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INTRODUCTION 

§ L. Survey 

1.  Origin.  In the sign rule of Descartes and its 

generalizations, which has been the subject of Investigation by 

many others, particularly Laguerre, the number of changes of 

sign plays an Important role.  Fekete and, after him, Polya, had 

the Important Idea of Investigating In general how the number of 

sign changes varies when the finitely many numbers of the sequence 

are considered as variables and subjected to a linear transfor- 

mdtlon. 

The central problem turned out to be that of determining all 

those linear transformations which never Increase the number of 

sign changes.  The matrices of such tr&nsformatlons will be termed 

variation decreasing. 

In 1930 Schönberg solved this problem for tne case that the 

rank of the matrix of the transformation is equal to the number 

of independent variables.  For this purpose he introduced the 

notion of a minor-definite matrix.  With the help of a natural 

sharpening of this notion I solve the problem for the general case. 

In this case, as in the one Schönberg treated, It Is sufficient 

for the decision to know the signs of all the minors of the 

coefficient matrix. 

2.  Central questions.  The deeper basis of this fact is 

that the knowledge of these signs also suffices for the answering 

of many more general questions: namely for the deduction of 
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expllclt condltionß for the solvability or unsolvabllity of a 

system of linear Inequalities.  In ^>-12 we develop a general 

theory of such systems and their solvability and then deal Inde- 

pendently with tne variation decreasing matrices In §§1>-L4. 

To the best of my knowledge, Fourier first treated linear 

Inequalities systematically.  Later, independently of him, Gordan 

and Mlnkowskl successively turned to this subject, and In this 

century about 30 papers, listed In the bibliography, have been 

published on linear Inequalities.  A shorter and somewhat Incom- 

plete summary of the historical development can be found In the 

work of Kuth Stokes.  Dines and McCoy give an extensive biblio- 

graphy and .istorlcal notes In their combined work. 

3.  A sketch of the Investigation,  statements about equation 

systems can be divided Into the quantitative theory of the explicit 

representation of solutions by determinants (e.g. Cramer), and the 

qualitative theory of dependence, rank, etc.  In the same way we 

divide our Investigation into two parts (§§5-10 and ^{j^-^)' 

We first consider homogeneous systems and for this purpose 

define the basis (55), prove Its existence (56), state It 

explicitly (§7), and consider It in more detail (§0).  Then we 

obtain a parametric representation of all solutions which can be 

further reduced for the "fixed" system (§9), whereupon we are 

also In a position to solve the Inhomogeneous system (§10). 

Then we proceed to the equivalence and solvability problema. 

By determining the rank of the "minimal system" (^ll) we obtain 

a criterion for unsoivabl.1ty (§12), from which two theorems and 



their coroliarlea follow: the transposition theorem (513) and 

simplex theorem (5:^)- 

In general we nave presented the analytic theorems together 

with the corresponding geometric statements.  The questions we 

pooe deal with the group belonging to affine geometry. 

4.  Results. Because of the many Interrelations between 

statements in the subject dealt with, It will often be difficult 

10 decide when a theorem Is really new. 

Except for the presentation Itself, which I hope appears In 
« 

a new correction,  I would   like  to emphasize  the following places 

where progress  Is made. 

The   Idea of considering Inequality systems for all possible 

sl^n ranges  (sign combinations)  Is perhaps used In the present work 

for the  first  time.     The discovery of a basis  for this most general 

case  saves many  special   considerations. 

Besides,   the so-called combination principle  /•an be under- 

stood and  formulated only  In this way.     From  this principle there 

arise  proofs of the  transposition and simplex  theorems,  and the 

transposition  theorem obtains a particular general  form. 

,    5.     Notation and  terminology.     The  numbers represent  the 

paragraphs   In which  the notion  first appears. 

alternate  + 70,   93 closed fcl 

basis B l^,  17,  33, ^5 ootffloltnt rang* 

central  part G ^b 
column combination 

central  projection 05 Al l6 

column number m 16 

Jw   ->■ 
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complementary 19 

constant term *,c 27,28 

convex 20 

convex cone xA 23 

corner 30 

definite >, < 15,91 

determinant |A| 16 

dimension n 19 

element €. 14 

equation basis Q 17 

extreme part H 45 

generate 14 

half space 27 

homogeneous 27 

horizontal 55 

hyperplane     20 ,21,84 

Identity Z 27 

Independent 14,19 

inhomogeneous 27 

Juxtaposition (A,B) 16 

linear dependence k 56 

linear manifold 19 

line free 21 

matrix         16, 3^55 

minimal 14,82 

minor definite 92 

modulo 52 

multiplier M 17,47,56 

neighboring 89,90 

normalized 49 

one-pointed 84 

origin 0, 0n 

orthant 

orthogonal 

plane 

polyhedral cone 

polyhedral ae*: 

polyhedron 

15 

26 

49 

19 

23 

28 

20 

principal orthant 26 

projection 22,85 

rank r 16 

ray 20 

relation P 27 

row number n 16 

separating hyperplane 76 

sign value V 26 

sign range one dimen- 
sional co,E, £_,••• 25,27 

sign sg 15,71 

simplex 20 

simplex coordinates   56 

solution basis B     33 



-5- 

solutlon domain L   . 28 

solution matrix L     35 

square All 90 

strict > < 15,27 

submatrlces l6 

supporting hyperplane 21 

s.u.s. 62 

system Z 28,62 

transformation 17 

transposed A' 16 

unsolvable 

unequal f 

anlt matrix E, n 

62 

15 

16 

unit point 1,in»6< ^5 

variation decreasing 1,88 

vertex 23 

vertical 55 

whoiefaced 20 

x-corner 30 

6.  Theorems and formulas.  The numbering Is as in 5. 

Theorems: 

Al 17 Cl 34 

A2 13 C2 38  • 

A3 08 C3 39 

A^ 83 C4 ^4 

A5 o9 C5 53 

A6 90 

Bl . 70 Dl 68 

B2 91 D2 69 

B3 92 D3 71 

B4 92 D4 71 

B5 93 D5 72 

B6 95 Do 73,87 

B7 9u D7 80 

El 30 

E2 50 

E3 59 

Eh 65 

Fl 22 

F2 22 

F3 24 

Fk 80 

F5 81 

F6 65 

F7 85 

F8 85 

Gl • 1% 

02 74 

03 75 

04 75.78 

G5 76,77 
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Formuias: 

17 42 

V 47 

VI 50 

VII 58 

III 73 

I 2b 

I' 28 

II 31 

11' 33 

III 35 

0?.  History and Bibliography l I 

7.  Fourier» The beginning of interest in linear inequalities 

as a special kind of research goes back to Fourier, wnoae pene- 

trating view first saw the dormart possiLilitles and who first 

thougnt about a systematic tneory of linear Inequalities, indeed 

of general inequalities. 
• - - ■ -if» - v 

It had been noticed before him that inequality conditions 

underlie the principles of mechanics of  constrained systems, and 

Gauss had sought to avoid them by his principle of least constraints. 

Now in the case of statics these conditions assume simpler and 

often linear forms. Fourier was led from this to our problem, at> 

he had always sought to attack concrete relations by abstract means. 

Four'.er, however, did not go deeply into the problem.  His 

solution method Is the successive one (later called reduction2), 

along with an Interesting geometric interpretation which reveals, 

for the first time, the connection with the theory of convex poly- 

nedra.  Inequalities must have then led aim to the then new 

1 In tiie following hlstorlca. survey we suppose acquaintance with 
tne notions introduced in the main body of the work. 

2 Fourier gives as the simplest solvability criterion the breaklng- 
off of the reduction. . 
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coneideratlon of half spaces. 

6.  Gordan and Mlnkowskl. Gordan, who came to the problem 

fifty years later thro^h Invariant theoretic Investigations 

Incidental to arithmetic questions, was far removed from such 

close connections.  He stated the elegant transposition theorem 

In disguised form and proved It In a roundabout way, but then 

confined himself to dlophantlne problems, which nave their own 

literature (except for van der Corpat) and are remote from the 

s ibject treated here. 

Mlnkowskl combined the geometric standpoint of Fourier with 

the n—dimensional treatment of Gordan and handled the question of 

the solvability of general Inequality systems.  He discovered the 

full system of extreme solutions (from which we arrive at the 

extreme part of the basis) for a s'ngle given Inequality system 

and treated the Inhomogeneous case as well as the question of 

dependence of Inequalities. 

He also Introduced many new notions obtained from the geo- 

metric point of view: supporting plane, polar body, extreme points, 

projection space, flat points, corner points (we will not require 

all these notions) and emphasized the Importance of the simplex 

tneorem. 

9. Farkas and others. Fourier, Gordan, and Mlnkowskl seem 

to have worked independently of each other; moreover their results 

are not well known and must nave been discovered many times as 

new, for example by Stelmke and In part by Farkas, Carver, and the 

author. 
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P^rkas, who was familiar with the literature, attacked the 

problem many times and displayed his results systematically In 

1902.  In addition to old results and new extensions to the Infinite 

he deserves proper mention for questions concerning the possible 

dependences of relations as well as for establishing the general 

idea of relation.  Haar later dealt with the dependence of relations, 

In his work on conditionally convergent sequences, Stelnltz 

formulated a general theorem about convex bodies and ray—systems 

In many-dlmenslonal space which ties In with our considerations. 

Since then the convex notion has Included explicitly neither 

closure nor boundedness. It Is perhaps of Interest to note that 

the notion of supporting line is used constantly by Cramer (see 

also Newton and de Gua) under the name determlnatrlce. Stlemke, 

who follows here chronologically, has been mentioned above. 

10.  The Americans; concluding remarks.  Lovltt solved 

geometrically a spaclal inequality system from political arithmetic 

(namely from the theory of proportional elections). The partici- 

pation of Americans who have made attacks on our problem (Dines, 

Carver, Gummer) begins at this point. 

These authors have found interesting Isolated results and 

special solutions.  Dines uses elimination for soivlng inequality 

systems, but Stokes and Kakeya do not.  The method used by Stokes 

has a somewhat inconvenient geometric Interpretation which is dual 

to ours. 

Dines obtains a number from his process which he calls the 

I—rank.  We make no use of this, since, in contrast to the number 
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of rows of Ci and C2  (52) and Li , Lj, L» (59). It Is net an affine 

Invariant and thus has omy casual meaning. 

Carver considers equivalence and unbolvable submatrlces, as 

weii as superfluous inequalities In solvable or unsolvable systems. 

He also derives the relation r - m-i  (Theorem Dl) for a minimal 

unsolvable system. 

All these Investigators have been concerned with a single 

Inequality system, though often In a very general way.  We will 

try to show how their results appear In the general theorems of 

tne theory of Inequality systems with variable sign ranges.1 

11. Bibliography for the main part of the paper.  The list 

Is given In chronological order.  Numbers refer to the corresponding 

Journals below: 

(1) Mathematische Annalen 

(2) Mathem und naturwlss.  Berichte aus Ungarn 

(5) Journal für reine und angewandte Mathematik 

(4) Rendlcontl del Clrcolo Matematlco de Palermo 

(5) T8hoku Mathematical Journal 

(6y American Mathematical Monthly 

(7) Math, es termesz. ert. • 

(b) Annais of Mathematics, 2. series 

1 For a fixed choice of sign range, Mlnkowskl first gave a 
complete solution tneory, both for homogeneous and (contrary to 
an erroneous statement by Stokes) Inhomogeneous systems. 
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(9) 

do) 

(11) 

(12) 

(15) 

(14) 

(i5) 

(16) 

Transacllons of the American Mathematical Society 

Tohoku Imperial Proceedings 

Bulletin of the American Mathematical Society 

Transactions of the Royal Society of Canada III 

Math, es phys. lapok 

Matnematlscne Zeitschrift 

Proceedings of the Math, and Phys. Socl ty of Japan, 

2. Series 

Science Reports Tohoku 

Opuscula (1736) 31-199 

Usage de l'analyse de Descartes etc. 

Analyse des Courbes A'gebrlques 

Oeuvres II 317-328 

Werke V 23-28 

Mem. Ac. Sc. St.-Petersbourg 

(1) 6, 2>-28 

— Kerschenstelner Invarlantentheorle,Lpz. 199 

(2) .2, 263-281 

(2)                  15.   2^-40 

Mlnkowskl Geometrie  der  Zahlen,   Lpz.1910   39-^5 

la 1670 Newton 

lb mo de Qua 

1: 17^0 Cramer 

Id 1823 Fourier 

le 1829 Gauss 

If 1834 Ostrogradsky 

lg 1873 Gordan 

Ih 18B5 " - Kersch 

11 1895 Parkas 

1J (1Ö98) Parkas 

Ik 1896 Mtnkowskl 

:/ 1G97 Mlnkowskl 

im (1911) Mlnkowskl 

In 1899 Parkas 

LO 1901 Parkas 

•[ 19-1 Caratheodory 

Ges.   Abh.   II 

Ges.   Abh.   II 

(2) 

(3) 

CO 

103-122 

131-320 

16,   154-157 

124, 1-27 

32,   139-217 
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Iq i913 Schmidt 

ir 1913 Stelnitz 

is 191^ Stelnltz 

It 1914 Parkas 

lu L915 Stlemke 

iv 1915 Kakeya 

2a 1916 Lovltt 

2b 1910 Haar 

2c I9^b Parkas 

2cl 191b Parkas 

2e 191b Dl nes 

2f 1921 Carver 

2g 1924 Haar 

2h 1925 Dines 

21 1926 Gummer 

2J :926 Dines 

2k I92b Dines 

21 1927 Dines 

2m 192c: PuJIwara 

2n :92ö La Menza 

2o i930 Dines 

2p 1931 Van der C 

2q 193 i Stokes 

2r i93i Schlauch 

2s 1932 Schlauch 

(3) 

(3) 

7k,   271-274 

143, 126-175 

144, 1-40 

A mecnanlka aiaptanal, Kolozsvar 

(1) 76, 340-342 

(5) 8, 218-221 

(6) 

(7) 

(7) 

(7) 

(8) 

(8) 

Szeged Acta 

(8) 

(6) 

(9) 

(8) 

(6) 

(U)) 

Atti Congr.Int.Mat. 
Bologna II 

Hi) 

Proc. Amst. 

(9) 

(6) 

(9) 

23, 363-366 

36, 279-296 

36, 297-308 

36, 396-408 

20, 191-199 

23, 212-220 

2,    1-14 

27, 57-64 

33. 488 

29, 463-470 

28, 41-42 

28, 386-392 

4. 330-333 

199-209 

36, 393-405 

34, 368-371 

33, 782-805 

39, 218-222 

34, 594-619 
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2t 1932 Stoellnga Dias. Amsterdam 

2u 1932 LA Menza Bol. Mat. 5, 127-130 

2v 1933 La Menza 
• 

Bol. Mat. 5, 149-152 

2w 1933 Dlnes-McCoy (12) 27, 37-70 

2x 193^ Bunt DlBS. Amsterdam 9a-108 

2y 193^ Weyi Comm. Math. Helve tlci 7, 290-306 

J2. Literature for §§  15-16. 

3a 163? Descartes Geometrie Lp z. 1923 73 

3b 1828 Gauss Werke III 65-70 

3c ^931 Fourier Ostw. Klass. 127, Lpz • 92 

3d I83U Jacobl Werke III 279 

3e ib35 Sturm Ostw. Klass. 143, Lpz . 1904 

3f ±879 Laguerre Oeuvres I 67-7 1 

3g 1881 league rre Oeuvres I 151-152 

5h 1883 Laguerre Oeuvres I .V47 

31 1884 Laguerre Oeuvres I l8l-206 

3J 1899 Runge Enz. d. math . Wlss., 1,1 409-416 

^a 1912 Fekete (7) 30, 74D-782 

Üb i9i2 Poiya (7) 30. 78>-796 

4c .9:2 ^ekete-Polya ro 34, 89-120 

4d i9o Bai Int (v) 31, 2B(>-305 

4e 1916 Bailnt (x3) 25, 82-92 

Uf L9l6 Ballnt (13) 25, 178-186 

^g 19:7 BaiJnt (13) 26, 89-106 

4h 1917 Curtlss (0) 19. 251-278 
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41  1925  Obrescnkoff Jahresb. d. deutsch Math.-Ver. 

