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Kennei.h J. Arrow and Leonid Hurvicsl

I. Introduction
I.l. The usual applications of the method of Lagrangian multipliers, used in

locating constrained extrema (say mximn), involve the setting up of the
lagransien expression

(1) #(x,y) = £(x) ¢ y*z(x)

where f(x) is being (say) maximized with respect to the (vector) variable x,
subject to the constraint (vector) g(x) ® O and y is the Lagrange multiplier
(vector).?

The essential step of the customary procedure is the solution for x, as

well as y, of the pair of (vector) ecuations,-
(2.1) 1,‘(3‘.‘/) 0
(2.2) g(x) = 0.

lLet (X,¥) be the solution of ecuations (?), while % maxirizes f{x) subject

to g(x) = 0. Then, under suitable restrictions,

- A
(':_) X ® x,

1. The authors wish to trank The RAND Corporation, under whose auspices
most of this work was done, and the Office of Naval Research for additional
support anc assistance.,

2. x -{xl,...,xg}, y -{n,...,m} . { } indicates a colum
vector. The prime indicates transposition; thus y' s a row vector. g(x)

maps the points of the N-dimensional x-space into an M=dimensional space;
we have

g(x) = {zl(x).o--.gg(x)}-
e Fx(xy) '{xg(xa’),...,ﬂ(xq) ;
1

N

~
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I.2. In [1] Kuhn and Tucker treat the related problem of maximieing f£(x)
subject to the cmatnintnl"s g(x) 2 0, x 20. This problem includes, by a
suitable reformuiation, the case of maximizing £ subject to both ecualities
and inecualities, since (g, being real-valued) the ecuality g.(x) = O is
ecuivalent to the pair of inemualities gz (x) 2 0, =gn(x) 2 0. The case vhere
a component X, of x is unrestricted as to sign can also be nandled within
this framework through a replacement of x, by the difference xn)=-x,, vhere
the two new variables x,j,Xx,- are reocuired to be non-negative. (In later
sections of this paper we shall treat directly the class of situations where
£(x) is to be maximized subject to g1 (x) 20, £{?)(x) = 0, x[ﬂz 0, ,,[-”]
not restricted as to sign, x -{x[l] ) x[:] }.)

Denote by Cg the set of all x satisfying the constraints g(x) 2 0, x .Z .

The following two results are of fundamental importance in what follows.
A. ([1]. Theorem 1.) Let g satisfy the following condition (called Con-

€

straint Qualification, here abbreviated =s C...): If X1is a boundary point

of Cg, and x satisfles the relatioas
(4.0) (4.0')  B(xx) 20,

(4.0%*) x°x° 2 0,

L. For an arbitrary K-dimensional vector a = {q,np....,a!} the relation

a 2 O is here defined to mean & 2 O for k= 1,2,...,K. (Another definition
of such vectorial inecualities, permitting r—eater generality of treatment,
will be used b.lo".) a > 0 neans e, >0 for k= 1.?.00-.‘-

In [1] our £ and g are respectively written as g and F. The symbol
in |1] for the Lagrange multiplier (our y) is u.

6. [1, pPe 433 ]|, This restriction "is designed to rule out singularities
on the boundary of the constraint set, such as an outward-pointing 'cusp'.”
It should be noted, however, that (bocnuag of (4.0')) C.C. is a property of
£, not merely of C,. Thus g(x) = = (x-1)°, x one-dimensional, lacks C...,

while g(x) ® = (x-1), with the same Cgs» does nave it.
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where "~." over a symbol denotes its evaluation at x -'i',.-k‘,g’}, P =0,
’g"a> 0, x = {x‘,xb}, X >0, - 0, then there exists a differentiable vector-
valued function ¥ of the real variable @ vhose domain is the closed interval
[0.1) and tne range is in C,, i.e., x = Y (8), such that YW (0) = x and Y*(0) =
A(x-x) for some positive scalar A
Under this condition, if all derivatives used below exist and if X maxi-

mizes f(x) for xeC,, there exists y satisfying the conditions
(4.1) x20, 3,50, 2, =0,

(402) y20, 8,20, Y8, =0,

vhere ax-{_al%;ﬂ.....yg;n}m g, -{gg%l.n %1} are partial

(vector) derivatives of the Lagrangian expression (1) evaluated at (x,y).

B. ((1). Theorem 3.) If the hypotheses specified in (A) hold and, in addi-
tion, the functions f(x), g, (x), me 1,...,M are concavo,7 there exists a
pair (X,y), satisfying conditions (L), such that (x,y) is a non-negative
saddle-point (NNSP) of #(x,y), i.e.,

(s) #(x,7) = #(x,7) = #(,y) for all x2 0, y& 0;

furthermcre, any NNSP (,5) of #(x,y) has the property that ¥ maximizes

£(x) in cg.8

7. A function f(x) is said to be concave if
(1-6)£(x°) * or(x) & £[(10)x° + ox]

1, pp. 10-117.

P, According to Lemma 1 [1], conditions (4) are implied by (5) regard-
less of the nature of G(x,ys, i.e., even if @#(x,y) is no* given by (1).

[or all 0 651 and all x° and x in the region where f(x) is defined. See
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I.3. Gape interpretation. The result contained in (B) above can be inter-
preted in the language of the theory of games. It states that it is possible
to set up a two-person gero-sum game g where the maximizing player controls
x 2 0 while the minimigzing player controls y < O and the payoff to the maxi-
miging player is given by @#(x,y) = f(x) * y'2(x). Mixed stratepies are
regardied as excluded. (B) implies that the solution'§ of the constrained
maximization problem can be obtained as an optimal etrntogy9 X of the maxi-
miging player in gg: furthermore, any optimal strategy X of the naximizing
player in gg has the property X ®X. Tt will be noted that the corresponding
optimal strategy ; of the minimizing player ylelds the Lagrangian multiplier
for the constrained maximigation problem.

I.4. t tive game inte tation. Let_f be a given (vector) constant

and define h(x) by
(7) h(x) = [ - g(x).
Then the Lagrangian expression (1) becomes
() #x,y) = £x) + 3 (F - n(x3)

It is now possible to set up a two-person pgame ga (which i3 not neces-

sarily szero-sur) where the payoff function of the x-player is

(9) ™ (x,y) = £(x) - y'h(x)

9. A pair of strategies (;,;) is said to be optimsl in a zero-sum two-
person game if X € X, ¥ € Y where X,Y, are the respective strategy comains
of the two players and the relation

P(x,7) § P(%,7) S P(x,y) forallxeX, yeY

holds, where P(x,y) is the payoff function of the maximizing x-player.
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vhile the payoff function of the y-player is
(10) ™ (x,y) = - y*(J - n(x)].

With reference to g;, the result of (B) above implies that the solution
? of the constrained maximization problem can be obtained as an optimal
stratogylo X of the x~-player in g;.

