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INTRODUCTION

QL. Survey
1. Orlgin. In the sign rule of Descartes and its

venerallzatlons, wnich has been the subject of investigation by
many others, particularly Laguerre, the number of changes of

.sign plays an important role. Fekete and, after him, Pélya, had
tihie Important i1dea of investigating in general how the number of
s'gn changes varies when the finitely many numbers of the sequence
are consldered as varlables and subjected to a linear transfor-
mation.

The central problem turned out to be that of determining all
those linear transformations which never increase the number of
sign changes. Tne matrices of such trensformations will be termed
varliation decreasing.

In 1930 Schonberg so.ved this problem for iLne case that the
rank of the matrix of the transformation 1s equal to the number
of independent variables. For this purpose he introduced the
notion of a minor-definite matrix. With the help of a natural
sharpening of tnis notion I solve the problem for the general case.
In this case, as in the one Schonberg treated, it 1s sufficlient
for the declislon to know the signs of all the minors of the

coefficient matrix,.

2. Central questions. The deeper basis of this fact is

that the knowledge of these signs also sufflices for the answering

of many more general questions: namely for the deduction of



'explicit conditions for the solvabllity or unsolvabllity of a
system of linear lnequalities. In §§3-12 we develop a general
theory of such systems and thelr solvability and then deal inde—
pendently with the varlation decreasing matrices in §§13-14.

To the best of my knowledge, Fourler first treated linear
inequalities systematically. Later, independently of him, Gordan
and Minkowskl successively turned to this subject, and in this
century about 30 papers, listed 1In the bibliography, have been
published on linear inequalitles. A shorter and somewhat incom-
plete summary of the historical! development can be found in the
work of Ruth Stokes. Dines and McCoy give an extensive biblio—

graphy and .istorical notes in their combined work.

3. A sketch of the investigation. Statements about equation

systems can be divided into the quantitatlive theory of the expllcit
representation of solutlions by determinants (e.g. C-ramer), and the
qualitative theory of dependence, rank, etc. In the same way we
divide our investigation into two parts (§§5-10 and §§ll-14).

We first consider homogeneous systems and for this purpose
define the basis (§5)., prove 1its existence (§0), state 1t
explicitly (§7), and consider i1t in more detaill (§o). Then we
obtaln a parametric representation of all solutlons which can be
further reduced for the "fixed" system (§9), whereupon we are
also in a position to solve the inhomogeneous system (§10).

Then we proceed to the equivalence and solvabllity problems.
By determining the rank of tie "minimal system" (§11) we obtain

a criterion for unsolvabl.ity (§12), from which two theorems and




thelr corollaries follow: tne transposition thecrem (§13) and

simplex theorem (§.4).
In general we nave presented tne analytic theorems together

with the corresponding geometric statements. The questions we

pose deal with the group belonging to affine geometry.

4, Results. Because of the many interrelations between

statements In the subject dealt with, 1t will often be difficult
ro decide when a theorem 18 really new.
rxcept for the presentation 1tself, which I hope appears in

4 new correction, I would like to emphasize the following places

wriere progress 1s made.
The 1idea of considering inequality systems for all possible
slyn ranges (sign combinations) is perhaps used in the present work

for the first time. The discovery of a basis for this most general

case saves many spectal conslderations,
Besides, the so—called combination principle ran be under—

stood and formulated only in this way. From this principle there

arise proofs of the transposition and simplex theorems, and the

transposition theorem obtains a particular general fomm.

. 5. Notation and terminology. The numbers represent the

paragraphs in wnicn the notion first appears.

alternate + 70, 93 closed ?1
J
basis B 14, 17, 33, us coefficient range
!‘. ' . ,1 3

central part G W ‘ Sl -

column combination
central projectlon 05 A1l 16

column number m 16



complementary 19
constant term ¥,c 27,28
convex 20
convex cone XA 23
corner 30
definite >, < 15,91
determinant |A| 16
dimenqion n 19
element € 14
equation basis G 17
extreme part H 45
generate 14
half space 27
homogeneous 27
horizontal 55
hyperplane 20,21,84
identity % 27
independent 14,19
inhomogeneous 27

Juxtapocition (A,B) 16

linear dependence k 56
linear manifold 19
line free 21
matrix 16,34,55
minimal 14,82
minor definite g2

modulo
multipllier M
neighbering
normalized
vne—pointed
origin O, On
orthant
orthogonal
plane
polyhedral cone
polyhedral sec<
polyhedron
principal orthant
projection .
rank r

ray

relation P

row number n

52

17,47,56

89,90
49
84
15
26
49
19
23
28
20
26
22,85
16
20
27
16

separating hyperplane 75

sign value V

sign range.

26

one dimen-

sional w,E, E_,+* 2527

8ign sg

timplex

simplex coordinates

solution basis B

15,71
20
56
33



Al

A2
AS
AY4
A5
AL

Bl
B2
B>
B4
B5
BO

B7

solution domain L . 28
solution matrix L 33
square Ai1l 90
strict > < 15,27
submatrices © 16

Ssupporting hyperplane 21

S.u.s. 62
system 2 28,62
transformat!on 17
transposed A' 16

6. Theorems and formulas.

Theorems:
17 C1 34
18 c2 38
03 C3 39
33 Ch Ly
-9 C5 58
g0

. 10 D1 68
91 D2 69
92 D> 71
92 D4 71
) D5 72
95 Do 73,87
Qo D7 50

unsolvable
unequal +
unit matrix En

unit point 1,ln,e1

variation decreasing

vertex
vertical
wholefaced

x-corner

The numbering is as in

El 30
E2 50
E3 59
E4 65
Fl 22
F2 22
F3 24
F4 80
F5 81
FO 83
F7 85
F8 85

62
15
16
15
1,88
25
55
20

30

5e

Gl - %
G2 74
G>3 75
G4 75,78
G5 76,77




Formulas:
L 28 IV 42
I 28 . v 47
11 31 VI 50
I1?Y 33 VII 58
III 35 VIII 73

§2. History and Bibliography '

7. Pourler. The beginring of interest in linear inequalities

as a speclal kind of research goes back to Fourier, whose pene—
trating view first saw the dormart possitilities and who first
thougnt about a systematic tneory of linear inequaiities, indeed
of general inequalities.

It had 't'aeen noticed before him that inequality oonditioni
underlie the principles of mechanics of constrained systems, and
Gauss had sought to évoid them by his principie of least constralints.
Now 1In tne case of statics these conditions assume simpler and
often linear forms. Fourler was led from tnis to our problem, as
ne nad always sought to attack concrete relations by avstract means.

Four'er, however, did not go deepl!y into the problem. His
solution mettod is the successive one (later called reduction?),
along with an interesting geometric interpretation which reveals,
for the first time, the connection with the thebry of convex poly-

nedra. Inequalitlies mist nave then led nim to the then new

! In the following historica. s.irvey we suppose acquaintance with
tne notions introduced in tne main tody of the work.

2 Fourier gives as the simplest solvability criterion the breaking-
off of the reductlon. .
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consideration of ha!f spaces.

8. Gordan and Minkowsk!. Gordan, who came to the problem

fifty years later thro.gh invarlant thecoretic investigations
incidental to arithmetic questions, was far removed from such
close connections. He stated the elegant transposition theorem
in disgulsed form and prcved it in a roundabout way, but then
confined himself to diophantine problems, which nave their own
literature (except for van der Corput) and are remote from the
si1bject treated here.

Minkowskl combined the geometric standpoint of Fourler with
the n-dimeiglonal treatment of Gordan and handled the question of
the solvabllity of general !nequaliity systems. He discovered the
full system of extreme solutions (from which we arrive at the
extreme part of the basis) for a s'ngle given inequality system
and treated the inhomogeneous case‘és well as the question of
derendence of inequalities.

He also introduced many new notions obtained from the geo-
metric polint of view: supporting plane, polar body, extreme points,
projection space, flat points, corner polnts (we will not require

all these notions) and emphiasized the importance of the simplex

theorem,

9., Farkas and others. Fourier, Gordan, and Minkowski seem

to nave worked independently of each other; moreover their resuilts
are not well known and must nave t.een discovered many times as

new, for example by Steimke and in part by Farkas, Carver, and the

autnor.




Purkas, who was familiar with the literature, attacked the
problem many times and displayed his results systematically in
1902. In addition to old results and new extensions to the Infinite
he deserves proper mention for questions concerning the possible
dependences of relations as well as for establishing the general
idea of relation. Haar later dealt with the dependence of relations.
In his work on conditionally convergent sequences, Steinitz
formulated a general theorem about convex bodies and ray—systems
i1n many—-dimensional space which ties 1n with our considerations.
Since then the convex notion has included exp.icitly neither
closure nor boundedness. It 1s perhaps of Iinterest to note that
the notion of supporting line 1s used constantly by Cramer (see
also Newton and de Gua) under the name determlnatrice. Stiemke,

who follows here chronologically, has been mentioned above.

10. The Americans; concluding remarks. Lovitt solved

geometrically a spuclial lnequality system from pollitical arlthmetlc
(namely from the theory of proportional elections). The partici-
pation of Americans who have made attacks on our problem (Dines,
Carver, Gummer) besins at this point.

These authors have found interesting 1solated results and
special solutions. Dines uses elimination for soiving inequallty
systems, but Stokes and Kakeya do not. The method used by Stokes
has a somewhat inconvenlent geometric interpretation which 1s dual
to ours.

Dines obtalns a number from his process which he calls the

I-rank. We make no use of this, since, in contrast to the number



-9

of rows of C; and C» (52) and Ly, La, Lg (59), it 18 nct an affine
invariant and thus has oniy casual meaning.

Carver considers equivalence and unsolvable submatrices, as
weli as superfluoud inequallitlies in solvable or unsolvable systems.
He also derives the relation r = m-1 (Theorem Dl) for a minimal
unsolvable system.

All these investigators have been concerned witn a single
inequality system, though often 1n a very general way. We will
try to show how thelr results appear 1n the general theorems of

tne theory of 1nequality systems with variable sign ranges.‘.

11. Bibliography for the main part of the paper. The list

is given 1n ¢hronological order. Numbers refer to the corresponding

Journals below:

(1) Mathematische Annalen

(2) Mathem und naturwiss. Berichte aus Ungarn
(3) Journal fiir reine und angewandte Mathematik
(4) Rendiconti del Circolo Matematico de Palermo
(5) T8hoku Mathematical Journal

(¢, American Mathematica. Monthly

(7) Math. és termész. ért.

(6) Annals of Mathematics, 2. series

! For a fixed choice of sign range, Minkowski first gave a
compiete solution tneory, both for homogeneous and (contrary to
an erroneous statement by Stokes) Iinhomogeneous systems.



(9)
(10)
(11)
(12)
(13)
(14)
(15)

(16)

la

1lb

1d
le

I8

lh
i1

LJ
1k

Lz
im
ln
LO

tp

Transactions of the

Tohoku Imperial

Bullietin of the

Transactions of the

Math.

es phys.

lapok
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American Mathematical! Society

Proceedings

American Mathematlical Soclety

Royal Soclety of Canada I1I

Matnematiscne Zeitschrift

Proceedings of the Math. and Phys. Socl ty of Japan,

2. Serles

Sclence Reports Tohoku

1670
1740
1750
1823
1829
1834
1873
1885
1895
(1698)
1896

1097
(1911)
1899
1901
19L!

Newton

de Gua
Cramer
Fourier
Gauss
Ostrogradsky

Gordan

Farkas

Opuscula (1736) 31--199
Usage de l'analyse de Descartes etc.
Analyse des Courbes Algébriques
Oeuvres II 317-328
Werke V 23-2%

Mém. Ac. Sc. St.—Pétersbourg

() 6, 23-28
" _— Kerschensteiner Invariantentheorle,Lpz. 199
(2) 12, 263-281
(2) 15,  25-40

Farkas

Minkowskl

Minkowsk1i
Minkowski
Farkas
Farkas

Carathéodory

Geometrie der Zahien, Lpz.i910 39-45

Ges. Abh, II 103-122
Ges. Abh. II 131-320
(2) 16, 154-157
(3) 124, 1-27
(4) 32, 139-217
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ir
is
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2a
2b
2¢
2d
ce
2f
2g
2h
21
2]
2k
21
2m

2n

20

2q

2r

28

1913
1913
1914
1914
1915
1915

Scamidt
Steinitz
Steinitz
Farkas
Stiemke

Kakeya

Lovitt
Haar
Farkas
Farkas
Dines
Carver
Paar
Dines
Gummer
Dines
Dines
Dines
Fujlwara

La Menza

Dines

van der Corp:t

Stokes

Schlauch

Schlauch

(.
(3)
(3)

74,

11—~

271-274

43, 126175
144,

1-40

A mechanika alaptanal, Kolozsvar

(1)

Bo.ogna I1

(8)
(8)
(10)
Att! Congr.Int.Mat.
(i1)
Proc. Amst.

(9)
(6)
(9)

76,
8,

23,
36,
36,
36,
20,
23,

27,
33,
29,
28,
28,

36,
34,
33,
39,
b,

3L0-342
218-221

363366
279-296
297-308
396408
191-199
212-220
1-14
57-64
488
463-470
41-42
386-392
330-333

199-209
393-405
368-371
782-805
218-222
594-619



2t
2u
2v
2w
2x
2y

ba
4o
be
4d
Le
Lf
g

hn

1932
1932
1933
1933
1934
1934

Stoelinga Diss. Amsterdam
La Menza Bol. Mat.
‘La Menza Bol. Mat.

Dines—McCoy (12)

Bunt Diss. Amsterdam

Wey !l Comm. Math.

Literature for §§ 15-16.

1037
1628
1931
1834
1635
1879
1881
1663
1884
1699

1912
1912
9.2
1903
1910
1910
1917
1917

Descartes Geometrie Lpz.
Gauss Werke III
Fourier Ostw. Klass.
Jacobl Werke III
Sturm Ostw. Klass.
Laguerre Oeuvres I
Laguerre Oeuvres 1
Laguerre Qevres 1
Laguerre Oeuvres 1
Runge Enz. d. math. Wiss.,
Fekete (7)

Pdiya (7)
Jekete-Polya (1)

Baiint (7)

Baiint (:3)

Balint (13)

Ballint (13)

Curtiss ()

Helvetici

143, Lpz.

