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Summary

\\EQA simple and rapid methcd cf estimating the maximal
steady state flcw of traffic through a railway netwcrk is des-—
crived and i1llustrated by examples. The metacd, as presently
described, 18 entirely empirical in character and nu generallity
is ciailmed. Essentially, 1t 18 an 1llustraticn <f the appli-
cation of the techniques of gaming to certain classes of
mathematical problems. oy Yr\\\~

This study 1is an ocutcome of a suggestion by General F. S.
Rcss (U. S. A., Ret.), T. E. Harris, and others, and it nas
been prepared as a contribution to thelr much brcader prcjlect.

Some of the material i{s intended for presentation, in
a modified form, before tne June meeting cf the O. R. S. A.,,
under tne title: "The Gaming Approach tu the Problem of

Flow Thrcugnh a Traffic Network".
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DETERMINATION OF THE MAXIMAL STEADY
STATE FLOW OF TRAFFIC THRCUGH A RAILROAD NETWORK

Alexander W. Boldyreff +

Part 1. Introduction.

It has been previously assumed that a highly complex
ralilway transportation system, too complicated to be amenable
to analysis, can be represented by a much simpler model.

This was accomplished by representing each complete rallway
operating division by a point, and by Joinirg palirs of such
points by arcs (lines) with traffic carrying capacitles equal
to the maximum possible volun ¢f traffic (expressed in some
convenient unit, such as trains per day) between the corres—
ponding operating divisions.

In this fashion, a network is obtained ccnsisting of
three sets of points—points of origin, intermediate or
Junction points, and the terminal points (or points of desti-
nation)—and a set of arcs of specified traffic carrying
capacities, Joining these points to each other.

The following simplifying assumptions are macde initially
for the steady state:

1. At the origins only lcaded trains leave, and only
empty trains arrive.

2. At the terminals only loaded trains arrive, and only

empty trains leave.

*Part 4 of this study was presented at the New Ycrk meeting
of the Operations Researct Scoclety cf America, June 3, 1955.
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3. At each Junction point the number of loaded (empty)
trains arriving is equal to the number cf loaded (empty)
trains leaving each day.

4. Tne number of loalel trains leaving all the origins
18 equal to the number arriving at all the terminals each
day .

5. The number of empty trains leaving all the termina.s
is equal to the number arriving at all the origine each day.

The last two conditions are deducible from the first three
and are stated explicitly only for emphasls.

It 1s the purpose of this exposition to show how to
find a method of assigning the steady-state flow of traffic
to each arc of the ne<work, not exceeding the capacity of the
arc, which will maximize the total flow of loaded (empty)
trains from the origins (terminals) to the terminals (origins),
and satisfy the five assumptions stated abcve.

In the process cf searching for the methods cf sclving
this prcblem the fcllowing objectives were used 78 a guide:

1. That the soluticn could be obtalned quickly, even for
complex networks.

2. That the method could be explained easily to rersonnel
withcut speclalized tecnnical training and used by them

effectively.
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3. That the validity of the solution be subject to easy,
direct verification.

4. That the method would not depend on the use of
high speed computing or other specialized equipment.

How well these objectives have been met in the methods
of solution developed will be now described. The description
omits the mathematical background of the problem, since it is
felt that the discussion of this background should be rele-
gated to a separate exposition.

Part 2. Preliminary Reductions.

In attacking any complex problem the first step should
always be to seek maximum simplificaticn attalnable without
loss of generality.

Twc such simplifications are possible in the present
problem.

I. Reduction of the two—directional flcw problem to

that of unidirectional flow.

In the criginal p blem the steady state consists cf the
simultaneous movement through the network of lcaded tralns
from the origins tn the terminals and cf empty trains in
the opposite direction.

T'tese two movements must necessarily be at the same rate.

Imagine now a network with arc capacities Just cne-half
of those of the criginal network.

Assume that only lcaded trains are moving frcm the origins
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to the terminals, and that a maximal steady flow has been
established. By reversing the direction of traffic flow in
each of the arcs an equal maximal steady flow 1s obtained in
the opposite direction; i1.e., from the terminals to the
origins.

Thus, the two—directional problem can be reduced to the
unidirectional case, and the solution of the former immedi-—
ately deduced from the latter, using half of the network capa-—
city for the movement of lcaded trains from the origins to
the terminals, and the other half for the movement of empty
trains from the terminals to the origins.