As before, any optimal x strategy of the x-player has the property
x =% Also, the optimal strategy of the y-player, ;, gives the Lagrange
multiplier of the Lagrange problem.
I.5. ELgonomic interpretation. The economic interpretation of (B), as
suggested by the authors of [1], can best be stated in relation to the game
gg. Let x (by definition non-negative) be the activity level vector (cf.
Koopmans, [?]). Interpret fu the avallable (vector) amount of primary
commodities while 2 = h(x) is the (vector) amount actually used. Denote by
v —{:1,...,\';’} the desired commodity output (vector). We have v «= k(x) =
{kl(w),....kp(x)}. Finally, assume (for the sake of simplicity) that the

utility function is linear in the components of v, say u(v) = E apVp = a'v
p=l

10. Using the concept proposed by Nash, optimality in an N-person game
is definecd as follows. Write x, for the strategy of the n-th player,

xn“-‘n (1.0., x€X); let x -{xl....,x‘} and
X)n( “'{"1"""’71-1"‘n01'°"-".v}' Denote the payoff function of the n-th
player by Pn(’%"‘)n()‘ Then x«X is said to be an ecuilibrium point of the

game and the components of X optimal if

Fn(Xn X5 )n () = max Pn("n'-"-)n() for n=1,...,N.
x €X
n'n
It vill be noted that the saddle-point cdefinition of optimality for a two-
person zero-sum game (see preceding footnote) is a special case of the
present (Nash) definition.



P-706
T=20-55
<=

with ¢ = {%,..., a;}. Define f(x) = u(v) where v is a function of x,

i.e.,

P
1) f(x) = pfl opkp(x) = a'k(x).
Then the problem of maximizing utility with regard to the activity level,
subject to availability of the required primary commodities, requires -he
maximisation of f(x) subject to x > 0, g{x) > O where g(x) is obtained
from ] and h(x) acecording to (7).

The Mallocation game" gz‘ (cf. Koopmans, L2] is played by three
persons: the helmsman, the manager, and the custodian. The helmsman
sets (once and for all) the desired cosmodity price vector q; he also
sells to the custodian the available amount for the primary commodities.
The custodian sets the price vector of the primary commodities y. He
pnrchuuf from the helmsman at this price and sells an amount Z to the
manager at the same price. The manager purchases z from the custodian,
determines the level of activity x which will just use up z, produces
the amount v of desired commodities and sells this to the helmsman at the
present price a.

While three persons appear in the description of g;A, the role of
the helmsman is purely auxiliary (equivalent to formulating certain rules
of the game). Hence we shall regard this game as a two-person game, the
two players being the manager (controlling x) and the custodian (controlling
x). The payoff functions for each are given by the net profit on the
transactions undertaken. The revenue and cost of the two players may be

presented in a tabular form:

revenue cost

Manager f(x) = q'k(x) y'h(x)

Custodian y'h(x) y'r
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Clearly g;‘ i{s a special case of ;; for the f(x) specified by (11). Hence
a solution of ;;‘ will have the properties described in I.4 implied by (D).
In particular, the activity level maximizing the manager's profits will
also maximirze the utility function subject to the availability of primary
comnodities.

I.6. Decentralization. A caire of particular interest arises vhen

additivity holds, vis.

N n
(12) k(x) = T k (x) ©1,2,...,P
P X nel P 51 P
N n
hn(x) - zl tx-(%) m - 1.2.000* [ ]
n.

("Linear programming™ is a special case of (12) with
n n
(13) ) = e Pe=1,2,...,P
n
h:(xn) * Ya&n Re=1,2,... M

where é: and J: are constants.)

0
when (12) holds a decentralized allocation game ‘ﬂ may be obtained
from g;‘ as follows. Each component of y is now controlled by a separate
custodian who deals in only one primary commodity and whose payoff function

is given by
N n

(14) Wyn(xoy) = ’-(r. - 21 hl(xn)) B 1,2,...M.
ne

Similarly each component of x is controlled by a separate manager who
is in charge of one plant only and whose payoff function is given by
M

P
(15) 7 n(x,y) = pfl o, kp(x,) - & Yaha(x)  noe 1,200 N,
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As before, t' sse pavoff functions may te interpretedi as net profits on
the transactions undertaken by the custoclane and manapgers.

It s again true trat t'e optiral (for def‘nition, see footncte ir
1.4 above) strategies (»,y) of the (N « M) - verson non-zero-sum game g&?

are such that X w x and y is tte Lagrangian muitiplier,

I11. A Modifie! lagrangian Approach.

11.1. RPecause of trne interesting ga.c¢ theoreticrl ¢nd econordc impllen-
tions of the Theorem in (B8), I.” above (some of which the authors will
study elsewhere), the cuestion arises as to the possibility of sirdlar
results . hen some of the condi _ions of ¢t'e theorem are relaxe!,

Tt turns out that resulls of =uch nature can be ohtalne!, thougt not
without aore s=crifices, Tre reluxation i« primarily with repar?! t- ti-
convexity nssu:; tions Jhich fall to told in =ome ixportant econormic appli-
cations (the case of "increasing ret.ms="). Tre main cacr.fices are
these: thre Lasranian erpression is modif‘e! an! t>e res:l's are proved
only locally.

The results are ,resentec below in t'.e Jorw of three ‘lreore-s. Sorne
renarks concerning the interpretation ~f results are contained in III below.

S
imELy

Theore- 1 {s auxiliary in nature; Thecrems ” an! I together
the exis*ence of a local .on-nepative ssdile-point ror the modified
lagrangi.n expression. Theorem ‘ shows t:.s saddle-point to te cf Lre
type leading t> convergerce ‘n grailen' procedures !eacribe: bty ‘te
autlors in [“].

The notetion !iffers 'n soue 'ciall from thet introduce. in 1
above. To fac.litate rea‘irg soce notational rrinc. les, 'riinciples

) - j

ure stated n I1.0.1 an’ tle =aln symbols .se are liste. (n 7, A
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I1.2.1. Some Principles of Notation. A K-dimensional column vector
{ul,a?_,...,q} is denoted by a; dim a denotes the number of components in g.
If A is a matrix, A' is its transpose. Hence, in particular, a' is a row
vector and a'b ® kgl a, by, 1s the inner product of the vectors a and b; a.b
1s an alternstive, and sometimes more convenient, notation for at'd.

[‘1"2""'&] is the finite (unordered) set whose elements are
8),8,c¢+,8¢c A~B is the set of all elements in A but not in B {the
set-theoretic difference).

{lex} denotes the set of all x possessing the property Px' If

c(a) = {cl(.),cz(n),... ,cP(a)},

SR CTREEA?

then

(o]
¢, ® ¢ (a) -li%fli, p=1,2,000,P; keo1,2,000,K.

c, Ea denote, respectively, c(a) and c.(n) B c, evaluated at a = a.

IrY(a,b) is a real-valued (scalar) function of the vectors

a = {ag,apeeen} b -{bl,bz,...,ba},

then
2

Y
ch'“m”o k=1,2,000,k; re=1,2,...,8.

?.b denotes an evaluated at (s, b).
Sf (x°) - {xld(x,xo) S f}vhero d(x?,x®) denotes the Buclidean distance

between x' and x".
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11.2.2. Some 3ymbols Used.

('olol) X = {‘1.‘2...0.‘,}.
X 1s the Buclidean N-gpace of the x's.

N o 1,2,000,0 &

)
/Y is a fixed (possibly empty, not necessarily proper) subset

of /Y. (As will be seen in (N.l.4) below, the elements of
/Y' are the indices of the components of xu‘]u defined
in the first paragraph of I.2.)

(N1.2) g = {:1,22,...,ll}.

