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I .1. The ueual appl t cations of t he met hod or Lagrangian multipliers, u.ed in 

locating constrained extrema (eay maxima), i nvolve t he setting up of the 

Lagraneiap !Xfrepsion 

(l) ¢(x,y) • r(x) • y' g{x) 

where r(x) b bei ng (say) maximized wi t h respect to the (vector) variable !• 

subject to t he constrai nt (vector) g(x) • 0 an 1 is t he Lagrange multiplier 

(vector). 2 

The eesmtial a t of t e customary procedure is t e aolution for ;!, ae 

well ae L ot t he pair of {vect or) eC'IUat ons,J 

( . 2) (x ) • 0. 

et ( ~,y ) b t sol ut on of e a t ion ( ) , 

o g(x) • 0 . en , under sui tabl e re t r i ctiona, 

( ) • 

1. e aut hor s wi sh o 
mos t of thi· wor k was ne, 

upport an a .u is t ance. 

i.allk Tn RAND Cor porat i on, under w~oae auapices 
t he Of fi ce o! t'aval Resea rch f or additiona.l 

' · x · { "-l, ····xN}• Y · {n·····YM} · { } indicate• a colUIS'l 

vector. The pri e i n i ca tes trans posit on; t us y' 1 a row vector. a(x) 
M ps t he point :s of t he . ens i o al x-s a.ce int o an M imenlional •pace; 
we have 

"g(x ) • { 1 (x ) , ••• ,BH(x )}. 

J . ~(x,J) • {~~~Y >, .... ~~.z>} 
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I . 2. In [ 1 ) Kuhn and Tucker treat t he relat problem of rnuimhin« t(x) 

subject t o the constrainta4•5 (x) ~ 0, x ~ 0. Thi s problem inclu es, by a 

suitable reformulat~ on, t e case of zing r subJect t o both eaual1t1es 

and ineoualities, since ( bein re&l-valu ) e e uali t y mCx) or:: 0 i s 

eouivalent to t e pair of i n nualiths (x) > 0 , -r.n(x) ~ o. The case where 

component. Xn of ! 11 unrestrict a to sign can also b nandl vi thin 

this tramewrk t hrough a replac ent of Xn by t e di fference Xnl-Xn? "'here 

the t~ new variabl es Xnl•Xn? are re r t o be non-ne ative. (ln later 

sections of thia paper we shall treat i recUy t 

r(x ) is to be maximi& subject t o (l)(x ) ~ o, 

not restrict as t o sign, x - x l1] , x[] }·) 

e cla s of situations where 

( 2)(x) - 0 , (lJ~ 0 , >,[ ~] 

Denote ~ C t he set of all ! s t i s n th e constraint (x ) ~ 0 , x ~ 0 . 

'nle tolloving wo result s a.re of fund e t al importance n what rollowe . 

eor 1. ) Let£ atisf7 t e toll 

straint lificati on , here abbr~tiat .• ,.. ) • 6 .s c. • . 

ot C't , and l satisfies the relatio.ls 

< .o•) ~(x-x) ~ o , 

on (call Con­

If ~i s a boundary point 

4. For an rb t rary K-dimensional vec t or a - •l,a,, ••• ,ar.} t he re. ati on 
> > a • 0 is here defin to mean ak 0 for k • 1, 2, ••• ,K. (Another efinit .on 

of such vectorial i neoual itiea, pe t i n r -eater general ty of treatment , 
will ~ ua . below. ) a> 0 m e > 0 fork - l,?, ••• ,K. 

~~ ln [1] our ! and & are rea c tivel~ 11tl"itt en aa g and !· The symbol 
in L lJ tor t he Larange multiplier (our zJ 1s 1!· 

. [1, p. 483 • Thi restri cti on "is esi gn to rule out singularities 
on the boundary o t he constraint set, such as an outwa - pointing 'cuap'." 
lt should be not , hov.ver, t hat (becaus~ of (4.0') ) C •• is a propert y of 
g, not merely ot Cg• Thus g(x) .: - (x-1 ) , ! one-dimensional, lacks c. r ., 
while g{x) .; - (x-1), wit e same C , does nave i t . 
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where "-" over a e,..bol de\otM ita evaluation at x • 'i',p~•,/}, t' • O, 

-~ r a b1 ...,.. 0 ~ 0 8 > 0, x • \X ,x J, x > , x • , then there aiets a di!!ermt.iable vector-

vai.u !unction r or t he real vari able Q vhose domain h the clo .. d intenal 

( 0,1) and tne range icl in C , 1. e. , x - tf ( Q), such that 'Y ( 0) • x and '(t ( 0) • 

A(x-i) tor some positive scalar ~ 

Under t is condi tion, i t all derivative• us below cxiwt and 1! i maxi­

mise• !(x) tor x~C , there exists y sat s!ying the conditions 

whoro Jx • { ~· • • • ,BfA!;• l} and 117 • { Bf~y), .. •, ~} are partial 

(vector) erivat ives or the Lagrangian expression (1) evaluat. at (i,7). 