—1o-
5, 127-130
5, 149-152
27, 37-10
98-108
7, 290-306
73
65-70
92
279
1904
H67-71
151152
347
151-200
I,1 409416
30, 740-782
30, 783-790
34, 89-120
3], 286-305
25,  82-92
25, 1745-18o
26, 89-106
19, 251-278
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4t 1925 Obreschkoff Jahresb. d. deutsch Math.-Ver.
' 33, 5264
by 1925 P61ya-Szeg6 Aufgaben aus der Analysls,
Berlin Bd. 2, V
Uk 1930 Schoenberg (L4) 32, 321-328
4L 1934  Scnoenberg (14) 38, 546-564
13, Further .iterature. Tie foilowing books are either
cited in the work or were referred to:
©a Bonnesen-Fenchel Theorie der donvexen Korper, Berlin
1934
55  Cesaro Algebraische Analysis, Deutsche
bertragung von Kowal.esdki, 1,
Aufi. Lpz. 1904
Be Hausdorff Grundz'ige der Mengenliehre, Lpz. 1914
5d Schreler-Sperner Analytiscne Geometrie nnd Algebra I,
.931
Se van ¢or Waerden Moderne Algebra I, Berlin 1930

Many of tne

theorems for finite systems, 1n particular the

transposition theorem, can be generallzed to the infinite, but

these conslderatlions ile outside the scope of this work. One can

ass me tnat tne number of unknowns or reiations or both 1s

countab.e or continucus, and ovtain many inter2sting theorems

about sequences and Integra:s. Such theorems, including thelir

appiications, and related investigations can be found 1in:

va 1913

O L9913

e 1G14

Kakeya (5) 3, 137-150
Kakeya (5) 4, 186-190
Kakeya (5) 6, 27-3.
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1914
1914

T1914

1915
1915
1915
1915
L915
1915
1917
1917
1923
1927
1927
1927
1928
1926
1929
1930
1930
1930

.930
1932

1932

1932

Kakeya (%)
Kakeya (5)
Bohl (3)
Kakeya (5)
Kakeya (15)
Kakeya (15)
Kakeya (15)
Kakeya (15)
FuJjiwara (16)
FuJlwara (16)
FuJiwara (16)
Hausdorff (14)
Dines (11)
Dines (8)
Dines (9)
Dineu (3)
Dines (9)
Dines (12)
Dines (1.)
McCoy (L)

F.irtwangier Monatsh. f. Math. u.
(in einer Arbeit von Huler)

FuJiwara (:0)

Ascoi! Ann. Mat. pura et
appie. IV

Ascoll Ann. Mat. pura et
appi. IV

Sciioenberg (9)

33,

29,
30,
30,
23,
36,
36,

Phys.

37,
6,

10,

10,

34,
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130-133
187

284 313
b0y
83-102
256-26 1
403-420
92 100
323-359
101-110
307-319
220-248
659700
393-395
463470
425438
439 446
L41-146

393-405
878-882

5960
297—

3381

203-232
594-019
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Schoenberg (11) 38, 72-76
Schoenberg (L1) 39, 273-280
Schoenberg (9)
Hi ldebrand .—Schoenberg (8) 34, 317-328
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CHAPTER I. GENERALITIES

§3. Introductory definitions and remarks

14, Sets. 1In general we shall call a set the smallest set

with a certaln property if none of its proper subsets has that
property, while the set itsel!f stilil has 1t; in particular this
concept 18 useful when applied to properties which persist when
arbitrary e ements are added to a set.

If for a given set A, we have the smallest set E containing
A and having a given preverty, we shall say that A 1s generated
by A (with respect to tine property concerned) and that A 18 a

penerating set. Every element of A shall be called dependent on

tne eiemente of A or generated by A.

A sma..est pgenerating set of a glven set C shall be ca.led a

base of C. An eiement of a set, which cannot be generated Ly tne

remaining eiements, sha.l be called an independent element. To

obtaln a clear notlion of these concepts consider for instance the

property ol a set to be linear variety.

"x 18 an e.ement of A" we shall write x € A, read: x in A

15. Point sets. In the fol.owing we restrict ourse.ves to

the conslderatlon of sets of points of Euclideéean n—dimensional

space Rn’ ne=1,2,-+, with a given orthogonal Carteslan coordinate

system (the number space). We shall .se the notations indicated

below:

R 18 tne whoie space. Arbltrary sets of points shall In

general be denoted bty underliined capitals, finlte sets of points
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by non—underlined capitals, real numbers by Greek letters. Small
Roman letters shall designate single points in Bn‘ these points
shall also often be identified with the vectors leading to them
fron the origin.

The origin itself is O or On‘ 1 or ln is the unit point of
R; (the points, all of whose coordinates are 1). The unit point
of the i-th axis (the vector having on its i-th place a 1 and
elsewnere only zeros) shall be denoted by e,, 1 =1,2,:++,n,

A vector x shall be called » O, if each of its coordinatesg-y?_ 0,
4= 1,*++,n; c&}reSpondlingly we define > 0, < 0, < O; 1in contrast
$# 0 shall be the negation of O.

If x>0 or x <O, then x will be called definite. For
x>0 and x < 0 we also write sg X = +1 or g x = -]

respectively; x 18 called properly definite.

16. Matrices. A finite point set A can also be conceived
as a rectangular matrix, whose columns consist each of the coordi-
nateg of a point a; vice versa evidently every rectangular matrix
with n rows and a finite number of columns can be regarded as a
finite set of points of Rn.

By interchanging lines with columns we obtain from a matrix A
its transposed A'. AB shall mean the matrix product of A and
B, (A,B) and (g) the matrix obtained from A and B respectively
by Juxtaposition and by writing one below the other. r shall in
general designate the rank of A, n the number of rows, and m

the number of columns. In particular En shall be the unit matrix
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of order n (in the main dlagonal everywhere 1, eisewhere every—
where O0). For square A .et |A| be the value of the determinant
of A.

Wnen forming submatrices from A by omission of certain rows

and columr we always suppose the order of the remaining rows and
columns unchanged. In partic.lar the value of subdeterminants »f
A 13 to be determlned accordingly. Each submatrix is the inter—

section of a comblnation of rows with a combination of colwnns.

By A1 we shall mean a submatrix of the rectangular matrix A

wtilch has rank ! and consists of 1 columns of A. Here

1 ¢ 1 < r. However, tne notation A1 Is defined in th!s way only

£pr the letter A.

7. Ekquatlons. We recall some facts from the theory of linear

eq.ations whlich we shall need. Inhomogeneous systems are solvable

exactly 1in the case where the matrix of the coeffliclencs has the
same rank as tne matrix of tne coefficlients and the free terms,
and one obtalins thelr solutions from quotlents of subdeterminants.

Solutions of a homogeneo.s system xA = O of rand r with

n > r unknowns can te combined linearly and homogeneoisly from n-r
from amony, them. A matrix conelsting of n-r such solutions as its
rows shall be denoted as an (equationa.) base G or Gy If M 1s

a variable square matrix of order n-r, whose determinant does not

vanish, then MG represents every other G\ (Ezpnsformation of tne

base).

Every A,, ! < r, corresponds to a subsystem of the entire

system of equations. Let Gy bhea G of A and G a G of Ai'
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The rows of G, are soiutlons of the who.e A-system and hence a

prior!{ of the A,-system, but do not form a complete system of

1
soiutions since their number 18 by r-i{ too small. The missing
r-{ so.utlons can be taken fiom the Gz, as an arbitraty combi-
nation of r-!1 rows whicn are independent from G, and from each

other. We thus have tne often employed

Taeorem Al.! Every G, can be extended to a G of A, by including

r—i{ rows out of a glven GA .
i

16, Solution by determinants. Incidentally a GA car. be

obtained in the following way (see for Instance, Cesaro, Algebraiscne

Analysis, page 47).

A fixed A_ contatins (.7 ) s.bmatrices A consisting

r r+l r’r+i.

of r columns #¢nd r+! rows. Now consider one such Ar’r+l’ To
eac. of !ts rows, we let correspond the value of the determinant of
crder r formed by tne other rows, after multiplying these r+l
determinants alternatingly by 1 and -1. To the other n-r-l

rcws of our Ar we assign a O and thus obtain from every Ar’r+1

n  numbers corresponding to the rows of A, (that is, the rows of A);
thiese n numbers we write in unchanged order as a row. Aitogether
we obtaln thus (Pil) rows, among which there are always at least

n—r independent ones; any n-r Independent rows of the matrix

th .85 ol ined form a GA' Hence we have:

! "Steln!tz' Exchange Theorem"; see for instance, B. Schreler-
Sperner, Analytliscne Geometrie, and van der wWaerden, Moderne
Algebra, page 9o,
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Theorem A2. 5 GA can be formed from subdeterminants of order

r g£ A and zeros,

i9. Linear sets. We consider as known the main results of

the theory of linear manifclds (varieties, spaces, sets) and mention
them only briefly.

The linear manifold through the origin Qn generated by m
independent points ("spanned by m vectors") 18 called of dimension
m, likewlre every parallel manifold.

Two linear manifolds of dimensions m, and mp whose intersection
exists and has dimension d, generate together a manifold of
dimension my +me—d (for the generation choose d polnts from the
intersection, m;—d from the firs., and ma—d from the second

manifold). If my+ma = n and d = O, then the two varieties are

called complementary (with respect to Bn).

Hyperplane means a linear variety of dimensicn n-., plane -

al~ays one of dimension two.

Every linear equation xa =0 with a $ O represents a hyper—
plane orthogonal to the vector a. More generally: the system of
erquations xA = 0 18 solved by the points of a linear variety whicn
1s complementary to the linear variety generated ty A and ortho-
gonal tg i1t at the origin. Theorem Al can then vbe interpreted by
saying that of these two varieties one Increases when the other

decreases.

Finitely many llnear manifolds are called linearly independent

if none of tiuem liles in-the llnear manifold which is generated by

the others together.
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g4. Convex sets.

20. Definitlions. As we shall see tie convex sets correspond

to the linear systems of lnequalities In the same sense in which
linear manifolds belong to systems of equations. A set 1s called
convex 1f, together with any two cf its points x aand Yy, it
contalns the wnole segment Ax+(l-A)y, 0 < A < 1 connecting them.
It is true that the most general convex sets belong to infinite
systems of lneqi:alitles.

A convex set which contains no straight line shall be called
linefree,

By a convex polyhedron (polytope) we mean a convex set which
can be generated by finitely many points Xq that 18, the set of
al. Z)\ix1 with EAi = |, In particular n+l linearly indepen—
ient points determine a simplex (generaliza“‘nn of the triangle

in Rz and the tetrahedron in Rj).

In R: the concept of polyhedron degenerates into that of a
segment or a single point. In addition there exists in R; no
f rtrer convex set except the whole R, and the ray (half line).
Trie ray and segment can also be open, the segment also half open.

Thus a.l connected sets are nere convex while otherwise only the

converse holds.

2l. The boundary. A convex set need not be closed. The

closire of a convex set le always convex (as seen very easily
altrougn I do not f?.41 1t mentioned explicitly). Polyhedra are

cicsed, ilnear manif. ds are convex and closed.

If the clos.re of a convex set A has points in common with
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& hyperp ane but !f a!! other points of A lle only on one side of
te hyperplane. then as us.al the hyperplane shall be called support
of A.

A convex set which, together with each of 1ts points x and

each ¢f {ts to.ndary points y, contains the whole segment from x

o y, except at mos8t the polnt y, shall be called wholefaced (It

contains every open face (=ilnear plece of toundary) either en*irely
or not at all). To tne wholefaced sets bLe.ong the closed convex

sets and the cne-d:mensional convex sets.

2?. Intersectlion. We recall tne simple fact t.iat the property

to be convex, like tiat to be linear, bo.unded or closed, remains

incaanged by Intersection.

Now J¢t arbltrarily many wholefaced sets A bte given, and let

tnelr intersection exist and be called D. Let A LtLe the closure

of A, and D the intersectton of ail A. Then If x 18 a polnt

of D, y a poin® of D, we aiso have x € A, y € 4, for all A.

Beca i8¢ of the whol!efacedness of A also every point of the ope:.

segment from »y to y iles in every A, therefore alsoc in D.

Hence D 1is tie ciosire of D and we have:

Theorem F.. Tne intersect!on of wholeface sets is8 i1tself

wholefaced.

At the same time we orvtalin:

T.eorem F2. For wnolefaced sets the formation of c1031pg

and Intersection comn .te, If tine lntersection exists.

It 1s now easl.y seen thot the pro'ection of a wholefaced

set on a linear variety 1s a.go wholefaced.



23

°3. Convex cones. If a convex set A can be regarded as

tiie union of open rays with fixed end—po!nt a, possibly together

wltn tie polnt a 1tself, then A shall be called a convex cone

(ra, domaln) witn vertex a. Together wit: x the set A contains

also the ray ax, tnat is, the set of all a+A(x—a), A > O.

If a =0 then A contains with ¥ alsoX x, A > O, und

X+
vitn x and y also —51 (as a convex set), hence also 2-5%1 = X+Ye.

Therefore A contains in this case also togethar with finitely,

many points every hc-ogoa‘.u 1inear Sembination of these - N
points with positive eceffioients as a sum of terme J\‘x,.. a3
3 b, i _,“‘

(Incidentaliy this property could also have served as & definiticn”
f convex cones wlth vertex O, since It immedlately entalis con-
vexity: Ax+(.—-A)y being a special linear combilnation.)
Tne rays leading from a given point a to all points of a
convex set A form che convex cone with vertex a which 18
generated vy A (or also by every generating set of ﬁ), if a 1is

Incl ded exact.y in case little a Dbelongs to A; tnis cone we

dencte In tie sequel always by aA. This notation includes as a
particu.ar case tnat of the ray ax.