Z is the Buclidean M-space of the p's.

U [1,2,...,)(].

L/Z' is a fixed (possibly empty, not necessarily proper) subset
of /. (As will be seen from (N.1.4), (N.2), (N.3) below,
the elements of .2’ are the indices of the components of
g(l) as defined in the first paragraph of 1.2; the elements
of Y~ are the indices of 3(2) (ef. ibid.); g will be
defined as {g(l), 1(2)}.)

(M.1.3) "{’1”2""")(}'
Y is the Euclidean M-space of the y's.
(Y 18 the space of the real-valued linear functions on Z.
Even in the Buclidean case it is convenient to distinguish
between the two, since our definitions of non-negativity in
the two spaces differ.)
(M.1.4) X20 seans "xn?o for ne/{/'.
% xn unrestricted as to sign for n +4}

I* 4is the set of all x ° 0.



(N.2.1)

(N.2.2)
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120 means :..20 for n(/t..
\z--o for -f,/‘(,'.
'
y20 mReans .y.ZO tor me /L.

1) Tn unrestricted as to sign for a 4~‘6'.

Por any vector a = isl,szt,...,uk},
820 means a; =0, 8, 0"""[ - 0;
a>0 means a) >0, a8;>0,...,8¢ >0;
a<0 means -a >0 )
'e is & function on X' to Z. Hence
g(x) = {'gl(x), 'gz(x),...,'g.(x)} where the 'g_, m¢. ‘Z, are
real-valued finctions.
We shall find it convenient to work with some of the 'g-, Be fd,
replaced by their negatives.
More precisely, we write
'g- 1t we /U
ae /T

"Gm if

vhere /“Z/ . 7/““( is defined in I1I1.3.4C below.

r
g " "-519329°'°'Q'

= '
Note. Since /T - ‘<17, 1t L8 sean that the conditions

'g(x) 20, glx) <0
are equivalent. For practical purposes, one could consider the
problem as given directly in terms of g, rather than 'g. We
start with 'g, however, in order to avoid the impression of a

loss of generality in connection with the assumptions of 1I.3.4.C.
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1 ' >
(M.3) C8 - /x|vg(x) < 0, x = Oj 3 - x|g(x) 2 0, x = 0:}
(the ™constraint set"),
(No) f 1s a real-valunad function on I' (the'wmaximand®).
(N.5) Ofg =< x'ix'e Cg and f(x) S f(x') for all x&_C&f
(the Moptimal set™).
(N.6) x = 41(1), 1(2) b where
. (1) = the set of indices of the components of x(i), 1i=1,2
ne 4(1) if 04.(' or n~«47 and ;n >0
ne ¢ (2) if ne < ' X

and - 0
for a given X< Ofg and either component may be ampty.

Note 1. When a vector a is partitioned into two subvectors, say

1
J

a = < ..""
and we say that a* (or: a®*) {s empty, this means that
a = a¥ (or; a = a*),

Note 2. The above partitioning of the vector x obviously depends

on the point X in Ofg chosen. The same is true of the

partitioning in (N.7) below and of various subsequent
partitionings of x and g. It is understood that all
these partitionings refer to the same choice of ;, and

that ;, once chosen, remains {ixed.

B}

(N.7) g =g, 8‘2‘}

where

() -0, &)@ >0

and either componarit may be empty.
(M.8) h(x) = 1-g(x)
where . Jenctes the M-dimensional vector wit). 1's as components;

] -
Rt e g A, 4 e 1,2,
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Sl (m
(N.9) . py(x) = I-Lhn(x)J e L.

a
(M.10) %) =17y Tgaeees Nyt

(N.11) p(x) = {n;py(x), 1 p(x),.., q.p(x)}-

(N.12) "1B(x,y) = £(x) * y'(r p(x)) (the "modified Lagrangian expression®).

11.3.1.1. A Reformulation of Kuhn-Tucker Theorea l.

This slight generalization of Theorem 1 in {l, p. 1.81.] is needed here
because of the meaning of inequalities given in (N.1l.4). [‘!’ho possibility
of this type of generalization is indicated in [l, Sec. 8, pp. 691-2].]11

We shall say that g satisfies the Constraint Qualification (C.yq.) at
x, if the requirements of the definition in 1.2.A are satisfied with the
inequalities (4.0) in I.2.A interpreted in tha sense of (M.1.4). @(x,y) 1s
given by (1) in I.1. (It is immaterial whether g or 'g is used.)

Theorem.

If £ and g are differentiatle, x¢Op, and g satisfies C... at x, then

there exists a -ye_Y such that

; < 0; By; = 0; iy'y c 0 for all y 2 0;

20; Bx';-o; Bx‘xfo for all 120.

L

Note that, by virtue of the definitions in I1.2.2, this means that
> g ? ' < '
iy.-o 1f .t-.(,iy.-o 1f nq“(.i,,n-o if ne 7,

BH -0 {f n4,4/ '. The other inequalities of the theorem are also to

be interpreted in the sense of (I.l.b.).]

11. See also Hurwice:, \9. pp. VII1 - 2-6'-'.
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11.3.1.2. Theorem 1.

12

Definition. An M-dimensional vector n = { "y *;2,...,q.} is said to be

acceptable if, for each m ¢ AT, (1)'1n = 0, and (2) 7 . is an even integer
1f ng(x) < -1.

Theorem.

IJt, for some > 0, x ¢ _() (x), x & Ofg' { and g are differentiable,
J

5

and g satisfies C... at ;, theri, for any acceptable r, , thers exists a

- - 13
vector y = y(~ ) such that

LAY

(1.17) qlx.xfo forT e = 10
(1.17) 7 f x-0;

(I.1») 230;

(1.2v) qu.yao for all yEO;

(Ta2%) n@ .y =0;

(I.2'") ¥
(The relations (1) are necessary conditions for a nonnegative (in the
sense of (N.l.4)) saddle-point of riﬂ(x,y) at (x,y).)
In particular, the rela“ions (1) are satisfied if one selects y = y( r()

such t,hatu‘

(1.37) (1e ,,n);_(,,) - ;m(o) for all =~ /.

12. 1n many applied protleams, hm(x) “ O for all m and all x 0. It
was pointed out by Dr. Masac Fukucka that, in the absence of such an assump-
tior, the requirement of non-negativity of the components of " is {nsuffi-
client for the proof of the theorea.

13. The bar over @ denotes evaluation at x = x, y = y( ')

li. 3 (0) = ¥ in Kuhn-Tucker Theorem 1 (cf. II.3.1.1).
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If the selection is made in accordance with (I1.3'), the equality

(1.3")  Be = 7 By

will hold. ( B(x,y) is rzﬂ(x.y) with n - 0; this is obviously the same as

#(x,y) in (1) of I.1.)

Proof.
For r( = 0, the preceding theorem follows directly from the reformu-
lated version of the Kuhn-Tucker Theorem 1 given in II.3.1.1. Thus there

exists a vector
(1) 3(0) =1 7,(0), 7,00),..., 5,(0)}

with the required properties.
Consider now the case 'Zf O. We shall show that ;(vz) defined by

(I.2'), 1.e., explicitly, by

(1v) al) " 3 .17 - y,(0), me Z

(where ;.(O) i{s that of (1')) satisfies the relations (1).