B. C[l). Theorem ) .} It the hypotheses specified in (A) old and, in addi-

t i on, t e rune ioos r(x), 'x , • l, ••• ,M are concave, there exiets a 

pai r (x,y ), 9 tisryin COnditions (4) , Ch that (x ,y} i l a noo-neeat1Ye 

saddle-point (NNSP) of ~(x,y), i . e., 

( ) - < -- < - > ~ ~(x,y ) • ~(x,y) • ~(x ,y ) for all x • O, y ~ 0; 

furthermore, any N!CSP {'x,7) ot ~(x,y) aa the property that~ DIIXbhes 

t (x) i n Cg• 

?. A runction f(x) i s sa o be concave if 

(l~)f(x0 ) + Qf(x).S t[{l~)x0 + Qx] 

[
or all 0 ~ gf.<l and all x 0 and ! in t he re on where !(x) i s defin • See 
1, PP • 10-ll • 

P. Acco in to Lemma 1 [1], conditions (4) are implied by (5) re ard-
1 ss of t he nature of ~(x, y ), i .e., even 1! ~(x,y) i s no! given by (1). 
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I. • Gyae interpntation. The result contained in (B) above can be inter-

pret in the language o! t he t heory of ames. It states t hat it i s possible 

to set up a two-person Eero-.um game ere t he maximiEin player controls 

x ~ 0 'While the mi.nimiain pla er cont r ols ~ 0 and t e payoff to t he maxi ­

mising plarer \ s giYen by ~(x,y) • f(x) + y' (x ). Mix strate i es are 

rega.rded as exeluded . (B) 1m 11 e tt.at 
I' 

e s olu i on x of the constrain . 

maxi m.i sation problem c be obta as &n o t i mal s rategy9 x of t he maxi -

misi.n player 1n ~: t'urt ennore, any optimal rat gy x of t e imiz ng 

player in ~ has the property x 
I' 

• x . ill be not t a t e corres onding 

opt11118.1. strategy y of the min d ng pl y r el s t he Lagran an I!Ul.tiplier 

tor t he constrain 

1.1.. Alt!J"Q!tiYe game interpretation . Let[ be a given (vee or ) coneta.nt 

and efine (x) by 

(7) (x) • J - g(x) . 

Then t he Lagra.n an expression (1) becomes 

( ) ~(x,y) • !'(x) • y•[f- h(x)J. 

I is now os sible to se t p a two- per son ame ~ (which is not necee­

nrily sero-s ) 'Where t h payoff fun c t o . of t he x-player is 

(9) r?(x,y) - r (x ) - y' h(x) 

9. 
person 
of t he 

A r or strategies (x,y) is sai d to be optimal in a uro-sum two­
game i f i € X, y ~ Y where X,Y, are the respecti ve s t ra tegy do~Ains 
two players and the relAtion 

P(x,7> S P(x,7) S P(x ,y) 
~ 

f or all x ~ X, y 4 T 

hol ds , where P(x,y) is t he payoff runction of t e maximi zin x- l ayer. 



while t he payoff function of t e y-player is 

(10) 

* 
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With reference t o 8¢• t e result of (B) above i mplies that the eolution 

'i of t • con1trained maximization problem can be obtained as an opti111al 

10 - • 
strat e«Y X Of t he X-pla,.r i n !¢• 

b before, any optimal i strategy of t he x-pl ayer hae t he property 

X - ~. Al.eo, t he optimal strstegr or t he y-pl.ayer, ;, gi.Yes the LaaraJl8e 

multi pli er of the lAgrange probl•. 

! .5. f&onomic interpret a tion. The economic i nterpretation or (B), u 

s u est by he aut or s of (1] , can best be etated i n relati on t o t he game 

~· Le t x ( by e r i nit ' on non-ne a tive) be the acti vitzlevel vee or (ct. 

oop:lans, [ 2) ) • I n erpr e J as t he available (vee t or) amount of primary 

cocmodi t i es wh le z h(x ) i t he (vector) amoun act ual..ly us t.'<i . Denote bf 

v - "l• .. • , v } t e s i red c Olll!lod i y output (vee or). We have v .a k(x) • 

{kl ( ). ••• , kp(x >} . Fi nally , as wn ( for t he sake or implici ty) that t he 

ut ity fun c t · on is l in r i n t he components of y, say u(v ) - £ a pv p • a'v 
fAl 

10. · s in he concep ropos by ash , opt i mali ty in an N-person game 
l e r i n . as roll~ . Wr i e ~ for t he s t rategy of t he n-th player, 

~E. ' ( .e., X f. ) ; let X • {x1 ,••••xw} and 

x )n ( •• x , ••• ·~-l ·~•l, ... , x } • Deno t he payoff function of t he n-th 

playe by Pn(~ ,x)n() • Ten ; ,x i sa i d t o be an eouil i brium point or the 

game an t e com onents of i optimal 1! 

P0 (Xy, ,~ ) ( ) • l!IAX Pn(Xn ,X)n<} f o'!t n • l, ••• , N. 

X E X 
n n 

I "· 1 be not t hat t he saddl e- point defini tion or optimality for a tl«>-
er son zer o-sum e ( 3ee prec i n f oot note ) i s a s peci al case of the 
r es an ( a s ) def i niti on . 
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wlth a-(at...,  a\,    D«flne f(x) - u(v) whtr« ▼ !• * function of x, 

(U) f(x) -    Z   apkn(x) - a»k(x)( 

P-l        P 

Than th« probl«i of oMixlmlsinf utilltj with regard to the activity leT«lt 

■ubjaot to arallability of th« required primary coanoditie«, require«  -he 

■axiidtation of f(x) «ubj«ct to x > 0, f(x) > 0 where g(x)  i« obtained 

fro«   j   and h(x) according to (7). 