In Ry a set aA can be the whole R;, a closed or open ray
or a single polint.

A convex cone conta'ning 1ts vertex and generated by finitely

many points snall be called polyhedral.

24, Wholefazedness. If several wholefaced convex sets

51’ { =1, «+«+« , m, are glven such that a belongs to the closure

of t..eir intersection A, that !s8, belongs to all of then or to

some and .ies on tne boindary of the other, then we shall see easily
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that aA 1is also the intersection of the Eﬁi, which need not hold

in the general case (if a lles eléewhere).

For if a polnt p belongs to EE then 1t certalnly belongs to
all EEﬁ and conversely if p belongs to every Ezi, { = 1,e¢00,m,
tnen the ray ap contains a polnt Py of each A, and tnat polint
py which lles nearest to a must also (because of the wholetaced-
ness of the sets Ai) belong to all 51, that 18, to A, whence

p € aA. Here we supposed p ¢ a; for p = a the contention is

trivial. We nave thus 8nown:

Theorem F3. For finitely many wholefaced Bets the formation

of convex cone and intersection commute, if the vertex belongs to

the closure of the intersection.

Furthermore it 13 easy to convince oneself that aA for

a € A and wholefaced A only depends on the part of A which i8

situated in an arbitrarily small neighborhood of a.

25. The number line. The one-dimensional space K, shall

also te denoted by E o+, the set of all positive numuers by Ly,
the set of non-positive numbters by L o etc. We have 8lx convex
sets E, namely E o+, Ego, Eo+, &_, E+, Ey (zero oniy).
Then evidently the product of each of these s8ix sets wlth a
fixed number is again i1dentlica. with cne of these sets, lixewlse
the sum of two and therefore of finitely many from amorng these 8ix
sets 1s agaln one of these sets. Thus 1f each varlable § . of a
linear form 21151 ranges over a glven §1 we see that the range

of values of the linear form is also sich an E.




The six E shall be ca.ied one—dimensional slgn ranges.

Four of them: E o+, Eo, Eo+, &end Eo, are ciosed.

cu. Slgn ranges. Let E".."En te n one-dimensional 8ign

ranFes. Then tne set of polints of Bn whose first ,°***, n th

coordinate !s respectively 1in g,,"',En, shiall be called an

n-dimenslional 81gn range V, more explicitly g,-gg-...-gn. Every

v/ 1s a convex cone wlth vertex On, contains If closad

£

b= E "+« "E (n times) = O, and 1s contained in E o4 (that 1is,

Li.e whole space).
In tue same way in which Rz i1s dlvided in quadrants and Ra
in octants, Bn 1s decomposed by the n coordinate hyperrlanes 1n
ol prarts which may bte celled orthants because of thelr orthogonal
an, le. They are speclal 8!yn ranges, namely ttiose in whose formation

neltner Eo nor E_,; takes parts. Vo4 = §o+n shall be called the

principal orthant. It ls ciosed, and 1ts interior 1s the orthant

Vi B4




CHAPTER II. REPRESENTATION OF SOLUTJONS

§5. Inequalities

27. Relatlons. In what follows, we sha.l! consider only

eqiat!.ns and lnequaiities and shall inclide both under the term
relations.
A single relation {n n real unknowns wil! bte written in

tie form
P : xa+ ¥ = w, w € X

or slmply xa+¢€ E, wnere, as .ater in the same context, Xx !8 a
row of n unknowns and a s a cce.,ficient column, X 1is a constan®
and E 1s one of the six one—dimensional sign ranges.

Ec, E-o+, E-, E+, E.o, Eg; correspond respectively to the
siysns =0, %O, <0, >0, <0, >0. We disttnyuish Letween eq.ations,
identities, énd Inequalities, and indeed cal!l the %-relation, as

well as the relation with a = Y= 0 1identities (since they are

satlsfied for a.l x), and the > and < relations strict inequaiitles.

Relations with ¢ = O are iomogeneous.

The polnts satlsfying an eq.ation constit .te a hyperplane.
Those satisfylng a correspond!iny ineqiaiity maxe .p an onen or

closed half space defined vty the hyperpiane. An ident!ty represents

L@ Whole space Bn‘ All these point sets are wholefaced.

20, Systems. A set of m such relations P forms a {inite

re.,ation system, which can o!vliously bte .uritten in the form




Ao V' XA+c € V,
’ ) X

where A 1s a coefficient matrix, ¢ 18 a column of constants,
and the m—dimenslional sign range V 18 uniquely determined by
the given sign combination. Each column a of A corresponds to
a relation P of 2.

The totality of solutions of the syst:m £ (when such exist)

will be called the solution domain and denoted by L = L(Z), so

that the most general solution of 1 has the form
LY;s x € L.

Since L 18 an intersection of half spaces and hyperplanes, it is
a wholefaced set. In the case of homogeneous relations (c=0), L
1s a convex cone with vertex O.

Not all wholefaced sets or convex cones, however, can be
obtained as the L of certaln Z's. Rather it happens only for
special sets, which for reasons which will be evident later, we

shall call polyhedral (unrund). It follows from the definition that

the intersection of polyhedral sets is polyhedral.

29. Remarks. Evidently V 1is wholefaced and polyhedral.

Systems of equatlons correspond to tne special case V = Eom;

more generally, the case E" 1is of particular interest. All others
can be bullt .p from systems of tnis last type through simple
iopgical and arithmetic operations.

The additlicn of identities to Z means an enlargement of A by

certain columns, while V 1s multiplied by a product of factors
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of the form E_o4+ or Eo. Of course L 1s unchanged.

We note that the task of finding those x € L which are in
a second given sign range V,;, is nothing new; indeed one has but
to add special homogeneous relations for x, and then the complete

system can be written in the form
x(E,a)+(3) € V,V.

3C. Subsystems. Corresponding to each point x € Bn we
can assoclate a subsystem Z(X) of Z as follows: z(*) shail
contain all equations of Z but only those inequalities in which
x produces an equality sign (1.e., x 1lies in the associated
hyperplane); this subsystem will be called the x—corner! of Z.

Let V be the closed sign range corresponding to V, and

denote by L the solution domain of
: xA+c € V.

We suppose L 1s non—-vold, so tnat by Theorem F2 the closure of
L 1is L. We then consider the convex cone xL generated by L
with vertex x, where x € L, first of all in the case of a single
relation P.

If the L of P 1s either a hyperplane or the whole space,
then XL = L, and similarly if L 1is a halfspace and x a boundary
point of L; if x 1is an interior point of the halfspace L, then
xL = R, . These cases can be brought together in the formula

xEIPI " L(P(x)), if we suppose the solution domain of an empty

system is Bn’

! See the Minkowski "projecticn space.”



In the general case of a system Z of many relations, by
Tneorem F3 xL(Z) 1s the intersection of all m single xL(P),
where the L(P) are hyperplanes, halfspaces, or R, Consequently,
xL, for- x € L, 18 the set &(Z(x)) of solutions of z(x),

Theorem El. If x e L, then XL = L(z(X)).

3l. The coefficient range of a row. We restrict our attention

to homogeneous systems (up to §9 inclusive), which we think of as

given in the form

II ZA,O,!: XA € V.

Let ¢ be a point of Bn. We can form all of its proportional
points w/{, where w 18 an arbitrary number, and ask ourselves
for which values of «w the point w£ *'s a solution of II, i.e.,
lies in L(Z). Now L contains with each point all its positive
multiples, so only six cases can arise: f, —£, and O in L; £ and
Oin L, £ not Iin L; £1in L, O and —£ not in L; —£ and O in L,
£ not in L; —£ in L, £ and O not in L; £ and —£ not in L, O in L;
in these cases tnhe values of w form respectively the one dimen-

slonal sign ranges E_.o+, Eo+, E+, E.o, E-, and Eg. The

associated E wlll ce called the coefficient range E, Dbelonging

to the row [f. If V 1is closed, so 1is El'

32. The coefficient range of a matrix. If L 1s a matrix of

n columns and p rows l,,---,lp, then a linear combination zaiti
of these rows lies in L 1if (but not in general only if) each wg

is in tne corresponding coefficient range Et . Hence if we denote
1
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the row of Wy by W and the p—dimensional sign range E“...gz
p

by W, then we€ W implies wL € L. W 1is closed with V.

Let WL denote the set of all wL for we W. Then WL is
a subset of L, but W may not be the largest set, indeed not
even the largest sign range, having this property; however, for
closed V and W the latter is valid: for then the «,f, themselves
belong to WL (since for all k+1,<ﬂk can be taken as 0), so that
§‘1l1 is a subset of L, where §‘1 1s the 1-th coordinate range
of W.

W = W(Z,L) will later play an important role: we call W the

coefficlient range belonging to the matrix L. The coefficient range

of a matrix 1s thus the product of the coefficient ranges of the

rows of the matrix.

Since WL—as well as W—contains with two points their sum
and with each point any positive multiple of it, WL 1s a convex

cone with vertex On'

33. Solution matrices. It is clear that WL represents

solutions, but it may not represent all solutions; on the other
hand, it 1s conceivable that WL = L, so that each solution x of

II can be written in the parametric form
I X = wL, wE W,

If this is the case for each closed V, i.e., for each combination
of relation signs (except > and <), then W(V)L = L(V) identically

in V, and we call L a solution matrix of A.
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If L 1is a solution matrix, it remains one after the addition
of arbitrary rows. For one can represent a point of L with the
new matrix by using the old representation, supplying Zero coeffi-
cilents for the new rows; or it may be that essentially different,
new representations can be obtained.

Accordingly, we will look for those L which contain no
superfl.ous rows; they might be called bases of A. As one of our
principal results it will be shown in the next paragraph that a
basis of A exists for each A (Theorem C2). A matrix L 1s a
sclution matrix of A 1if and only if it contains a basis of A.

If we nave a relation system with Ai’ a subset of the columns
of A, as coefficient matrix, we can interpret it as a special
system with A as coefficient matrix, the completion to A being
effected by adding identities. Hence the Ai—systema are subsystems
of the A s8ystem and each solution matrix LA of A is a solution
matrix L of Ai'

Ay

§C. Existence of L.

34, A’. In this section A" 18 a matrix of n rows and n+l
colmns, whose first n columns form the identity matrix En and
wnose last column a consists of n arbitrary, not all zero,

ok L) b4 " =
numbers 1, yo i A (En,a).

For each pair h,k, 1 < h <k <n, we form a vector ‘hk'
whose n—th coordinate 1is e and k—th coordinate is - h? the

> . = - q
others being zero: ihk > &,—%.e.- Since zhka = 0 and ‘hk
has at most two non—zero coordinates, the zhk are points on the

intersection of the hynerplane xa = 0 with the (2) two—dimensional

cccerdinate planes.
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We write these (g) rows £, in lexicographic order as to
h and k and obtain a matrix L, depending on a, L, = L,(a).
Now we adjoln to this the n rows e, getting a matrix L = (g;)
withn (n;l) rows. (In the trivial case n=1, we take L = E;).
We snall prove:

Theorem Cl. L 1s a solution matrix of A¥.

Tne proof of this assertion is presented In 35-37.

35. Proof. If x 18 any solution of the closed homogeneous
relation system xA" € !, we are to prove that x has the form

wLh, wé€ W. Let x = Zgie‘. Then our system has the form

n
1 = ),*%2*,n; bX “151 € E

III sA": £ €E
1=1 =n+1

ul -i)

(the first n relations belong to the columns of En’ the last
to the column a).

Now in addition to x either all vextnrs éiei belong to
L(Z), or not all (perhaps none) do. Two cases therefore arise, the
first of which i1s handled immediately, the second in 36-37.

Case |: Each §1e1 is a solution of xA" < V. Since e, 1s

a row of L, and WL by 32 contains all colei which are in L, the

g,e, are in WL, hence so 1is thelr sum.

36. Case 2. Suppose some §heh does not belong to L. If
we insert the components of ?hen in system III, we see that the
first n relations are fulfilled (tne value of the linear forms
on the left in III remain the same as for ; or vanishes). Con-

sequently the (n+l)St relation “hgh € §n+l does not hold, whence
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(since we have a closed system) :thk $ 0. If all the remaining

non—-zero aiii had the same sign as "h%b’ then their sum ax

could not lle 1in §n+l’ contrary to assumption. Thus at least one

.4 has sign opposite that of dhéh’ and we pick one such.

Since $hahjkal < 0, then Sy € Ek implies

~%h%n —5%
=y €E, and § € E  1implles = € E . This, together with
L 0, shows that D ml but 1
hk® = 0, shows that _;;lhk and TEE‘hk are in L; but since
£ -
2h
zhk is a row of L, ;;zhk and '5;‘hk are thus in WL.

37. The reduction. Now set

h 5k

X, = X -—/4 ’ Xp = X + —p
hk a, “hk

* h

£ £

2h K
X = X‘+ — = xa_ — H

dk hk dh hk

then x differs from X3 and Xz only 'n the hth and kth
componente, indeed §r] and §k, the components of X , are different

h

from zero, as we saw, while x; has a zero in the hc position, Xg

a zero in the kth position.

Thus, since zhka = 0, also

X x Xa €
12 = X8 = Xa € B,

Xje, = Xze, =Xe, € E;, 1 =1,"*,n, 1 ¢ h,k.

Moreover, X,e, = xaek = 0, Hence X, satisfies all relations of

h th

2 except the kt ; this one says that the k component of X, 1is
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in Ek’

Similarly the condition that xp € L 1s

- Bk
%h * cxh € Eh'
°*r. h 5n%h
If Iah h| < | 7K k| then Isk > | so that %k,+-(xk

has the same sign as 5, or 1s zero. Since

I
€ Ek, ‘;k + 0, 0 é gk’

and x, € L. Similarly |;I,k°<k| < l;hofhl implies

that xz € L.
Therefore at least one of the points x;, xz 1is in L, and

if we denote this one by X, we have split Xx 1into two parts, of

which one, x-x, is 1n. WL, as we saw above, while X 18 in L and

has at least one zero more thnan x. Reretitbns of this process

must terminate after no more than n—1 steps, and we cume finally to

zero or back to case 1.