We first observe that (1i") ylields
- - v B - /
(2) (1v ) 7 ) g3, =50,  we /T

(When hl(;) « 1, (2) follows directly from (1"). Wwhen N(;) 1, we
have ann - g-(;) > 0, and hence, by (1.2), }.(0) = 0; (1%) then ylelds

;n( '() = 0 and (2) follows.)

Jince
M f ] é&.(x) ?/
(3) Bt T .I_:l (1 ¢ 7 @)yl r() hg(x) T+ e
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(2) implies

N g (X)
-t pX 0 ne -/{/.
(4) LR A Ul
Noting that the right member of (&) is fentical with O;’n' we conclude
that the relations (I.1) hold for all ,2 with non-negative components, since
they are known to hold for " = 0,

(1.2') is established by the fact that the right member of
- , NS R 7.
(5) 'Za,. = "(Pm(x) - l'lhl("” ’ lé/{.

'
ie non-negative for me c/‘t', tero {ormeJ( when n is acceptable (see the
definition above) since, for any me /Z, h-(;) s 1, and, furthermore,
' -
=0 1if in which - 1,
"’- ng¢ 7 , in ch case h_(x)
Now suppose that, for some m ¢ ‘/(, 2"-0 >0, {.e., hno(‘) < 1; then,

by (1) for e 0, ;.O(O) = 0; hence ;.o(z) = 0, and, therefore,

(6) l,_o-}.o(?_)-o.

3ince (6) clearly holds in the alternative case 'j. =0, (I.2%)
)

follows.
Pinally, (I1.2'") holds because ;-( »L) has the same sign as ;.(0) and

the latter, by (1.2'") for r, = O, is non-negative if leu‘{'.

11.3.2. Theorem 2.

Let, for some < > 0, x(SC(;), 160 , such that (I) is satisfied.

fg
Then

(11) zﬁ(‘x—,;) P ?‘(;,y) for all y 2 0.

For we have

- - - >
nB(X,y) - 9 8(x7) = (r=7) . _rp-y-ZPZO for y = 0
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the second equality follows from (1.2") and the inequality from (1.2').

I1.3.7. BMotation.
(§.13) x -4x
where

[

(¢}
X

[

o
X

o,

(21) = % (22) <

and either component may be empty.
| T
(N.14) Xeix,x }

where

(M.14®) & -{ x(l), x(2l) }

11 (22)
x ex :

(Mther < or xil ray be empty.)

It should be noted that, by (I) and (N.13),

(N.1,0e) oixl -0,
P11 <0
x
I1.3.4. Definition of a Regular Constrajined Neximum.

A. In Thercea 3 below we use the concept of a regular constrained maximum.

The definition of guch a aaximum is given in II.3.4K.

To state it, we must

first forwulate three regularity conditioas: r:i77 ’ ;2; R Y;;;7 (eqs.

/

(B.8) or (C.10), (C.8), (D.19)).
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B. The First Regularity Condjtjon.

Let x be a value maximizing the function f(x) subject to 'g(x) 4 0,

x 4 O, and hence also subject to

>
>
x =0
where the inequalities are to be interpreted in the sense of (N.l.4).
From (N.6) and (N.7) it is clear that, for sufficiently small

varistions of x, the constraints

(B.2) g

which are a part of (B.1), can be disregarded. Hence, at x, f(x)

possesses a local maximum subject to

(B.3) [ S lJ (x) 200

x(2) 2o,

e (2)]
suca that CS «C'g ,& / and write

1
Let ;t' be a subvector of g- ]
|
1 b tt
(B.4) g = 18,8 }
The components of g“’, unless they produce an inconoht.cncy,15 can

be disregarded in the process of maximization. (I.e., O -0 )y e)
‘Y r’g 4 t lzl}'
l] fﬂﬁ 7.4

If the Lagrangian wultiplier vector ;L (corresponding to the constraints

gu] (x) 2 0) is partitioned according to

— ) [ttt
(B.5) y© ey
it {s always possible to put
~tt
(B.6) y =0,

15. Which cannot happen since x exists.
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Assuming that the constraints (B.3) are consistent, we may replace

them by

(B.7) gl(x) = 0
1(2) P4 0.

The first regularity condition \ i/7 is

(B.8) rasik (E‘x(l)) - dim g' = n*,

say.

Note 1. \\>/ corresponds to the requirement of non-degeneracy in linear

programming (see Danteig, Lk, pe 3&0]).

Note 2. (i$}7 implies C... (see Appendix 1).

. ond t ondition.
Since, by (M.4), (N.6), (N.1l4®), (B.4),
(C.1) J‘g‘(l) -0
;xx -0,

it follows that, as a function of xI,

t}, A = e« 0)

has at ;I a local maximum subject to the constraints

|

gk, B0) 5 td, 0) = 0

L) 2,

The corresponding Lagrangian expression becomes

(C.3) oﬂx(xl, yb) - f(xI, 0) » yt.gt(xx, 0) .
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Using the reformulation of Kuhn-Tucker Theorem 1, given in Il.3.l.1, we may

assert the existence of a ;t such that

- -1>
(Cod) 1 i 03 031 -0 ;
ol
-2 —t>
y =0; olxt-o-
y

It might happen that some components of ;t vanish. Write

(c.6v) yteire, 20

where

(C.6") every component of y* i{s different from gero
and

(C.6') y -0.

Let ¢t be correspondingly partitioned as

(c.6') g -{s'. s°} .

Now suppose that oﬂI (xI, yt) has a non-negative u.ddlo-point.l6 at

3 =
(x5 % yt). One can then easily verify that

(c.7) L, ) 7 txd, 0) o ye L gs(xt, 0)
has a non-negative saddle-point at (;I, ™).

But then X' maximizes f(xI, 0) subject to g’(xl, C) 2 0 and
L) >

= O, Hence in this case the components of go could have been

disregarded in the original maximization problem (Op . = O ).
'8 r{g«g[z]
14 ’

However, complications might arise if oﬂl(xl, yt) did not have a

16. By theorem 3 in Kuhn-Tucker, a sufficient condition for this is
that { and g be both concave.



P-706
7-20-55
-
non-negative saddle~-point at (;I, ‘y-t‘). To take care of this case, one

might require that

(c.8') g° 1s empty unless oﬂx(xl, y*) has & local non-negative
saddle-point at (;I, ;t).

However, to simplify matters we shall impose the ucningl,ym stronger
condition
(c.8{) g° is empty.

It {ollows that
(c.8}) M* 3 dim g* - dim g 3 xt,

Let /{’ ( -‘/(" by (C.B;)) denote the set of indices of g*. Clearly,
for me /Z'/,( /ZM-’Z')’ we may have ;n < 0.

Now suppose the preceding reasoning had been carried out in terms
of 'g instead of g. Nothing would be changed, exsept, possibly, the
signs of some components of the lLagrangian multiplier, to be denoted by
'y.

I.e., we would have ';. >0 for me .Y # /4" and ya > O or ';-< 0
for me z' y ( 4{ V/Z'). Lot/‘l° be defined by the relation
(C.9') v-ne/%-

J if and only if

. L N ~ A1
Wll /Z (b
| and
¥'y- <0.
Then, it is clear from (N.2.2) that we may put
(C.9") j'?,, -y, for me /YT

;."';m for 11/7 ,

17. Cf. 11.3.6.0.
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s0 that

(C.9™) y, >0 forall mcofe.