Th« "allocation game" g^  (cf.  loopaan«,   L2j  it played by thre« 

p«r«on8:    th« heLsaman, th« aanagert and the custodian.    The h«l—an 

•«ts  (once and for all) the desired coModity price rector a;  h« also 

•«11s to th« custodian th« availabl« aaount /of th« priaary coonoditles. 

The custodian sets th« price rector of the primary coaseodities j[.    He 

purchases f fro« the helmsaan at this price and sells an aaount £ to the 

■anager at the s—e price.    The nanajger purchases z from the custodian, 

determines the l«r«l of activity x which will Just use up t, produces 

the «mount r of desired connodities and sells this to the helmsman at the 

present price a. 

While three persons appear in the description of g .  ,  the role of 

the helmsman is purely auxiliary (equivalent to formulating certain rules 

of the game).    Hence we shall regard this game as a two-person game,  the 

two players being the manager (controlling x) and the custodian  (controlling 

j).    The payoff functions for each are given by the net profit on the 

transactions undertaken.    'Hie revenue and cost of the two players may be 

presented in a tabular form: 

Manager 

Custodian 

revenue cost 

f(x) -a'Kx) T'hU) 

y,h(x) *'/ 
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CleArlj «2. is A «pecUl CA»e of gj for ih« f(x) tp^lfl«! by (11).    H«oc« 

a solution of fg. will hAT« th« prop«rtl«s d«acrlb«d in 1.4 iBpli«d by (I), 

In pArticulAT, th« »ctirity !•▼•! nuciBitinc th« ■ftnAf«r*s profit« will 

«I«o Müdmie« th« utility function «ubj^ct to th« anilAbility of prianry 

eoonoditi««. 

1.6. D«c«ntrAlix«tion. A CAI« of particulAr int«r«st arie«« wh«n 

«dditirlty holds, rit. 

N  n 
(12) kpU) - Z    k U) p - 1.2,....P 

n-1 

N n. 
h^x) - I hB(xh)        m - 1,2....^ 

n-1 

(nLin««r programing" is a spaeial oas« of (12) with 

(13) _     ty^'Jfn P-1.2 f 

"^»•Y^ .-1.2,...Jt 

where ^     and^     are constants.) 
P ■ 

•0 
When (12) holds a d«c«ntrallt«d allocation gaa« g^. mAJ b« obtained 

fro» g.    as follows.     Each component of 2 i* now controll«d by a separate 

custodian who deals in only one primary conaodity and whose payoff function 

is given by 

M      _ 
(U) ^7«(x.y) - - yB(fii -   I    Vxn)) .-1,2,...^. 

n-l 

Similarly each oomponent of x is controlled by a separate Manager who 

is in charge of one plant only and whose payoff function is given by 

P M 
(15)       ^Si(x.y) •   T    o    kj(x ) -   2    yX(xn) n - lf2....,N. 

p-1    p    F wl 
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An before,  l; «se payoff  furctions may be irterpr«tel as net jirnflts on 

the transactions ur.iertaken by the custodians nnd nar.ftfers. 

It is again true that the op-tirr*!  (for definition,  see  footnct^ in 

I,/* above)  strategies (xiy)  of the (N ♦ M) - oerson non-zero-^mr gaj« gw^ 

are such  that x » x and y is  the Lagrangian multiplier. 

II.    A Mo-ilfle-i Lagrangian  Approach. 

II.1.     Pecnuse of tr.e interesting ga/no theoretical and econor-lc  ir.pllcf.- 

tions of the TVieore^, in  (B),   I.? above (some of which the authors will 

study elsewhere),  the nuestion arises as to the possibility o' sinilfir 

results  -.hen sone of the conditions of the theorem are relaxed. 

It  turns out  that  rejults  of sue!' nature can be obtained,   though not. 

withofut   lo^e s'^crif:cf»".    The relftxation 1"  primarily with  regarJ  t;   th«" 

convexity assurr.;.ti ons *hick'.  fail to hold  in ^ome important econorrlc appli- 

cations  (the case of "Incroajing returns").    Tr.e main  «-acri fie-s are 

these:     the Larran,Tian eyjjression is modified an!  tve results ar^ proved 

only locally. 

The results ar^ ^resented  below in the form of  three theore:\s,    .Totr.e 

rejiarks  concerning the Interpretation of results are contained   in III  below, 

Theore-, 1 is auxiliary  In nature;  Theorems  '   and   1  together Imply 

the existence of a local  aon-negativt  saddle-point  for the ir.odifled 

L-agrmngi ^n axpr^sV.on.    Theore-   •   shows  tiiia  saddle-p^oint   to be of the 

type leading to convergw.ce  in gradient  procedures   Jescribed  by the 

authors  in  ["j• 

The notation   liffers  In soute   !ct.ail from that introduce«:  in I 

above.     To  facilitate rea'lr.g soj.e notational  rrinc::le8,   rr'.nclples 

ure «tatetj  in  II..''.1 ;in :  the  TAin  lyrXo^e   jser  ^re liste,   in  r.;   HI 1     .   . 
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11.2.1.    3o— Princlplgt of Hoftlon.    A E-<ll««ntlonAl coluan Ttctor 

'|*l»*2»*'»»ARr i* denotad bj a; dla a denot«« the mabw of coapontnt« in *. 

