk), k ® 0,1,2,.00,N=1,
(b) o<y, <x

Setting

(5} Wgle) = nex IC {7 )]

we clearly have
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(7) Us(e) =c ,

U,,.(c) = Max [c=v +U_(c+G(c,v)) ] , N=1,2,...
N+1 N - ¥
Ogvee

Our aim 1s to determine the structure of the optimal policy
under appropriate assumptions concerning G(c¢,v). This is equiva-—

lent to determining the structure of v = vN(c) as a function of ¢
and N.

We shall assume that G(c,v) satisfies the following conditions

(8) (a) Gv(c,v) > 0, Gv(c,v) > 0as v - o, Gv(c,v) -> ®as
v = 0, uniformly in c.
(v) o, >0, G, < O.
(¢) [ I/Gv(c,v) Jv=c 1s monotone increasing in c.
(d) rzccc + 2rsG . + s’Gvv is a negative definite form.

(e) [1+ G.(2,v) ] /G,(c,v) 1s monotone increasing 1in v
As above, we shall employ an inductive approach.
$7. The Case N=2

We have

(1) Ua(c) = Max [ c—v +U,(c+G(c,v)) ]
OQvge

Let us set

(2) Py(v,c) = cv + 8, (cea(c,v)) .

If an internal maximum occurs in (1), 1t occurs at a point where

In the limit of the continuous case, this requires that 1/0 (c,v)
be monotone increasing in v, which is a consequence of (d Y
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(3) 9F, -17-
= 1 »

9V

or
(&) !/bv(c,v) =UtictGle,v) = 1

By virtue of our assumptions concerning G, thics equation has pre-—
cisely one root for any value of c. If this root 1s less than ¢,

there is an internal maximum.

The critical value of c¢ 1t then given by the root of
(s) [1/6,(ew)],o=1 -
Let us call this value c;. Cur assumption ensures that this equation
has precisely one root.

If ¢ < ¢y, there will be no internal maximum and the maximum
will occur at v = c. If ¢ > ¢;, there will be an internal maximum

at a value v < ¢ which we call vy = vy(c).
Hence wWe have

(6) Ua(c) =Uy(ceG(c,e)) cgcr o

= c—v, 40, (c+G(c,vy)) e >ecy

The function fz(c) 1s clearly differentiasble for ¢ < ¢, and

c > ¢3. We have .
(7) Uile) =1+ (Gylepe) + [ aylesv) Jyue) » ¢ < ey
=1+ (1+Gy(c,v1)) c>cy .

For further use, we note that (4) shows that we may write

(8) Ul(e) =1+ (1+6.(c,v1))/ay(e,ve) c>er .
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At ¢ = ¢y, vy(c) = c and [ G (c,v) Jyac = 1. Hence we have equality
of right and left hand derivatives of Uz(c) at ¢ = ¢,. Thus U;(c)

1= continucus for &11 veluee of c.
Since U:(c) =1, (7) shows that

(9) ulle) >ulle)

for all ¢ >» O.

We now wish to show that u;(c) is monotone increasing, which
is to say that U.(c) is concave. To accomplish we shall prove a

useful lemma.

$8. A Lemma on Concavity

I.et us prove

Lemma 1. Let ¢(x,y) be a concave function of x,y for x,y > O,

(1) ¢(2Ax+(i=A)x2, Ayi+(1-A)y2) >

Arh(xy,¥71) + (1= 2A)é(xa2,y2)
for 0 A < 1.

Then

(2) r(x) = Max é(x,y)
0gy<x

1_8 concave.

Proof: If y = x, we have f(x) = §(x,x), clearly concave. If y = O,
f(x) = é(x,0), also clearly concave. If 0 < y < x, then y 1is deter—
mined by

(3) 6,(x.y) =0 .
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Then

(1) £r(x) = b+ 0, Tab .
Thus

(5) £"(x) = by, + by T

= b b - 62

_’_‘_x_.l%___l
s
W

using (2) which yields ¢

L2

vy dy/dx = 0 .