]
Hence, without loss of generality (as compared with (C.81)) (C.B{) may

be restated as the second regularity condition.

R{;;’ (C.8m) i—go is eapty
"’ { and

y. >0 forall Me. e,

—

The first regularity condition then implies

(c.10") rank (‘:(1)) - Mo
where
(C.10m) M® o dim g® .,

D. The third regularity condition.

Dil. When the first two regularity conditions are satisfied, second
derivatives are continuous, and xI is non-empty, it is possible to show
(sse Appandix 2) that a certain quadratic form is non-positive when
some of the variables are restricted in sign. The third regularity

condition (eq. (19)) is a strengthening of (D.18) requiring that the

ut Pl e in shegtien ‘e nécative muer e 0

D:2. The third regularity condition is formulated in terms of a

function q(t) of a new variable vector

(D.1) L eite, Loat

-

which is obtaired by a transformation of coordinates from x} after the

latter has been partitioned so that
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(D.2) Lo {xe, xoo},
where x* is a subvector of x(l).

We shall (a) define x* and x**; (b) write down the transformation
defining 4t', t":} in terms of {x’, x"} ; (c) define q(t); (d) formulate
the third regularity condition.

In the remainder of section D it 1s assumed that §<3;7 holds; in
D:3 - Di4 it is 2180 assuxed that x{ is not empty.

Dt3. First case: N# = (Q,

Write

(D.3) L= t#8 e xot o

so that, by (D.1) and (D.2), x* and t* are empty, and define (D.4)

q(t) = £, X1
- r(tes, 0),
The third regularity condition for this case is formulated in
(D.19) below,

D:4. 3econd case: M#* > 0.

(a) The definition of x*,

From \1/ (eq. (C.10')) it follows that there exists a (non-

(1)

emplLy) M*~dimensional subvector x* of x ~‘such that

(D.5) g* , 15 an M® by M (y# = 1) non-singular matrix. We then
x

define x** by (D.2) and x‘12) by

(D.6) x(l) / (12)}.

- ')x" X
J
Clearly
(0.7) e = x12)) (DL
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(b) The Transformation from x} to t.
Let
(D.e) h. o 1 - g.

where 1 is the M®*-dimensional vector with (scalar) 1's as components.

t - \t', t"} is then defined by the transformation

(D.9) -1) t* = ho(xs, xoe, x 1)
-2) Les o x#8

We also partition tee by

(5.10) con = {012 (20)}

where
t(12)_ x(12)

’ / . \
This {s obviously consis'ent wi*! AR - BT IR

(¢) The definition + - ’+).

By (D.8), the Jacobian H of the transformation (D.9) is

| he he | e _
| x* xﬂl | x& x|
| |
(D.12) He o la o L,
0 1] e SO
so that, by (D.5),
(D.13*) [Hle -] -g* | #0,
x
1 a8k )
(D.13w) H is non-singular.
)

Hence, locally, (D.9) can be solved for x* in terms of t; we may
write this solution as
(D.14) x' = r(t)

where

(D.15) reire, rﬂ}
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and
(D.16) X* = r%(t)
X o rHe(t) = tEn,
The function q(t) is now defined as f(x) evaluated at x11 o J1 and

with xI expressed in terms of t, i.e.,
(D.17) q(t) = £(r(t), x"I1) = fr(re(te, toe), tes, 0).

D:5. The statement of the third regularity condition.

We rave now defined q(t) for all M® provided the first regularity

\€;7 ) is satisfied and X 18 non-empty. It is shown in

condition (
18
Appendix 2 that

unless x#* {s empty, there axists > O such that,

for all t**¢ S e (x»*),

(D.18) (Le® - X*#)1 3 (Les - x*#) S0

U, wey 0o
ir (3 2,

The third regularity condition is a strengthening of the preceding

inequality. It states that
|(D.19') x** {s emply
7 or
(D.19) | (D.197) thers exists > O such trat, for all t* ¢ 5p (x®*).

] (Lae - xus)? ;t'*t"
gt t(21) 20 qng tee 4 e,

(tee - x#8) <0

Note. The situation covered by (D.19') is of importance
since it perxits the treatment of a large class of

cases where ! and g are linear.

18. Assuming ‘q;;? and 2/ and the continuity of the second derivatives.
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E. Definition.
f(x) is said to have a regular maximum at X sub Ject to g(x) < 0, x 2 o,
VN N
{f the three regularity conditions »l// y \< 3 3/ (mqs. (B.R) and
v %
hence (C.10); ey. (C.B); and ej. (D.19)), respectively are satisfied at

X and x « 0, .
fg

I1.3.5. Theorem 3.

If, for some g >0, x¢€ 5_ (x), x a regular maximum,lg of f(x)

(
- )
subject to g(x) €0 and x = O, f and g are differentiable (with regard to

)
x), and furthermore, when x  1is non-emp'y, havecontinuous second order

derivatives with regard to xI, then, for all accepLablezO sufficiently

largo2l '
xI is empty,
) or
(I11.17)  (111.1) (% - %) Bagr - ©) <o
I { =

P 2 TS

[

and

for some ()' > 0, and all x¢ ; _'(;) such that
| > - 5
-O, )
(111.2')7 ’ A _ - -
(111.2) )20(X.y(»))) < \(ﬁ(x.y(vl))

19. The term "regular maximum™ i{s defined in II.3.L.E.
20, The term Macceptable”™ is defined at the beginning of I1I1.3.1.2.

21, "Sufficjently large » ™ is defined to mean that eac!. comporent
Nat B¢ i T2 n is sufficiently large.
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wvhere 1 # and

(vz) are defined as in Theorem 1.
22
'Y

b 4
Not Theorem 3 is valid for f,g linear if x®** is empty
(regardless of whether x* is empty), provided the
first two regularity conditions hold. 'LIf both

I is empty, and the theorem

x* and x** are empty, x
follows from I1.2.6.A(a). 1f x** {s empty while

x* 18 non-empty, use 11.3.6.A(a) and (b) together
with IT.3.6.B.2.1-2 (since g* is non-empty and t&#
is empt.y).‘j . Note that x** is empty at the basic

solutions of a linear programming problem.

11.3.6. Proof of Theorea 3.

Bl 5 3mbetle
In 11.3.6.A, it is shown that (IIJ.1') implies (III.2').
In 11.3.6.B, {t is shown that (III.1l') is true.
It can be seen that if Theorem 3 is established for the case of

t

3
‘gu‘, g° [ empty, then Theorem 3 is also true if (1) gt' is not empty, and/

or (2) g° is not empty but oﬂl(xl, y¥) has a non-negative saddle-point at
(x", y*), since in either case x remains unchanged and the additional
terms in the modified Lagrangian expression vanish at y (cf. eqs. (B.6)
and (C.6') {n II.3.4).

Hence, with no loss of generality, we may henceforth assume {gn‘,go}

to be enpty, i.e.,

1
(1) gllt _g..

22. The desirability of explicit tresatment of the linear case
was emphasiszed by Dr. Masao Fukuoka.
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11.3.6.A. (III.1') implies (I11.2').