If A la a •atrlx, A* !• its trantpot«.    H«nc«, in particular, a* is a row 
K 

vector and a'b ■ £ a^b. is the inner product of the ▼ectors a and b; a.b k-l    * * * - 
is an altematire, and soffletiaes acre ccnrenient, notation for a*b. 

I*!»*?»*** »*il   la th* finit# (unordered) set whose eleaants are 

•l»*2»*••••»•    A ~B is the set of all elements in A but not in B (the 

set-theoretic difference). 

■I x|Px r denotes the set of all x possessing the property P .    If 

c(a) --[c1(a),c2(a)t...,cI>(a)j, 

a ■-^a^aj,» •• »a^y, 

a B ca(Ä) "I'-S?!!.        P " l»2#.e.,P;      k - 1,2,...,1 . 

then 

c 

c, c    denote, respectively, c(a) and c  (a) ■ c    evaluated at a - a. 

If ^(ajb) is a real-valued (scalar) function of the vectors 

* " {Al»42»«"»*|} b " {bi»b2',,,»bR} » 

then 

Kw "ll  T—VW   '      k.l.2,...#I;      r-1.2,....B. 

Y .   denotes Y    evaluated at (a, b). 

Sf- (x0) • |x|d(x,x0) - r|where d(x»,xw) denotes the Euclidean distance 

between x* and x*. 



P-706 
7-20-55 
-10- 

11.2.2.    3o— 3ybol» U|gd. 

(M.l.l)      x - |x1,x2l...,x1||. 

Z      It th« luclidwin i-spAce of th« x's. 

/^-    1,2,...,11  . 

/i      is * fixed (potaibly ««pty, not nscosftrilj proper) «ubset 

of/V.    (At will b« tttn in (V.l.4) below, the eleaentt of 

J]     tre the indicet of the    coaponentt of x^tt defined 

in the firtt ptre^rftph of 1.2.) 

(B.1.2)      t - - *1»22',,,»*KJ * 

Z      it the Buclideftn M-tptoe of the £ft. 

c/^-    [l,2,...,*   . 

IJL      it ft fixed (postibly eaptj, not neceteftrily proper) tubtet 

of . Y.    (it will be teen fron (».1.4),   (11.2),  (N.3) below, 

the elwentt of .%-   tre the indices of the conponentt of 

f^   ' tt defined in the first pertgreph of 1.2;   the elenentt 

ofl^Y,* tre the indicet of g^2'  (cf.  ibid.);  g will be 

defined tt |g(l),  l(2)M 

(«.1.3)      7 "{71.72»«*«»y|i}' 

T      it the Buclideftn M-epece of the j^*** 

(   I it the sptce of the reftl-rtlued lineftr  functions on Z. 

Iren in the Buclideftn cftte it it convonlant to distinguith 

betw««r the two,   tince our definitione of non-negttirlty in 

the two tpfteet differ.) 

(1.1.4)      x-0      aeftna i Si " 0      f^r      nt^*. 

n 

it the set of til x ^ 0. 

x unrestricted et to tign for n^y. 
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x ^ 0     u—n* S ' 0      f or     ■ ^ ^ • 

*  t_ - 0      for      ■ 4 /i!. 

> > u' 
y • 0     ««An« ! y« " 0      for      mt       ' 

1 y    anr«itrlct«(l At to §ign for ■ ^«^6 . 

Por any ▼•ctor A - \ A, ^f •• »*k[ » 

» • 0      KAAns      A^ - 0, A2 a 0,...,^ - 0; 

a > 0      meAns      A^ > 0, A2 > 0 tg > 0; 

a < 0     ««Ana    -«    > 0 . J 

(N.2.1)      »g    is A function on I4 to Z.    H«nc« 

»«(x) • l^iCx),   ,g2(x),....,«M(x))   wh.r« th« »g^, •.. ^ AT« 

rAAl-TAluAd fvnctiona. 

(Bl.2.2)      We »hAll find it coQT«\i«it to work with goo« of th« «f^, ■ t ► t-, 

rtplAC«d by th«ir ntgAtiTss. 

Mor© precisely, we write 

»^      if      mi/t^/C 

-'^      if      ut-^t, 

where /t    .-./i ^ ^ is defined in II.3.4C below. 

« " ,81.«2»,,,,gH) * 

Note.  Since/t,   .^t^'t »  it i« seen thAt the condition» 

•g(x)^0,  g(x)^0 

Are equivalent.  For prActlcal purposes, one could consider the 

problem as ^iyen directly in terms of £, rather than *g. We 

stArt with *£, howerer, in order to aroid the iapression of a 

loss of generality in connection with the assumptions of II.l.^.C. 



(■.3) 

(M.4) 

(M.5) 

{N.6) 

(M.-1) 

(«.3) 
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C    -jlx|»«(x)^0,    x^o] »   |i|g(x) ^0.    x-0} 

(th« "constrdnt •etn). 

f      1« « reftl-vftluad  function on I    (tha'^tAximand"). 

Or    -'X'IX^C ftnd       f(x) • fU»)       for all    x t C   K 

(th«  "optiMJ.  8•t,,). 

x - ^x'1^,  x^2^  l   wh«re 

,' - ihe  8«t  of  indices of the co«ponerit8 of x      ,  i  ■ 1,2 

n *■   » 

r. t   i 

/AD 

(2) 

if      ai  % or      n» ^v aoid      x    >0 | n 
/ * if      n<-    < and      K< m ® 

for a given xt 0.      and  either component nay  be  empty. 