For this reason the subsequent discussion will be con—
cerned only with the problem of determining maximal flcw from
the origins to the terminals, subjech to the steady state
conditions:

(1) At the origins all trains leave, and none arrive.

(2) At the terminals all trains arrive, and none leave.

(3) At each junction poiat the number of trains coming
in 18 equal to the number going out.

This implies that the number of trains leaving all the
origins must equal the number arriving a*% all the terminals.

And, of course, the traffic flow through each arc cannot

exceed the capacity of that arc.
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II. Reduction of the network with many origins and

terminals to an equivalent network with a single origin

and a single terminal.

Two netwcrks are equivalent if the maximal flows
through them are equal.

In this sense it is possible to reduce any network
containing many origins and terminals to an equivalent
network with a single origin and a single terminal.

Consider the following two networks, in which the parts

not shown are identical:

Network No. 1 Network No. 2

The rest of
the network

The rest of
the network 0
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The network No. 2 is cbtained from the network No. 1
by Joining the arcs of network No. 1, originating from O,
and Oz, to a single origin O; 1.e., by allowing C, and Og
to move into coincldence.
i 3ince tiiis has no effect on the flow, the two networks

are equivalent. The same reasoning can be applied to networks
containing any number of origins.
Similarly for the terminals.

Part 3. FPurther Reductions.

Certain simple and obvicus equivalence transformations
can be scmetimes employed to reduce the complexity of a
network.

These can be rerresented as fcllows:

l. Series ccnnecticns:

¢ Ca min. (cy,ca)
O— O— 0 = O

The flow through two arcs connected in series cannot
exceed the minimum of the cepacities of the twoc arcs.

2. Parallel connectiors:
Ci

Ci1+Cga
e ©

Ca

The flow through two arces connected in parallel cannot

exceed the sum of the capacities of the two arcs.

3. Arc absorption:

»
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The network on the right is equivalent to the cnea the left
provided ¢ is not less than the smallest of the sums

Ci+CatCys and cp'+ca'+cy’

This proposition can be immediately generalized as folloirs:
Consider two points of a network P, and Pg, Jjoined by
an arc of capacity c. Let S; be the sum of the capacities
of all arcs Joined to P,;, and S; the sum of the capacities
of all arcs Joined to Pz. Consider the smaller of the expres—
sions S;=¢c and Sgec. If this 18 not greater than c, then the
arc Joining P; and Py can be dropped and the points P, and
Pa allowed to move into coincidence. The resulting network
is equivalent to the original network, but contains cne less
arc and one less Junotion.

) An {llustration.

The way in which tne above reductions may be used in
simplifying a network is i1llustrated in the following sequerce
of figures (Pigures 1 to 11).

In these figures the numbers indicate caracities of the
corresponding arcs in arbitrary units.

By successiv * application of the simple reductions
described above, the original, fairly complex, network is
reduced to a single ric of cepacity equal to 31 Jjoining
the origin to the termxlaal.

Clearly the maximum flow through the network 1s also
equal to 3l.

By reversing the steps used in successive recductions it

is now possible to assign proper flows to the arcs of the
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network, eventually arriving at the solution for the original
network. This is shown in Figures 12, 13, 14, 15, 16, and 17,
and indicates the reversal of steps used in the previous
step—by—-step reductions. In these figures the flow through
each arc is given in terms of the fraction of the capacity

of the arc, and the direction cf the flow 18 shown by the
arrow. Heavy lines are used to indicate saturated arcs;

. i.e., thosacarcs in which the flow equeals capacity.

»>—— -
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Figure 1. The original network.

Figure 2. FKeductlon to the single origin, single terminal case.

-

The arc tc be abscrbel

in tne next step

is encl.sed 1ir

a rectangle. Arcs to be coumbinea are undersccred.
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Figure 3. Arc absorption, and combination of parallel arcs.
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Figure 4, Once more.




Figure 5.
Figure 6.
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Figure 7.
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Figure 3.

Figure 9.

Figure 10.

Ei'ure }i.

Figure 12.

Flgure 13.

3-5
—13=

14— | 24
- -‘_'_._/_,,./--"' e
0 < 10 ngff:::} T
14

Series connecticn.

14

e

= R

Saturating the arc «!th maximum f{low.

3.

3
0 > T

Starting the reversal cf steps (see FPig. 3).
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%tigro lg. \Continuing the reversal and maintaining maximal flow

L]

Pigure 15. Next step (eee Pig. 5).