+
Xy

The cordition that ¢(x,y) be concave 1s equivalent to
2
(6) r2¢,, + 2rs ‘xy + s &n

being negative dcfinite. Hence the right side of the equation in

(5) 15 negative.
Let us now show that
(7) F(c,v) = c=v + U(3(c,v))

1s concave if U is concave and monotone increasing and G is concave.

We have

(8) ¥ ™ cccu-(c) + GacU"(G)
F,, = Gy, 0'(G) + cu"(a)

Bov = CCVU'(:) + GchU"(G)

From this it 1s clear that F(c,v) 1s concave.
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Combining these results we see that 2(c) is concave.
§9. The Case N=3
We have

(1) Us(c) = Max [ c=v+Uz(c+G(c,v)) ]
ogvee

= Max [FQ(V,O)]
Sc

If an internal maximum occurs, it occurs at a point where
(2) 1/6,(c,v) = Uz(c+G(c,v))

Since 1/’6v 18 monotone increasing in v, and U;(c+0(c.v)) is monotone
decreasing in v, there is exactly one root of this equation which we

call v = va(c). Since U; >>U‘ 1t 1s clear that va(c) > vy(ec).
The critical value of ¢ is the root of
L}
(3) [ 1/6,(c,v) ], . = UalceGlc,e)) .
call this root cg. It is clear that cz > c;.

From (2) we see that dv/dc 1s negative.

/yu;(cﬂ}(c.c)) > 1/6,(cov) | e

U;(c+0(c.c))

L

Qg

)
8
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Referring to the figure above it is clear that s > c;- Hence
(u) U3(c) = 02(0+G(C.0)) ’ c < °2
= c—v2+l12(c+0(c,v2)) , c ) 5

Thus

(5) Ué(c) = {1+[ Gc(c,c)+|: g (c,v) jv=c ]} U'5(e+8(c,e)), ¢ < ¢,

=1+ (1+Gc(c,v2)Ué(c+G(c.v2)), c D ¢,
1+G°(c,v2)

= 1 +
Uv(c,v2)
The concavity of U3(c) follows as before.

That Ué(c) > Ué(c) is clear for c ) c,and 0 e g cy. It
remains to prove that the inequality holds in [ec,,c, J. After
having established this, we have all the material for an induc—

tive proof of the structure of vN(c).
In [ c,¢,] we have

(6) Ué(c) =1+ (1+Gc(c,v1))Ui(c+G(c,v1)
Us(e) = [1+(a (c,e)+L G (c,v) Jyae) JUs(c+a(c,¢))

The fact that v, = ¢ in [¢,,c, ] implies that
(7) -1+ 0Us(c+a) >0
for 0 { v candc, {cgc, Hence

(8) uyte) 2 C1+a.(cie) + Caylesv) I, ]
[av(csv) ]vgc
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1% Gc(c.c)
$ ammm
E ov(ch) Jv.c

21

On the other hand
1+0c(c,v1)

(9) usle) =1+
Since v,(c) < ¢ for ¢, {¢< o, and E1+ a,(c,v) ]/Gv(c.v) qua
function of v is monotone increasing, by assumption, we see that
Ué(c) > Ué(c). We now have all the material required for an induc—

tive proof.

Summarizing our results we see that we have a monotone in-—

creasing sequence, {FN} » possessing the property that

(10) vWw=¢ , 0<egey

= vN(c) $e , ey (e ®.

Each function Uy(c) is monotone increasing in c and concave and the
sequence {pﬁ(c!} is monotone increasing in N.

This property carries over in the limit as the discrete process
goes over to the continuous and enables us to use the functional
equation to determine the properties of the solution. It may be
pr.ved by a straightforward argument that the 1limit of the discrete
case is indeed the continuous. We shall omit the proof here.
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