Mote 1.    When a vector ft  ie pftrtitioned into two aubvectors,  »ay 

ft   -       ftO.ft»»1 

ftnd we »aj  thftt  ft» (or:   a**)  is  empty,  this aeans  that 

ft - A**  (or:  ft - ft#). 

Mote 2.    The above  partitioning of the vector  x obviouely depende 

on the point  x  in 0.    chosen.     The  same is true of  the 

partitioning in   (N.7) below and of various subsequent 

partltionlngs of x ftnd £.    It  is understood thftt all 

these partitioaings refer to the  same  choice of x,  and 

that  x,  once chosen,  regains  fixed. 

g 

where 

i 1 *   V 

g'-^x) - 0,      * 2)ü) >0 

and  either  componexit may  be empty. 

h(x)  - l-g(x) 

where  1  denotes  the M-dimenslonal  vector  with  I's as components; 

ij 
i-Ä 

* 
,   1   -   i,2. 
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(N.9)        .      PB(x) - l-^x)] .4^. 
(■ 

(M.IO) ^     -1 li» r12.'-.>iM}« 

(N.ll) >,p(*)  -^1p1(x),   '(^(x),..., ^„pd)}. 

(N.12) r;0(x.y) - f(x) ♦ y,(rlp(x))      (th« »^Dodlfi^d U«r»nglftn «xprwtlon"). 

II.3«1.1.    A a«formLLfctlon of luhn-Tucker Thgong 1. 

TMf •light ganer&iixation of Th*or«B 1 in   ll, p. i*Si*]   is n««d«d h*r« 

because of th« BMning of tnsqxialltlss giran in  (1.1.4).      Th« possibility 

T  1 11 of this type of generslitstlon is indlc*t«d  in   [1,  Sec.  8,  pp.  491-2  .i 

We shall say th*t £ satisfies the Constraint qualification (C.^.) at 

x, if the requirenents of the definition in I.2.A are satisfied with the 

inequalities  (4.0)  in 1.2.A interpreted in the sense of  (1.1.4).    0(x»y) is 

given by  (1)  in 1.1.     (It is isnaterial whether g or  'g is used.) 

Theorec. 

If f and £ are differentiatle, xtO^    and g satisfies C.^.  at x, then 

there exists a yiT  such that 

7-0;    ? 'y • 0;    I 'y - 0        for all     y • 0; 

I - 0;    ?  'x - 0;    |w-x - 0        for all      x - 0 R x 
- 0;    ?  'x - 0;    ?x-x - 0 

Mote that,  by rlrtue of the definitions in II.2.2,  this Mans that 

^^0      if      ■t^'.i     -0      if      «f    Y'.lxjj-O      if      ni 4^\ 
y. 

^_    - 0      if      n4   Y The other inequalities of the theor« are also to 

be interpreted  in the  sense of  (11.1.4).] 

11.     See also Hurwici,    9,  pp.   VIII  -  2-6!. 
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II. 3.1.2.    Thtorg 1. 

12 f 1 Definition.        An M-diaensionAl vtctor ^   " S 'M » *7 2»« • • »yl gf i» •*^d to b« 

aco«pt4ble If, for «»ch u * "'i ,  (1)^-0, and  (2) ^      Is an «T« intagar 

if h.ü) < -1. 

T^aoreg. 

If,   for «OB«   r   > 0,   x i J-. (x), x t 0r   ,   f and £ ar« dlffsrantiabl«, 

and £ »atitfiss C.^.  at  xt  thai.,  for any accaptabl« r(   ,  ther« «xiats a 

vector y " y( ^ ) «uch that 
13 

d.i»)     n1x.x < 

Cl.l")        r^ I .x - 0; 

(I.I«")      1-0; 

for all      x - 0; 

(1.2»)        ^l.y-0 for all     y • 0; 

(1.2") -(3 .y - 0; 

(1.2'*)      y - 0. 

(Tha relations  (I)  are necessary conditions  for a nonnegatlTe  (in the 

sense of  («.1.4))  saddle-point of   - 0(x,y)  at   (x,y).) 

In particular,  the  relations  (I)  are satisfied  if one selects y • jin) 

•uch that 

(1.3») (!♦ 7.^(7 )- 7a(0) for all       m^     L{. 

12. In many applied probleaa, hB(x)  - 0 for all B and all x ^ 0.     It 
was pointed out by Dr. Masao Fukuoka that,  in the absence of such an asauap- 
tion,  the requirement of non-negativity of the components of  r'    is  insuffi- 
cient  for the proof of  the tneore«. 

13. The bar over 0 denotes  eraluatlon at x • x,  y ■ y( >;). 

U.     yB(0) - y in iuhn-Tucker Theoram 1   (cf.   II.3.1.1). 
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If th«  ••lection !• mad« in accordance with  (1.3*)»  th« •qualitj 

will hold,     (^(x.y) i»   r7 0(x,y) with    n - 0;  thi« i« obrioualj th^ 

0(x>y)  in  (1) of 1.1.) 

Proof. 

for     n  m 0, th« pr«c»din^ theor«« follow» directly fro» th» r^forau- 

lated  v«r»ion of  th« Kuhn-Tucker  7h«or«» 1 giran in II.3.1.1.    TYJU« thar« 

«rists a vactor 

(1») 7(0)  -{ ^(0), y2(0)..... JM(0)} 

with the  required propartlea. 