33,  52-64 

4j   1925  Poiya-Szegö Aufgaben aus der Analysis, 

Berlin Bd. 2, V 

4k  1930  Schoenberg    (^4) 32, 321-32Ö 

41  1934  Scnoenberg    (i4) 38, 546-564 

13.  Further Literature.  The following books are either 

cited In the work or were referred to 

5a  Bonnesen-Fenchel 

5b 

5d 

Cesaro 

5c  Hausdorff 

Schreler-Sperner 

5e  van d^r Waerden 

Theorie der donvexen Körper, Berlin 
1934 

Algebralscne Analysis, Deutsche 
Übertragung von Kowaiesdkl, 1, 
Auf I. Lpz. 1904 

Grundzjge der Mengenlehre, Lpz. 1914 

Analytlscne Geometrie und Algebra I, 
^931 

Moderne Algebra I, Berlin 1930 

Many of the theorems for finite systems, In particular the 

transposition theorem, can be generalized to the Infinite, but 

these considerations lie outside the scope of this work.  One can 

ass ime that the number of unknowns or relations or both Is 

countabxe or continuous, and obtain many Interesting theorems 

about sequences and Integrals.  Such theorems. Including their 

applications, and related investigations can be found Int 

ua 19i3 Kakeya 

bb 1913 Kakeya 

6c   1914  Kakeya 

(5) 

(5) 

(3) 

3. 137-150 

4, 186-190 

6,  27-31 
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6d 1914 Kakeya (5) b, 130-133 

6e 1914 Kakeya (5) 6,    187 

6f V1914 Bohl (3) 144, 2b4 313 

6g 1915 Kakeya (5) 8.   14 ?3 

6h 1915 Kakeya (15) 8, Ö3-102 

61 1915 Kakeya (15) 8, 256-26i 

6j 1915 Kakeya U5) 8, 405-420 

6k L915 Kakeya (15) 9,    95» 100 

61 1915 Fujlwara (16) 4, 35> 359 

6m 1917 Fujlwara (16) 6, 101-110 

bn 1917 Fujlwara (16) 6, 307-319 

bo 1925 Hausdorff (14) 16, 220-248 

Gp 1927 Dines (U) 33. b59-70O 

6q 1927 Dlnee (8) 28, 393-395 

6r 1927 Dines (9) 29, 463-470 

bs 1928 Dlneu (9) 30, 425-438 

6t 192fa Dines (9) 30, 439-44b 

6.j 1929 Dines (12) 23, 141-146 

6v 1930 Dines (10 36, 393-405 

bw 1930 McCoy (11) 36, 878-682 

6x ^930 F -irlwang Ler 
(in einer 

Monatah. f. 
• Arbeit von 

Math. u. 
Hui er) 

Phys. 
37,  59-60 

6y ^930 Fujlwara (.0) 6, 297- 

6z 1932 Aaco13 Ann. Mat. 
app J. . 

. pura et 
IV 10,  33-81 

6a' 1932 Ascoli Ann. Mat, 
appj.. 

, pura et 
IV 10, 203-232 

hh* 1932 Schoenberg (9) 34, 594-019 
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üC' 1932 Cchoenberg   (ll) 58, 72-76 

öd' 1933 Schoenberg   (ii) 39. 27>-28o 

Ge' 1933 Schoenberg    (9) 

6f' 1933 Hl Idebrand-Schoenberg (8)       3^, 317-328 
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CHAPTER I.  GhiNERALITIIiS 

§3«  Introductory definitions and remarks 

14.  Sets.  In general we shall call a set the smallest set 

with a certain property If none of Its proper subsets has that 

property, while the set Itself still has it; In particular this 

concept Is useful when applied to properties which persist when 

arbitrary elements are added to a set. 

If for a given set A, we have the smallest set J.  containing 

A and having a given property, we shall say that A Is generated 

by A (with respect to the property concerned) and that A is a 

generating set.  Every element of ^ shall be called dependent on 

trie elements of A or generated by A. 

A sma.iest generating set of a given set C shall be cabled a 

base of C.  An eiement of a set, which cannot be generated by tne 

remaining elements, shall be called an Independent element.  To 

obtain a clear notion of these concepts consider for Instance the 

property 01' a set to be linear variety. 

"x is an eiement of A" we shall write x e A, read: x In A 

15.  Point sets.  In the following we restrict oirseives to 

the consideration of sets of points of Euclidean n-dlmensiona1 

space R , n - l^,***, with a given orthogonal Cartesian coordinate 

system (the nurriber space).  Wt shall .se the notations Indicated 

be^ow: 

R  Is the wiio.e space.  Arbltrary sets of points shall In 

general be denoted by underlined capitals, finite sets of points 



-17-

by non-under l ned capitals, rea l numbers by Greek letters. Small 

Roman l e tters sha l l designate s i ng l e points in R ; these points - n . 
s hal a l so often be identified with the vectors leading to them 

fro. the origin . 

The or~gin itse f i s 0 or On. 1 or ln is the unit point of 

Rn (the points, a ll of whose coordinates are 1). The unit point 

of t he i - th axis (the vector having on its i-th place a 1 and 

e lsewhere on y zeros) s ha ll be denoted by ei, i • l ,2,•••,n. 

A vec tor x s a 1 e called > 0, if each of its coordinates~~> 0, 

1V• l ,···,n; corres ondlingly we define > 0, < 0, < 0; in contraat 

t 0 s ha be he negation of 0. 

If x > 0 or x ~ 0, then x will be called definite. Por 

x > 0 and x < 0 we a l so write sg x • +1 or .g x • - 1 

respecti ve y; x is ca l ed properl y definite. 

6. Ma t rices. A finite point set A can also be conceived 

as a rectangu ar matr x, w oae columns conaiat each of the coordi-

na t es of a point a; vice versa evidently every rectangular matrix 

wi t n rows and a finite number of columna can be regarded as a 

fi nite set of point s of Rn. 

By interchanging linea with columna we obtain from a matrix A 

i t s transposed A'. AB aha 1 mean the matrix product of A and 

B, (A, B) and (~) the matr x obtained from A and B reapectively 

by uxtaposition and b y wri ting one be l ow the other. r shall in 

gene al designate the rank of A, n the number of rowe, and m 

t ' e number of co umns . In particular En sha ll be the unit matrix 
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of order n (in the main dla^onpl everywtiere  1, eisewhere every- 

where 0)o  For square A  let |A| be the value of the determinant 

of A. 

When forming submatrIces from A by omission of certain rows 

and columr  we always suppose the order of the remaining rows and 

colunns unchanged.  In particular the value of subdetermlnants of 

A Is to be determined accordingly.  Each submatrlx is the Inter- 

section of a combination of rows w]th a combination of columns. 

By  A.  we shall mean a submatrlx of the rectangular matrix  A 

which lias rank  !  and consists of 1  columns of A.  Here 

i < 1 < r.  However, the notation A.  Is defined In this way only 

for the letter A. 

i7.  Equations.  We recall some facts from the theory of linear 

equations which we shall need.  Inhomogeneous systems are solvable 

exactxy In the case where the matrix of the coefficients has the 

same rank as tue matrix of the coefficients and the free terms, 

and one obtains their solutions from quotients of subdetermlnants. 

Solutions of a homogeneoas system xA - 0 of rand r with 

n > r unknowns can be combined linearly and homogeneously from n-r 

from among them.  A matrix consisting of n-r such solutions as its 

rows shall be denoted as an (equatlona-) base G or 0..  If M  is 

a variable square matrix of order n-r, whose determinant does not 

vanish, then MG represents every other G. (transformation of tne 

base). 

Ev'ery  A, . 1 < r, corresponds to a subsystem of the entire 

system of equations.  Let  Gi  be a G of  A and G2 a  G of  A.. 
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The rows of Gj  are sol.itlons of the whOie A-aystem and hence a 

priori of the A.-system, but do not form a complete system of 

solutions since their njmber Is by r-1  too small.  The missing 

r-1  solutions can be taken fiom the  G2, as an arbltraty combi- 

nation of r-1  rows whlcn are Independent from Gi  and from each 

other.  We thus have tne often employed 

Tueorem AI.J  Every G. can be extended to a G of A. by including 

r—1  rows out of a given G. . 
1 

lb.  Solution by determinants.  Incidentally a G.  can be 

obtained In the following way (see for Instance, Cesaro, Algebralscne 

Arialysls, page 47). 

A fixed  A_ contains  (  ,)  submatrlces A ,    consisting 
r r-fl r r+i. 

of r columns rnd  r+I  rows.  Now consider one such A , .-,.  To 
r r+i 

eacii of Its rows, we let correspond the value of the determinant of 

erder r formed by the other rows, after multiplying these r-fl 

determinants alternatlngly by  1  and  -1.  To the other n-r~l 

rows of our A  we assign a 0 and thus obtain from every A , ., 

n numbers corresponding to the rows of A  (that is, the rows of A); 

these n numbers we write In unchanged order as a row.  Altogether 

we obtain thus  (  ,) rows, among which there are always at least 

n-r  Independent ones; any    n-r  Independent rows of the matrix 

th .s oL  Ined form a  G..  Hence we have: 
A 

1 "Stelnltz1 Exchange Theorem"; see for Instance, B. Schreler- 
Sperner, Analytlscne Geometrie, and van der Waerden, Moderne 
Algebra, pa^e 9u. 
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Theorem A2.  A 0. can be formed fron subdeterminants of order 

r of A and zeros. 

^9»  Linear seta.  We consider as known the main results of 

the theory of linear manifolds (varieties, spaces, sets) and mention 

tnem only briefly. 

The linear manifold through the origin 0 generated by m 

Independent points ("spanned by m vectors") Is called of dimension 

m, llkewipe every parallel manifold. 

Two linear manifolds of dimensions mi   and mj whose Intersection 

exists and has dimension d, generate together a manifold of 

dimension ml-Hn^~d  (for cne generation choose d points from the 

intersection, mi-d from the first, and ma—d from the second 

manifold).  If mi+m^ - n and d - 0, then the two varieties are 

called complementary (with respect to H )• 

Hyperplane means a linear variety of dimenslcn n-i,  plane N 

always one of dimension two. 

Every linear equation xa » 0 with a ^ 0 represents a hyper- 

plane orthogonal to the vector a.  More generaUy: the system of 

equations xA ■ 0 Is solved by the points of a linear variety whlcn 

is complementary to the linear variety generated by A and ortho- 

gonal to it at the origin.  Theorem Al can then be Interpreted by 

saying that of these two varieties one Increases when the other 

decreases. 

Finitely many linear manifolds are called linearly independent 

if none of tnem lies in"the linear manifold which Is generated by 

the others together. 
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5^. Convex sets. 

20. Definltions. As we shall see tne convex sets correspond 

to the linear systems of Inequalities In the same sense In which 

linear manifolds belong to systems of equations.  A set Is called 

convex If, together with any two cf its points x aand y, It 

contains the whole segment /Ax+(l—A)y, 0 < A < I connecting them. 

It is trae that the most general convex sets belong to Infinite 

systems of ineq lallties. 

A convex set which contains no straight line shall be called 

linefree. 

By a convex polyhedron (polytope) we mean a convex set which 

can be generated by finitely many points x., that Is, the set of 

alx Z/\.x.  with ZA.   ■ 1.  In particular n+1  linearly Indepen- 

dent points determine a simplex (generaliza''on of the triangle 

in R2 and the tetranedron In R3). 

In Ri  tne concept of polyhedron degenerates Into that of a 

segment or a single point.  In addition there exists In Rj no 

f rther convex set except the whole Ri and the ray (half line). 

Trie ray and segment can also be open, the segment also half open. 

Thus a.i  connected sets are here convex while otherwise only the 

converse holds. 

21.  The boundary.  A convex set need not be closed.  The 

clos jre of a convex set is always convex (as seen very easily 

alt.-iougn I do not f ? :.i It mentioned explicitly).  Polyhedra are 

closed, linear manlfc ds are convex and closed. 

If the cloBtre of a convex set  A has points In common with 
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a hyperplane but If a:' other points of  A  lie only on one side of 

the hyperplane, then as uuiai the hyperplane shall be called support 

of A. 

A coruex set which, together with each of Its points x and 

each of Its boundary points  y, contains the whole segment fro^ x 

to y, except at most the point y, shall be called wholefaced  (it 

contains every open face (»linear piece of boundary) either entirely 

or not at all). Vo  tue  wholefaced sets beiong the closed convex 

sets and the one-dimensional convex sets. 

2°.  Intersection»  We recall the simple fact t.iat the property 

to be convex, like that to be linear, bounded or closed, remains 

mc.ianged by Intersection. 
« 

Now j-jt arbitrarily many wholefaced sets A be given, and let 

tnelr Intersection exist and be cai led  D.  Let A t'e t:he closure 

of  A, and Ü the Intersection of ail T,     Then If x  Is a point 

of D, y a poln4- of Ü, we a.so have x € A, y € A, fir all A. 

Beca.se of the wholefacedness of A also every point of the ope^ 

segment from y  to y  Lies In every  A, therefore also In D. 

Hence Ü Is the cLos ire of D and we have: 

Theorem F-.  Tne Intersection of wholeface sets Is Itself 

wholefaced. 

At the same time we obtain: 

Theorem F?.  For wholefaced sets the formation of closure 

and intersection comm .te , bf the Intersection exlsts. 

It Is now easily seen thi.t  the  pro.'ectlon of a wholefaced 

set on a linear variety Is a.so wholefaced. 
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of tneir Intersection  A, that Is, belongs tu all of then or to 

aome and .les on the bo mdary of the other, then we shall see easily 
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^5«  Convex cones.  If a convex set A can be regarded as 
- 

the union of open rays with fixed end-point a, possibly together 

with tae point  a itself,  then A shall be called a convex cone 

(ray domain) wltn vertex a.  Together with x the set  A contains 

also the ray ax, that is, the set of all a+X(x-a), A > 0. 

If a => 0  then  A contains with  r also X x, A > 0, «nd 

wltn x and y also ^  (as a convex set), nence also  2*^T^ - x+y. 

Therefore A contains In this case also togethar with finitely, 

many points er#ry hoawgeiiMaa linear eeablnatlon of theae . 

points with poaltltra eoefflolaota M a aia of tanaa ^«x« • ^ 

(Incidentally this property could also have served aa a deflnltlcn 

of convex cones with vertex 0, since it Immediately entails con- 

vexity; Ax-i-(.-A)y being a special linear combination.) 

Tne rays leading from a given point a to all points of a 

convex set  A form the convex cone with vertex a whlcn Is 

generated by  A (or also by every generating set of  A), if a Is 

incl ded exactly in case little  a  belongs to A; this cone we 

denote In tne sequel always by aA.  This notation includes as a 

particular case that of the ray ax. 

In Ri  a set aTf can be the whole Ri, a closed or open ray 

or a single point. 

A convex cone containing its vertex and generated by finitely 

many points shall be called polyhedral. 

24.  Wholefa redness.  If several wholefaced convex sets 

A., 1 - I, ••• , m, are given such that a belongs to the closure 



-24- 

that äÄ is also the intersection of the aK.,  which need not hold 

In the general case (if a lies elsewhere). 