This completes the proof that L 18 a solutionr matrix of I

38. General A. We shall prove

Theorem C2. Every matrix A has a solution matrix.

The proof 1s by induction on m, the number of columns of A.
For m=1 we have the case Jjust studlied, i1f we recall that a
solution matrix of A = (En,A) i1s a solution matrix of A (33).

Now let L be a solution matrix of an arbitrary A. We look



for a solution matrix of the matrix (A,a) with the column a
adjoined. This adds to II another relation: xa € §m+1' By the
induction hypothesis we can replace the first m relations by their

solution x=wL, w € W(L), so we have

wla € §m+1’

or (for suitable E)
w(E,La) € W ° E .1

Since La 18 a column, this is a relation system in w of
the special type handled in 37. Hence (Theorem C2 and 33) it is

solved by

w = u(L‘éLa)), ue Uy

for a suitable s8ign range U. Thus for x we have the general

form

X = u(L‘éLa))L = ulp, uevy,

in which Lg = (L,(La)) 1s a solution matrix of (A,a).
E

87. Specification of all L.

39. An expliclt L. Without using induction or this simple

exlstence proof, we can write down explicitly for each A a solu-—
tion macrix LA'

If we consider those special V composed of only E, and
E_o4, then after omitting identities, the relation system II

becomes an equation system £ belonging to a certain subset A of
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the columns of A. GSince for equat!cns, £ is a so..tlon If and
only if -~£ 1s, only E  and E_g4y occur in W(Z) and we see
that a necessary and sufficlent conditlon for W(Z)L = L(Z) (1.e.,
for the representation of each solution in terms of solutions
appearing among the rows of L) 18 that L contaln a solitlon

basls Gy of A.

Strangely, the filflliment of the conditions imposed by all!
these speclal V suffices for the remalning V. 1In other words,
the following theorem, whose proof 1s the alm of this section, is

valid.

Theorem C3. A matrix L, which for each A1 of A contains

—

all rows of a CA , is a soiution matrix of A.
pl

Since there are only finitely many Ai’ it 18 only necessary
to form a GA for each, and write these together to get an L.
The case V = E_O+m = R, 8hould not be overlooked; here any non-
singular n by n matrix can be selected: this basis we denote

by GA ; AO arising from A 8o to speak by the omlission of ali
o

its columns.

40. Proof. If x 18 a solition of system II, we will show

that x can be represented as Zu&li and is thus in WL . We
recall the definit.on of the x-corner Z(x) of XZ: Z(x) contains
all equiations of Z and those inequallitles P of 2 8.ch that
P(x) = O.. For each column a of the coeffliclent matrix A’x)

of Z(X) we have xa =« 0, Thi:s x <can be represented as a

itnear combination of the rows g of GA(X). Since GA(*) occurs




37

In L, the L, are certainly among the li'

If we consider now those columns a;,ap,*** of A, which
first of all do not appear In A(x) and secondly belong to an
{nequallity of Z (not to an .dentity), we can distingulsh three
cases:

(1) there are no such co.umns;

(2) tnere 1s an a; 8ich that for each other aj a
relation of tne form a, = X,a, + Zrxa, 4, ¢ 0, exists, where the

a wlthout Indicee are columns of A(x). In other words, there 1s

(%)

’

Just one 1neq:allity mod.lo
(3) more than one inequaiity moaiic A(x) exlsts.

The f!rs* two cases will be handled in 4], the third case afterward.

4.. First and second cases. In the first case, #here only

a(x)

ldentities appear « .tuide »f the representation of x as

14

an artitrary linear combination of the g 18 already of the form

'ili’ for both ¢ and -g are in L, so the coefflicient range

OI‘ [: 18 E_O+o

2

In the second case xa, ¢ O, which means there !s at least
one g = g, with g a $ 0. Each a,, 1>, has by assumption the

form X;a, + Zsa, whence

»'Ual = )\18081 + Z)goa = /",-;Oax
and xa, = A;xa;. Let Xa, = /4. Then also Xal . 4« + o,
i § 84 goai
or g a, = Xa,. Thus HBy = L.

If In additlion to tne relation system Z(X) belcnging to
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a(x)

, we consider the one Lelonglng to (Aix),a,), we know from

Theorem Al that a basis of GA(X) can be obtalned bty adding to

the rows g; of G(A(x),ax) some row independent of ‘nem, 80

that x 1s representable as a linear combination of the g; and

this rown. But we can choose g, as such a row, as £,81 $ 0

Implies that €6 1s Independent of the x,. Glnce

£18y = A,g1ay + Zig,a = 0, both g, and —g, are in L.
The coeffliclient of g In the representation of x must

have the same s8ign as +, since 8 gives the inequaiities the

same sign as x. Thus the desired orm for x 18 accomplished and

the proof In thls case 18 complete.

42, The third case. We retalin the notation of the precedl!ny

paragraph.

(x)

In this case there !s an ap Iindependent of (A ,a3);
“onseq:entl, there !s a g, with g,ap, ¢ O. We form the set of
polnts “x+'g,, where , and ' are artitrary numbers.

Wiilch of the points “x+'g, are in L, t.e., satlsfy

TXA + Y A e V2

This I's a system of m homogeneous reiatirns In two unknowns.
However, becaise xa = g,a = O, the relations corresponding to
Z(x) and the !dentitles are f.iif1l.ed for all § and r; thus only
inequalities of the form ;xaj + xg,al > 0, resp. < o, 1> 1,

remain, and these can be written as

gi1a1

x )
ay

Iv § >~

since the sign <, In conjunction with the fact that




{8 a sol.tlon, glves a contradict!ion. As In each system of
{nequallties of the form &12 Jxl, the system IV can be replaced by
tnose two inequalities of the system corresponding to ~', the
sma..est, and ", the largest, of the ‘}i‘ Since 5%%% = 0,

E;gg £ 0, not all the », are equal, and ' < ",

43, The reduction. Since «=x", Y= 1 1{nserted In 1V

vlves <" > >y, and w= —ot, Y= _1 gives —o' > -xy» DOLh are

solutions of IV. Therefore

Xy = —x—g,

X2 = x"X+g,

X3 +X
are in L, ana x = ;&—~$ is a positive homogeneous form in X,

o

and Xoz.
A (%)

’

But now A(X‘) ccntains at least one more column than
since x;a =0 and . = —x', 2= -1 prod.ces an equality sign
in one of the lnequailties IV, which can happen only from an
equality sign in II; similarly A(xz) con~tains at least one more

column than A(x).

If we decompose x; and x,, !f possible, 1n the same way,
the process must terminate after a finlite number of steps. We will
then have x as a combinatlion of solutions to each of which the
process 18 no longer applicable and accordingly we are back in
case | or case 2. Thus these solutions are in WL , "'nd since WL
is a convex cone with vertex zero, x, belng a positive homogeneous

combination of eiements of WL, 18 also in WL.

Tnis completes the proof that L 18 a so.iutlon matrix of A.




§8. The solution baslis.

44. Preparation. We consider a submatrix A, (that 1s, one

consisting of 1 linearly independent colmns of A) and an Ay o

formed from A, by omitting two columns. If we omit only one or the

1
other of the two columns, we obtaln in each case an A1 .+ For each

—4

of these A t..>re is a G, as was noted earliier, which consists

1-1
of the rows of a given G of Ai and an add!tilona: independent row.

Since both A are independent of each other and therefore

1-1
generate distinct linear systems, the G of both A, are !ndependent

of ea ther.

If now we add to the n-1 rows of the given GA both of the
1

rows which we have used singly In the representation of the GA ,
1-1

we have n-1+2 independent rows, which are orthogonal to the
columns of Ai—2 and thus form a G of A1_2. This reasoning 18 also
valid for 1=2.

Thus we see that a matrix wnhich contalns a G of each Ai as

well as a G of each A 1’ alsc contains a G of eacn A1—2' Through

i

recursion on 1 we thus get

Theorem C4. Each matr.x which conta!ns a G of each Ar and

, where r is the rank of A, 18 a sol.tion matrix of A.

A

r—1

Ly, Constructiqg. Now all Ar of n generate the same linear

system, and the i of these Rr are identical with that of A, If we

cal. thils GA’ then we can prod.ice each GA by adding a suitable
r-i
row to the n—r rows of GA. For those Ar—i which generate the

same linear system we can choose the same added row. Thus we

obtain only one row for each gro.p of such Ar~1' If we now form
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the matrix HA of all these rows and write these under GA’ we obtain
A).

A

contains no superiluous rows, for among 1ts rows

G
a solution matrix B, = (H

The matrix BA

we have only those of GA’ which are orthogonal to A and are there-—
fore essential, and likewise only necessary rows have been added

to get H BA is therefore a solution basis, and each solution

AI
basis must be obtainable in this way.

H, is called the extreme part, GA the central part of the

A
basis; the latter is suppressed for r=n. The system xAE V 1is

completely solved by x & !(g). All our previous results are
contained in this proof; for example, the LA given for the special

A at the beginning of §6 can be deduced in this way.

L6, Number of rows. Since each An_ 1 corresponds to a

combination of r—1 columns of A, there are at most (rfl) An_y»
and clearly this number will be obtained if and only if each r-1
columns of A are linearly independent. Thus B has at most
n"r+(r21) rows, and in order that B have exactly this many rows
it is necessary and sufficient that each r columns of A be
linearly independent.

On the other nhand, by Theorem C3 each basis has at least n
rows, since GAo has n rows. For r=]1 or r=0 the basis has exactly
n rows. It is conjectured that the number of rows of the basis
must be at least n—r+p, where p 18 the largest number of pairwise

non-proportional columns of A. Certainly p>r. This conjecture

amounts geometrically to the statement that p points which do
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not lie on the same hypernlane, together generate at least p
hyperplanes.” Although this conjecture seems to be true, I haven't
been able to prove it even for r=3 (that is, in the plane;

"hyperplane" 1is a straight line).

47. Relation between bases. If we wish to form a basis

B, = (g:) of A by taking linear combinations of the rows of a basis

B = (g) of A, then we know by 17 that G, can be formed from G

through left multiplication by a non—-singular matrix "G‘ Furthermore,
each row of H; can be represented as a linear combination of the

rows of G and the corresponding (i.e., belonging to the same Ar—l)
row of H, in which the latter has a non-zero coefficient. 1In

other words: each H-row is determined modulo G except for a factor.

Thus we can represent the rows of B; in the form HBB where
Mg = | © . IMgleImyl # 0,

and HH is a diagonal matrix. In other words, we have the rela‘ion

v (g:)- MG 0 \ G\ .
You Mg /1%
A matrix "B of this type 1s determined by B; and B, hence for a
given B, B; and MB correspond to each other uniquely.
Conversely, if the product HBB is a basis of A, then ﬁéB

must be equal to some MyB, so (EE—MB)B = 0. Thus HB = HB+E, where

* See Motzkin, The lines and planes connecting points of a finite
set, Trans. Am. Math. Soc., May 1951, for a proof of this
conjecture.
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B 18 a square matrix such that BB = 0. Hence B = B,B,, where
B, 1s arbitrary and B, 1s a G of B. 1In other words, a necessary
and sufficlent conditlion that ﬁBB be a basls of A is that

HB = MB+E,EQ, where MB has tne form described above and B, 18 a

G of 3.

: G.
48. Special V. For each V, !V(H) ylelds all solutions of

II. However, !V can contain Eo as a factor one or more times for

the H-rows. The factors of EV corresponding to the G—rows are of
course E.o+. Thus all rows o; H are necessary when we consider the
totality of V, but may not be for a slngle one.

Instead of considering all V, one can consider only those V
which are orthants (products of E.o and E ) and observe that
all rows of H are necessary for the totality of these V. For If
h 18 a row of H, then hA belongs to some closed orthant V, so
for this V h 8 a solution and consequently not superfluous.

If In I1 we replace each relation xa < O by x-—a > O and
each equatlion xa = O by both Ineqialitlies xa > O, x*-a > O, we
get an equivalent system with only § and > s8lgns, which can
be written in the form x(A,-A) € U where ¥ 1s a product of

E.o+ and Eo+. If A has m columns, there are 22" distinct V,

ltkewise 22™ distinct V.

49. Orthogonallizatlion. As 18 well known, the rows of a G

can ve successlively orthogonallzed and normalized, so that

GG' = En—r’ i.e., the rows of G have square sum 1 and are

palrwise orthogonal. We can also select for each H-row one whlich
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is orthogonal to G and has square sum 1; this row is uniquely
determined except for multiplicetion by -1, so nothing more can
be said about the product of two such H-rows.

In this way one obtains a normal!’zed basis. A matrix "B

which transforms one normalized basis into another must have the

-0
form G

0" "H

with *1 along the diagonal. Moreover, for a fixed basis, every

, where HGMG' - En—r and MH is a diagonal matrix

other ﬁasis corresponds to precisely one such MB. Also, Just as

before, we can add to such an My an arbitrary B with BB = 0.

§9. Fixed V.

50. Shortest representation. If only a single V is

considered, then all rows b in the expression of the general
solution x € WgB which correspond to Wp components Eo (1.e.,
where neither b € L nor -b e L) cah be omitted. We can also
repiace those b which have coefficient ranges ‘E-o by -b. This
of course changes only the rows of H.

Thus from B we get a matrix C = Cp = (g;), such that
VI x = uCy+vCp, u arbitrary, v > O,

and conversely each such expression is a solution of II. We
suppose that any superfluous rows have been omitted, 80 that the
number ‘of rows of C cannot be reduced. Then

Theorem E2. The solution domain L of a closed homogeneous

system is the sum of a linear space {uC,;) and a convex polyhedral

-cone (vCa).



5l. Investigation of C;. If both x = uC,+vC and -x are

1, then uC;-x = -vCz {8 in L. Now the single rummands of vCg
are in L since v > O. By adding all of these s.mmands except one
to -vC,, we see that non-—positive miltiples of the rows of C, are
in L, a contradiction unless each component of v 18 zero.