Consider now th« case      n 4 0.     We shall  show that y(>' ) defined by 

(1.3*),   !••.,  axpUcitly,  by 

(i-)       7.(7)-i—- V0)'       mt ^ 
i ■ 

(where yB(0)  !• that of  (!»))  »atisfi^s  the relations  (1). 

We  fir^t obeenre that   (1") yields 

(2) U  ♦   V.) ^(^ )[h1BU)]r|      -7,(0), a^'T. 

(When  h^ü)  - 1,  (2)  follow^ directly fro«  (l").     Wh«i h^ü) / 1, wa 

have Jly    -  g^U) > 0, and hence,  by  (1.2), yB(0)  - 0;   (1»)  then yield« 

yB( O - 0 and (2) follow».) 

jlnce 



N706 
7-20-55 
-16- 

(2)    Upllet 

(4) Kl^-f^»    I    7,(0) -^-". nt-T. 

Motlng that th« right m«b«r of (4) Is lentlcU with Q^. , »• conclud« 

that th« relations (1.1) hold for all fi with non-ncgatirc co«pon«nt«, sine« 

th«y ar« known to hold for   0-0. 

(1.2*)  1« «stabllshed by the fact  that  th« right Baabcr of 

(5) ^hmm ViS~x) ml'[\Sl)]*^m>      ■e^ 

!• nocwiagatir« for ■tco , t«ro formte/^   wh«n n   is accsptabla  (■•• th« 

d«finltlon aboY«)  »Inc«, for any Wit. ^Y* ^C*) " ^» An^» furth«r»or«, 

i-   - 0 If «i^   , in which cas« h^x) • 1. 

■ow suppos« that,  for SOM «Q« V^,   * 1_      > 0, 1.«., ^V,(x) < 1; than, 

by (I) for   n   - 0, y_ (0) • 0;  h«nc« y« (>? ) • 0, and,  th«r«for«, 
c «o o   C 

(6) IT_ • 7.   ( n ) - 0. 

3inc« (6) cl«arly holds in th« alt«rnatiT« ess«   ^^   - 0,   (1.2") 

follow«. 
L    0 

Finally,  (I^*'*) holds bacaus« 7M( ►   ) has th« saa« sign as y  (0) and 
L 

th« latt«r,  by  (1.2»")  for   n  - 0,  Is uon-n«gatiys if * € Jf   . 
(. 

11.3.2.    Th«or— 2. 

Ut,  for  some   ^   > 0,  x£3^(x),  x€ 0f   ,  such that  (I)  is  satlsflsd. 

Thaa 

(II) ^0(x,y)  -   70(I,y) for all      y - 0. 

For we har« 

n 0(x.j)  -   7 0(x.y) •  (y-7)   .rp-y.^p-O        fory»0 
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whtre,  sine« 

^7  '    rP   ' 

th«  second  aquftlitj follows  fro«  (1.2") and tht ln«qu4LU.ty fro« (I.21). 

II.3. J.    Moutlon. 

(M.13; x       - ^ x       , x       j 

where 

oV)-0' olx(22)<
0' 

and  either coaponent aay be tmptj, 

IU    M   \ I      I 111 

where 

(U.U.) J-i^KrW] 

II        (22) 
c      • x 

(Hther x^ or x      rmj  be  tmpty,) 

It  should be noted that,  by  (I) and  (1.13), 

(I.U**) o? T  • 0  » 
x 

n<o. 
X 

II.3-4.     Definition of a Regular Constrained 

A.    In Theresa 3 below we use the concept of a ragular constrained 

The definition of  such a ■axiia is given in II.3.41.     To state it, we snjst 

first  forwulats three regularity conditions:   \ 1/     ,  \v     »   \V    (•q** 

(B.8)   or  (CIO),   (C.8),   (D.19)). 
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B.    TT.« first fUgulArity Condition. 

Let x be A ralue n&ximisin« the function f(i) subject to  *f(x) * 0, 

x * 0, end hence else subject to 

(B.l) f(x)  - 0 
> 

x - 0 

where the inequalities ere to be interpreted in the sense of  (N.1.4). 

Fro« (11.6) end (11.7) it is clear that, for sufficiently aell 

Tarietions of x,  the constraints 

(B.2) g^(x)£o 

x^O. 

which are a part of (B.l), can be disregarded.    Hence, at x,  f(x) 

possesses a local »*T^"1» subject to 

(8.3) 

Let g    be a  eubrector Of   £ SUCil 
f  ♦     [2h 

that C. - C'g  ,g     jr and write 

(B.O -    I 
t      tt 1 

The coaponents of g    ,  unless they  produce an Inconelstency,      can 

be dlsreearded in  the process of maxlaizatlon.     (I.e.. 0-^-0     f  .      j-i-, 

If the Lagranglan snltiplier vector j       (corresponding to  the constraints 

gL  '(x)  - 0)  is partitioned according  to 

.) 

(B.5) 
_[1]      1-t-tti 
y      - i y »7   f, 

it is always possible to put 

-tt 
(B.6) - 0 , 

15.    Which cannot  happen  since  x exists. 
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and this will b« don« in what followt. 

AifUÄlnf that ths conttraintt (1.3)  ar« conaistant, w« wmj raplao« 

this by 

(B.7) g^x) - 0 

x(2)    ^0. 