For if a point p belongs to aÄ then it certainly belongs to 

all aAjj and conversely if p belongs to every &%,,   i ■ l»*''»™, 

then the ray äp  contains a point  p.  of each A, and tnat point 

p.  whl?h lies nearest to a must also (because of the wholefaced- 

ness of the sets  A.) belong to all  A., that is, to  A, whence 

p <   aA.  Here we supposed p f a; for p = a the contention is 

trivial.  We have thus shown: 

Theorem FjS. For finitely many wholefaced sets the formation 

of convex cone anu Intersection commute, if the vertex belongs to 

the closure of the intersection. 

Furthermore it is easy to convince oneself that  aA  for 

a ^ A and wholefaced  A only depends on the part of  A which is 

situated in an arbitrarily small neighborhood of a. 

25. The number line.  The one-dimensional space Hi  shall 

also be denoted by £-0+, the set of all positive numuers by E+, 

the set of non-positive numbers by E_o etc.  We have six convex 

sets E, namely  E—o-t-,  E_o,  Eo+,  £_*  E-+-.  E0  (zero omy). 

Then evidently the product of each of these six sets with a 

fixed number is again identical with one of these sets, likewise 

the sum of two and therefore of finitely many from among tnese six 

sets is again one of these sets.  Thus if each variable ? .  of a 

linear form £\£i  ranges over a given E.  we see that the range 

of values of the linear form iß also such an E. 
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The six E shall he caiied one—dlmenslonai sign ^anges. 

Four of them:  £_o+,  EL.Q ,  Eo-t-,  and Eo, are closed. 

20.  Sl^n ranges.  Let Ei,***^  be n one—dimensional sign 

ranges.  Then the set of points of R  whose first  ,••*, n- th —n 

coordinate Is respectively In  Ei,***,E , shall be called an 

n—d'.menslona 1 sign range V, more explicitly ^i'^a* •••*£•  Every 

V is a convex cone with vertex  0 , contains If closed n 

E » E *•••*£  (n times) - 0  and Is contained In E_o+ (that Is, —o  —(3    —o n zr-v^ 

tne whole space). 

In tne same way In which R2 Is divided In qiadrants and. Ra 

In octants,  R  Is decomposed by the n coordinate hyperflanes In 

2n  parts wnlch may be ce I ied orthants because of their orthogonal 

an^ie.  They are special sl^n ranges, namely those In whose formation 

neither E  nor E_o+ takes parts.  V0-f ■ Eo+  shall be caiied the 

principal orthant.  It is Ciosed, and Its Interior Is the orthant 

V4 = E+
n. 



CHAPTER 11.     REPRESENTATION  OF  SOLUTIONS 

§5«     Inequalities 

27.     Re Lations.     In what   follows,   we  shall   consider only 

eqaalK nn  and   Inequalities  and   shall   Incl ide  both   under  the  term 

relations. 

A  single   relation   in    n     real   unknowns  wlii   Le  written  In 

the form 

P x   ^ r-: xa-M = ^, '^  <: E 

or simply xa+<r€E, wnere, as i.ater In the sajtie context, x Is a 

row of n unknowns and a  Is a coefficient column, ^T 1s a constant 

and E is one of the GIX one—dImenslonal sign ranges. 

E0,  E-o+i  E-,  E+,  E-o,  E0+  correspond respectively to the 

sl^ns  -0,  |o,  <0,  >0,  <0,  >0.  We distinguish between eq .atlons, 

identities, and Inequalities, and indeed call the ^-relation, as 

well as the relation with a » r- 0  Identities (since they are 

satisfied for ail x), and the > and < relations strict inequalities. 

Relations with  <^ » 0 are homogeneous. 

The points satisfying an equation conatlt -te a hyperplane. 

Those satisfying a corresponding inequality make xp  an open or 

closed half space defined by the hyperpiane.  An identity represents 

tue whole space R.  All these point sets are wholefaced. 

2o.  Systems.  A set of m  such relations  P  forms a finite 

relation system, which can o! viously be ./ritten In the form 
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I l: . A, c ,y· xA+c ~ V, 

where A is a coeffic i ent matrix, c i s a co l umn of constants, 

and the m-dimens iona l sign range V i s unique l y determi ned by 

t e g i ven s gn com !nat ion. Each column a of A corresponds to 

a re a tion P of l:. 

The tota 1ty of sol u ions of the syst .. m l: (when s uch exi st) 

wil be ca l l ed the so l ution domain and deno t ed by L • L(l:), so 

a t the most enera l so ution of I has t he form 

I I : X € L. 

Since L is an intersection of ha l f s paces and hyperplanes, it is 

a wholefac ed se t . I n the case of homogeneous re l ations (c•O) L 

is a convex cone with ver t ex 0. 

Not al l wholefaced se t s or convex cones, however, can be 

o t a lned as the L of certai n l:'s. Rather i t happens on l y for 

s pec ia l se t s , whi ch f or r easons which will be e vi den t l ater, we 

s ha l call po yhedra l (unr nd) . It fo llows from t he defini tion that 

th e inter section of po yhedral sets i s polyhedra • 

29 . Rema rks . Evident ly V i s wholef aced and po lyhedra l . 

Systems of eq at ons corre spond to t e s pec i a l case m V • Eo ; 

more 6eneral y , the case Efl i s of part ic ·1 ar i J. t erest. All others 

can e bui t •P from sys t ems of t nis l ast type t hrough simp l e 

ogica ' and arithmetic operations. 

The addition of identitie s t o l: means an en l argement of A by 

cer tain co l ns, w 111e V is mult i plied by a product of factors 
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or the form ~-o+ or !o• or co rae L ls unchanged. 

We note that the task of finding t hose x € L which are in 

a second given sign range ~ 1 , is nothing new; indeed one has but 

to add special homogeneous relations for x, and t hen the complete 

system can be written 1n the form 

x(E,A)+{~) ~ ~tY• 

3C. Subsys t ems. Corresponding to each point 

can assoc i ate a s baystem ~(x} of ~ as follows: 

x e R we -n 
l';(x) shall 

contain a l l eq ations or ~ but only thoae inequalities in which 

x produces an equali ty aign (i.e., x liea in the associated 

hyperp ane); t his s ubsys t em wil l be cal led the x--corner 1 of ~. 

Le t V be the c osed sign range corresponding to y, and 

denote y I t he B<> l ution domain of 

xA+c E: V. 

We s uppose L i s non-vo i d, so t hat by Theorem F2 t he closure of 

L is L. We t hen consider t he convex cone xL generated by L 

with vert ex x, where x € ~. f irst of a l in t he caae of a single 

rela t ion P. 

If t he L of P i s e i t her a hyperpl ane . or thew ole s pace, 

t hen xL • L, and s i milar l y if L i a a ha lf~pace and x a boundary 

poi nt or ~; i f x i s an interior poi nt of the halfapace L, then 

~ • ~n· These cases can be bro ught together in the formu l a 

xf(P) • L(P(x)), i f we suppose the so l ution domain of an empty 

sys t em is !!n· 

1 See the M1nkowaki "pro j ection apace." 
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In t e genera l case of a system l: or many relatione, by 

Theorem F3 x~(l:) l s the intersection of all m single x~(P}, 

where the L(P) are hyperplanes, ha l fspaces, or ~· Consequently, 

~. for - x € ~. is the s&t ~(l:(x)) or solutions or l:(x}: 

Theorem El . If x ~ t , then xL • ~(l:(x)). 

31. The coefficient range of a row. We restrict our attention 

to homogeneous sys t ems (up to ~9 inc l usive), which we think of as 

given in the form 

II l:A 0 V: , ,_ xA £ v. 

Let t be a point of ~· We can form a ll of ita proportional 

points w t , w ere w is an arbi trary number, and aak ourse l ves 

for w i ch values of w the point c.v J, sa so l t1on or II, i.e., 

l i es i n ~(l:). Now L contai ns wi th each point a ll ita positive 

multiples, so only six cases can arise: J, -J, and 0 in ~; J, and 

0 in ~. -l no t in L; l in ~. 0 and -l not in ~; -J and 0 in L, 

l not in L; - l in ~. l and 0 not i n ~; J, and -1, not in ~. 0 in 

in t hese cases the values of OJ form respectively the one dimen-

s iona l sign ran es ~-o+ , ~o+, ~+· ~-O• ~ -· and Eo• The 

assoc iated E wi 1 oe ca l ed the coeffic i ent range EJ belonging 

t o the row l. If v is c osed, so is ~l" 

L; 

32. The coeffic i ent range or a matrix. If · L is a matrix of 

n columns and p rows l1, • • • , J P, then a linear combination l:~i Ji 

of t ese rows lies in L i f (but not in general only it} each wi 

i s in t e corresponding coeffic i ent range EJ • Hence if we denote 
- i 
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the row· of w i by w and the p-{!imensiona l sign range 

by W, then w € W implies wL £ L. W is closed with v. 
Let WL denote the set of all wL for w e w. Then WL is 

a subset of L, b t W may not be the l argest set, indeed not 

even the l argest sign range, having this property; however, for 

closed V and W the l atter is valid: for then the ~iti themselves 

belong to ~L (since for al l k+i, wk can be taken as 0}, so that 

E' li is a subset of ~~ where E1 i s the i-th coordinate range 
- i - i 
of w. 

W • ~(~,L) wi ll later play an important role: we cal l W the 

coefficient range belonging to t he matrix L. The coefficient range 

of a matrix is thus the product of the coefficient ranges of the 

rows of t he matrlx. 

Since WL--as we ll as W~ontains with two points t heir sum 

and with each point any posit i ve multiple of it, WL i s a convex 

cone wit vertex On. 

33. Solution matrices. It i s clear t hat WL represents 

solutions, but it may not represent al l so l utions; on the other 

hand, it is conceivab l e that ~L • ~~ so t hat each solution x of 

II can be written in the parame t ric form 

II' x • wL, w ~ w. 

If t his i s the case for each closed V, i.e., for eac h combination 

of relation signs (except> and<), then ~(~)L • ~(~) identically 

in V, and we ca l l L a so l ution matrix of A. 



If L is a solution matrix, it remains one after the addition 

of arbitrary rows. For one can represent a point of L with the 

new matrix by LlSing the old representation, supplying ... ero coeffi­

cients for the new rows; or it may be that essentially differe~t, 

new representations can be obtai ned. 

Accordingly, we will look for those L which contain no 

s uperf l O l tS rows; they mi ght be called bases of A. As one of our 

pr inc i pa l res • lts it wi l l be shown in the next paragraph that a 

bas i s of A exists for each A (Theorem C2). A matrix L is a 

so l ut ion matrix of A if and only if it contains a basis of A. 

If we have a relation system with Ai' a s ubset of the columna 

of A, ~s coefficient matrix, we can interpret it as a special 

system wi th A as coeff i cient matrix, the completion to A being 

eff ec t ed by adding i dentities. Hence the Ai-eyeteme are eubeyeteme 

of t e A s ys t em and each so l • ti on matrix LA of A is a sol ution 

ma t rix LA of Ai . 
i 

gG. Exis t ence of L. 

* A • In t his sect i on A* i s a matrix of n rows and n+l 

co l1mns , whose firs t n columns form t he identity matrix En and 

who se l as t column a consists of n arbitrary, not all zero, 

numbers Cfl-.1 • • • 0< , , n 

For each pair h, k , 

whose h- t h coordinat e i s 

(En,a). 

1 ~ h < k ~ n, we form a vector Jhk' 

01 k and k-th coordinate is -~ the h' 

others being zero: .thk • Ot'keh-Othek. Since thka • 0 and thk 

l as a t most two non-zero coordinates, the thk are pointe on the 

i nt ersec t ion of the hy~erp lane xa • 0 with the (~) two-dimensional 

coordinate p l anes. 
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We write these (~) rows lhk in l exicographic order as to 

h and k and obtain a matrix Lt depending on a, Lt -Lda). 

Now we ad j oi n to this the n rows ei, getting a matrix L - <il) 
n 

wit h (n+l) 
2 rows. 

We s na ll prove: 

Theorem Cl. 

(In t he trivia case n•l , we 

L is a s o ution matrix of * A • 

t a ke 

T1e proof of t his assertion i s presented i n 35-37. 

L • Et). 

35. Proof. If x is any so lution of the c losed homogeneo ~ s 

elation s stem * xA € '!_, we are t o prove that X has the form 

wL, we W. Let x • LSie 1 • Then or sys t em has the form 

III • LA : i•l,•••,n; 
n 
L o<i ~1 ~ ~n+ l 

1=1 

( t he first n re l a tions belong t o the co lumns of En' the l ast 

to t he co lumn a). 

Now in addi ti on to x ei t her a l l vext0rs ~ lei belong to 

L(L), or no t a l l {perhaps none) do. Two cases therefore arise, t he 

firs of w i ch is hand l ed immed i a t ely, the second in 36-31. 

Case Eac h is a s olution of xA* e. V. Since is 

a r ow of L, and WL y 32 contains a l w t ei which are in !!' the 

~1 e 1 are i n ~L, hence so is t eir sum. 

36 . Case 2 . Suppose some ~ heh does not be long to L. If 

we insert t he components of ~ e in system III, we see t hat the 

firs t n re l at ons a re f 1d f i l ed (the vc.lue of the linear fonns 

on t he eft i n Ill rema i n the same as for x or vanishes). Con-

" )st ~ seq ently t he (n+l re lation ~h~h € ~n+l does not hold, whence 



(since w·e have a closed system) o( h ~~ +- o. If all the remaining 

non-zero ()( 1 -s1 had the same sign as "'h, h, then their sum ax 

co uld not lie in ~+l' contrary to assumption. Thus at l east one 

qk ik has sign opposite that of d h h' and we pick one such. 

Since ~ hO(h <j kotk. < 0, then c;k € ~k implies 

-~h()' h 
and ~h e ~ implies 

-rk O(k 
e ~· This, together with €. Ek O(h O(k -

t; h -~ 

lhka - 0, shows that 'ak 
in but since ~.thk and C>(h lhk are ~; 

k 

l is a row of L, 
~h and -~ thus in WL. k O<.thk -q-.thk are 

k h 

37. The reduction. Now set 

Xt • X 

X 

then x dif era from x 1 and x2 on ly 1n the hth and kth 

componentf, indeed ~h and ~k' the components of x, are different 

from zero, a s we saw, while x 1 ha• a zero in the hth position, x 8 

a zero in the kth po s ition. 

Thus, s ine& l hka • 0, a l so 

x 1 a • x 2 a a xa £ E -n+l 

i • l,•••,n, i +- h,k. 

Moreover, x 1 eh • x 2 ek • 0. Hence X 1 satisfiel all relations of 

~ except the kth ; this one says that the kth component of x, is 



-34-

in Ek, 

Similarly the condition that X a E L is 

~ h 
;;kock 

€. ~h · +-O(h 

If I ~hO(hl ~ jt;kO(k'' I sk i 
~ och 

e;k 
t;hcXh 

then ~ 1~1, so that +-
k cxk 

has the same sign as f? or is zero. Since d k 

$ k € ~k' ~k t 0, 0 € ~k' 

that x 2 e: L. 

Therefore at least one of the points x 1 , x2 is in ~, and 

if we denote this one by i, we have split x · into two parts, of 

-which one, x-x, is in ~L, as we saw abo1e, whi l e X is in L and 

has at least one zero more than x. Re~e t itbDB of this process 

must terminate after no more than n-1 s t eps, and we c0me fina lly to 

zero or back to case 1. 

This comp l etes the proof that L is a so lution matrix of 

38. Genera l A. We shal l prove 

Theorem C2. Every matrix A has a solu t ion matrix. 

* A • 

The proof is by induction on m, the number of col ~mms of A. 