In this section we show that (III.1') implies (III.2'), {.e., that,

in a sufficiently small neighborhood, 1f (I11.1') is assumed to be valid

and the inequalities x 5 0, x # x, hold, (II1.2) follows. We write @

instead of , § throughout. (11I.1'), x < 0, x A x, are also assumed

L

throughout I11.3.6.A.

Let

(a) First case: SII $ 0.

By (1.3%) and (N.1L%%),

- 1 11
.axI.S .an'g < 0.

But then (I11.2) follows from the well kuown ('Frechet!) property

(1) g .

X

(WA

.
of difforentillsz‘ which, as applied to the present case, states that,

given any 0> 0, there exists an € > 0 such that,ZA

(2) | S @) - 055 -8, T ) | <o
if -
&) CP)|< €.
Choose
(4) g~ - |¢l’| g .
D

which is positive by (1).

23. See Hille [10, p. 72/, Definition «.3.4, eq. (114).

2. If a is a real number, Gl denotes its absolute value, If
a-a, ay,...,0y with the a, real, (;

2)1/2 ’ denotes the
k=1

o=

'length'! of a.



P-706
7-20-55

Then, for a sufficiently small |§ |, we have (by (2))

(%) i (B(x,7) - 8(x,7)) g |<oq
| &1

which implies

(6) -‘-g-l— (B(x,y) - B(x,7)) <O

and hence (151.2).

1f xI {s empty, this completes the proof of the Theorem 3, since

X % x then implies §II $0. It xI is not empty, we must consider the

11

(b) Second case: ¥ = O.

p)
Since it is assumed that x # ;, égn e O implies

(7) gI#o.

In virtue of the existence of the second derivatives of # with

1

regard to x= (by definition of @, and the assumptions concerning the

second derivatives of f and g with regard to xI) we have, by Taylor's

Theorem,
- - -l 1 <l 1 VI
(8) B(x,7) - B(x,5) =B, 5 +2(Z)YF
105 T2 Raas
where E denotes @ evaluated at x = ;, X ex 0 , 0<0O K.
XIXI XIXI

1 =
It now suffices to note that (EI)' [ 11 g is negative at x (since
J
x
(III.1') i3 assumed to hold and its hypotheses are satisfied) and con-
tinuous in the neighborhood of x (by the hypotheses of the theorea

concerning the second derivatives of { and g), so that, for a sufficiently
pI .I ' - -,1 — I
& g . - - 3
small | % 7| (£) gxlxl 57 < 0. Stnce BXI 5 0 by (N.lue*), (I11.2)

follows.
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D125 6n B

(111.1) nolds 4if xI is non-empty.

B.l. First case: g* empty.
[

1.
By eq. (1) in I1.3.6.0, g is aiso empty. llence, by (1) in Theorem 1,
= -2
(1) ’('1) - y[ ](O) - 0.

and, using (N.12),

(1) B(x,y(r)) = f(x).
r\ »J "&
Since g* eapty, we have M®* = O, and, therefore, the definition (D.4) of

g applies, so that (since x* is empty but < 1s not) t#* {g not empty and

“F -3

W e e "

(1) and (2), together with the third regularity condition 3// (eq.
'

(D.19)), yteld (III.1) for a sufficiently small neighborhood of x.

B.2. Second case: g* non-empty.

Write

802.1.

(0) o) = Bl (0 s 9)

where r(t) is defined in (D.14). (Where it is desired to indicate the

dependence of t' on |+ we may write ¢ instead of )
(
Then, by (D.13) (i.e., vz-7)’ we have

v

o -1 TS el
R G L [ H "y t = {h*(x), x**f,

(2) —1‘7u = e

since

.

re shall now show that (II1I.1) is implied by

= o§ 1 =0ty (1.3") and (N.1L%e).
X

— , )R -
(3) ' F o, R0 1{’[’(2)-0 and L 40
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where the partitioning of ZT corresponds to that of t. (Sections B.2.2 -

B.2.6 are then devoted to showing that (3) holds.)

To see that (3) implies (II1I1.1), let x satisfy the inequalities

x(zl) < 0, L 4 2. Choose

( > - - N -
Lo -1 o [Te he x* - x*
() L e [eH(x® -Xx) - Xt xte o
L [ O I L x e o x*e

Since, by (D.13), H is non-singular, 2 Ve implies | # O. Also,

(4) ylelds

(5') F"'X"-;".

hence, {r particular,

~(21) (21)  =(2a)
¢ - X - x

(5m) .

But

(6) 2(21) -0,

since x'21) 15 a component of x(2) by (N.13), and x(2) = 0 by (¥.6)
Hence

() (21) | (21)

V) >
and thus x(21) 20 1mpries 1) Jo,

Having shown that the hypotheses of (III.1) imply those of (3),
we see that the hypotheses of (IIl.1), together with the validity of

the assertion in (3), yleld

(8) (*v, L<O

But, using in successior (4), (2), and simplifying, we have



(9) Ty, T (2 - &) 7 A - )

e (X - X)) T (ﬁ'l)v ,Zan'ﬁ"lmxl-?)
X X

- (I - ) '(ax‘xl (- Xb).

(8) and (9) yleld the conclusion of (III.1). Thus it has been
establistied that (?) implies (III.1). It remsins to be shown that (3)
is valid. (This is done in sectinns B.2.2 - B.2.6.)

B.2.2.

It is convenient to write FTtt in the partitioned form

e - Y

v | A B

(1) o LT S
tt l

[

— — !

If N/ LB' ¢

L it .

where t#* (but not t*) may bte empty. (The case of t* empty was treated
in B.1l.)
B.2.3.

It will now be shown that A (i.e., Tt%', cf. eq. (1) in B.2.2),
which depends on ') » can be made negative definite by a suitable choice
of V .

| Recalling that ‘{5 denotes the set of indices of the components of
g*, and using (N.9) and (D.9-1), we see that, for me /ﬁ(',

10 ri

(1) 1 xmp,,,(:l) =1l-t E

where t . 1s & component of t*.
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Since, by Theorem 1 and eq. (1) in II.3.6.0,

(2) ;.(rz) =0 for m¢ ST~ A
we have, from the definitions of ‘¥, gy and ,1¢ (eqs. (1) in B.2.1, (D.17),

and (N.12), respectively), and the preceding relations (1) and (2), the

ejuality
(3) Fty(n)) =alt) e & [?m(q)J(l-tnlw') .
m: 1®
Writing
(4) Feq ;

Lt =

we have, from (3) and the definition of A in B.2.2,

(5) A = P-D

where D = ”dl’-"l, me_uL(' , m'c JL(’ , 15 a diagonal matrix (i.e.,
(6') dm,m' -0 for m # m')

with

(6m A e[ T()] Q) Ma a0 L, e ST,

where the second equality follows from (1.3').
Let X\ denote the largest characteristic root of F. Since, by the
second regularity condition ( RE—/ ), ;-(0) >0 if me J(' , WO DAY
v

choose ") z , for each n£\/{ %, to be & positive even integer satisfying
(77) NS >N/y,0),

so that

> (o]
(™) min d > X for all acceptable » = n_
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> o
Then, for any t* ¢ O, and each acceptable AR/ L have
= 2 2
(8Y) u'ruﬁw t® = T t < 7T —
mer(® ¥ mesTe "
3 ter Dt
i.e.,
(8") t* 4 O implies t#'(F-D) t* < O for all sufficiently large
acceptatle 7 :
or
(8n) A is negative definite for all sufficiently large acceptable Vo

(8'") suffices to establish B.2.1, eq. (3), and, therefore, (11I.1),

if +#% {g armpty.