Th« firtt rt^ularity condition \ 1 / is 

(B.8) 

say. 

nark   (g^CD)  - di« g1  - M1  . 

\ T 7 Wots 1.   \ 1/   corresponds to the rsquirsaant of non-dsgsnsracy in linsar 

progrsHdng (sea Dantaig, I 4»  p.   340). 

Wote 2.    \1 /  lupllea C.C»   (sea Appendix 1). 

C.    Tba Second &aguiarity Condition. 

Sine«, by (»./♦),   (11.6),  (II.U»),  (B.4), 

(C.l) gM)  - 0 

-11 
x - 0  , 

it follows that, as a function of x , 

f(xI, i11) = f(xI, 0) 
-I has at x   a local ■aTlwmi subject to the constraints 

(0.2) .jV, x") : gV, o)-o 
1 

x'^O. 

The corresponding Lagranglan expression becoaes 

(C.3) /(x1. y1) - f(xI, 0) ♦ y^g^r1, 0) 



F-706 
7-20-55 
-20- 

Usinf the r«fonBulAtlon of Iuhn-Tuck«r Th«or«i 1, flvan in II.3.1.1, *»• 

»••ert th« «xl«t«nc« of a 7^  mxch that 

(C.4) -1 -x^O -.fj-o: 

-2 
y1 - 0;    l\ - 0 . 

-t 
It Blight happen that SOB« components of y    r&nish.    Write 

(C.6») y'-iV. 7°} 

where 

(C.6*) every component of j* is different from lero 

and 

(C.6»") 7° - 0 . 

Let g    be correspondingly partitioned as 

(C.6IV) g1-!«*. g0]. 

Row suppose that Jr   (x^# 7  ) haa a non-negatire aaddle-polnt     at 

/-I -t V 
(x  ,7  ).    One can then easily verif7 th*t 

(C.7) y(xI, 7*) = tUl, 0)  ♦ 7* • gMx1. 0) 

has a non-negatltre saddle-point at  (x , y*). 

But then x1 maximiies f(xI, 0)  subject to g*(xI, 0) - 0 and 

x - 0.    Hence in this case the components of g    could hare been 

disregarded in the original maximisation problem (0^  • " 0       ( f?!!^* 
*»ig^»g      J 

Howerer,  complications might arise if  JS  (x  , y   )  did not hare a 

16.     By theorem 3 in Kuhn-Tucker,  a sufficient  condition  for this is 
that  f and g be both concave. 
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non-negatir« saddle-point *t (x , y1).    To tak« oar« of this caa«, on« 

might requlra that 

(CS1) g0 la «apty unless Jriir, j^) has a looal non-nagatlr« 

-I     —tv saddle-point at (x , y ). 

Howsrar,  to alaplify aattsrs we shall impose the seeminglgr'  stronger 

oonditlon 

(C.8J) g0 is smptj. 

It iollows that 

(C.eJ) M* » dim g* - dl« g1 5 M1. 

Let y^* ^ " /^t ^ (c'8x^ d0not# th* U9t of indicea of g*.    Clearly, 

for ae /^» n ( <>//- /V*), we »ay hare y^ < 0. 

Now suppose the preceding reasoning had been carried out in terms 

of *g instead of £.    Nothing would be changed, except, poaaibly, the 

aigns of some components of the Lagrangian multiplier, to be denoted by 

•y. 

I.e., we would hare »^ > 0 for mt . ^ # w ^ * *&<* 'l» > 0 or »y^ < 0 

for mt   /• ,( y ^/J/»),    Let/^" be defined by the reUtlon 

(C.9») i"^^* 

If and only If 

and 

•y    < 0  . 

Then, it is clear from (1.2.2) that we may put 

(C.9") jj* "  •?.      ^r      ma.^^" 

17.    Cf. II.3.6.0. 



P-706 
7-20-55 
-22- 

•o thAt 

(c•,?,") ^m > 0      for ^^      "^^Y* * 
Hence, without loss of generality (as coapured with (C.8^))  (C.8^) *My 

be reeteted as the second regularity condition. 

2/   (C.8") , g0    is eapty 

and 

7m > 0      for all      Mt ^Y* • 

The first   regularity condition then implies 

(CIO») rank  (f#
(1))  • «# 

where 

(CIO") M» - dim g» . 

D.    The third regularity condition» 

Dil.    When the first two regularity conditions are satisfied,  second 

derivatlTes are continuous,  and x^  is non-empty,  it  la possible to show 

(s^e Appendix 2) that a certain quadratic  fom is non-positive when 

some of the variables are restricted in sign.    The third regularity 

condition  (eq.   (19)) is a strengthening of (D.18) requiring that the 

• ,-   r i   -    ■^1-    ;r>   •ut,"'.' ^-i vr  ne'Ativp  '^r.  er  '' c   ■     i1  r* ■'* r ct'. or.*?.     T' 

; ■ ■ '   '.    • riälc.'OMS  *     *   A *     ■''■•       •■   "'     .rli'*    '"',■. -•   ^«(     • 

D:2.    The third regularity condition is fonaulated in ter«» of a 

function q(t)  of a new variable vector 

V (D.l) t - it», t** 

which is obtained by a transfomation of coordinates  fro« x^  after the 

latter has been partitioned so that 
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(D.2) x1  -{x%  x^j , 

where x* !■ 4 gubv^ctor of x^'. 