For m•l we have t he case just studied, if we recal l that a 

so lution matrix of A* • (En,A) ls a so l ution matrix of A (33). 

Now et L be a so l ution matrix of an arbitrary A. We look 
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for a so lu tion matrix of the matrix (A,a) with the column a 

ad oined. This adds to II another relation: xa ~ !m+l" By the 

i nduc t ion hypothes i s we can replace the first m relatione by their 

solution x• wL, w € W(L), s o we have 

wLa E: ~+l , w E: w 

or (for sui tab l e E) 

w ( E , La) E: ~ • ~+ l 

Si nce La i s a column, th i s ia a relation system in w or 

the s pec i a t ype handled in 37. Hence (Theorem C2 and 33) i t ia 

so l ved y 

u e U 

fo r a s ita e s ign range u. Thus for x we have the general 

form 

u €. _Q, 

i n whi cr ' i s a solution matri x of (A,a). 

§7 . Spec ifi ca t i on of a 1 L. 

39 . An ex t L. Wi t hout using i nd ct1on or th1a simple 

existence proof, we can write down exp l c i tly for each A a aolu-

ion ma cr ix LA. 

I f we consider those special V composed of only E0 and 

E_ 0 + , then after omi t t ing i dent ities, the relation ayatem II 

be comes an equa tion s ys t em ~ belonging to a cer t ain aubaet A of 
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the columns of  A.  Since for equations, / Is a so. .tlon If and 

only If ~l     Is, only  E  and E_0+ occir In W(Z)  and we see 

that a necessary and sufficient condition for W(I.)L « L(2) (I.e., 

for the representation of each solution In terms of solutions 

appearing among the rows of L) Is that  L contain a sol itlon 

basis Q-r of T. A 

Strangely, the fulfillment of the conditions Imposed by all 

these special  V suffices for the remaining V.  In other words, 

the following theorem, whose proof Is the aim of this section, Is 

valid. 

Theorem C}.  A matrix L, which for each A.  of A contains 

all rows of a  G. ,  Is a solution matrix of A. 
Al " 

Since there are only finitely many  A., It Is only necessary 

to form a G& for each, and write these together to get an  L. 
Al 

The case V = E_04.m »■ R  should not be overlooked; here any non- 

singular n by n matrix can be selectee: this basis we denote 

by  G   , A  arising from  A  so to speak by the omission of all 
Ao    0 

Its coiomns. 

40.  Proof.  If  x  Is a solution of system II, we wl1i show 

that  x can be represented as ^^^  anJ ls thus In WL .  We 

fxl (x) recall   the definition  of   the   x-corner    Zv   '     of    Z:     Zv   '   contains 

all   equations  of    Z    and  those   Inequalities    P    of    Z    s .ch  that 

'x) P(x)   = 0.    For each  column    a    of  the  coefficient matrix    A     ' 

of     Zv   '    we  have     xa  - 0.     Th;s    x    can  be  represented  as  a 

linear combination of   the rows    g    of     GA(x)'     Since     GA(X)   occurs 
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In L, the £    are certainly among the  1.. 

If we consider now those columns a^aa,»«* of  A, which 

(x) first  of  all  do  not  appear  In     Av   '     and  secondly  belong  to  an 

Inequality of    Z   (not   to an   Identity),   we  can distinguish  three 

cases: 

(1) there  are no  such  columns; 

(2) there  Is  an    ai     s icn  that  for each other    ai    a 

relation of  trie  form    a.   = ^\&\   + ZAa,    ^   f 0,   exists,  where  the 

(x) a without Indices are columns of  Av  .  In other words, there Is 

(x) 
Just one Ineq.allty modA.O  AV  ; 

(x) 
(3) more than one Inequality moQi.c  Av '     exists. 

The first two cases will be handled In 4], the third case afterward. 

4i.  First and second cases.  In the first case, ^here only 

(x) 
Identities appear c .tslde of kK   ',   the representation of x as 

an arbitrary linear combination of the g  Is already of the form 

!.■/., for both  p- and  -g are In L, so the coefficient range 

of g  Is  E.0+. 

In the second case xai f 0, which means there Is at least 

one g =« g  with g a! f 0.  Each  a., l>i, has by assumption the 

form ^iaj + ZAB. whence 

t'oal " Avgoai + Z>goa -  ^oai 

and xa1   «   Aixaj.     Let    |il    -/c.     Then also    |ii     -/< f 0, 

or   '<eoa1   -  xa^ .      Thus    //go -   L. 

(x) If  In addition  to   tue  relation  system    Zv belcnglng  to 
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(x) x) 
Av  , we consider the one belonging to (Av ,aii) ,  we know from 

Tneorem Al that a basis of tWx)  can be obtained by adding to 

the rows gi  of G
/A(X) a )  some row Independent of »-hem, so 

that x  Is representable as a linear combination of the gi  and 

this rown.  But we can choose g  as such a row, as  g ai f 0 

Implies that  g  Is Independent of the gi.  olnce 

gia^ - Xigi3ii   + ZAgia - 0, both gi  and -gj  are In L. 

The coefficient of g  In the representation of x must 

have the same sign as ," , since //g  gives the Inequalities the 

same sign as  x.  Thus the desired form for x  Is accomplished and 

the proof In this case Is complete. 

42.  The third case.  We retain the notation of the preceding 

paragraph. 

(x) 
In this case there Is an a2    Independent of  (A  ,ai); 

conseq .entlj there Is a gi  with gia2 f 0.  We form the set of 

points ';X+>g1, where j  and  * are arbitrary numbers. 

Which of the points ^x+^gj are In L, I.e., satisfy 

^XA + .'giA «-' V? 

This fs a system of m homogeneous reiatlrns In two unknowns. 

However, because  xa ■ gja ■ 0, the relations corresf^ondlng to 

(x) Zv '  and the Identities are füfll.ed for all §  and *;   thus only 

Inequalities of the form '•"xa. + jTgia. > 0, resp. < 0,  1 > 1, 

remain, and these can be written as 

IV C  > -/ii^l ? -  xa.  » 

since the sign <, In conjunction with the fact that  > « 1,  ^■ 0 
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13 a soi itlon, gives a contradlct'on.  As In each system of 

Inequalities of the form K > jo<., the system IV can be replaced by 

those two Inequalities of the system corresponding to <*♦, the 

amaiiest, and -^ ", the largest, of the > .  Since §iAL . o, 
i xa i 

~l—2-  f 0, not all the > ,  are equal, and <*.' < ex". 
x a 2 i 

43. The reduction. Since C - «•", 3^-1 inserted in IV 

^Ives ,x" >^,> and v= ->•', v « -1 gives -«' >-y« , both are 

solutions of IV.  Therefore 

x, = - Ox-gj 

x2  - Vx+gi 

Xi+X2   . 
are in L, ana x «= —Jh—f    Is a positive homogeneous form In Xi 

and x2. 

But now A^ l   contains at least one more column tnan A^ 

since Xja ■ 0 and  ' - -*', ^» -1 produces an equality sign 

In one of the Inequalitles IV, which can happen only from an 

in 

(x) 

(x ) 
equality sign in II; similarly  Av 2'     contains at least one more 

column than  A 

If we decompose Xi     and x2, If possible, In the same way, 

the process must terminate after a finite number of steps.  We will 

then have  x as a combination of solutions, to each of which the 

process Is no longer applicable and accordingly we are back In 

case i or case 2.  Thus these solutions are in WL , ^nd since WL 

Is a convex cone with vertex zero, x, being a positive homogeneous 

combination of elements of WL, Is also In WL. 

Tnis completes the proof that L is a solution matrix of A. 
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§8.  The solution basis. 

44.  Preparation.  We consider a sabmatrlx A. (that Is, one 

consisting of  1  linearly Independent coli-unns of A) and an A. p 

formed from A. by omitting two columns.  If we omit only one or the 

other of the two columns, we obtain In each case an A. ,.  For each 
' l—i 

of these A.   t.-^re Is a G, as was noted earlier, which consists 

of the rows of a given G of A. and an additional Independent row. 

Since both A.   are independent of each other and therefore 
i — i 

generate distinct linear systems, the G of both A,   are independent 

of ea  other. 

If now we add to the n-1 rows of the given G.  both of the 
Al 

rows which w*» have used singly In the representation of the G.   , 
1-1 

we have n—1+2 Independent rows, which are orthogonal to the 

columns of A._2 and thus form a G of A. 2.  This reasoning is also 

valid for 1-2. 

Thus we see that a matrix wnich contains a G of each A. as 

well as a G of each A. ,, also contains a G of eacn A^^.  Through 

recursion on  1 we thus get 

Theorem C4.  Each matr.x which contains a G of each Ar and 

A  ,, where r is the rank of A, Is a solution matrix of A. 
r—1  

45.  Construction.  Now all A of A generate the same linear . r 

system, and the 0 of these A are identical with that of A.  If we 

caK this GA, then we can prod ace each G.   by adding a suitable 
A *r_i 

row to the n-r rows of G..  For those A     which generate the 

same linear system we can choose the same added row.  Thus we 

obtain only one row for each groip of such A  ^  If we now form 
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the matrix HA of all these rows and write these under GA, we obtain 
GA 

a solution matrix BA • (H ). 
A 

The matrix BA contains no superfluous rows, for among ita rowe 

we have only those of GA, wh~ch are_ orthogonal to A and are there­

fore essential, and likewise only necessary rowe have been added 

to get HA. BA 1s t herefore a solution basis, and each solution 

basis m st be obtainable in this way. 

HA is called the extreme part, GA the central part of the 

basis; the latter is suppressed for r•n. The ayatem xA£ V ia 

completely so l ved by x E W(~). All our previous results are 

contained in this proof; for example, the LA given for the special 

A at the beginning of §6 can be deduced in this way. 

46 . Number of rows. Since each Ar-l corresponds to a 

combination of r-1 co l umns of A, there are at most (~1 ) Ar-l' 

and clearly this number wil l be obtained if and only if each r-1 

columns of A are linearly independent. Thus B has at most 

n-r+(~l") row.s, and in order that B have exactly this many rowe 

it is necessary and sufficient that each r columns or A be 

l inearly independent. 

On the other hand, by Theorem CJ each basis has at l~ast n 

rows, s l nce GA has n rows. For r• l or r-o the baaia haa exactly 
0 

n rows. It is conjectured that the number of rows of the baaia 

must be at least n-r+p, where p is the largest number or pairwise 

non-proport i onal columns of A. Certainly p)r. This conjecture 

amounts geometrically to the statement that p points which do 
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not lie on the same hyperplane, together generate at least p 

hyperplanes.• Although this conjecture seems to be true, I haven't 

been able to prove it even for r•3 (that is, in the plane; 

"hyperplane" is a straight line). 

47. Relation between bases. If we wish to form a basis 

B, • (~:> of A by taking linear combinations of the rows of a basis 

B • (~) of A, then we know by 17 that G1 can be formed from G 

through left multiplication by a non-singular matrix M0• Furthermore, 

each row of H1 can be represented as a linear combination of the 

rows of G and the correspondtng (i.e., belonging to the same Ar-1 ) 

row of H, in which the latter has a non-zero coefficient. In 

other words: each H-row is determined modulo G except for a factor. 

Thus we can represent the rows of B1 in the form NeB where 

and MH is a diagona l matrix. In other words, we have the rela t ion 

v 
0 ) G , I ( 

MH I H ) • 

A matrix "B of this type is determined by B1 and B, hence for a 

given B, B1 and "a correspond to each othe~ uniquely. 

Conversely, if the prod uct ReB is a basis of A, then ABB 
must be equal to some MaB, so (M8-Ma)B • 0. Thus MB • "a+n, where 

• See Motzkin, The lines and p l anes connecting points of a finite 
set, Trans. Am. Math. Soc., May 1951, for a proof of this 
conjecture. 
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B Is a square matrix such that BB ■ 0.  Hence B « BiB2, where 

Bj la arbitrary and 62 Is a ü of B.  In other words, a necessary 

and sufficient condition that JLß  be a basis of A Is that 

HL - Mg+BjBj?, where M has tne form described above and B2 is a 

G of 3. 

48.  Special V.  For each V, Wv(u) yields all solutions of 

II.  However, Wv can contain EQ as a factor one or more tlme^ for 

the H-rows.  The factors of Wv corresponding to the G—rows are of 

course E-o+.  Thus all rows of H are necessary when we consider the 

totality of V, but may not be for a single one. 

Instead of considering all V, one can consider only those V 

which are orthants (products of E-o and E 0+) and observe that 

all rows of H are necessary for the totality of these V.  For If 

h  Is a row of H, then hA belongs to some closed orthant V, so 

for this V h  '. s a solution and consequently not superfluous. 

If In II we replace each relation xa < 0 by x«-a > 0 and 

each equation xa - 0 by both Ineqialltles xa > 0, x'-a > 0, we 

get an equivalent system with only ^ and > signs, which can 

be written In the form x(A,-A) 6. 7 where Visa product of 

Eao+ and Eo+.  If A has m columns, tnere are 2^^, distinct V, 

likewise 2am distinct V. 

49.  Orthogonallzatlon.  As is well known, the rows of a G 

can be successively orthogonalized and normalized, so that 

GO' » E   , i.e., the rows of G have square sum  1  and are 
n-r * 

pairwise orthogonal.  We can also select for each H-row one which 
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ia orthogonal to G and has square sum 1; this row is uniquely 

determined except for multiplication by -1, so nothing more can 

be aaid about the product of two such H-rows. 

In thia way one obtains a norma ~zed basis. A matrix Ms 
which tranatorma one normalized basis into another muat have the 

. (II 0) rorm 0 . ' 
. 0 . Ita . 

where and MH is a diagonal matrjx 

with ±1 along the diagonal. Moreover, for a fixed basis, every 

other basis corresponds to precisely one such Ma· Also, Just as 

before, w~ can add to such an "s an arbitrary~ with ~B • o. 

§9. Fixed v. 

so. Shortest representation. If only a single V is 

considered, then all rows b in the expres sion or the general 

solution x € ~B which correspond to WB components E0 (i.e ., 

where neither b ~ L nor -b £ ~) can be omitted. We can also 

replace those b which have coeffi cient ranges·!-o by -b. This 

ot course changes ' only the rows of H. 

Thus trom B we get a matrix C • CA • (g~), such that 

.VI x • uC,+vCa, u arbitrary, v > 0, 

and conversely each such expression is a solution of II. We 

auppoae that any superfluo s rows have been omitted, ao that the 

number·or rows of C cannot be reduced. Then 

Theorem E2. The solution domain L of a closed homogeneous 

ayatem is the aum or a linear apace {uc,) and a convex polyhedral 

·~ (vCa)• 
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5i.  Investigation of Ci.  If both x - uCi+vCa and -x are 

_, then uCi-x - -vCa  la In L.  Now the  single Fummands of vCa 

are In L since  v > 0.  By adding all of these s .mimands except one 

to -vC2, we see that non—positive miitiples of the rows of Cs  are 

in L, a contradiction unless each component of  v  is zero. 

Hence if both x and -x are solutions,  then x has the 

form uCi, and obviously expressions of the form uCi have this 

property.  But these x are solutions of the eq nation system 

xA - 0, where A* contains all those columns of A which do not 

correspond to identities of II.  Since all superfluous rows were 

omitted, Ci is some G.«, and its number of rows q  is .niquely 

determined by A and V. 

It is also easy to see .hat the convex cone vCj» is line-free. 

32.  Investigation of C2.  Of the remaining x, those which 

are not positively proportional to a row of C2 modulo C» can le 

split into two summands which are not positively proportional to 

each other modulo Ci.  As one of these summands one can take a 

row of C8 with its (non-zero) coefficient.  If this row were 

positively proportional to the rest of the expression for x, it 

would be superfluous. 