Hence if both x and -x are solutions, then x has the
form uC;, and obviously expressions of the form uC, have this
property. But these x are solutions of the eq.atlon system
xA" = 0, where A" contains all those columns of A which do not
correspond to identities of II. Since all superfluouB rows were
Qmitted, Cy 18 some GA" and {ts number of rows q 18 .niquely

determined by A and V.

It 18 also easy to see _hat the convex cone vCa i8 line—-free.

52. Investigation of Cp. Of the remaining x, those wilch

are not positively proportional to a row of C, modulo C, can te
split into two summands which are not positlvely proportlon«l to
each other modulo C;. As one of these summands one can take a
row of Cp with 1ts (non-zero) coefficient. If this row were
positively proportional to the rest of the expression for x, It

woul!d be superflio.s.

Moreover a row c¢ of Cz cannot be represented as a sum
(Wi Cr+vC2) + (uaCyi+vaCa) vi,Va > O

of two summands In which other rows of C, appear. For otherwlse
one could ded.uce an eqaation'of the form ~sc = uCy+vCz, v > O,

where ¢ does not appear In vCz; for A > O, c¢ would agaln be



superfluous; for A< O, —c would be in L and ¢ would correspond
to a sign range E.o4; finally, for A= O, we co:ld bring another
row of C, to tue left and repeat the argument.

In short we see that the rows ¢ (which are "extreme" sol tions
of II) have certain characteristic properties and are .nlquely
determined modulo C, except for a positive proportionality factor,
It follows that the number of rows of C, as well as of C, are
invariants independent of tlre way C 18 produced.

Let C ) be another such C,- Agailn we can ask for the
multipliers M  with c M,C. Since the rows of the part c, Vor
C(‘)correSponding to C; can be expressed as comblnatlions of the
rows of C,, Mo has the form

M, 0
) My | [Ma| ¢ 0
Mia M
where M., by the remarks above, 18 a clagonal matrix with positive

elements on the dlagonal.

53. Positive representations. For a single V we can find a

matrix D such that Vo4D = E,'where Vo+ 18 the principal orthant;
in other words, each solution can be wrltten as a non-negatlve
linear combination of the rows of D.

If we have such a D, cleariy we can add to it as new rows
arbitrary solutions of II. Thus we wi.l be Interested 1n only

those D which contain no superfiuous rows.

In general there will. re some rows of D whic: remain solutlons

after multiplication by —1 and others for which trhis 18 not the




case; accordingly we write D = (g;). If x = vD, v > O, has
coefficient range E.o+, then by adding to —vD all s.mmands of vD
except one we gee that only rows of D; appear in vD. The set of
these X, that 1s, the set of ali uC; of the preceding paragraph,
13 therefore V,,D,.

The extreme x, which are not decomposable moduloc Cy, must
be positively proportional to certain rows of Dy modulo C;. Since
these extreme x and C, (or D;) suffic for the representation

of all x, and D, should contain no superfluous rows, Dy 1s any C,,

and we have only to find D,.

54. Number of rows. If the number of rows—and hence the

rank—of C, 18 q, !.e., iC, 18 a ilnear space of dimen:ion q,

then D, must have at least q llinearly independent rows. But

slnce the decomposition of each uC, intoc these q rows is

uniquely determined, and hence for certain uC; negative coefficlents
will appear, D; cannot have only q rows. We wlll not be

concerned with the investigation of all D,, but will show only

tnat there is a D, with q+. rows.!

55. Construction of D;. If _..ere 18 such a D, of q+l

I'OWS8 d,,---,dq+; where d,,“',dq are .ilnearly independent, let

q
dq+, = %.Xidi. Each point of cur linear space has the form

q+1

! The other D, can be obtalned as follows: one splits the linear
space uC, into finlitely many complementary linear subspaces; each
8 .ch decomposition corresponds to a decomposition of q 1Into a
sum of integers. Then one dertermines for each subspace a D; In the
way glven in the text, and writes these together as a matrix.
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from this we see that if some )’k > O, we co: ld have replaced

d by d! = 3 a,d,, and written
q+1 q+t 14K - 1

By repeating this process we reach the conclusion that all ?1 < 0.

If some A, = 0, we co.ld not represent —d,. This al! *1 < 0.
q+1 \
It follows that % Xid1 = 0. /1 > 0, and each q rows of D, are

slnearly independent.

Conversely we can form from each C; arbitrarily many D;:

8'mply add the row gAidi where the )1 are negative. If we write
1

/IE
Q, .k!d> where £ 1s the row of A,, then D, =Q,Cy, and for each

other D,(‘)we have Dl(‘) = Q‘(‘)C,(" for some C, !, Moreover

each C,(‘) has the form M_C,, with IMOI $ O.
Accordingly, each D; of g+l rows can be obtalned from a glven
Cy through left miltiplication by a matrix of the form
E|

= ! 9
Q =, M IMOI $ 0, [ <O.

These are all those matrices of q columns and q+! rows 8uch
that a single linear dependence with pesitive coefficlents exists

among the rows. Such matrices will be referred to as vertlcal

simplex matrices (the transposes are horizontal simplex matrices).
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The matrix

—l l . L] . 0 O
0 -1 . . . 0 O

is a vertical simplex matrix for which allx1 = ]1; the same is

true of the matrix -1

56. Supplementary remarks. Geometrically (cf. 814) Q

represents a simplex containing the origin in its interior. The
4y can be regarded as a kind of simplex coordinate, which for

!ﬁ = ] are related to those known by this name as an arithmetic
proportion is to a geometric one: they are determined up to an
additive constant, not a factor. (The constant must bc chosen so
that the,x/i remain non—-negative). One can also speak of a

projection of the principal orthant of the space onto a

LI
suitable supporting hyperplane through the origin.

We look again for the multipliers for our D which let D(‘)
be another such DA' In each case we can find a multiplier "D

with p{1) = M,D, which has the form \”‘ 0 ) , Myl Ml $ O,
Miz Mg

where M, contains positive elements on the diagonal, zeros e.se—
where, and the rows of M; correspond to those of D;.
M; must effect a transition from one simplex to another which

also contains the origin, that i1s, M;Q must satisfy the conditions
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given above for Q. Let the coefficients in the linear relation
betwean the rows of Q be , and correspondingly /1(‘) for M;Q.

Denote the row of ~, by k, that of the /1(‘) by k(‘). Then

i
k(‘)H,Q = 0. Now k(‘)H; is a row k and since there is only one
linear relation between the rows of Q, we must have k = «k, 1i.e.,
k(‘)n = vk, which also clearly suffices. Thus the necessary and
sufficient condition for M; is that (k(‘),u)\gi} = 0 for a suitable
k(') > 0. In other words, (:f) or <!‘> must be a simplex matrix.
Also it is easy to see that the elementr of M; and M;, can

all be taken as simp)ex coordinates > O.

§10. Inhomogeneous systems.

57. Homogenizing. We proceed to the consideration of

inhomogeneous systems Z: xA+c < V, still excluding stric*
inequalities. We shall handle such systems by adding to the n
unknowns £,,+++,% (the coordinates of x) another unknown ey
regarding the constant term as the coefficient of - , where of
course the inhomogeneous relation = = 1 must be added.

The relation * = 1 represents a hyperplane in R.,,» not
passing through the origin, on which the solut{ons must lie. If
we omit the relation - = 1, this corresponds geometrically to
Joining the solution points with the origin, which plays here
fundamentally (in a projective sense) only the role of some point
outside the ori., 1al space Bn'

If we project the solution points from a new origin not by
lines but by closed half-lines, then we have replaced the condition

felby - < §o+' wherew!th the system assumes the form of those

\

already studied.
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We can write the general soluticn of this new system X' in
the form x = wL, w < W. Since we will restrict ourselves now to
the consideration of a given V, we can omit thoge rows of L which
take zero coefficierits and multiply those rows whose ccefficient

range 18 E 5 by -1, so that W is a product of E,4 and E_o4 féctors.

58. The three constituents. We divide L into three sub—

matrices L;, Ly, Ly, 80 that the general solution has the form

X = WwyLy+walg+wslg.

L, consists of those rows having coefficient ranges E.q;;
each of these rows must have its last component zero, since they
and their negatives satisfy ¢ < Eo4. Then w; 18 arbitrary.

We include in Ly those rows which correspond to Eo4+ and end
in zero. Thus wge > 0. The rows of L, and Ly are not solutions
of the original system in which 5 = 1,

Finally we include in Lg those rows which d6 not end in zero,
whose last coordinates are therefore positive (since the rows
themselves are solutions) and can be made 1 by multiplication by
a suitable positive factor. Then wsy > O. If we now consider the
relation £ = 1, we ses alsc that the sum of the coordinates of wg,
which we write as wy*l, should be 1. Otherwise wy is arbltrary.

Thus

Theorem Gf. The general solution of an inhomogeneous relation

lzutcp I has the form

Vil X = w,l.,+wglgtwglyg, We,Wsy _)_ 0, we'l = 1],

We think of the (n+1)®% coordinate as s .ppressed, so that

X € En' Since the L for £' contained no superfluous rows, all

rows of L are necessary for X.
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For each row f of L;, and each relation xa+Yec E of Z, the

producte(s,0) (;) =wja 18 in E for each w; 1if E ¢ E_o4, then
ba = 0.

" 59. Polyhedral sets. The constituent w,L,; represents the

points of the linear space generated by the rows of L;; wgale 18
(ef. 851) a line-free convex polyhedral cone; finally wsls is the
convex polyhedron generated by the rows of Ls. Since L 1s an

arbitrary closed polyhedral set, we see:

Theorem E3. Every closed polyhedral set can be represented

convex polyhedron.®

One or two of the three sets in this decomposition may not
appeAar.
If x+Ay 1s a solution of Z for each A > O, then (x+Ay,l) 1s

a solution of X', and also l}m (§+y,%) « (y,0). Thus y has the
A0

form wyL,+wglye, wg > O. .Conlequently Xx+wyLy+waLa, we > O, repre-—
sents the biggest convex cone with vertex x which is contained 1in
L.

If L itself is a convex cone, then each point of the poly-
hedron wglg can be chosen as vertex, and therefore wslsy must reduce
to a point, since no rows of Lg are superfluous; that is, Ls.has

only one row. (We must assume at least one row in Ly, even though

'In general, each whole”aced convex set is representable as a sum

of a linear space and a line-free convex set, and this (up to
parallel displacement) in a unique way; the decomposition above into
a2 bounded convex set and a convex cone cannot be accomplished in

general.
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it 1s the zero row, in order to satisfy the condition wg*l = 1),
Hence the general solution will be

X = wyL,+wglLg+Ly, wg > O.
It is also easy to see that any vertex of I, has the form

X = wvyLy+Lg.

60. Geometric remarks. The projection of a convex set onto

a line is evidently convex. However, the projection of a closed
convex set is not in general closed (see the figure). But for a

polyhedral set this too is valid. PFor if we form, for a fixed

vector a, the product xa = w,L{a+w.L.a+v,L,a,
then we get an expression of the form Evilia,
where the lia are fixed numbers and each w,
is arbitrary except that certain w, are
positive and some of them have sum 1;
obviously this expression assumes its extreme

values.

From the discussion of the last paragraph we perceive the

geometric function of the solution natrix L of a homogeneous
system. Por this purpose we interpret the variables as homogeneous
coordinates in a projective space En-l‘ this is decomposed by the
finitely many hyperplanes corresponding to the relations P into
finitely many polyhedral spatial parts, and the solution domains
of I must be formed from such. The finitely many 'corners"
(1ndependent boundary manifolds) namely the rows of HA' combined
with the linear manifold generated by GA' suffice for the charac-

tcrization'tnd representation of all these polyhedral parcs and
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solution domains. Incidentally, G and H correspond to the first

and second cases in the proof of Theorem C3.

61. Strict inequalities. The homogeneous relation esystem

XA € V 1s solved by Theorem C2 in the form x = wA(‘), w< W. Let
& be a column of A which corresponds to an inequality. If we write
X = 'A(‘) - Ewa(‘), where the a(‘) are rows of A(‘) and .- ranges
over the coordinates of w, then we have xa = Z*a(‘)a; moreover, each
wa(‘)a which is different from zero has the sign demanded by the
inequality. In order that xa = 0, we must have each':a(‘)a = 0;
i.e., for a(‘)a $ 0, «w must vanish.

The replacement of an inequality by the corresponding equation
- me@ans that certain coefficients of x must vanish. If on the other
hand we replace an inequality by the corresponding strict inequality,
then at lea:t one of these ..—coordinates must be different from
gero. Thus we have extended the parametric representation of the
general solution to those finite cystems of homogeneous relations
involving the signs =, >, <, >, <

Suppose now we are faced with the most general case of an
inhomogeneous system in which strict inequalities are admis
We can homogenize the system by adding a new unknown and han - 1t
as above, or we can replace all >0 and <O by 2“‘and <1, aud the
relsatton q > 0, and then homogenize 1t. This reduces the number
of strict inequalities to one (n> 0).

Geometrically, replacing some of the inequalities by strict
inequalities excludes at most certain pleces of the bou-dary of

the convex set of 8ll solutions; in this way the most general

polyhedral set is obtained.




CHAPTER III. SOLVABILITY CRITERIA

§1l. Minimal unsolvable systems.

62. Definition. In §12 we will obtain conditions for the

unsolvability of general relation systems.
An unsolvable system remains unsolvable after the addition of
other relations. Consequently the unsolvability of a system

depends on the unsolvability of a subsystem, perhaps this in turn

.on another, etc.; eventually we arrive at a minimal unsolvable
system (m.u.s.), i.e., one whose proper subsystems ‘ro solvable.

Rach unsolivable system contains at least one m.u.s., and
consequently we restrict ourselves first to these. Our principal
goal is to prove Theorem Dl. For the time being, we note that a
m.u.s. can consist of a single relation, for example 1 < O, and
never contains identities.