Figure 16. Once again (cee Fig. 3).
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Figure IL. Pinal solution (see Fig. 1)
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A glance at Figure 17 shows that a steady state flow has
been established, which saturates each of the arcs: PIPS’ P1P6,
P2P5,P2P6,P2P7,P}P6,P}PTP4P7, and P4P8' with the flow in each
arc directed from the side cf the crigins tov the side ol the
terminals. Since no flow from the origins to terminals 1is
possible unless it goes through this set of arcs, the total
flow through the network thus determined is maximal. While the

validity of the above solution is the cofisequence of the validity

and reversibility of each step in the step~by-step reduction,

tne preceding furnishes an additional and direct verification.
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Irreducible networks.

The solution of the prcblen of maximel flcw through a
netwcrk by the metnod of successive reducticns, 1liustreted
above, nas 1limited practical value.

Even wrien such reducticns are pcssible t:e method is
tedicus when applled to netwcrks of sufficlently high degree
of complexity.

Furthermcre, it 18 an exception, rather trhan the rule,
that such: reductions are even possible.

Trerefore, a method will now be described, w..'cn is
independent of reducticns and meets all the chjectives listed
in the Intrcducticn.

Part -. The Flccding Technlique.

wWhnile trnils methcod .f attack 18 appilicatle directly tc
networks with. any number ¢f c.riyins and terminzls, tremesent
discussicn, fcr tie sake cf clarity, will be limited tc the cne-

origin, —ne—terminal, case.
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The procedure is as follows:

Starting at the origin, traffic flows are assigned to
all arcs leading from the origin to saturate these arcs. In
this fashicn the maximum number of trains arrive at a set of
Junction pcints one arc distant from the origin.

Using thils set as if 1t were a set of new origins, the
maximum number of trains are sent on from each of the points
of this set, starting with the point subject to the greatest
capacity ccnstraints, end scheduling trains, whenever possible,
in the fcllcwing order:

1. "Forward"—to new junction pcints, through the
outgoing arcs.

2. "Laterally"-—to other points ¢f the set.

3. "Bottlenecked"—if traine are left over after steps

l and 2; 1.e., 1f all ocutgoing and lateral arcs are saturated.

Whenever arbitrary decisions have to be made crdinary
commor. sense 18 used as a guide. At eacn step tne guldlng
principle 1s to move focrward trhe maximum pceslble number of
trains, and tc maintain tre ,reatest flexibiiity {cr the remalin-
in, netwcrk.

In this fashicn the scheculing cf flows covers, step—by-

step, tr.e wiCle retwor< andi reac:es tre terminal.

Next, the b %" lenecks are elimlnated cne zfter anct..er
by returning trhe excese trains to tre crigin.
Firially, tne vailliity of t.e sclutl-n 1s tested by

inspe:ticn.
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If a maximum flow has teen achieved, it will be impos—
sible to find a single continuocus unsaturated path (i.e., a
set of arcs, none saturated, Jjoined end tc end) ertending from
the origin to tiie terminal. Therefore, there will be fcund at
least one set of arcs through which the flow must pass, and
all of which are saturated with the directi~n of flow in each
arc from the origin to the terminal.

In dealing with the usual rallway networks a single
flooding, fcllowed by removal of bottlenecks, should lead to
a maximal flow.

However, if the above were not the case, an additional
flow alcng the unsaturated path (or paths) wuld be readily
found and a maximal flow achieved.

This technique is illustrated by the follcwing example.

Pigure 18. The Network.

PI B PI
7 4
13 5 7 &
13 % 5
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Figure 1b shows the network. O is the origin, and T the
terminal. The capaclty of each arc (in trains per day) 1s
sncwn bty trne number next to the arc.

Flysures 19, 20,d, 22, and 23 show successive steps of
ficoding the netwcrk. Heavy lines indicate saturation.

Ligtt lines are used for unsaturated arcs. The arcs to which
no flcw has been assigned are dashed. Arrows show the direction
of moticn. The flows are expressed in fractions cf tctal
capaclities cf tne arcs. The bcttlenecks are represented by
squares around the correspcnding junctions, with the number

«f tralns in t:e bcttleneck marked by a number next to tne
square.

Fiyure 24 s <btained frcm the prececing filgure by
remcving the bcttlenecks.

This 1s the soluticn cf the problem.

The fact that tre flcw must necessarily pass through the
arcs P“Pb, PEPG’ P5P9, PSPG' P2P7, P}P6’ and P} 79 and that
each of these arcs 18 saturated, with the directiun of flow
frcm the crigin tc the terminal in each case, veriflies thre
validity cf tre solution.