Moreover a row c of Ca cannot be represented as a sum 

(uiCt+ViCa) + (u2Ci+v2C2)   Vi,v8 > 0 

of two summands In which other rows of C2 appear.  For otherwise 

one could deduce an equation of the form /c - uCi+vCai  v > 0, 

where c does not appear In vCa; for A > 0, c would again be 
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superfluous; for yv< 0, -c would be In L aad c would correspond 

to a sign ranpe E-0+; finally, for X. - 0, we co ;ld bring another 

row of C2 to tue left and repeat the argument. 

In short we see th-xt the rows c (which are "extreme" sol ,tlons 

of II) have certain characteristic properties and are mlquely 

determined modulo C\  except for a positive proportionality factor. 

It follows that the number of rows of C2 as well as of Ci are 

Invariants independent of the way C is produced. 

Let C ^ be another auch C..  Again we can ask for the 

multipliers M with C ^ - M C.  Since the rows of the part Ci ^0 of 

C'l^corresponding to Ci can be expressed as combinations of the 

rows of Ci,  M has the form o 

Mi 

Mi a 

0 

M j 
iMil|Ma| f 0 

where Ma, by the remarks above, is a diagonal matrix with positive 

elements on the diagonal. 

53.  Positive representations.  For a single V we can find a 

matrix D such that V0+D ■ L, where V0+ Is the principal orthant; 

In other words, each solution can be written as a non-negative 

linear combination of the rows of D. 

If we have such a D, cleariy we can add to It as new rows 

arbitrary solutions of II. Thus we will be interested in only 

those D which contain no superfluous rows. 

In general there will be some rows of D whicu remain solutions 

after multiplication by -1 and others for which this is not the 
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case; accordingly we write D - (r.1)«  If x - vD,  v > 0, has 

coefficient range E-o+» then by adding to -vD all 3 munanda of vD 

except one we see that only rows of Dy   appear In vD.  Tne set of 

these x, that Is, the set of all uCi of the preceding paragraph, 

la therefore V0^Di. 

The extreme x, which are not decomposable modulo Ci , must 

be positively proportional to certain rows of D2 modulo Ci.  Since 

these extreme x and Ci (or Di) suffix  for the representation 

of all x, and Dz  should contain no auperfluous rows, D2 is any C2, 

and we have only to find Di. 

5^.  Number of rows.  If the number of rows—and hence the 

rank—of Ci Is q. I.e., id la a linear space of dlmem Ion q, 

then Di must have at least q  linearly Independent rows.  But 

since the decomposition of each uCi Into these q rows Is 

uniquely determined, and hence for certain uCi negative coefficients 

will appear, Di cannot have only q rows.  We will not be 

concerned with the Investigation of all Di, bit will show only 

tnat there Is a Di with q+i  rows.1 

55«  Construction of D^.  If .^ere is such a Di of q+i 

rows dij-'^dq-n where di.'^.dg are .Inearly Independent, let 
q 

dq+l » ZA.d..  Each point of our linear apace has the form 

q+i 

1 The other Di can be obtained as follows: one splits the linear 
space uCi Into finitely many complementary linear subspaces; each 
auch decomposition corresponds to a decomposition of q  into a 
sum of Integers.  Then one determines for each subspace a Di in the 
way gWen In '.he text, and writes these together au a matrix. 



-4B- 

from this we see that If some X k ^   0, we cojld have replaced 

dn+i  by dA+i " S^.d., and written q+i      q+i   1|ik x 1 

qfi 

l-i 1 x   lfk,q+i 
S/^.d. -   Z   ^.d. + ^  d'   + (>y, ^^,/>  )d, . 

By repeating this process we reach the concljslon that aii A  < 0. 

If some A  - 0, we coild not represent -d..  This all A  < o. 
q+i 

It follows that  S ^1d  ■ 0. y > 0, and each q rows of Di are 

xinearly Independent. 

Conversely we can form from each C; arbitrarily many Di: 

s'mply add the row ZA.d, where the /. are negative.  If we write 
ill i 

/EX 
Q, "1/ j where I  Is the row of A., then Di ■ Q#^i » anci ^or each 

other Di'l'we have D^1' =» Q.^^Cx^^ for some C^1;  Moreover 

each c/^ has the form M0Cl , with |M | f 0. 

Accordingly, each Dj of q+1 rows can be obtained from a given 

Ci through left multiplication by a matrix of the form 

« -i</iMo'  lMol ^0'  ' < 0- 

These are all those matrices of q columns and q+i rows such 

that a single linear dependence with positive coefficients exists 

among the rows.  Such matrices will be referred to as vertical 

simplex matrices (the transposes are horizontal simplex matrices). 
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The matrix 

1  0 

-:  i 

o -i 

0  0 

0  0 

0 0 

0 0 

0  0 

-1  1 

0 -1 
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1B a vertical simplex matrix for which allj^". - 1; the iame la 

E 
true of the matrix _?/ . 

56.  Supplementary remarks.  Oeoraetrlcally (of. Bl4)  Q 

repreeenta a simplex containing the origin In Its Interior.  The 

/v can be regarded as a kind of simplex coordinate, which for 

/<. - 1 are related to those known by this name as an arithmetic 

proportion is to a geometric one: they are determined up to an 

additive constant, not a factor. (The constant must be chosen so 

that the ^. remain non—negative).  One can also speak of a 

projection of the principal orthant of the space IL.j onto a 

suitable supporting hyperplane through the origin. 

We look again for the multipliers for our D which let D^1' 

be another such D.. In each case we can find a multiplier VL. 

with D^ - MpD, which has the form 1 Ml 0 \   ,  |Mi||Mt| f 0, 

where Ma contains positive elements on the diagonal, zeros else- 

where, and the rows of Mi correspond to those of Di. 

Mi roust effect a transition from one simplex to another which 

also contains the origin, that is, MiQ must satisfy the conditions 
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glven abov© for Q.  Let the coefficients In the linear relation 

between the row» of Q be v. and correspondingly A   for MiQ. 

Denote the row of / ^^ by k, that of the /1^
1 by k'1^.  Then 

1«  HiQ - 0.  Now k^Mi Is a row Tc and since there Is only one 

linear relation between the rows of Q, we must have Ic ■ Ak, I.e., 

k^l'M - ^k, which also clearly suffices. Thus ohe necessary and 

sufficient condition for Mi Is that (lc  »A)(__A) - 0 for a suitable 

k'1^ > 0.  In other words, (JJ1) or f_V ) must be a simplex matrix. 

Also It Is easy to see that the elements of Mi and Mit can 

all be taken as simplex coordinates ^ 0. 

§10.  Inhomogeneous systems. 

57.  Homogenizing. We proceed to the consideration of 

Inhomogeneous systems I: xA+c € V, still excluding etrlc*: 

Inequalities.  We shall handle such systems by adding to the n 

unknowns ^i,4*',^ (the coordinates of x) another unknown V, 

regarding the constant term as the coefficient of - , where of 

course the Inhomogeneous relation ^ ■ 1 must be added. 

The relation %- 1 represents a hyperplane In Rnf. » not 

passing through the origin, on which the solutions must lie.  If 

we omit tht relation % - 1, this corresponds geometrically to 

Joining the solution points with the origin, which plays here 

fundamentally (in a projectlve sense) only the role of some point 

outside the orlc lal space R . 

If we project the solution points from a new origin not by 

lines but by closed half-lines, then we have replaced the condition 

£.- 1 by " *•: 5o+» wherewith the system assumes the form of those 

already studied. 
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Wt can write tht general solution of this new system £* in 

the for« x • wL, w e. W.  Since «e will restrict ourselves now to 

the consideration of a given V, we can omit those rows of L which 

take zero coeffioients and multiply those rows whose coefficient 

range is B^Q by -1, so that W is a product of E0+ and E-0+ factors. 

58. The three constituents. We divide L into three sub- 

matrices Lti Lf, L9f so that the general solution has the form 

x «■ WiLi-»-waL|'HfsLs. 

Li consists of those rows having coefficient ranges E-of; 

each of these rows must have its last component zero, since they 

and their negatives satisfy ^£ Bo+*  Then Wx is arbitrary. 

We include in Lt those rows which correspond to K0+ and end 

in zero.  Thus wt ^ 0.  The rows of Li and La are not solutions 

of the original system in which > • 1. 

Finally we include in Ls those rows which do not end in zero, 

whose last coordinates are therefore positive (since the rows 

themselves are solutions) and can be made 1 by multiplication by 

a suitable positive factor.  Then w9 > 0.  If we now consider the 

relation % » I,  we see also that the sum of the coordinates of ws, 

which we write as Ws^l, should be 1.  Otherwise W3 1B arbitrary. 

Thus 

Theorem 05. The general solution of an inhomogeneoue relation 

system I has the form 

VII      X - W.lM-HftLt^WsLs,   wt,ws > 0,  ws-l - 1. 

We think of the  (n-fl)1    coordinate as suppressed,   so that 

x t fL.»     Since the L for X1     contained no superfluous rows,   all 

rows of L are necessary for £. 
■ 
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For each row i of Li, and tach ralation XA+Ye E of L,  the 

product«*)(l,o) (*: - o|a la In S for taoh wj  If B f K.0+, than 

la - 0. 

59.  Polyhedral aata. The conatltuent W|Lt represents the 

points of the linear space generated by the rows of Li; wgl* is 

(of. 051) a line-free convex polyhedral cone; finally wsL9 is the 

convex polyhedron generated by the rows of L«.  Since L is an 

arbitrary closed polyhedral set, we see: 

Theorem K3. Bvery closed polyhedral set can be represented 

as the sum of a linear space, a convex polyhedral cone; and a 

convex polyhedron»> 

One or two of the three sets in this decomposition may not 

appear. 

If x+Ay is a solution of £ for each A ^ 0, then (x+Ay,!) ia 

a solution of £', and alao lim (■x+y/r) " (y»0)» Thus y haB thc 
A-l->0    A 

font WiLi+waL|, Wt > 0. Consequently x+WiLi+w2La, wt ^ 0, repre- 

sents the biggest convex cone with vertex x which is contained in 

L. 

If L itself ia a convex cone, then each point of the poly- 

hedron wjLs can be chosen as vertex, and therefore w9L3 must reduce 

to a point, since no rows of L3 are superfluous; that is, L3 has 

only one row.  (We must assume at least one row in L3, even though 

lIn general, each whole'aced convex set is representable as a sum 
of a linear space and a line-free convex set, and this (up to 
parallel displacement) in a unique way; the decompoaition above into 
a bounded convex set and a convex cone cannot be accomplished in 
general. 
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It is th« rero row. In order to •atlsfy the condition Wa*! - l). 

Hence the general solution will be 

x - WiLi+WtLt^s»  «g ^ 0. 

It is also easy to see that any vertex of h  has the form 

x - ViLi+L». 

60.  Qeometrlc remarks»  The projection of a convex set onto 

a line is evidently convex.  However, the projection of a closed 

convex set is not In general closed (see the figure).  But for a 

polyhedral set this too is valid. For if we form, for a fixed 

vector a, the product xa - WiLia+WgLta+waLaa, 

then we get an expression of the form Zw.i.a, 

«here the i.a are fixed numbers and each w 

is arbitrary except that certain w. are 

positive and some of them have sum 1; 

obviously this expression assumes its extreme 

values. 

From the discussion of the last paragraph we perceive the 

geometric function of the solution matrix L of a homogeneous 

system. For this purpose w« interpret the variables as homogeneous 

coordinates in a projective space JLiJ this is decomposed by the 

finitely many hyperplanes corresponding to the relations P into 

finitely many polyhedral spatial parts, and the solution domains 

of £ must be formed from such. The finitely many 'corners" 

(independent boundary manifolds) namely the rows of H., combined 

with the linesr manifold generated by 0., -suffice for the charac- 

terization and representation of all these polyhedral parts and 
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solutlon dommlni.  Incidentally, 0 and H correspond to the first 

and second oases In the proof of Theorem CJ. 

6l.  Strlot Inequalities. The homogeneous relation eyst em 

xA € V is solved by Theorem C2 In the form x - wA^1', w € W.  Let 

a be a column of A which corresponds to an Inequality.  If we write 

x - wA^1' - Zwa'1', where the a'1' are rows of A^ and   ranges 

over the coordinates of w, then we have xa - Z-e'^a; moreover, each 

w which la different  from rero has  the  sign demanded  by the 

inequality.     In order that xa - 0, we must have each    a^a - 0; 

I.e.,  for a^'a f 0,   ^  must vanish. 

The replacement of an  Inequality by  the corresponding equation 

means that certain coefficients of x must vanish.     If on the other 

hand we replace an inequality by the corresponding strict  Inequality, 

then at leart one of these ^-coordinates must be different  from 

sero.     Thus we have extended the parametric representation of the 

general solution to those finite cystems of homogeneous relations 

involving the signs -, ^,  <,  >, <. 

Suppose now we are faced with the most general case of an 

inhOMOgeneous system in which strict inequalities are admif 

We can homogenize the system by adding a new unknown and ha;. it 

as above, or we can replace all >0 and <0 by >v\ and <-►, , add the 

»•latton v? > 0, and then homogenize it. This reduces the number 

of strict inequalities to one  (o 0). 

Oeoaetrioally,  replacing some of  the  Inequalities by strict 

inequalities excludes at most certain pieces of the boundary of 

the convex set of ell   solutions;   in this way the most general 

polyhedral set is obtained. 
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CHAPTBI\ III. SOLVABILI'l'Y CRI'l'DIA 

§ll. Minimal unaolvable s7stema. 

62. Detini tion. In §12 we will obtain o·ondi tiona tor the 

unaolvabilitl or general relation SJat .. a. 

An unaolvable a7at .. re.ains unaolvable atter the addition or 

.other relations. Conaequentl7 tbe unaolva•1lit7 or a a7at .. 

dependa on tbe unaolvabilit7 or a suba7at .. , perhapa tbia in turn 

.on another, etc.; eventuall7 we arrive at a alnlaal unaolva le 

a7atem (a.u.a.), i.e., one whose proper auba7at .. a are aolvable. 

lach unaolvable a7at .. containa at leaat one a.u.a., and 

consequently we reatrlot ouraelvea tirat to tbeae. Our principal 

goal ia to prove Theore. Dl. Por the ti•e being, •• .note that a 

a.u.a. oan oonaiat or a aingle relation, tor ex .. ple 1 ~ 0, and 

never oontaina identitiea. 

63. Landt. Suppoae xA+c ~Via a m.u.a., wbere A baa n 

rowa and a columna. Arter tbe reaoval or e . relation P1 xa+lf €. B, 

we are lett with a aolvable a7at .. E-P, having aeneral aolution 

y; it we replace eacb relation by the correapondina olo~ed relation, 

the ayatem remains solvable, and ita pneral aolution 1 ('fheorem C5) 

haa the torm i • waLa+WaLa~aLa, Wa, Wa ~ 0, Wa•l • l. Let 

L be the aet or all y, t the aet or all. y. Since L ia wholeraced , ...,. 

t ia the cloaure or L (Theora. P2). 

Now ya+t aaauaea no value in •, aa otherwiae the ayat .. would 

be solvable. Hence it ~+r tor y • 7
0 

aaau.ea a value 0(. + 0 or B, 

then, aince 7 can be taken arbitraril7 cloae to 7
0

, ,a+r co~ld 

be brought arbitraril7 cloae to ~, which ia incaapatlble with the 
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unsolvabillty of £. W« t«t therefore: 

ya+r oan assiuBe at most the value 0 from the sign range E. 

Analogously one sees that ya+' cannot take on both positive 

and negatl e values. 