63. L and L. Suppose xA+c ¢ V 18 a m.u.s., where A has n
rows and m columns. After the removal of any relation P: xa+¥<E,
we are left with a solvable system Z-P, having gcnorul'colution
y; if we replace each relation by the corresponding olo!od relation,
the system remains solvable, and its general solution y (Theorem C5)
has the form Y = wyL;+waLg#wgly, Wwa, W3 > O, wg-l = 1, Let
L be the set of all y, E the set of all y. Since L 1s wholefaced.

L 1s the closure of L (Thooroi F2).

Now ya+) assumes no value in E, as otherwise ?he system would
be solvable. Hence if ya+y for y = Y, assumes a value x¢ O of B,
then, since y can be taken arbitrarily close to ya+?y co?ld

be brought arbitrarily close to <, which is incompatible with the
\
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unsolvability of Z. We see therefore:
Ya+Y oan assume at most the value O from the sign range E.
Analegously one sees that ya+” cannot take on both positive
and negati-e values.

64. The z—corner. We have observed (60) that La, the pro-

Jection of L onto a, 1s a closed convex subset of R;; hence
Earr is also. It follows fhat_chore is precisely one number ¢ for
which
(1) |ya+ | > |51,
and, if S ¢ O,
(2) sg(ya+¥) = og ¢ .
Let Z be the (non—empty) set of ell ¥ for which the extreme
value 5 1is reached, and let z be a point of Z, so that
(3) a+? = S,
(See the figure, although it represents a case which is impossible
for a m.u.s., ss we shall see.)
Now consider the z—ocorner
of I-P, that 1s, the system of
all relations P(‘) of Z-P for
which P(‘)(z) = 0; since z € I,

by Theorem El the convex cone P
3L 1s the sane as the solution ek € 0 E

domain E(l) = é(z(l)).

65. L as a convex cone. Can the system (Z(‘),P) be

- eeimas

sclvable? That is, 1s there a point p € E(‘) such that pa+” £ E?

As a point of k(‘), p has the form z+A(y-z), A > 0, or for z < L,
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P = z; however, the latter 18 excluded, as otherwise z would be
a rolution of Z. It follows from p = z+A(y-z) that
pa+d e (1-A)S+A(ya+/).

If $4¢ 0, then by (1) and (2), {pa+¥] > |5| and sg(pa+y) = sg 5.
Her- pa+? cannot lie in E in this case.

if Y = 0, then pa+y = A{ya+s), A> O, Bo if pa+/ € E, also
ya+y ¢ E, and Z would be solvable.

The question asked above is answered in the negative: the
system (z(‘),p) is unsolvable and is therefore identical with Z.
We see that z reduces all the'linoar forms other than the excluded
one to zero.

Prom £{t) = 5P 1t follows that zl = g(‘) - _1:4, so we have
proved the theorem:

Theorem B4. The solution domain L of a system arising from

& m.u.s. by the omission of a single relation i1s a convex cone.

66. 2 as a linear manifold. Since L results from L by

adding hyporplanco passing through z, E is also a convex cone, and
by 59 the polyhedral part Ls has only one row. Then
Yy = wyLy+walae+Ls, wg >0

and ya = wyL;a+wglga+Lsa. By 63, ya+ 4, and hence ya, does not
range over all values, 8o neither does w;L;a. But w; is arbitrary,
8o L;a must be zero. By S8, since I contains no identities, each
row of L; multiplied by each column of A gives zero, L;A = O,

Conversely each row § for which A = O does not change the
value of yA when it i1s added to y, whence, as one deduces from

properties of the summands of y, § must be a linear combination of
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rows of L. Since L; has no\superrluous rows, L; is some GA anc
has n—r rows, where r is the rank of A. Forr =n, L; = 0., It
can also be seen directly that L, is some GA‘ , whence the rank
r(‘) of A(‘) is equal to r.

By 53, each element z ¢ Z has, as a center of L, the form

z = wyL,+Ls, and since, by 6“:(:)’
("L1+L3). = [qa = g— J/

18 not dependent on w;, w;L;+Ls always represents a z. Thus, since
L; has n—r linearly independent rows and w; is arbitrary, Z1:5 a
linear manifold of dimension n—r, which satiafies m—1 of the m

equations corresponding to the relations of A; and inderd precisely

m—1, unless § = 0 € E.

67. Strict inequalities. In the exceptional case .‘;-Lor—-

XA+c € V will itself be solvable if each relation is replaced by
its corresponding closed relation.

Then there must be at least one strict inequality xa+ Y€V,
This inequality represents an open half space; if this half space
is replaced by a hyperplane contained in it, i.e., the inequality
is replaced by an equation xa+d = O, the system remains a m.u.s.
In fact the system remains unsolvable since only a sharpening has
occurred. But the solvable system obtained by omitting the
inequality was a z—cone, where z did not belong to the open half
space; if such a cone intersects the half space, it must also

intersect the hyperplanes partllel to the boundary.
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If we proceed in this way with each strict inequality, we

finally get a closed m.u.s. with the same matrix A.

68. The rank of A is m—1. Consequently the exceptional
case can be disregarded, and we conclude as follows:

The omission of each relation in sequence yields m linear
manifolds which are independent of ¢ach other, since each m-l
satisfy an equation which the mth does not. By selecbing n-r
independent pointe from one of the manifclds, and one each from
the remaining, we see that the space generated by the manifolds
~taken together has dimension at least m-l+n-r. Since the total
space is of dimension n, then n > m-l+n-r, i.e., r > m-1.

But since m independent linear forms have a solution, r < m
an. cherefore r = m—1. Also, since r(‘) = r, the columns of each
of the m subsystems A(‘) are linearly independent.

Theorem D1. The rank of the coefficient matrix of a m.u.s.

is one less than the number of relations in the system.

The matrix (:) has rank m—1 or m and thus the m.u.s. are of
two kinds, which one can classify further with respect to V; the

rank m—1 corresponds to the exceptional crse > = O.

§i2. Unsolvability.

69. The combination principle. Let xA+c € V be any unsolvable

system; then it contains a m.u.s. xA(‘)oe(‘) € !(‘). We have
proved that each i of the 141 columns of A(‘) are linearly
independent. For i1 § k < r, we can add to such a set of ! columns

k-1 columns of A not in A(‘) such that the k columns are linearly
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independent. In this way we obtain from A(‘) a matrix A(') with
k+1 columns and a corresponding system xal2) o le) ¢ !('). We
write this as

XA(.) . v(’)—c('); V(.) € !(l).

Thus for each v(') E!(') we have an unsolvable system of equations,

(2)
whose matrix ( (.? ( )) must therefore have rank k+l.
- /

Let any k linearly independent rows of A(') form - matrix A(’).
Such A(’) exist since A(') has rank k, and the corresponding

sub—determinants of order k of distinct A(s) are proportional to

each other (Theorem A4). Then also ( (.?('z.b has rank k+l,

A(‘)
(a)_la)

is unsolvable. This equation is a linear combination cf the

1.0.

A(’))l 'A(')l () ¢ yla),

$ 0. Tuus the equation IV" cl(a

original equations, whose coefficients are certain subdeterminants

| als) (2) (2)
of A. By 25, the linear form | (g)| for v e V ranges over

some one dimensional sign range E.

Thus a necessary and sufficient condition that an inhomogeneous
system of rank > k be unsolvable is that at least one of the -

(s)
':(.,| formed in this way not lie in the associated E. We

formulate this in the combination principle:
Theorem D2. A contradiction free of unknowns can be derived

from every unsolvable system by a linear combination of relations

9_1_‘ 'Lh_._ '!!t“o
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Such a contradiction 18 of the form «<x, or one of ~< / ,

' « m(, «</ where really o ><C.

70. Definite dependence. A linear relation between the

columns of a matrix in which the coefficients have the same sign
throughout, but are not all zero, will he called a definite
dependence [ the columns (or the matrix) (concerning "definite
and"strictly cefinite", see 15).

Prom the definition of a simplex matrix (55), a matrix of i
rows and 1+1 columns is 2 simplex matrix if there is precisely
one strict linear dependence between its columns; the coefficients

of this dependence are then proportional to the 1th order sub—

determinants of A multiplied alternately by +1 and -1. Thus we

see

@ Theorem Bl. A matrix of i rows and i+l columns is a simplex

matrix i{ and on;z i{ its 141 1th order subdeterminants alternate

in sign.

Suppose we are given a m.u.s8. of the form xA € V, of r+l
' strict homogeneous inequalities, which can also be written as
XA > O, By Theorem Dl, A has rank r and so there 18 just one
linear relation (except for a factor) between the r+l columns of
A; moreover, since each r columns of A are linearly independent,
none of the coefficients Xy of this relation 18 zero.

On the other hand, by Theorem D2, a linear combination of the
inequalities produces a contradiction free of unknowns; the
coefficients of this linear combination must be the 11 of the
linear dependence, and thus are proportional to rth order sub—

. determinants (from some r rows of A) alternately multiplied by

«] and -1.
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Now ZxE4 18 E; 1f all £, = 0, E4 (resp. E.) 1f all X, > O
(resp. < 0) but not all X, = O, and E_o4 in all remaining cases.
Since O € Zx,E4 should be a contradiction and since no ¥, 18 zero,
all 11 must be either positive or negative. Hence the sub-—

determinants alternate in sign.

71. Principal criterion. If now we consider, instead of a

m.u.s8., any unsolvable system xA > O, then we have

Theorem D3. A aystem of the form xA > O is solveble if and

only if no 1+]1 linearly dependent columns of A contains a simplex

matrix of 1 rows and i1+1 columns.

Por { = O this obviously should mean that no column of A

contains only zeros.

This principle can albo be stated as follows:

Theorem D4. xA > O is solvable 1f and only if for each

horizontal simplex matrix B of A there is a row s for which the

determinant IEI ¢ O.

= 0 for all 8, «e would have the case forbidden

B
For 1if IB

by Theorem D3.

To apply this criterion to a matrix A, we need to know only
the signs of its subdeterminants (including its elements). We
will assign to a simplex matrix of { rows and 1+l columns that

sign which the subdeterminant of its first i1 columns has.

72. Corollary. We now investigate the special case where

the coefficient matrix has the form (E,A), i.e., the system is

xA > 0, x > 0.
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Each submatrix of (E,A), after possibly a permutation of

. rows, has the form B* = (gp g) , or a "subform” of this, e.g.,(ﬁ) 5

the latter cases are subsumed by the general one with only trivial

modifications.

. When is B = <'Ep ¢ > a simplex matrix? Let the numbr of
0O B

rows of B® be i; then B has 1—p rows and 1-p+l1 columns. If we
omit one of these 1-p-1 columns, the remaining determinant o B"
has the value of a subdeterminant of highest order of B: thus B
itself must be a simple; matrix. Omission of the last column

shows that sgB = sgB".

But if we omit one of the first p columns, say the kth, and

th

if t, is the k row of C, then the remaining determinant 1is

k

(—l)p_klgkl - (-l)i_kls |. The signs alternate with k, hence
k

in each case the sign of l? I 1s independent of k. Since omission
k

of the p‘th column gives a determinant ltpl of 8izn (—1)1_p+l
B
sgB*, then
vs? = (-1)Pag|®p| = —sgB,
p B i

and all of these signs are opposite that of B. Evidently this

condition is also sufficient.
Now let B be a horizontal simplex matrix of A, such that

= ggB. Then we

there is no row s of A not in B for which sg!?
picl out all 8 with sglfl = —8gB, write them as a p-rowed matrix

c over B ané add the columns Op) to get a matrix B® with 1 rows

and 1+l cclumne. By what we just saw, B' is a siaplex matrix, and
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l = 0, whence the system is unsclvable.

for each other s of A,

Theorem DS5. The system xA > O is solvable

by positive unknowns x if and only 1f for each horizontal simplex

matrix B of A there is a row s with sglsl = 8gB.

§13. The transposition theorem.

73. Its derivation. We have seen (Theorem D2) that from

each unsolvable system a contradiction free of unknowns can be
nroduced by multiplying the relations by certain factors (namely

subdeterminants), and adding.

Now each homogeneous system can be written in the form

(perhaps after certairn relations are multiplied by =1)
VIII Z: XA >0, xB >» 0, xC =0,
and we suppose in the sequel that A actually appears. This can
be rewritten as
x(A,B,C) € V = V,*Vo4:Vo,
where the dimensions of the three factors of V are equal to the

nunber of columns of A,B,C respectively.

Since the relations are homogeneous, the contradiction

arising through comvination will be of the form
AY1+By2+Cys = O, O ¢ ZpE4+Z0zE04+ZnaBoy

where, for example, 7; runs through the coordinates of y. Hence
Zn,§++27,§o++273§n is either E4 or E_, which can happen only 1if

at least one 7; ¢ O and all 7; and "7, different from zero have the

same s8ign, which we can assume positive.




65

In other words: if VIII is unsolvable, the system
' (A,B,C)y =0, ¥V120, y2 2 0, W + 0

is solvable; the converse is also valid: if VIII is solvable, 2Z!
is unsolvable, since both together give a contradiction. We shall

call Z' the transposed system since its coefficient matrix 1s the

transpose of that of Z. We thus have the transposition theorem:

Theorem D6. A system I and its transposed system I' are

complementary in the sense that precisely one of them is solvable.

74. Row-wise interpretation. Geometrically the transposition

theorem can be interpreted in many ways. We can consider either
the rows or columns of the coefficient matrix as points in
cartesian or homogeneous space.

We first think of the rows of (A,B,C) as cartesian coordinates
of points. Por variable x, x(A,B,C) ranges over all linear
sombinations of these points, i.e., a linear space X through the
origin. Those y which satisfy the equations (A,B,C)y = O of the
transposed system form a linear space Y which is the orthogonal
complement of X at the origin. If we choose in particular B=Cwe0,
we see that the two statements "X and V4, are disjoint” and "Y
and 20* have only the origin in common”" are complementary. In

other words:

Theorem Gl. In each two or-hogonally complementary linear

spaces through the origin, at least one has points other than the

origin in common with the principal orthant, and at most one has

points common to the interior of the principal orthant.
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This can also be seen directly.