Trie maximal flcw thrcug:. the netwcrk {8 found te be

28 trains per day.
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Figure 19. First step of flocding.

Figure 20. The first phase of the second step. Three
Tralns sent forward, six laterally, and four bottlenecked, at Ps.
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Figure 21. Continuation of the secovnd step. Fourteen
trains sent forward, and five laterally, from Pa.
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Fiﬂure gg.

Completion of the secono step. Fifteen trains
sent forward, and three bcttlenecked, at Pg.
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Figure 23. The third and fourth steps of flcucding. Another
tottleneck formed at P5.
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Figure 24. Pinal sclution after remcval ¢t the vcttlenecks.
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Alternate procedures.

The method of sclution Illustrated above 1s obviously
not the only way of applying the flcoding technique to the
network flow problem.

Since the flow tnrough a network depends only on the
capacities of the uarce Jjcining varicid polnts L tie networy
and nct on the relati!v., positions of tte points, tae letter
mnay be represented in any convenient way, prrcvided that the
connections betwseer. prcper ;alrs of puinte by arca of sreci-
fied capacity are nct clsturbed.

One such way 1s tc arrange 511 thre zoln%s in a stralght
line—the origin, the ‘uncticin vointe, and tnhe ‘ermineal.

Thie order of placing the Juncticon polints 1e arvitrary. The

solution i.self proceeds as before.

Such scluticn cf the prcblem 18 shewn {n Figure 25.
A slance at the fl.w acr.ss trne dasred line between tne ‘lunctiuns
P5 and P6 demonstrates tnat 1 maximal flocw has indeed been
{feund.
Wniie tils ajproacr “!fers no real practical alvantages
_ver t.e grecediny s-lution, 1t i.es 8ugest scme tlecretically

interestiny pessitvilitlies.
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Figure 2¢.
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Tne g.lution of the pr.bien snown in Flgures 1B to 2+
inclusive can als. be easily reiuced t. simple tapulaticn.
This 18 shcwn in “igures 2, 27, and 2c.
Figure 26 deflines the netwcrk ~f Figure 15 by showing
the capaclities of the arcs !‘cining varicus pairs ¢f polinte.
Empty squaree represent absence of ccrresponding arce.
The step—by—ster solutiond Filgures 15 to 23 {inclusive
is replaced ty the step-by-step tatulaticn of flowe In Figure 27,
obtailned frum Pigure 2c by assigning flows t- var!icue arcs
of the network 1in accordance with the rules formulated in Part 4.
Thege flows are indicated by the numbers atcve the dlagcunals
of pertinent squares of the taole, with caracities indicated
oy numbers below the dlagunals. The bottlenec«s are recorded
in prcper rows on the right cf tne table.
The final soluticn, w~ith bcttlenecks remouved, 1s shcwn

in Figure 28.
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‘ ¢*'.'-,3'~,;1§:un 26. Table of ¢apact ' g‘t ’a’tu& “ m L1 ?rwﬁ”

P1 to points PJ. Note that each arc is listed twiece.
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1 5 6 4 5
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81/ \ 7 6
5 1 2 6|/6
2 2 61/ 6
51/ 1 8 6
6|/ 6L/ 6 "31/20
61/ 6 3 20
201 720
B g
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Plocding of the network.

Figure 27.
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Pigure 28. Pinal solution, after removal of bottlenecks.

While the solution is obtained very rapidly, the verification

cf maximality is more difficult.

ckat
Pg P7 Pg Fg T
5
> 1
2 1
6
?
2 6 q/’
0 [
8 6
0 6
8 6
U ) ¥
6 3 |20
9] 15
- 6 6 3 20
7y 0 /9//
/ 20 | 720
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Part 5. A "Real” Transportation Network.

In the examples used above relatively simple netwcrks
were analyzed. This was dcne deliberately, to keep excessive
detaill fror obscuring the maln issue. Cnce the spgirit of the
method 18 thoroughly understcod, the flucding technique leads
easily to the solution of problems cf maximal flcw even for
networks of very high degree of complexity.

An example of sucn ccmplex netwcrk 18 tne mrdel cf a
real, comprerensive, railway transportaticn system mentioned
irn the Introducticn, and shown in Figure 29.

This model consists of some eight points of origin,
five terminals, twenty—eight Junction points, and elghty-five
arce, whose capacities are indicated in the flgure by the
numbers placed next to the arcs.