64. The *—corner.  We have observed (60) that La, the pro- 

Jectlon of I onto a. Is s closed convex subset of Ri;  hence 

LaK^ Is slso.  It follows that there is precisely one number t for 

which 

(1) |ys+y| ^ |S|, 

and» if * f 0, 

(2) sg(ya^) - sg ? . 

Let Z be the (non-empty) set of all y for which the extreme 

value S  is reached, and let z be a point of Z, so that 

(3) ta+r-<?. 

(See the figure, although it represents a case which is impossible 

for a n.u.s., as we shall see.) 

Now consider the s—corner 

of £-P, that is, the system of 

all relations P^ of 2-P for 

which p'1^!) - 0i  since s ^ I, 

by Theorem Bl the convex eone 

iX is the same as the solution 

domain L^ - L(2(l)). 

65. L fts a convex cone.  Can the system (Z^1 ,P) be 

solvable? That is, is there a point pel/1' such that pa-f*'^ E? 

As a point of L'  . p has the form s+My-z), /» > 0, or for z £ L, 

il - L 

xa-fy- 
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p - z; however, the latter 1B excluded, as otherwlae z would be 

a polutlon of £.  It followt from p ■ z-fA(y~z) that 

pa+d" - (i-A)?-»-A(ya+0. 

If 5f 0, then by (l) and (2), Jpa+^l ^ |J| and 8g(pa+^) - eg ^ . 

Her'  pa+f cannot lie in K In this case. 

If ^ - 0, then pa-«-^ - A {ya-t t),   A > 0, 80 If pa-M e   E, also 

ya+^ € S, and I would be solvable. 

The question asked above Is answered In the negative: the 

system {Z"',?)  Is unsolvable and Is therefore Identical with Z. 

We see that z reduces all the linear forms other than the excluded 

one to zero. 

From IV1^ - T,-?  It follows that «5 - I; ' - L, so we have 

proved the theorem: 

Theorem B4. The solution domain L of a system arising from 

a m.u.s. bjr the omission of a single relation IJB a convex cone. 

66.  Z as a linear manifold.  Since L results from L by 

adding hyperplanes passing through z, L Is also a convex cone, and 

by 59 the polyhedral part La has only one row.  Then 

y - WiLl4W,L«-»-Ls,  wa > 0 

and ya - WtLia+w^L^a+Laa.  By 65, ya+^, and hence ya, does not 

range over all values, so neither does WiLia. But wi is arbitrary, 

so Lia must be zero.  By 56» since £ contains no Identities, each 

row of Li multiplied by each column of A gives zero, LiA - 0. 

Conversely each row i for which iA - 0 does not change the 

value of yA when it Is added to y, whence, as one deduces from 

properties of the sumraands of y, i must be a linear combination of 
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rows of Li.  Since Li has no superfluous rows, Lt Is some G. anl 

has n-r rows, where r Is the rank of A. For r - n, Lj - 0.  It 

can also be seen directly that Lj Is some G i  , whence the rank 

r'1' of A^1^ Is equal to r. 

By 59» each element z 6 Z has, as a center of L, the form 

z - wlL1+Ls, and since, by 64,(j). 

Is not dependent on W|, wjL^Ls always represents a z.  Thus, since 

Li has n-r linearly Independent rows and wi Is arbitrary, Z !> a 

linear manifold of dimension n-r, which satisfies m-1 of the m 

equations corresponding to the relations of A; and Indeed precisely 

m-1, unless C - 0 £ £. 

67.  Strict Inequalities.  In the exceptional case V"-&»— 

xA+c £ V will Itself be solvable If each relation Is replaced by 

Its corresponding closed relation. 

Then there must be at least one strict Inequality xa+ ^ v. 

This Inequality represents an open half space; If this half space 

Is replaced by a hyperplane contained In It, I.e., the Inequality 

Is replaced by an equation xa+5 - 0, the system remains a m.u.s. 

In fact the system remains unsolvable since only a sharpening has 

occurred.  But the solvable system obtained by omitting the 

inequality was a z-cone, where z did not belong to the open half 

space; If such a cone intersects the half space, It mast also 

Intersect the hyperplanes parallel to the boundary. 
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It we proceed in th1a way with each strict inequali~y, we 

finally get a closed m.u •• with the e&le matrix A. 

68. The rank or A ie m-1. Consequently the exceptional 

caae can be diaregarded, and we conclude ae follows: 

The •iaaion or each relation in sequence yields m linear 

.anitolda which are independent or ~ach other, since each m-1 

aatiaty an equation which the mth doea not. By seleobing n-r 

independent poin from one or the manitolda, and one eaeh rrom 

~he r.aain1ng, we aee that the apace generated by t he manifolds 

taken together baa dt.enaion at least m-l+n-r. Since the total 

apace ia or dt.enaion n, then n ~ m-l+n-r, 1.e., r ~ m-1. 

But aince • independent linear forma have a ol ution, r < m 

~heretore r • m-1. Alao, since r(a) • r, the columna or each 

ot the • aubeyeteaa A(,) are linearly independent. 

Theorea Dl. The rank or the ooetr1c1ent matrix or a m.u.a. 

!! ~ .!!!!. ~ ~ nu.ber or !!tlationa in the ayatem. 

the aatrix (! baa rank ._1 or m and thus the m.u.e. are or 

two k1nda, which one can claeaity f urther w1th respect to y; the 

rani a-1 correaponda to the exceptional cr ae J • o. 

012. Unaolvab11ity. 

69. The c .. binat1on principle. Let xA+e E y be any unaol vable 

ayat .. ; then it containa a m.u.a. xA(,)~(,) ~ v<a>. We have 

proved tbat each i or the ·i+1 coluana or A(a) are linearly 

independent. Por i 4 k < r, we can add to auch a aet or 1 co l umna - -
k-i colu.na or A not in A(,) a ch that the k columna are linearly 



independent. In thia wa7 we obtain rrom A(,) a matrix A(.) w!th 

k+l columna and a correepond1.Jl8 ayatem xA ( 8 )+c ( a) e: v<•>. We 

write thie ae 

xA (a) • v<•>-e (.); v<•> £ v<•>. 
Thua tor each v<•> Ev<•> we have an unsolvable ayatem or equations, 

( 
A(a) ) whoee matrix ( ) ( ) muat therefore have rank k+l • 

• , • -e • . 

Let any k linearl y independent rowe or A(a) rorm ~ matrix A(s). 

$uch A(s) exiat aince A(a) hae rank k, and the corresponding 

aub-4eterminan.ta ot order k or distinc t A (a) are proportional to 

each other (Theorem A4). baa rank k+l, 

i.e. + o. '1 • the equation I !~:? I • I!~:! I• 
is unsolvabl e. This eq tion 1a a inear combination or the 

original equations, whoee coetticient e are certain aubdeterminanta 

or A. By 25, the l inear rona I!~:? j tor v<•> E: v<•> ransea over 

eome one d1mena1onal alp range 1. 

v<•> - ' 

Thua a nec•••&rJ and autt1c1ent condition that an 1nhaaoseneoua 

eyatem or rank ~ k be unaolvable 1a that at leaat one ot the 

tormed in thia wa7 not lie in the aaaociated B. We 

ror.ulate th1a 1n the combination princi ples 

Theore. D2. ! contradiction tree ot lmkno!Df ~ ~ derived 

rrom everz unsolvable a7atem ~ ! linear c011b1nat1on or relationa 

!!. the •ztt.-. 
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Such a contrmdlctlon 1B of the form ^<^ , or one of J < tf , 

01 mß $     *<fi    where really ^ >/? . 

70. Definite dependence»  A linear relation between the 

columne of a matrix in which the coefflclente have the same sign 

throughout, but are not all zero, will be called a definite 

dependence uT the columns (or the matrix) (concerning "definite ' 

and"strlctly definite", see 15). 

Prom the definition of a simplex matrix (55)» a matrix of 1 

rows and 1+1 columns is a simplex matrix if there Is precisely 

one strict linear dependence between its columns; the coefficients 

of this dependence are then proportional to the 1  order sub- 

determinants of A multiplied alternately by 4-1 and -1.  Thus we 

see 

Theorem Bl. A matrix of 1 rows and i-t-1 columns is a simplex 

matrix if and only If its l+l 1 order subdeterm1nants alternate 

in sign. 

Suppose we are given a m.u.s. of the form xA € v+ of r+1 

strict homogeneous Inequalities, which can also be written as 

xA > 0.  By Theorem Dl, A has rank r and so there is Just one 

linear relation (except for a factor) between the r+1 columns of 

A; moreover, since each r columns of A sre linearly Independent, 

none of the coefficients x.   of this relation Is zero. 

On the other hand, by Theorem D2, a linear combination of the 

inequalities produces a contrsdlctlon free of unknowns; the 

coefficients of this linear combination must be the ^. of the 

linear dependence, and thus arc proportional to r  order sub- 

determinants (from dome r rows of A) alternately multiplied by 

^1 and -1. 
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Now Z^E^ 18 EQ If all l1  - 0, E.». (reip. E_) If all * ^ £ 0 

(r«8p. < 0) but not all >(-- 0, and E_0+ in all remaining caseB. 

Since 0 ^ Z/.E4 ahoald be a contradiction and since no ^. Is zero, 

all X 4  rauet be either positive or negative.  Hence the sub- 

determinants alternate in sign. 

71,  Principal criterion.  If now we consider. Instead of a 

m.u.s., any unsolvable system xA > 0, then we have 

Theorem D5.  A system of the form xA > 0 l^s solvable If and 

only If no 1+1 linearly dependent columns of A contains a simplex 

matrix of 1 rows and 1+1 columns. 

For 1-0 this obviously should mean that no column of A 

contains only zeros. 

This principle can also be stated as follows: 

Theorem 04.  xA > 0 is solvable If and only If for each 

horizontal simplex matrix B of A there Is a row s for which the 

determinant t 0. 

• 0 for all s, 4e would have the case forbidden For if 

by Theorem D). 

To apply this criterion to a matrix A, we need to know only 

the signs of its subdeterminants (including Its elements).  We 

will assign to a simplex matrix of 1 rows and 1+1 columns that 

sign which the sabdetermlnant of its first 1 columns has. 

72.  Corollary.  We now Investigate the special case where 

the coefficient matrix has the form (E,A), i.e., the system Is 

xA > 0, x > 0. 

i 
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Baoh Bubmatrlx of (E,A), after possibly a permutation of 

rows, has the form B* -  P   , or a "subform" of this, e.g.,Lj 

the latter cases are subsumed by the general one with only trivial 

nodlflcatlons. 

When Is B* - E  C p    a simplex matrix?  Let the numb»r of 
0 B 

rows of B be 1; then B has 1-p rows and 1—p+1 columns.  If we 

omit one of these 1-p-. 1 columns, the remaining determinant or B* 

has the value of a subdetermlnant of highest order of B: thus B 

Itself must be a simple; matrix.  Omission of the last column 

shows that sgB - sgB*. 

But if we omit one of the first p columns, say the k  , and 

if t. Is the k  row of C, then the remaining determinant Is 

(-1) 
p-k ;ic - (-1) 1-k 

B 
B 
t, The signs alternate with k, hence 

In each case the sign of 

th 

B 
t, 

of the p    ' column gives a determinant 

sgB*,  then 

Is  Independent of k.     Since omission 

o; tp    of sl^n  (-l)1-p+1 

B 

tfg 
B 
t 

P 
-   (-1) 1-P »g 

B 
-8gB, 

and all of these signs are opposite that of B.  Evidently this 

condition is also sufficient. 

Now let B be a horizontal simplex matrix of A, such that 

B there is no row s of A not in B for which sg 

plcl out all s with sg 

8 
sgB.  Then we 

c over B and add the columns 0
P 

- —sgB, write them as a p—rowed matrix 
E„\ 

to get a matrix B with 1 rows 

and i-fl cclumns.  By what we Just saw, B* Is a sl.nplex matrix, and 
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B# 0, whence the System Is unsolvable. for each other 3 of A, 

Theorem D5.  The system xA > 0 iA solvable 

by positive unknowns x if and only if for each horizontal simplex 

B matrix B of A there is a row s with sg - sgB. 

513.  The transposition theorem. 

73.  Its derivation.  We have seen (Theorem D2) that from 

each unsolvable system a contradiction free of unknowns can be 

produced by multiplying the relations by certain factors (namely 

subdeterminants), and adding. 

Now each homogeneous system can be written in the form 

(perhaps after certain relations are multiplied by -l) 

VIII    2:  xA > 0, xB > 0, xC - 0, 

and we suppose in the sequel that A actually appears.  This can 

be rewritten as 

j x(A,B,C) € V - V+-VovVo. 

where the dimensions of the three factors of V are equal to the 

number of columns of A,B,C respectively. 

Since the relations are homogeneous, the contradiction 

arising through combination will be of the form 

Ayi+By2+Cya - 0,   0 ^ 27lK++Z7aBo++Z»rtI0, 

where, for example, ^ runs through the coordinates of %.  Hence 

Z'?iE++Z';aEo+-»-2ysEr> is either E+ or E_, which can happen only if 

at lea^t one '1 f 0 and all ']i  and It  different from zero have the 

same sign, which we can assume positive. 



In other words: if VIII is unoolvable. the system 

2»:  (A,B,C)y - 0,  yl > 0, y. ^ 0,  yi f 0 

is solvable; the converse is also valid: if VIII is solvable, Zf 

is unsolvable, since both together give a contradiction.  We shall 

call £* the transposed system since its coefficient matrix is the 

transpose of that of L.    We thus have the transposition theorem: 

Theorem D6,  A system Z and its transposed system 2* are 

complementary in the sense that precisely one of them is solvable. 

74.  Row-wise interpretation.  Oeoraetrically the transposition 

theorem can be interpreted in many ways.  We can consider either 

the rows or columns of the coefficient matrix as points in 

cartesian or homogeneous space. 

We first think of the rows of (A,B,C) as cartesian coordinates 

of points.  For variable x, x(A,B,C) ranges over all linear 

eombinations of these points, i.e., a linear space X through the 

origin.  Those y which satisfy the equations (A,B,C)y ■ 0 of the 

transposed system form a linear space Y which is the orthogonal 

coBplement of X at the origin.  If we choose in particular P - C - u, 

we see that the two statements "X and V+ are disjoint" and NY 

and Vo+ have only the origin in common" are complementary.  In 

other words: 

Theorem 01.  In each two orhogonally complementary linear 

spaces through the origin, at least one has points other than the 

origin in coranon with the principal orthant, and at most one has 

points cosmon to the interior of the principal orthant. 
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This can also be seen directly. 

Each y f 0 In V0^ can also be Interpreted as a coordinate 

vector of a hyperplane on which the points of X lie, and similarly 

for X and Y Interchanged. Thus 

Theorem 02.  Each linear space not Intersecting the principal 

orthant (resp., Its Interior) lies on a hyperplane not Intersecting 

the principal orthant (resp., its Interior). 

We note that the principal orthant and the linear space 

generate a convex set, the hyperplane is some supporting hyperplane 

through the linear space. 

75. Column-oise interpretation in R .  If we think of the 

columns of (A,B,C) as points, then (A,B,C)y - 0, yi > 0, y» ^ 0, 

yi f 0 for B - C - 0 means that the origin lies in the interior 

or on the boundary of the convex polyhedron P generated by A.  Or 

we can say that the rolumns a of A are definitely dependent. 

The statement xA > 0 means that x forms an acute angle with 

each column a of A, i.e., each coi imn and thus all of P lies on 

one side of the hyperplane perpendicular to x at the origin.  Since 

we can take any point p as the origin, we have 

Theorem 03. Through each point exterior to a convex polyhedron 

there is some hyperplane not passing through the polyhedron. 