B-2.4. Now assume t#* not empty. Write

I -A B
(1) P
NG T
and
(2) __eP'3  P.
, fu

Then methods used in B.2.,1 to show that B.2.1 e;. (3) implies (III.1)

can be used to show tlat

21
(2) l',.kw‘lO for uﬂO,w( )Bo
. I 25 _
implies B.2.1 aq. (3). For P = = J , and, like its analogue H
) 0] )

in B.2.1, performs an identity transformation on t#*, 6 s0 that the condition

l =
t(Zl) 2 O ir transforzed into the condition v(2 ) 2 O.J It remains to

establish (3). Now from (2), (1), and B.2.2. eq. (1), we havs
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A0
Sl - ]
1 0 c-pulB

8o that

W' Ll owoe w® AuE . e (C-E'A-IB) whe |

Now, by F.2.3 eq. (8'"), we may take A as negative definite, and

hence, to establish (3), it will suffice to show that

21) >
15) ven <O 1f wes 40, St o.

(4) <5 west (C-B'A°

This is done in B.2.6 after an auxiliary result is obtained ir B.2.5.
B.2.5. It will now be shown that the norn25 of A-l can be made arbitrarily
small by choosing ') sufficiently large.

D-1 is a diagonal matrix whose non-zero elements approach szero for ‘k
large; hence N(D'l) can be made artitrarily small for n large. Then
l(D-lF) S N(D~1) N(P) approaches 0. For ) sufficiently large, N(D-lF) < 1
it follows that26

N f(o’lr‘-x)'lj <« 1.
U 1-N(D™'P)
3ince

AeF-0D=0D(DP1),

25, It does not matter which of the many norms is used; cf. Bowke [6].
Note that, dengting by N(X) the norm of the matrix X, we have (A+B) & N(A)
+ N(B), NZAB) 2 N(A) N(E); if all the elements of a matrix approach 0, so
does its norm. If 1 denotes the identity matrix, N(I) = 1.

26, Waugh 7 , p. lLB}. Let B be a square matrix such that I-B is non-
singular. In view of the identity
(1-8)-1"e 1 » (I-8)71B
the properties of the norm yle.d < )
N[(1-8)-1] S 1 « N[(1-B)~}]N(B)
which, for N(B) < 1, ylelds

N[(I-B)-l] s T:%T§7 c
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{1t follows that ATt e o lrenyiptt
-1
- <) - \ N(D
and Fence N(A1)<‘N(DI)NL(D lpop)~t] ——-L-—lL
© 1-N(D™YF)

whicr can be made arbitrarily small for Yz laryge.
B.2.t. Clonsider now the jquadratic form . in B.2.4 e,. (4). By b.2.2

ard E.2.3 ey. (3),

* " \ftm" \{’VHLQG *

Hence

Thie third regularity cordition 3/ (D.197}) implies
(1) weer Cwee <0 1f  wes 40, wi2l) 50,

As shown in B.2.5,
N(B'A™1B) < N(B') N(A™') N(B) = N(a71) EN(B)}z
can te made arbitrarily small by choosing a large enough rl . Now

| weerpia~lpwes | SN(BIAT E) weeruee |
since the characteristic roo's of a matrix are bounded in absolute value
by its norm.

Also, denoting by/(,( the maximum of wh##! we#® gub jgct to wittyes & ]
'(21) = o,
we l.ave
(3) wHs10yee :‘/qvn'u"
and, by (1),

(&) 2 < 0.
with the ald of (2),

(o WBWTIB) | westwee i wee 4o, w

(5) S kS

By choosing ' sulficiently large, so that
(6) «+ N(B'A™IB) < 0,
we estabtlisn B.2.4 e3. (4) wnich, in turmn, ylelds B.2.4 eg. (3), B.2.1

eq. (3), (1I1I.1), and hence Theorem 3.
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111. “ame-Theoretical and Economic Interpretation of the Modified lLagrangian

Approach.

I11.1. Heasors for lUsirg the Modified lLagrangian Approach

The obvious incentive for using the modified Lagrangian approach
({.a., using ,76 witl a suitably large 1 instead of ' oﬂ) arises in
cases where the convexity hypotheses of Theorem 3 §. [l] are not satisfied.
However, even when @ doss have a saddle-point, it may be preferable to use
vhe modified lagrangian approach (M with some positive components). Such
is t'e case when certain gradient procedures for reaching the saddle-point
are to be used (cf. {}]) and it is essential that the matrix '\axl I be
negative definite. The latter condition would not, for instance, :o satis-
fied by the unmodified Lagrargian expression ( @) in the linear case (i.e.,
where both f(x) and g(x) are linear in x), although the convexity conditions

27
of Theorem 3 in [1] are satisfied and a saddle-point does exist.

I11.2. Same Interpretation

wlenever ,1¢ possesses a saddle-pcint, a game analogous to 50 in 1.3
may te set up, with \Q replacing f. Tris game may be deroted by g(,\ﬂ).
learing in mind tne local nature of tre theorems in I1I, g(,tﬁ) still has
t!ea important property X = Qﬁ

Similarly, an analogue of ga may be constructed by using the appropriate

terms of ’lﬂ instead of those of @. The economic interpretation of such a

game, as well as the analogue of g;f (4n I.6) w1ll te considered in II1I1.3.

27. Tre gradient methods of the type Jescribed in [3] result in constant
amplitude oscillations (rather than convergence) when applied to the unmodi-
fled Lagrangiar expression for the linear case. Cf. Samuelson, [Q], pp. 17-
22. The desire to remedy this motivated the present work to a considerable
extent.
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I11.3 Economic Interpretation: Decentralization

Consider first the analogue of the allocation game ga‘ (ere XS ) 4n
the modified Lagrangian approach. If the expressions derived {rom ,7¢ are
substituted for those derived from @, the nature of tte game is altered in
only ore essential respect: the terms on which the custodian sells primary
commodities to the manager. It is easily seen tnat the selling price (per
unit) of the m=th primary cowmmodity i{s now given ty y.[hm(xi]q c.

The dependence of the price on the amount purchasei is a familiar
phenomenon in the eccnomics of "imperfec'" competition. There it typically
arises under condi{tions of "increasing returns" corresjonding to those
where the convexdty conditicns of Theorem : {n [IJ fail to hold; {t also
arises under conditiors of "constant returns”™ corresponding to the linear
homogeneous case (cf. e3.(17) in 1.6) where a saddle-point exists but
°BXIXI is not negative-definite. These facts suggested initially the
possibility of the modified Lagrangian approac!.

There are a number of analogues of egquations 1.6 (14=15). One

exazple is the following:

y
(1) ,177‘ Hx,y) = - vy by * Py tg(x), e 1,... M,
X % n M r.
(2) 2T () - p}il a, kilx,) - ;1 Po g (Xn)s n = 1,..0,N,
where

(2) Pp ® Jm Lhm(‘)])1 =

Note that Px depends on, among other things, x,, 80 tral the nth manager

nust take into account the impact of his dacisions or tte price of the

ntl primary commodity in tris decentralized economy.