The problem is to find a maximal flow frcm the nrigins
to the terminals.

In view (f the great complexity cf this network it is8 a
temptaticn te reduce !t first to a simpler equlivilent network,
using the methods of Parts 2 and 3.

The result of this reduction is snown in Flgure 20.

It 8 sti1ll ratrer impcsing, consisting cf sime twenty-three
ncints and fifty-veven arcea. The latcr experded in acnleving
ti.ise reduction 18 hardly Justifled ty the dlecreise in com—
plexity. It is concluded that the direct appllcstion ¢ the
flcoding techrniique to the criginal netwcrr 1g tie tetter

policy. Accordingly, a maximal flcw througr the network cf
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Figure 25 was deternined in this way.
The solution s showr in I'igure 3.

The maximal flcw 15 equal tc 167 trairs per day.

-

A glence at tie arcs F7P1, r pP_P F8P P-P

8pll 5 2v }v P9P}‘ 9 10'
P17P10,P17P11' ard O Fpy (tre only arce for wnlcii t'.e [lcw 18
i{ndicated by heavy arrcwe) verifler the maximality _f the
flcw.

The totel time of sclving the proviem 18 less than

thirty minutes.
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The network.

Flzure 29.

P—687
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The reduced netw._rk.

Figure 30.
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Fijpre 2_]: The solution.
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Part 6. The Gaming %;prcach.

Tre solution of tre maximal flcw preotlem can te reduce..
tc & simple ypame.

The networs is drawn on a large j;lece ¢f japer, or

(@]

cardbcard, cr laid out using colored narrca ccotch: téepe o n

a board (f cellotex (twenty—{our vy tilry—six incnes,. Tae
caraclities cf tne arcs are markeZ. The flows are assigzned
tc varlcue arce by rlacings -o trer =731l ;leegt!z zrrows.,

Red arruws are usea !or saturatec arce, atter ccl.red ounegs
for unsaturateu. In the latter case, tne amcunt of flcw le
indicated by writing the numoer of units f “1°+v on the
plastic arrow w~ith a grease pencil. The Li'tlenecxs are
stown bty plastic squares, with procrer nuiers 1arkel on them,
placed over tiie proper junction goints.

The actual playinz of the gane rroceeds exactly a3 in

the solution described in Part §.
After the fl.oding ¢f the network, and the sutsequent

mmoval of the bottlenecks, trhe . i rcet Letavern i red Arrove
on the gaturated arcs, unlvi tie Zler ol rec arr.we - the
unsaéturated avce, meres ver’ Mcoatic a1 ery 2 tallv eoov,

Thip 16 8ls. un elfective ~ay .7 exnliinin: <ae metiod
of flcoding to ot erg.

Part 7. cxtensions.

he mcdel ol the rallway netiascr: ilacusse. abse 13 .ertainly

an extreme cversimplification.
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Many 1mportaht ractora; on which the flow 6t i};ffio m;y‘
cepend, nave teen lJellterately left out cf conelderation.

A fea cf these are

1. I<adine rates at crizins, cr, nore ze»rally, the
ratee ¢t wnich treins may te sent Lut fr.om the origine.

¢. Unlcacling rates at terminals.

2. Zapacitiee cf ‘uncticon polints {ur naniling through
tral’l die s

4. nvallepility cf locomotives and rclling stock.

5. Sidings.
” . Servicing and maintenance re ,ulrements fcr track,
locomotives, and rollin., stock.

ktc.

It 18 believed tnat all cf these factors cun oe latro—

¢iced {nto tre model wrnen neceessary withcut sensibly affecting

the ease of solution of the problem. ;"
Anotrer difficult question is the determination of the

frocticn of the capuclity of an extenci/e netw:rk required in
the ~perat!i . n of tre internal eccnumy cf the area, and not
availa:le Tor tirourh trafflc.

Qf 3 dilferent nature {s the ;retlem ¢f extending the i1deas
Of wamir, to otier classeg cf mathematical]l rrotlems and oiher
practicai Aprliciticne, and 3recifically tne possiblility of
a ~'der nee -7 “he flooding techniques.

Finally, trere 17 the questi_n of a systematic fcrmal
founiatl n, the comprehens've methematical basis for emperi—
cism and intultion, and the relaticn o the present techniques
tc otrher 1rccesses, 3suc: as, fsor instance, the multistage
dec!si~n proceacs (a susgesticn cof Bellman's).

All tris {8 re.erved fcr the future.
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