Clearly this is valid for convex sets in general: one need 

only take the hyperplane perpendicular to pq at p, where q is the 

point of the closure ? of A which is closest to p. 
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Th« general theorem: 

Theorem 04. Through each boundary point of a cloaed, convex 

aet there is a supporting hyperpiane, 4hich can be obtained from 

the last statement by a limiting process, will be derived geometri- 

cally in 78. 

76.  Column-wise interpretation in Rn_l•  Finally let the 

columns of A be homogeneous coordinates in R ., with ?  • 0 —n—i      / n 

interpreted as the hyperplane at infinity.  Then we divide the 

matrix A into two submatrlces A+ and A_.  We put the columns with 

^  > 0 into one group, those with ^  < 0 into the other (we suppose 

both appear) and distribute the remaining ones (where *? n " 
ö) 

arbitrarily into both.  Accordingly, I' assumes the form 

A
+y+

+A_y_ - 0, y - fJ+J , y ^ 0, y f 0. 

Now y^ f 0, since if y - 0, also A_y_ - 0 and thus, considering 

the last coordinate of the product, it would follow that y_ • 0; 

in faot, at least one of the coordinates of y which correspond 

to columns of A ending in non—zero numbers, is non—zero. 

Now Ay for y. ^ 0, y. f 0 is some point of the convex set 

K4. generated by the columns of A , which, thought of as a sum of 

a convex cone and a polyhedron, is polyhedral.  The polvability 

of 2' means that K^ and £_ (defined similarly) are not disjoint, 

but have namely the point Ay ■ -A_y_ in common. 

An x with xA > 0 represents the coordinates of a hyperplane 

which, as one sees easily, separates IL». and K_. Thus the trans- 

position theorem gives: 
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Theorem 05.  Two closed disjoint polyhedral sets can be 

separated by a hyperplane having a positive distance from both. 

For bounded sets (not necessarily polyhedral, but closed 

and convex)1, the hyperplane perpendicular to pq at its midpoint, 

where p and q are two point» of IC+ and K_ at minimal distance from 

each other. 

77. Existence of a separating hyperplane.  In order to prove 

the general theorem Just stated for closed convex sets, which arc 

a poslti'  distance apart, one needs the stacement that two closed 

convex seu without common interior points can be separated by a 

hyperplane (neglecting boundary points); then one separates their 

so—called £—neighborhoods. 

We can deduce this latter statement as follows. 

Let the given sets 7[ and 5 lie in R  , and denote their 
—    —      —n—i 

Interiorb by A and B; we then think of FL_ as a hyperplane H 

in R .  Choose a point p in R not in H-, and reflect B through p 

to get a congruent set B#whlch lies in a hyperplane H#parallel 

to H. 

I assert that the set C of all lines Joining points of A 

with poirts of B  J.S convex.  For suppose Zi   and ta arc two 

points of C, and let Zi be a point on .he line.from Xi to yi, 

Za a point on the line from xs to y», Xi,xt e  A, yi,yi e  B*. 

lThe theorem was stated by Mlnkowski for this case.  Only one 
of the sets needs to be bounded. 
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Thuß 

Then for arbitrary A,/^ with A^v > 0, > f/> - l, 

AA^^+Ay/j-f/^a - 1 

Now p does not belong to C, aa otherwise A anr1 B would have 

common points.  On the other hand, p may belong to the closure 

Ü of C and certainly belongs to the boundary of the convex cone 

pü.  If we take (see 78) a supporting hyperplane Hx to pT at p, 

then tix,  and coneequei tly Its Intersection with H, separates 

T  and 5.  The Intersection It a hycerplane In R —        — nr r —TV-1 

A proof can also be developed along the following lines: 

for each given set, form ore similarly situated and contained In 

the given set; separate these sets (by 76) by a hyperplane, and 

let the Inner sets converge to A and B; then the hyperplane tends 

to a limiting position which can be shown to separate A and B. 

7C.  Existence of a supporting hyperplane.  Theorem G4 is 

trivial In Ri and easily deduced In Ra by letting d half line 

rotate about th* given point 0.  We shall prove the theorem In 

R , n > 2, on the assumption that It Is valid for smaller n. 

We take a hyperplane H through o • 0 : H Intersects ehe 

jlven set K In K| (also convex).  If Ki contains 0 In Its Interior, 
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then H has the desired property: for It la easily seen that If 

points of K lay on both aides of H, then 0, contrary to assumption, 

must be an Interior point. 

Suppose 0 Is on the boundary of Ki: by the Induction assumption 

there Is an (n—2)—dimensional linear space Hi In H, so that Ki lies 

on one aide of Hj,  Let 0 be the line perpendicular to H at 0, Gi 

the line In H perpendicular to Hi at 0.  Then we project K onto the 

plane E - (0,pj) and get a new convex set K». 

Since 0 Is a boundary point of K», there is a aupportlng line 

0a of KJI at 0.  Since K la perpendicular to Hi, Q« Is perpendicular 

to Hi.  Now Qt and Hi generate a hyperplane H« which has the desired 

property; for H» projected on B Is Q2, so H« must be a supporting 

hyperplane of K. 

79.  Completely signed matrices.  By Theorem G4, the origin 

Is In the Interior of a convex set generated by a given set A If 

and only xf points of A lie on both sides of each hyperplane 

through the origin.  Incidentally, Kakeya uses this as a definition 

of convex generation. 

Bach hyperplane xa - ^ which does not pass tnrough the origin 

( « f 0) and is parallel to no axis (all coordinates of a are 

non—zero) does not Intersect some unique orthant.  Accordingly 

there Is a convex set, which has points In the Interior of each 

orthant except one, such that the origin Is exterior to the set. 

But If a convex set A has points In the interior of each 

orthant, then the origin Is In the Interior of A.  In order to see 

this, crnslder all points of A with positive first coordinate •, i; 
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ln this let ther« Is a point on the poeltlve ^,-axl8 (as can be 

establlBhed by induction on the dlraenalonaiity n).  Similarly 

there 1» a point of A on the negative ^ l—axla. whence 0 Is In A. 

If A la a polyhedron, Dlnee has termed the corresponding 

generating matrix A completely signed (each sign combination appears) 

Then the solution domain L of xA > 0 Is 0.  If A ftlls to Interoect 

some orthant, this may not be the case (e.g., a hyperplane not 

through the origin which Intersects all orthants but one). 

§14.  The simplex theorem. 

80. Ponru]atlon and first proof. By the timnsposltlcn theorem, 

a ralnimai system of r+1 definitely dependent columns belongs to a 

m.u.s. xA > 0; bv 70 the rank of A Is r and A contains a simplex 

matrix of rank r, which together also suffices.  We see: 

Theorem D7.  The rank of a minimal system of definitely 

dependent columns l_s one less than the number of Columns. 

These columns determine a simplex on the linear space generated 

by A or any matrix of rank r containing A.  Thus the convex set 

generated by the points of the matrix contains the origin if and 

only if such a simplex contains the origin.  In this way we ottaln 

the known fundamental theorem of the theory of convex sets, which 

alsc implies Theorem D7 : 

Theorem PU.  The convex set generated b^ a glv m set Is the 

inion of all simpllces whose corners belong to tM given set. 

We shall call this theorem, as well as Its analytic equivalent 

(Theorem D7), the simplex v,..eorem.  Before proceeding to Its 

implications, we give another proof. 
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8l. Second proof. We shall prove the analytic formulation. 

Clearly the rank la lese than the number of columns.  Our theorem 

amounts to the assertion that (except for a factor) there Is only 

one linear relation between the colomns.  But an argument of 

Hllbert's shows that the contrary assumption leads to a contra- 

diction. 

The coefficients of the given definite dependence are all 

different from zero since the system Is minimal, and we can suppose 

without loss of generality that all are equal to 1.  Thus Za - 0, 

where a ranges over the colomns of A. 

If we have another relation Z/a - 0, then we divide this 

relation by that >   of largest absolute value and subtract this 

from La - 0.  There results a definite relation not containing all 

the columns, whose coefficients consequently must vanish.  Thus 

Z/a - 0 differs from Za - 0 only by a proportionality factor. 

82.  Another Interpretation.  The simplex theorem has other 

geometric Implications.  Here we Interpret the columns as homogeneous 

point coordinates; we suppose that columns with last coordinate 

zero, which represent points at Infinity, do not appear. 

Then we distinguish the columns (*) with . . > 0 and ( ,) 

with  > 0.  A relation which expresses definite dependence can 

be put In the fonn 

2 (f) - -Z^(J?),   ./^ 0,  / f 0,  -fo. 

The two submatrlceB repi -sent two polyhedror, whobe disjunction 

la Implied by the non—existence of sjch a relation.  Thus Theorem 

D7 gives: 
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Th»oriD F9-  The som of the number of comere of two minimal 

IntTtecting convex polyhedr> la two greater tha^i the dlBienalon of 

the linear apace generated by both. 

Here "minimal" meana that the removal of any comer forces 

the dlajunctlon of the polyhedra generated by the remaining. 

83.  Independent point a.  We now inveetigate the notion of the 

flrat part of *)?>  applied to the property of crnvexity. 

A finite point aet A generatea a polyhedron 'K.     To find the 

amalleat convex aet J  generated by an arbitrary point aet A, one 

forma for each finite aubaet A of A the polyhedron J.  and then takes 

the uuion B of all J. 

X clearly contalna B, ao It auffices to show that B la convex. 

Let x, y e B^ ao that x e  J  and y ^ B for certain finite aubaeta 

A and B of A.  Then alao Ü la In B, where C denotea the anlon of 

A and B: but eajh point of the i.'ne from x to y la in C. 

This alao completea the proof of the airaplex thsorem for 

arbitrary, non—finite point aeta.  Now by the alrrplex theorem, 

each point of I can be obtained from A by finitely many repeated 

formatlona of linea between previoualy formed end points, hence 

alao each point of A can be obtained from the points of A in this 

way.  Thus, 

Theorem P6.  A aufficient (and naturally neceaaaryj condition 

that x be an Independent point of a convex aet A (i.e., that A - x 

be convex) j^a that x lie on no line with endpointa from A - x. 

Sach line through x haa polnta in common with A in at moat one 

direction from x.  Thus x muat be a boundary pelnt of A. 
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84. One point s upporting p l anes. One can pass a supporting 

hyperplane through each independent point, but it is not necessarily 

true, even for closed se t s, that t his hyperp l ane has no other points 

in common with the se t (see the figure). A hyperplane with this 

property wil l be called a o~e-point 

hyperp l ane.' However , it t he set is 

a closed convex cone or a po l yhedron, 

t hen independent po i nts have th i s 

property. 

If x is an independent point of a closed convex cone ~' t en 

x ffi~a t be a vertex of ~' and A must oe line- tree, hence x i s t he 

only vert ex ; converse l y, t he vert ex of each l ine-free c l osed convex 

cone i s a n i ndepe ndent point. 

We can repeat t he argumen t of 78 , as our assertion now that 

there i s a one-po i nt s upport i ng hyperpl ane through x is t ri via 

in ~ ~ and easily proved i n ~2 , s o t ha t we can again proceed by 

ind ction as in 78 . 

The hyperp l ane H t hro ugh x c ta ~ (if a t a ll) i n a l i ne- free 

c losed conv~x cone ~~ wi th vertex x, ap no case d i s t inction is 

needed . We define ~ 1 , Q, Q1 , Bas i n 78 and ~2 as t he orthogonal 

pro Jection or ~ onto ~ · 

The n Aa i a a c oaed line- ree convex cone, hence i s an ang l e 

~ 0 and < T, and has a s uppor t i ng ~ine Q2 which has on y t he point 

x i n common wi t h 1t . G2 and ~~ generate t he desired hype rplane Ha. 

1 Minkowaki ca a t hi s a corner s pport1 ng pl ane and the independent 
points ex t reme poi nte. 
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Por, since the projection or Ha onto ! is 02 , a point of ~ 

also on Ha woul d have the projection x on E; it wo ld thus lte on - -
H,, but thie ie excluded by the choice of H1 • - -

85. Reduction of unbounded sets to bounded. If the se t ~ ~ for 

which the exietence of a one-p~int hyperplane is to be provld, is 

a polyhed~n, one usually calla the independent points corners. 

We have called the cone il the x-corner and shown that xA is bo nded 

by the hyperplanes (aides or ~) containing x. If x is independent, 

then ii ia line-free, eo, by 84, there i s a supporti ng hyperplane 

which has only the point x i n common with x~, hence with ~· 

Now consider a closed convex cone and a one- point hy erplane 

through ita vertex. The cone c ts each of tne hyperplanes para l e 

to the one-point _hyperplane, if at a ll, i a bo nded set, s i nce 

otherwise the halt rays which l ead from the vertex to a point 

sequence tending to infini t y m· at have at l eas t one l imittn 

position necessarily situated on the o e-point hyperp l ane. Th1s 

Theorem P7. ~ line-free, closed, convex cone can be generated 

from a oounded, closed, convex set by centra l projection . 

In 59 we decomposed a c losed, po yhedra set A into the sum 

or a linear apace ~ 1 , a po l yhedron ~2 , and a convex cone ~3 • If 

we Join the sum ~4 of ~2 and ~3 , which io l ine-free, wi th a point 

not in the linear apace generated by ~4 , we get a polyhedra l set 

~5 which is a convex cone, and hence by Theorem F7 can be genera t ed 

by central projection or a bounded set, which here must be a poly-

hedron !6· 
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Theorem P8.     Each closed polyhedral  aet r^n be produced  from 

a polyhedron by central projection,   Interaection with a hyperplanef 

and addition of a  linear apace. 

86.     5tep-wiae  solution.     The general  explicit solution methods 

for linear ineuqallty systems by means of  the baslp B of 60  seems 

Impractical except   In special cares  because of the necessity of 

calculating determinants  of high orders.     However,   it  can be  re- 

placed by an easier,   step-by-step solution. 

We divide  the  row of  unknowns  into  two groups  (x,y)   and 
/ AN 

correspondingly write the coefficient matrix as („}.  We are to 

solve (x,y)(R) - v €. V, i.e., xA+yB - v.  Now multiply this system 

on the right by a G'(A') - Gi, so that AGi - 0, and get yBGi - vGi. 

If Gj has k columns and if gi is a column of Gi, then Vgj Is a 

on» dimensional sign range Efj^.  The product of the Egi for all 

solomns gi  of 0 is a k-diraensional sign range W.  Then yBGi must 

lie in W.  We assert now that there exists for each y with yBGi € W 

an x such that (x,y)(B) - v. 

Tnls system can be considered as an inhomogeneous system In 

x(xA - v-yB); then by Theorem D2, it is unsolvabie only if a 

certain combination gives a contradiction free of x.  Thus for 

some column p, the product Ap should be zero, while vp—yBp f 0. 

Since Ap ■ 0, p has the form Gjpi for some pi, t t yBGiPi - vGiPi 

is solvable by assumption.  Thus the entire system must be solvable. 

Using this method, we can solve for a subsystem y and then the 

remaining anknowns.  If y is chosen as a single unknown, we get a 

simple step-by-step elimination, or, as It is commonly called, a 

red jctlon. 



87.     AnothT proof of  the  transposition ^iTorern.    The   trana- 

posltlon theorem can be proved with the  help of  this reduction 

without  ualnp; the  combination principle. 

We restrict ourselves again to the  case B - C - 0,   and  shall 

show  that precisely one of  the  systems 

Z:   xA > 0 

Z':   Ay  -  0,   y > 0,   y  f  0 

is solvable.  It is clear that not both are solvable, since 

otherwise xAy would be both > 0 and - 0. 

If A has only one row, the theorem is trivial. We assume the 

theorem for all matrices with fewer rows than A. 