P-706
7-20=55
-39
The decentraiization of the system consistes in the fact that a
custodian need only know his own (."—h component ) of h and the net demand
for that commodity (which helps determine p‘), while the nﬁb manager need

krow only the functions kg (p=1,...,p), hg(m = l,..., M), and the net

demand for his product hm(x).
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Appendl x 1.28

Let the first regularity condition ( ‘Rif; ) hold. Consider x such
29 iy

that,

| gb](;) -0 |, ngJ(;) >0
(1

|

3 0
arnd x such trat

E[l](l‘;) 2 0 ’
(2) K
(2)  -(2)
X

- X >0 .

Defire now the functiorn g’ of x by

} t
() g!(x) -{g (x), x*=, xu}
where x** {s defined in II.'.4.D.
bssuning g° to be empty (cf. I11.3.4.C), g’, like x, has N dimenaions.]

It follows that

r t t t -
KX‘ ‘x” SXIII
§ .
(4) 8, 0 T 0
0 ¢ I
ki
and hence
- -t
(5) |7 | =[] 40

Consider now t'.e relation which associates witnh a4 real numberg the

values x of x for which the equation

(6) (%) = " (%)« ag! (x-X)

28. This appendix parallels Lemma "6.1, in Bliss [11].

29. In this appendix all inequalities are ‘o ba interpreted in the
sanse of (N.l.L).



P-706
7-20-55
TR

{s satisfied. Ii virtue of the implicit function theorem, for sufficlently

small values of ¢ (6) defines x as a (sirgle-valued) differentiable function

of q, say
(7) ;' Vl(d) ’
sucl. tlat
(8) T, ) -x

Differentiating (6) with respect to a and setting a = O, we have

(9) 10 -8 ()

and her.ce, because of (5),

(10) f';(o) - X-X.

We sha.l now show that

(11) ?&(a)e :8 for a >0, a sufficiently small.

By (6), (1), (2)

(12) gt(;) -q Ri (x-x) >0 for a>0.

It follows that
(13) gl-l] (x) >0 for g >O0.

which together with

]
(

(14) ng]t*l(l)] >0 fora sufficiently small,

yields

(15) £ Lfl (a)} >0 for @ >0 sufficiently small.
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(1)

Now, since x* {s a subvector of x , x(z) i{s a subvector of {x", xn},

hence (2) and (6) imply
(16) ;(2) - ty1(2) (a) = 7(2) +a \1(2) - ;(2)) > 0 fora >0

which, together with

(17) ;(l) . ?l(l) (@) >0 for a sufficiently amall
ylelds
(18) qjl (@) >0 fora >0, a sufficiently small.

In turn, (15) and (18) yield (1l1).
Now let us interpret " g sufficiently small” as O <@ < A where

A> 0O and define the function */ by

(19) V@) - ¥, (x0) foralloco<l.
Then

Y (0) =%
(20) ¥'(0) = 2 ¥ ](0) = & (x=) (x> 0)

‘fJ(O)eCG for 0< Q<1

Since (20) are precisely tle requirements of C. ., it has been shown that

E:E;7 impiies C.4.
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Appendix 25

We shall now show that, if the first two regularity conditions hold
and i{s a neighborhood of ;, { and g are assumed to possess continuous
derivatives of second order with regard to xI, (D.18) is valid.

Let x** be non-empty. Then, writing

-1) t* = he(x) « 1 (a vector l's),
(1)

-() Z" .;H ,

we have, using Taylor's theores,

(2) a(te, tee) - q(Te, Twe) 03 - (oo - Tov)

(Loe - rew)

N

where ' ' over a symzbol denotes the evaluation at t e Z, while '~ ! over
a symbol denotes evaluation at t -’Z,'? -t + 0 (tee - Z"), 0 <@ <C1l.

Now suppose it has been shown that (a) q(t®, t#*), has, as a function of

(21)

t*#  gublect to the constraint t >0, a local maximum at t** = €-¢,

and (b) ;t" e« 0., Prom (a) it follows that, in a sufficiently small

(21)

neighborhood, the left member of (2) is non-positive if t > 0. But

then, using (b), we see that the quadratic form in the right member of

(2) s non-positive. G5ince, by hypothesis, Gy ey 0o is a cortinuous
(21)

function of t**, we have, for t >0, and i{n a sufficiently small

reighborhood of t,

(2) (L0 = T0) 3 reiee (1% - 1%9) <O

which is the desired result (D.18). Hence it remains to prove (a) and

(v).
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(a) q(ve, <®#) .8 n3 5 function _f '*°, subject to t ' > ', . loca]

maximun at t&® - tee,

It foliows from the remarks at the teginning of I1.3.4.C that f(xI,O),
as a function of xl, nas a local maximum at Xt e ;I, subject to the
cor.straints

gt(xl, 0) = U

(a)

Herce, the sublec’. to the same constraints, 3(t) has a local maximum
at t. Now we must distinguish the two ways irn which the ™milder™ (C.8!)
second regularity condition ( '\5)7 ) may te satisfled.
v _ -t
(1) OQI (xI, yt) has a non-negative saddle-pnirnt at (xl, y ). lie.,
locally, since y° = O bty (C.6'™),
[4 r I T I 2 ,-/_I s —I
(¢) F(x?,0) ¢ y* « g*(x*,0) < £{x*,0) » y* « g#(x",0))
for all x} suzh that x(zl) > 0.
But g'(;l, 0) = O tecause of (4), and g'(xI,O) in tne left member
of () vanishes for t* = t®, Hence (5) yielis, locally and for ¢ (21) >0,
(6) f(re(te, voe), tes 0) < r(re(Le, tee), tes 0)
which means precisely that 4(?', +#%) has a local maximum at t®® sublect
oniy to t(zl) > 0.
(2) g° is empy.
Ir this case (L) {9 ejuivalent tc

-1) g (x, 0) =0

-2) x(zl) > 0

But (7-1) is necessarily satisfinsd if t® = t* and hence can be
disregardei. 3ince g(t) was seen to :ave a local maximum at v subject

to (L), 1* follows tiat 3(t®, t%%) will have a local maximum at L&

(21)

sublect only to t > 0.
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(b) (—]‘t" - 0.
We fave
(8) Qpee = F o0 0T -

we now evaluate the three expressions on the right-hand side of (8).

We start with ;f.'. Noting that

(9) g*1 re (e, vee), t"]. o} =0 for all tee,

[,
we obtain by differentiation with respect to t**, ueing (D.9-1) and(D.16),
and evailuating at t = {,

;Q OE’ -O

e
(10) ‘X’ ¢ e t #e

ir. virtue of (C.10) (\\$/7) this can be solved yielding

- - L el
(11) reee = -(82,) 8, -
.’ 3 ’ I
To find f_, {x", we write the condition that o’ a°" 0 (eq. (C.k=1))

{n the form
r 08;'y'-o

u?‘x,,,,»E;:M;«»-o.

(The terms irvolving g° vanish, of course.)
Substituting (12) and (11) into (8), we have
- - r - -l- }

Tpee = (7 ER,) ¢ (70 g2) -(g2) T et

S AR SR

« 0.

This completes tne proof of (D.18).
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