Each y ¢ 0 in Vo+ can alsc be interpreted as a coordinate
vector of a hyperplane on wnich the points of X lie, and similarly
for X and Y interchanged. Thus

Theorem G2. Each linear space not intersecting the principal

orthant (resp., its interior) lies on a hyperplane not intersecting

the principal orthant (resp., its interior).

We note that the principal orthant and the linear space
generate a convex set, the hyperplane is some supporting hyperplane

through the linear space.

75. Column—wise interpretation in R.. If we think of the

columns of (A,B,C) as points, then (A,B,C)y =0, y1 > O, y2 > O,
Y1 $ 0 for B = C = O means that the origin lies in the interior
or on the boundary of the convex polyhedron P generated by A. Or
we can say that the columns a of A are definitely dependent.

The etatement xA > O means that x forms an acute angle with
each column a of A, i.e., eaéh column and thus all of P lies on
one side of the hyperplane perpendicular to x at the origin. Since
we can take any point p as the origin, we have

Theorem G3. Through each point exterior to a convex polyhedron

there 1s some hyperplane not passing through the polyhedron.

Clearly this is valid for convex sets in general: one need
only take the hyperplane perpendicular to pq at p, where q 1is the

point of the closure A of A which is closest to p.



The general theorem:

Theorem G4. Through each boundary point of a closed, convex

set there is a supporting hyperplane, #hich can be obtained from

the last statement by a limiting process, will be derived geometri-

cally in 78.

76. Column-wise interpretation in R, ,- Finally let the

columns of A be homogeneous coordinates in R, with § = 0
interpreted as the hypefplane at infinity. Then we divide the
matrix A into two submatrices A, and A_. We put the columns with
£, > O into one group, those with §n < O into the other (we suppose
both appear) and distribute the remaining ones (where 5 L= 0)

arbitrarily into both. Accordingly, Z' assumes the form

Now y, ¢ O, since if y, = 0, also A_y_ = O and thus, considering
the last coordinate of the product, it would follow that y = O;
in fast, at least one of the coordinates of Y, which correspond
to ecoliumns of A ending in non-zero numbers, is non-zero.

Now Ay fory, >0, y, ¢$ O is some point of the convex set
K, generated by the columns of A+, which, thought of as a sum of
a convex cone and a polyhedron, is polyhedral. The eolvability
of £' means that K, and K_ (defined similarly) are not disjoint,
but have namely the point A+y+ = —-A y 1n common.

An x with xA > O represents the coordinates of a hyperplane
which, as one sees easily, separates K, and K. . Thus the trans-

position theorem gives:
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Theorem G5. Two closed disjoint polyhedral sets can be

separated by a hyperplane having a positive distance from both.

For bounded sets (not necessarily polyhedral, but closed
and convex)!, the hyperplane perpendicular to pq at its midpoint,
where p and q are two pointsof K, and K_ at minimal distance from

each other.

77. Existence of a separating hyperplane. In order to prove

the general theorem just stated for closed convex sets, which are
a positi: distance apart, one needs the statement that two closed
convex BseiLs without common interior points can be separated by a
hyperplane (neglecting boundary points); then ore separates their
so—called £ -—nelghborhoods.

We can deduce this latter statement as follows.

Let the given sets A

and B lie 1in R _,» and denote their
interiors by A and B; we then think of Bn—x as a hyperplane H
1 Bn' Choose a point p in Bn not in H, and reflect B through p
to get a congruent set g'which lies in a hyperplane E'parallel
to H.

I assert that the set C of all lines Joining points of A
with poirtis of g' i3 convex. Por suppose z; and zg are two

points of C, and let z; be a point on .he 1line from x, to y,,

Zg a point on the line from xs to yg, X1,Xg < A, ¥3,ya2 € B".

!The theorem was stated by Minkowskil for this case. Only one
of the sets needs to be bounded,
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Thus
Z; = 1 X31+40Y1, Ay, > 0, Ay+Hy = 1

Zg * AaXa2+42Ya, Az, 42 > 0, Ag+Hy = 1.

Then for aibitrary A,4 with A > 0, A+p =1,

» X v A
)\z;-v/’zt - ()\)\l+#A’)(TXﬁ‘:/x‘T’X‘ + U—‘T%A-2Xg)
A da . .
+ (Aﬂx+ﬁ/3)(;pf:}72Y1 + AL‘;ﬁ;}Y:/

ANy 404l 4/ Fp = )

Now p does not belong to C, as otherwlise A anc B would have
common points. On the other hand, p may belong to the closure
C of C and certainly belongs to the boundary of the convex cone
pC. If we take (see 78) a supporting hyperplane H, to pC at p,
then H,, and consequer tly its intersection with H, separates
K and B. The intersection 1s a hyperplane in R_ .

A proof can also be developed along the following lines:
for each gziven set, form ore similarly situated and.contained in
the given set; separate these sets (by 76) by a hyperplane, and
let the inner sets converge to A and B; then the hyperplane tends

to a limiting position which can be shown to separate A and B.

7C. Existence of a supporting hyperplane. Theorem G4 is

trivial in R, and easily deduced in R, by letting « half line

rotate about the given point 0. We shall prove the theorem in

Bn’ n > 2, on the assump.ion that it is valid for smaller n.
We take a hyperplane H through O = On; H intersects the

Jiven set K in K, (also convex). If K; contatns O in its interior,
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then H has the desired property: for it 1is easily seen that if
points of K lay on both sides of H, then 0, contrary to assumption,
must be an interior point.

Suppose O 18 on the boundary of K;: by the induction assumption
there is an (n-2)—dimensional linear space Hy in H, 8o that K, lies
on one 31de of H,;. Let G be the line perpendicular to H at 0, G,
the line in H perpendicular to H; at 0. Then we project K onto the
plane E = (G,G;) and get a new convex set Kj.

Since O 18 a boundary point of Kz, there s a supporting line
Gg of K at O. Since E is perpendicular to H;, G 18 perpendic.lar
to H,. Now Jp and H, generate a hyperplane Hz which has the desired
property; for Ha projected on E 18 Gp, 80 He must be a svpporting

hyperplane of K.

79. Complet.ly signed matrices. By Theorem G4, the origin

1s in the interior of a convex set generated by a given set A if
and only .f points of A lie on both sides of each hyperplane
through the origin. Inclidentally, Kakeya .ses this as a definition
of convex generation.

Each hyperplane xa = -~ which does not pass through the origin
(¢ 0) and 18 parallel to no axis (all coordinates of a are
non-zero) does not intersect some unique orthant. Accordingly
there is a convex set, which has points in the interior of each
orthant except one, such that the origin is exterior to the set.

But if a ccnvex set A has points in the interior of each
orthant, then the origin is in the interior of A. 1In order to see

this, ccnsider all points of A with p~sitive first coordinate " ,;
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in this set there is a point on the positive %,—axis (as can be
. established by induction on the dimensionality n). Similarly
there is a8 point of A on the negative i 1—axis. whence O is8 in A.
If A is a polyhedron, Dines has termed the corresponding

generating matrix A completely signed (each sign comblnation appears).

Then the solution domain L of xA > O is 0. If A feills to intersect
some orthant, this may not te the case (e.g., a hyperplane not

through the origin which intersects all orthants but one).

§l4. The simplex theorem.

80. Pormrulation and first proof. By the trenspositicn theorem,

a8 minimal system Nf r+l definitely dependent columns belongs to a
m.u.s8. xA > O; bv 70 the rank of A is r and A contalins a simp.ex
matrix of rank r, which together also suffices. We see:

‘ Theorem D7. The rank of a8 minimal system of definitely

dependent columns 18 one less than the number of tolumns.

These columns determine a simplex on the linear space generated
by A or any matrix of rank r containing A. Thus the convex set
generated by the points of the matrix contains the origin If and
only 1f such a simplex contains the origin. In this way we ovtaln
the known fundamental theorem of the theory of convex sets, which
alsc implies Theorem D7:

Theorem P4. The convex set generated by a givin set 18 the

union of all simplices whose corners belong to the given set.

We shall call this theorem, as well as i1t8 ana.ytic equlvalent
(Theorem D7), the simplex ...eorem. Before proceeding to its

implications, we give another proof.
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81. Second proof. We shall prove the analytic formulation.

Clearly the rank is less than the nunber of columns. Our theorem
amounts to the assertion that (except for a factor) there is only
one linear relation between the columns. But an argument of
Hilbert's shows that the contrary assumption leads to a contra-
diction.

The coefficients of the given definite dependence are all
different from zero since the system is minimal, and we can suppose
without loss of generality that all are equal to 1. Thus Za = O,
where a ranges over the columns of A.

If we have another relation 2-a = O, then we divide this
relation by that / of largest absolute value and subtract this
from Za = O. There results a definite relation not containing all
the columns, whose coefficients consequently must vanish. Thus

Z:a = 0 differs from Za = O only by a;rOportionality factor.

b2. Another interpretation. The simplex theorem has other

geometric implications. Here we interpret the columns as homogeneous
point coordinates; we suppose that columns with last coordinate
zero, which represent points at inrinity, do not appear.

Thern we distinguish the columns (g) with .. > O and (_B)
with > O. A relation which expresses definite dependence can
be put in the form

(M = 2.8, .>0, AtO, wbo.

The two Bubmatrices rep: :sent two polyhedrot, whose disjunction
is implied by the non-existence of s.ch a relation. Thus Theorem
D7 gives:
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Theorem PS5. The sum g£ the number of corners 9{ two minimal

intersecting convex polyhedra is two greater than the dimension of

the linear space generated by both.

Here "minimal" means that the removal of any corner forces

the disjunction of the polyhedra generated by the remaining.

83. Independent points. We now investigate the notion of the

first part of %3 applied to the property of ccnvexity.

A finite point set A generates a polyhedron A. To find the
smallest convex set X generated by an arbitrary point set A, one
forms for each finite subset A of A the polyhedron A and then takes
the urion B of all K.

K clearly contains B, so it suffices to show that B 1s convex.
Let x, y< B, 8o that x ¢ R and y = B for certain finite sutsets
A and B of A. Then also T is in B, where C denotes the u.nion of
A an¢ B: but each point of the i'ne from x to y is in C.

This also completes the proof of the simplex thzorem for
arbitrary, non—finite point sets. Now by the simplex theorem,
each point of A can be obtained from A by finitely many'repeated
formations of lines between previously formed end points, hence
also each point of A can be ohbtained from the points of A in this
way. Thus,

Theorem P6. A sufficient (and naturally neceesaqz) condition

that x be an independent point of a convex set A (1l.e., that A — x

be convex) 1s that x lie on no line with endpoints from A - x.

-_—— —_— e — ——

Each line through x has points in common with A in at most one

direction from x. Thus x must be a boundary pcint of A.
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84. One point supportiné planes. One can pass a supporting

hyperplane through each independent point, but it is not necessarily
true, even for closed sets, that this hyperplane has no other points

in common with the set (see the figure). A hyperplane with this
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hyperplane.! However, if the set is ?§§§§§§\\s\\
a closed convex cone or a polyhedron, §\§§§Q& \\

then independent points have this
property.

If x 1s an independent point of a closed convex cone A, then
x must be a vertex of A, and A must ve line—tree, hence x is the
only vertex; conversely, the vertex of each line-free closed convex
cone 18 an independent point.

We can repeat the argument of 78, as our assertion now that
there 18 a one—point supporting hyperplane through x is trivial
in R, and easily proved in Rp, so that we can again proceed by
induction as in 78.

The hyperpiane H through x cuts A (1f at all) in a line-free
closed convex cone A, with vertex x, sp no case distinction is
needed. We define H;, G, G,, E as in 76 and A, as the orthogonal
projection of A onto E.

Then Az 18 a closed line-free convex cone, hence is an angle
> 0 and < v, and has a supporting line Gz which has only the point

x in common with it. Gz and H, generate the desired hyperplane Hp.

! Minkowsk! calls this a corner supporting plane and the independent
points extreme points.
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For, since the projection of Ha onto E 18 Gz, a point of A
also on Hp would have the projection x on E; it would thus lie on
Hy, but this 1s excluded by the choice of H;.

85. Reduction of unbounded sets to bounded. If the set A, for

which the existence of a one—pcint hyperplane is to be prov:d, is

a polyhedron, one usually calls the independent points corners.

We have called the cone XA the x—corner and shown that XA is bounded
by the hyperplanes (sides of A) containing x. If x is independent,
then Xk is line—free, so, by 84, there is a supporting hyperplane
which has only the point x in common with i}, hence with A.

Now consider a closed convex cone and a one—point hyperplane
through its vertex. The cone cuts each of the hyperplanes paral;ei
to the one—point hyperplane, if at all, in a bounded set, since
otherwise the half rays which lead from the vertex to a point
sequence tending to iafinity must have at least one limiting
position necessarily situated on the ore—point hyperplane. Thus

Theorem F7. A line-free, closed, convex cone can be generated

from a oounded, closed, convex set by central projection.

In 59 we decomposed a closed, polyhedral set A into the sum
of a linear space A;, a polyhedron Az, and a convex cone As. If
we join the sum A, of Az and As, which 1s line-free, with a point
not in the linear space generated by A, we get a polyhedral set
55 which is a convex cone, and hence by Theorem F7 can be generated
by central projection of a bounded set, which here must be a poly-

hedron 56’
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Theorem F5. Each closed polyhedral set can be produced from

a polyhedron by central projection, intersection with a hyperplane,

and addition of a linear space.

86. Step-wise solution. The general explicit solution methods

for linear ineuqality systems by meens of the hasie B of 6O seems
impractical except in special cares because of the necessity of
calculating determinants of high arders. However, it can be re—
placed by an easier, step—by—-step solution.