Next we distinguish the colurans of A according to the sign of 

their last coordinate.  According as these numbers are positive, 

negative, or zero, we call the relations of Z Pi-, Pa-, or ?3- 

inequalities. We leave the Ps - Inequalities of xA > 0 unchanged and 

replace the others by 4,, > Z (- g— t   )   resp. Zn < Z  (- y-r >)t), n  l-i   nk 1 '      "  i»i   ^nl * 

where xlk »re the elements of A and i.   the coordinates of x.  This 

does not affect the solvability.  Krom thes'e Ineqaalitles it follows 

that for each pair of a Pi-inequallty and a Pa-inequality 

n-i  ^ n-i      y.. 
(1)        Z (-3^^) < 2 (-5— "i)' 

l-i   y-M     1    i"»    ni  1 

or, since o^^a^  < 0 

n-i 

(2)        * 
i-i 

nk  ni 
1 > 0. 

Either of these also implies the previous inequalities, since the 

open intervals given by (1) clearly have a point in common. 

Let ^he new system (2) of Inequalities be Zx: xB > 0; it doesn't 
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contaln the last unknown ^ .  if only Pi- or only P»—Inaqualltlce 

occur In Z, the system Zj Is suppreseed; In this case all one needs 

to do Is choose the last coordinate of x sufficiently large In 

absolute val^e In order to solve £. 

In the general case It will suffice to show that By - 0, y > 0, 

y f 0 Is unsolvable provided Ay « 0, y ^ 0» y f 0 Is unsolvable, 

since we have assumed the validity of the theorem for lesser 

dimensions. But If By - 0, y ^ 0, y f 0 were solvable, we would 

have for 1 - 1, •••,«-!, and .trivially for 1 • n, 

Z ^nk ^ni 
yik ^li \l

+Z^m7m * 0' 

where r? are the components of y and ■>      the coefficients of tne 

Ps-lnequ-lltles, or 

This means that Z' woald be solvable, since the variables are 

^ 0 but not all zero, as otherwise all 7. . and ^ must vanish. 
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CHAPTKR IV.  VARIATION DECREASING MATRICES 

515.  Row-dtafinite matrices. 

88. Preliminary remarks.  We leave our principal theme and 

turn to a special case of inequality syateras.  In the introduction 

we mentioned Uhe problem of determining the so—called variation- 

decreasing matrices, i.e., those matrices A for which xA ■ y has 

at most as many sign changes as x, for arbitrary x (variation non- 

increasing would be a more precise term).  In other words,- certain 

simultaneous combinations of signs for the coordinates of x ani y 

ar« forbidden, and the corresponding inequality system is unsolvable 

Instead of the general method of the main part of the paper for 

deciding the solvability question, we will give a shorter way. 

In preparation, we mention two theorems from the theory of 

determinants, whose proofs can be found, for example. In Cesaro, 

Algebraic Analysis, 1  edition, pp. 22 and 29. 

A^ ' will denote the matrix consisting of the (T)(<J sab- 

determinants of i  order of A.  The subdeterralnants are ordered 

lexicographically with respect to the row and colamn indices.  For 

ex* aple, A^ ' - A. 

Theorem A3.  A^V1^ - (AB)^ 

(r) 
Theorem A^.  I£ r .L?. th%  rank of A, then Av ' has rank 1, i.e., 

(r) Av ' consists of rows which are proportional to each other. 

89. A.—chains.  We will use two other remarks about sub- 

matrices. 'Let A. denote a submatrix consisting of 1 linearly 

independent columns of A.  If i is smaller than the rank r of A, 
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two A. c*n belong to th« same A.  ; w« then call then neighboring. 

We say two A are neighboring if they have a common A«.»  We now 

prove: 

Theorem A5.  If B and C are two arbitrary A., there is ct chain 

B, AJ
1
\ AJ*',--«, Ajk\ C of submatrices of A such that any two 

adj^e^nt membera of the chain are neighboring. 

Suppoee B and C have i-h columns in common, 0 < h < i < rf 

which then form an A«. .  For h - 0 the theorem is trivial, and we 

proceed by induction on h.  We diatinguish three casss. 

If the columns of B and C taken together have rank i < r,there 

is a coliton s outside of B and C independent of those of B and C. 

Let B^ ' be a matrix which results from replacing a column of B 

not in C by a, and similarly C^  .  Then B is neighboring to B^ ' 

and C to C^  , B^1' and C^1' have an A,/.  \ In common, and hence 

are Joinable by the induction hypothesis. 

If B and C together have rank > i, then there is a column 

s of C Independent of B.  We form a B^1' as above.  B Is neighboring 

to B^  , and B^ ' and C have an A./. l\ in common. 

Finally, If B and C together have rank 1 - r, tnen we cancel 

from B a column not in C; the remaining columns of B are Independent 

and form an A  ..  The matrix which consists of those columns which r—» 

appear In either A^  or C has rank r and therefore contains a 

column s not dependent on the columns of A  .  Consequently s and 

A   form a new A , B^  .  B'1' and B are neighboring and B^1' and 
r—i r 

C have an A  /.  \ in contion. 
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90. A11-cha1na. Let Aii denote a square submatrix of ith 

order ot A whoae determinant ia non-zero. We say t wo Aii' 1 < r, 

are ne1&hbor1ns, it they belong to the same Ai+t,i+t; two Arr are 

Del&hborihs 1~ they ditter rrom each other onl y by a column or only 

by a 1-ow. 

Tbeore. A6. Two arbitrarz Aii ~ be Joined E.z. ! .eha1n of 

aucceae1velz neighborina A11 • 
. 

Let B and C be the given Aii and l et U, reap. ~. be those co l umns 

ot A in which B, rea,. C, lies. Hence nand~ are A1 • As we have 

Juat obaerved, B and ~ can b• joined by an A1-cha1n. From each of 

theae 1naerted A1 , chooae an Aii" Bach two successive A11 , s ay 

B(t) and c< 1 >, now have i+l co l s taken to!ether, which fo rm 

a • bmatr1x DorA. (Pori< r, Dis an Ai+
1
). The rows of Din 

which a<•> liea rorm a. matrix n< 1 >; s1m1 arl y we define ~(t) . 
We Join s< l) ~ ~( 1 ) .by a chain, this t ime or rows of D. Finally I 

in each or these aubmatr1cea w choose an A1 i (and insert these 

betv .. n B(t) and c (s) by a c ain, thi s time or rows or D. Fi na lly 

• in each or these submatricea we choose an Ail (and insert these 

between B(t) and c< 1 >) . It i < r, each two s uccessive Aii are in 

an Ai+t,i+a' and Band Care joined by the enl arged chain or a l l 

1it• 

Por i • r, auppoae that D1 and Da are t wo s ccess1 ve Arr in 

the chain which actual ly ditter in both a row and col umn. Let Ds2 

be the aquare trix or rth order formed by the rows of Ds and t he 

col\JIIIIl8 ot D2 , and define D• a1milarlJ. 'nlen by Theorem A4, 
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• 0 

hence ID,21 + 0 and is a n Arr· Insert o,2 between o, d 

02. 

91. ,tatrices wh ich !)reserve definit eness. 'e xt e consider 

the sig ns of all the elements and subdeterminants of the · rix A. 

If all th e elements of a r e ei th r non- n ti ve or non- positive, 

~e s ay A i s definite (as in 15 fo r vec tors). 

If x is n de f inite row and is f ' nite , th n obviou s ly 

xA • y is definite. · 'e wish to find t ose t r ices A ich 

transform definit e x into defin e y • x • If in ~rticul r 

we t ke x - e 1 (the 1-t nit vector ) , we see t . a t A M s only 

efinite ro s . 

I f e set x • ei +).. ek').. > 0 , 1 + k , · he y • ai + Aak. 

If elements of iff ~>~ e t si ns a pe a r in i a k w1 out a i 

an ak bei proportiona l , th n one could choose )... b t een t'l«> 

diffe rent r a los of t e a bsolute values o f corre spon in elements 

of a i ~ , and y wo l d ot finite . inc e a i ., d 

ak were a r bi rry pa ir of rows of ust eith e r be d e fi ite 

or ust ve proportional definit e ro s thus v r nk 1. In 

t e latter c se , y , as a linear c ina tion of proportion 1 

definite rows, is defi i e re a r le s s of w ere X i s or not. 

Theorem d • ecess a ry and SJ f icient conditi on th t 

y • xA be defini e f inite x is th at either A -----
is efinite r consists of proport iona l d f ite rows. 

-.,..-
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92. Definition and con s e quences . ·. e s h 1 c 1 a m t ri x 

~ definite, if each ( i ) 
1 1 r- 1 , is de f in it e n d A ( r ) 

is composed . of definit e rows . l Th ~rop r ty of being row de finit e 

is o viously preserved unde r mu t ipli c a t ion o a ro by a posi tive 
. 

factor. I n en r a l, t e f o llowir: t eo rem is valid : 

Tbeorea BJ . The product of t~ row- e finite ma t r ices is row 

definite . 

If r is the r ank of the product A, t hen 3 

at least rank r. For i < r, ( i3A) ( i) - B ( i ) { i ) is defi ni 

Each row of ( BA ) { r ) - 8 ( r ) ( r ) 
a r is s from ultiplic n 0 0 

row b of B( r ) by A ( r ) • S ine~ b is d e fi ni e d ( r ) 

co posed of proport onal efini te r ows , bA(r ) is efi ite y 

Theorem 02 . 

v e 

• 

a 

is 

In particula r we can c hoose f o r B a a rix ic r es t s 

from the id e ntity matrix by writing c ertain colu n t~ice i 

SJcc e s sion w ile t'"J e re ini columns a r left unc ed , so 

th a t a l subd etermina ts of B ve o r • Henc e 

T eorem B4. row- trix r r ow d e i it e 

!! ~ s uc cessive ~ _!! re ?l~ ced by t eir s • 

t ( 1 ) Schonberg c alls m~nor- efinite if all , 1 i r, a re 
de!inite. He Shows t ha t a inor- ef nite m~ t r i x is v ar- t io 
decreasing, an t a t the conv e r s e ol s if A a s r nn~s . 
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§ 16. The principal theor em 

.9J. Exceptional cases. . ith this prepa r tion, ~e can turn 

to the consideration of v riation-decreasinr, ma t rices, as defined 

in 1 and gg. 

Let A be the . trix, it s r ank r . It is clear t ha t each 

submatrix of A is also va ria tion d ecre~ si ng. For t e omis sion 

of columns does ot i c r ea se th e numbe r of sign changes of y • xA , 

and t o i s s ion of rows .~ s t e effect of r p ci ng t e correspon -

ing x-coord i R e by zero. 

·. e ex i ne two special c ses: 

1. A s r n:> '-N nn r+1 columns . Then he stem of 

values y • xa s ~ ti s fies a li r.e ar omo e eous rela tion, w ose 

coefficient se uence i s + (r) (where from now on + mea s 

a lt e rnate multipl ication by +1 and -1 ) . This rel tion is the 

only co d i tion imposed on y, so each s ys tem w c s tisfies this 

relat ion can be wri t en i n he orm y • xA . 

Since x is composed of r numb ers d th us a s a t . ost 

r-1 sign changes, ~nd is v ri tion deere sing, y h;~ s ::t t most 

r- 1 si~n c an~es. Therefore, z - :_y > 0 can ot satisfy z - xA t 

nd z > 0 d ( r ) • z - 0 a re i com t i ble. If A ( r ) h - d 

elements of d i fferent si n, one c ou ld choose the corresponding 

ele ents of z pos i tive, t~e ot er elements of z small but 

positi e, so tha t A ( r ) • z • 0; thus A (r ) must be definite . 

2 . A h s r a nk r, r rows a nd r columns . Then y • 

t\010 

xA 

and X • y - 1 or + X • 
+ (A {r-1)) 

(-y) 1A1 ; t e sta r mea ns that both 

the se~uenc e of rows and the se uence of columns ar~ r eversed . 
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+ It - y > 0 (i.e., if y hRs r-1 si gn chan es ) , and n is 

variati on deere sing, the + + 
- X > 0 . uy COn inuit y, y ~ 0 

implies + -X> 0 . For r > 1, T .eor 82 s ows that 

definite; for r • 1 this i.s trivi al . 

94. Principal Theorem, fir!5t part. If e ha ve no any 

varia ti on- ecreasi~ 

t e ele e ts cf A(i) 
' 

sero ele ent~ of ( 1 ) 

rix A of r an r, and if ~ e consi e r 

i < r, ·we a ve seen th t eac two non-

can be joi ed by a cer t i cha i . In 

this c ain ea ch two s ucc ess i ve ele ents belong to ~ i + 1 I 1 

which, as a s ubmat r ix of A, is it s elf va r i a t i o dee r a si .> . 

By the proof j s t i ve bot of these ii' n d hence all • i I 

have t he s e si n • refore ( 1 ) 
1 < r, is de fi i ~ e . 

If we t ke two n n- ze r o ele e t s o the s e row of r ) 

and form e cha.in connecting t em, hen any succ essive me nber s of 

the ch in belo to a su bmat rix of r r s a d z:-•1 col mns an d 

thus us v e s e si n see a bove ) . Cons G en tly, e ro s 

of ( r ) are de fin i t r~nd · e ve pr ove . . 
Theore B5. Eac varia tion-decrea sing r ix is ro•H- defini e . 

95. 

l a : 

Theor 

ich th re 

le a . 

36 . 

is a .... ._._.--
For ·r·1 t is 

Let A denote the -
of A. Then + 

Ullln -
ha s r ank r-1. 

------
o es t a bli s. e co ve r s e, we fi r s prov . e 

t r i x o r co lumns fo r 

X wit h ~ xA > 0 ha s r a nk r • 

is trivial, a nd e proceed by induct ion on r . 

ma rix which resul ts by omittin t . e l a s col-

X > o, henc by the ind cti on hypothesis , 

Thus A has r ank r or r-1. 3ut it t e 
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r an k of were r-1, th r wo uld be ;:~ subma trix 8 of r-1 

rows o l-th ich the o her rows d t h us xA 0 l d be linea rly 

dependent . Hence t he de e i n a nt IJ I - o, whic i ves a co t r a-

iction on expan i n by t e 1 st r ow, si nce 8 ( I'- 1 ) i s a efi n i 

non- zer o vector and + 
-X > o. 

96 . Prin ipa l Theorem, seco d part . Let e 1. n r bi r a r y 

r ow- finite atrix , ') let us compa re e number o " s i , cha e s 

of y X with the number of s i ~n c a es of x. 

To this end we 0 i t f r om X an y a ll ze r os , and fro y 

e ch e e e nt which 0 1 0 s· an e le e t of t e s e si n , i ch 

ount s to repla ci A by !3 sub t r ix . Th e we repla ce successive 

elem s of X ha in he sa si n by e i r sum ( r it en once }, 

ich corr spo ds t o e ad ition, f t er ~u i pl i cation by i abl e 

posi i f a ctor s , of cert ain s ccess iv e rowe o 

rix r emai ns r o defi ni by T eo r us 

y o ) . x (o) A(o ) ith x (o) > o. 0 we turn to 

se t at ( 0) as l east a s y ro ·,_rs as col 

has a l e s t a s _._ ny s i c an es a s y 0 ) j bu t t 

J e same as f o r x n y . T o t e r "'1. 

, so th 

e get 

e le:r 

ns , so 

ese 

e 

a :md 

x (o) 

be r s a re 

heore 85, proves 

Th eorem 87 ( pr i ci p 1 h eore~) . A u trix i s v ~ ria ti on decrea sing 

if d only i : it is no e. 

I is clea r fro t h -s r. y he pro 0uct of ro - defi"nit e m r ic s 

is row-defi ni e: cert in ly he pro perty of bein v riation ec rea s-

in i s r ansiti ve one . 