We divide the row of unknowns into two groups (x,y) and
correspondingly write the ccefficient matrix as (g). We are to
solve (x,y)(g) =v €V, {.e., xA+yB = v. Now multiply this system
on the right by a G'(A') = G,, 8o that AG, = O, and get yBG; = vG;.
If G, has k columns and if g, 18 a column of G, then Vg, !s a
one dimensional sign range Eg,. The product of the Eg; for all
solunns g, of G 18 a k—dimensional sign range W. Then yBG, must
lle in W. We assert now that there exists for each y with yBG, € W
an x such that (x,y)(g) -V,

inies system can be considered as an inhomogeneous system in
x(xA = v—yB); then by Theorem D2, it 18 unsolvabie only If a
certain combination gives a contradiction free of x. Thus for
some column p, the product Ap should be zero, while vp—yBp ¢ O.
Since Ap = 0, p has the form G;p, for some p,;, t .t yBG,p, = vG,p,
is solvable by assumption. Thus the entire system must be solvable.

Using this method, we can solve for a subsystem y and then the
remaining unknowns. If y 18 chosen as a single unknown, we get &

simple step-by—-step elimination, or, as it is commonly called, a

reduction.
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87. Another proof of the transposition ‘neorem. The trans-

. position theorem can be proved with the help of this reduction
without using the combination principle.
We restrict ourselves again to the case B = C = 0, and shall

show that precisely one of the systems

Z: xA > O

Z': Ay =0, y >0, y ¢ 0

is solvable. It is clear that not both are solvable, since
otherwise xAy would be both > O and = O.

If A haes only one row, the theorem 18 trivial. We assume the
theorem for all matrices with fewer rows than A.

Next we distinguish the colwins of A according to the 8ign of
their last coordinate. According as these numbers are positive,
negative, or zero, we call the relations of Z P;-, Pa-, Or Pi-

inequalities. We leave the Py— inequalities of xA > O unchanged and

n-1 jiK -1 “ \12 -
replace the others by £ > I (- = ~,), Tesp. 5,4 < 1£‘ (= g »1),
~ -y n

—

where (i are the elements of A and ‘;1 the co_?rdimtos of x. This

does not affect the solvability. From thesé‘%neqaalities 1t follows

that for each palr of a P,—-inequality and a Pp-inequality

N—1 = n—i >
ik - - i2 -
1 2 (— & < 2 (- — = ,

or, since > ok %ni < 0

"nk “nit
"1k 1y

n-—1

(2) 1§l

1>0.

Either of these also implies the previous inequalities, since the
. open intervals given by (1) clearly have a point in common.

Let _he new system (2) of inequalities be Z;: xB > O; 1t doesn't
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contain the last unkn&wn Qn. If only P;— or only Pp-inequalities
occur in 2, the system Z, 18 suppressed; in this case all one needa
to do 18 choose the last coordinate of x sufficliently large in
absolute val.e in order to solve Z.

In the general case it will suffice to show that By = O, y > O,
Yy ¢ O 18 unsolvable provided Ay = O, y > O, y ¢ O 1s unsolvable,
since we have assumed the validity of the theorem for lesser

dimensions. But if By = O, y > O, y ¢ O were solvable, we would

have for { = 1,c++,n-1, and trivially for 1 = n,
*nk  “nt
= |n N1+Z% 1 = 0,
K, g7tk Xpg)| X imim

where n are the components of y and *4m the coefficients of the

Ps—inequ-lities, or

Zoag, (2o ,7,) + Zo, (200 1. ,) + Zo, 0 = O,
K ik 1 nl 'ki s 14 K nk 'k$ m im/m
This means that X' would be solvable, since the variables are

2 O but not all zero, as otherwise all 7, , and 7. must vanlsh.
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CHAPTER IV. VARIATION DECREASING MATRICES

§15. Row—definite matrices.

88. Preliminary remarks. We leave our principal theme and

turn to a special case of inequality systems. In the in%roduction
- we mentioned ‘he problem of determining the so-calilled variation—
decreasing matrices, 1.e., those matrices A for which xA = y has
at most as many sign changes as x, for arbitrary x (variation non-
increasing would be a more precise term). Irn other words, certa:in
simultaneous combinations of signs for the coordinxtes of x anid y
are forbvidden, and the corresponding inequality system is unsolvable.
Instead of the general method of the main part of the paper for
deciding the solvability question, we will give a shorter way.

In preparation, we mention two theorems from the theory of
determinants, whose proofs can be found, for example, in Cesaro,
Algebralc Analysis, 1% edition, pp. 22 and 29.

al1) 4111 denote the matrix consisting of the (T)(?)

8ub-
determinants of 1th order of A. The subdeterminants are ordered
lexicographically with respect to the row and column indices. For
axeaple; AP) & A

Theorem A3. A(i)B(i) - (AB)(i)

Theorem A4. If r is the rank of A, then A(r) has rank 1, l.e.,

—_—— c—n ————

A(r) consists of rows which are proportional to each other.

89. A,—chains. We will use two other remarks about sut -

e nt

matrices. ‘Let Ai denote a submatrix consisting of 1 linearly

independent columns of A. If i1 18 smaller than the rank r of A,
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two A, can belong to the same A we then call them neighboring.

141’
We Bsay two Ar are neighboring if they have a common Ar—x’ We now

prove:

Theorem AS5. 1If B and C are two arbitrary A,, there 18 « chain

———

B, Ai‘)’ A§'l,---. Aik)’ C of submatrices of A such that any two

ad jagent members of the chain are neighhoring.

Suppose B and C Have i-h columns in common, 0 < h <1< r,

which then form an Al—h‘ For h = O the theorem is trivial, and we
proceed by induction on h. We distinguish three cases.

If the columns of B and C taken tOgether'have rank 1 < r,there
is a coluan 8 outside of B and C independent of those of B and C.
Let B(l) be a matr.x which results from replacing a column of B
not in C by s, and similarly '), Then B 1s neighboring to B(')
and C to C('), B(‘) and C(‘) have an Ai—(h—x) in common, and hence
are joinable by the induction hypothesis.

If B and C together have rank > 1, then there is a column
e of C independent of B. We form a B(‘) as above. B 1s neighboring
to B(‘), and B(') and C have an Ai—(h—x) in common.

Finally, 1 B and C together have rank { = r, then we cancel
from B a column not in C; the remaining columns of B are independent
and form an A y* The matrix which consists of those columns which
appear in either Ar-x or C has rank r and therefore contains a
column s not dopcndonﬂ on the columns of Ar~x' Consequently 8 and

)

A form a new Ar' B(‘). B(x) and B are neighboring and B(‘ and

r—i
C have an Ar—(h—t) in comion.




E " % o

-81-

90. Aii—chainl. Let Ai1 denote a square submatrix of 1th
order of A whose determinant 1s non-zero. We say two Aii' i<pr,

are neighboring, if they belong to the same A1+‘,1*‘; two A . are

neighborihg if they differ from each other only by a column or only

by a row.

Theorem A6. Two arbitrary A,, can be joined by a chain of

succesnively neighboring Aii‘

let B and C be the given A,, and let B, resp. T, be those columns

i
of A in which B, resp. C, lies. Hence E and T are Aj. As we have
Just observed, B and T can be® joined by an A,—chain. From each of
these inserted ‘1' choose an Aii‘ Each two successive Aii' say
B(') and C('), now have i+l columns taken together, which form
a submatrix D of A. (Por 1 < r, D is an A1+x)' The rows of D in
which B{*) 11es form a submatrix B(‘); similarly we define c(v),

We Join 3(‘) aﬁd C(')'by a chain, this time of rows of D. Finally,
in each of these submatrices we choose an A,, (and insert these
between B(') and C(‘) by a chain, this time of rows of D. Finally

+ in each of these submatrices we choose an A11 (and insert these
botutin B(‘) and C(‘)). If 1 < r, each two Bsuccessive A11 are in
an Ai*:,1+l' and B and C are joined by the enlarged chain of all
Ayye

For 1 = r, suppose that D; and Dy are two successive Arr in
the chain which actually differ in both a row and column. Let D,;,
be the square matrix of rth order formed by the rows of D, and the

columns of Dg, and define Dy similarly. Then by Theorem A4,



Dy | 1Dyl
|Dgsl 1D, |
hence [D,,| ¢4 O and is an A_ .. Insert D, between D, and

By e

91, Matrices which oreserve definiteness., Next we consider

the signs of all the elements and shbdeterminants of the matrix A,
If all the elements of A are either non-negative or non-positive,
we say A is definite (as in 15 for vectors),

If x 1is o definite row and A is def'nite, then obviously
xA =y is definite. Wwe wish to find those matrices A which
transform definite x 1into definite y = xA, If in particular
we take Xx = e, (the i-th unit vector), we see that A has only
definite rows,

"If we set x = e, +Xe , 2> 0, 1 ¢ k, then y = a;, +%a,.
If elements of different signs appear in ay and ay wi thout ay
and a, being proportional, then one could choose A between two
different ratios of the absolute values of corresponding elements

of and A, and y would not be definite., Since ay and

a4
a, were an arbitrary pair of rows of A, A must either be definite
or must have proportional definite rows and thus have rank 1. In
the latter case, y, as a linear combination of proportional
definite rows, is definite regardless of where x is or not.

Theorem <. A necessary and sufficient condition that

y = xA be definite for arbitrary definite x is that either A

is definite or consists of proportional definite rows,
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92. Definition and consequences. W#e shall call a matrix

A row definite, if each A(“, 1<1i<r-1, is definite and A(r)
is composed.of definite rows.! The vroperty of being row definite
is obviously preserved under multiplication of a row by a positive
factor. In general, the following theorem is valid:

Theorem B3, The product of two row-definite matrices is row

definite.

If r is the rank of the product 3A, then A and I have
at least rank r. For i < r, (BA)!}) « B(1)a1) 45 derinite.
Each row of (BA)(r) = B(r)A(r) arises from multiplication of a
row b of B{F) by AlF), since b is definite and A{T) is
composed of proportional definite rows, bA(r) is definite by
Theorem B2.

In particular we can choose for B a matrix which results
from the identity matrix by writing a certain column twice in
succession while the remaining columns are left unchanged, so

that 311 subdeterminants of B have the vazlue 1 or U, Hence

Theorem B4, A row-definite matrix A remains row definite

if two successive rows are reoliced by their sum,

1

Schonberg calls A minor-definite if all A“), 1<i<r, zre
delinite., He shows that a minor-definite matrix is vsrTation
decreasing, and that the converse holds if A has r rows.



§16. The principal theorem

.93, Exceptional cases, Jith this preparation, we can turn

to the consideration of Qariation-decreasing matrices, as defined
in 1 and 88.

Let A be the matrix, its rank r. It is clear that each
submatrix of A 1is also variztion decreasing. For the omission
of columns does not increase the number of sign changes of y = xA,
and the omission of rows h:as the effect of replacing the correspond-
ing x-coordinate by zero.

We examine two special cases:

1. A has r rows and r+1 columns. Then the system of
Yalues y = xa s2tisfies a linear homogeneous relation, whose
coefficient secuence is :A(r) (where from row on + means
alternate multiplication by +1 and -1), This relation is the
only condition imposed on y, so each system which satisfies this
relation can be written in the form y = xA.

Since x 1is composed of r numbers and thus has at most
r—-1 sign changes, and A 1is variation decreasing, y has at most
r-1 sign changes. Therefore, 2z = +y > (C cannot satisfy =z = xA,
and z >0 and A(r)' z = 0 are incompatible, If A(r) had two
elements of different sign, one could choose the correséonding
elements of 2z positive, the other elements of z small but
positive, so that A(r)- z = 0; thus A‘r) must be definite,

2., A has rank r, r rows and r columns, Then y = xA
and x = yA~!' or dxw (ly) AJ'?A_P‘), the star means that both

the secuence of rows and the secuence of columns are reversed,
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= y>0 (i.e., if y has r-1 sign changes), and A 1{is

variation decreasing, then 2x>o0. 3y continuity, x y >0

implies I x > O, For r > 1, Theorem B2 shows that A(r-1) is
definite; for r = 1 this is trivial.

94. Principal Theorem, first part. If we have now any

variation-decreasing matrix A of rank r, and if we consider
the elements of A(i), i < r, we have seen that each two non-
gzero elements of A(i) can be joined by a certain chain. In
this chain each two successive elements belong to 2n Ai¢1,101'
which, as a submatrix of A, is itself variation decreasing.

By the proof just giver, both of these Adgo and hence all A..,

A .

have the same sign. Therefore A(i), i <r, is definite,
If we take two non-zero elements of the same row of A'"

and form the chain connecting them, then any successive members of

the chain belong to a submatrix of r rows and r+1 columns and

thus must have the same sign (see above). Consecuently, the rows

of A(r) are definite and we have proved:

Theorem 35. Each variation-decreasing matrix is row-definite,

95. A lemma., To establish the converse, we first prove the

lemma:

Theorem 36, A row-definite matrix A of r columns for

which Epere 13 an x with s xA >0 has rank r.

E For r=1 this is trivial, and we proceed by induction on r,
Let A_ denote the matrix which results by omitting the lzst col-
umn of A, Then = xA_ > 0, hence by the induction hypothesis,

A_ has rank r-1. Thus A has rank r or r-1. 3ut it the



=86~

rank of A were r-1, there would be 2 submatrix B of r-1

rows on which the other rows and thus xA would be linearly
dependent. Hence the de erminant |x§| = 0, which gives a contra-
diction on expanding by the last row, since B(r“1) is a definite,
non-zero vector and — xA > O,

96. Principal Theorem, second part. Let A be an arbitrary

row-definite matrix, 2nd let us compare the number of sizn changes
of y = xA with the number of sign changes of x.

To this end we omit from x and y all zeros, and from vy
each element which follows an element of the same sign, which
amount s to replacing A by a submatrix. Then we replace successive
elements of x having the same sign by their sum (written once),
which corresponds to the addition, after multiplication by suitable
positive factors, of certain successive rows of A, so that the
matrix remains row-definite by Theorem BL. Thus we get
y(o)- x(O)A(o) with ¢ x(°) > 0., Now we turn to the lerma and
see that A(o) has at least as many rows as columns, so x(o)

has at least as many sign changes as y(o); but these numbers are

the same as for x and y. This, together with Theorem B5, proves

Theorem B7 (principal theorer). A matrix is variation decreasing

if and only i it is now definite,

It is clear from this why the product of row-definite matrices

is row-definite: certainly the property of being variation decreas-

ing is a transitive one,