We ihAll   (*)  d«flne r» »nd x*»;   (b) write down the trantfomatlon 

defining -jt», t»* J in tenu of ^x«, x*»"V ;   (c) define q(t);   (d)  fomulAt« 

the third regulArity condition. 

In the r«BAinder of  section  D it  is Assumed th«t  \l/   hold«;   in 

D:3 -  D:A it  is &lso assuiced  that  x^  is not   empty. 

DJ3.    Pirst case;    M» - 0. 

Write 

(D.3) t - t»* - x»« - x1, 

so that, by  (D.l)  and  (D.2), x* and t» w« ampty, and define  (D./*) 

q(t) - fix1, I11) 

- tif*, 0). 

The third regulArity condition for this case is  foraulated in 

(D.19)  below. 

D:4.    Second case;    K# > 0. 

(a)    The definition of x*. 

From   \l/   (eq.   (CIO1))  it  follows that  there exists a  (non- 

empty) M*-diaensionAl  subvector x* of x      such that 

(D.5) g* #    is an M» by M» (M» - 1)  non-singuUr matrix.    We then 

define x** by  (D.2)  and  x^12^  by 

(D.6) x(1).Ux(12)}. 
CleArlgr 

(D.7) x« - {x(12>. x^21)}. 
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(b)     The Transfonaatlon  fro» x^ to t. 

Let 

(D.8) h» -  1  - §♦ 

whar«  1  li the M^-dlmenaionAl  vector *rlth (»CAlAr)   I'i AS conponents. 

t  •  <t*,  t** f- is then defined  by  the transformation 

(D.9) -1) t» - h»(r»,  T**, x"11) 

-2) t** - **•  . 

We el so partition t*» by 

(D.10) 1"--It(12).   t(21>^ 

where 

t(I2),    x(12) 

' ^  nrA   (:.9-. ) •    i This is obviously conii?*^t  wlM 

(c)     The definition     f   :   (t.). 

By  (D.8), the Jacobian H of ths transformation  (D.9)  is 

h» h» 
x** 

(D.12) H  -      i 

0 

g1 

-I 

so that,  bj  (D.5), 

(D.U«) IHI- ■ «• # l to* 
x 

i.e., 

(D.13") H is non-siriÄular. 

Hence,   locally,   (D.9)  can  be  solved  for  x*   in  tertis of t;  we »ay 

write this  solution as 

(D.U) 

where 

(D.15) 

x1  - r(t) 

\r*,  r~) 
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(D.16) x»    - r»(t) 

x** - r**(t) - f*. 

The  function  q(t)  la now defined  %•  f(x)  eT»Iu«ted 4t x       • JT     and 

with x    expressed  In  terma of  t,  i.e., 

(D.17) -II q(t) - f(r(t), x'") = f(r»(t», t"). t»*, 0). 

D:5.    The  ftateaer.t  of the thjrd  rejcularltj condition. 

We hATe now defined q(t)   for all M# provided the first  regularity 

condition  {    \l/    )  is satiafled and  x^  is non-eapty.     It  la  shown in 

18 
Appendix 2 that 

unless x** la enpty, there exists ^ > 0 such that, 

for all t»*€ S r  (x^»). 

(D.i8) 

if t(21)^o. 

-  v < 
(t** - x^) - 0 

The third  regularitj condition  la a strengthening of the preceding 

inequalitj.     It  states that 
I 
(0.19») x**  la empty 

(D.19) 

or 

(0.19**) there exlata   > 0 such that, for all t»* «, 3 p (x*«). 

(t** - x**)' 
\ 

„(f* - 7—) < o 

if t^21^ ^ 0 and t« f* r". 

Bote.     The situation covered by  (0.19*)  is of Importance 

since it  pendts the treatment of a large class of 

cases where f and g are linear. 

18.    Aasuming   \1/  and   \2 / and the continuity of the  second derlratiTes. 
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E.     Definition. 

f(x)  is  »«Id  to hAve a  regiilar IDäJCIBIUID at  x  subject  to g(x) * Of  x • 0, 

If  the  thr«« regularity  conditions    \ l/   ,   \2/   ,    \T7   («qi.   {B,B)  aivl 

hence   (CIO);   «q.   (C.ft);   and   eq,   (D.19)),   respectively are   satisfied  at 

x and x €. 0,  . 

II.3«5.     Theorep }. 

-      - 19 
If,   for  some r > 0,   x f   5r   (x),   xa  reg^olar rrAxiamir,       of  f(x) 

subject  to g(x) • 0 and  x - 0,  f and £ are differentiabl«  (with regard  to 

x),  and  furthenoore,  when  x     Is non-««pty, have continuous  second order 

derivatlTes with,  regard  to  x   ,  then,   for all  acceptable       sufficiently 

large       >, , 

x^  is  e»pty, 

(lli.i») I(III.I)     (x1 - x1)» k KiJtf^ - "r1) < o 

•i 
y)   x Ixl 

..     (21) > .      1,-1 
if x - 0, x    f x     , 

and 

for some (* * > 0, and all x £. 3   f(x) such that 

1     > - ^ 
\ x - 0,  x ^ x, 

(III.2») ! 
(III.2)       v  eUx,y{>; )) <   v^(x,y{ r|)) 

19. The terra "regular mAximuB,, is defined  in II.3.4.E. 

20. The terra "acceptable"  is defined at  the beginning of 11.?.1.2. 

21. "Sufficiently Xante ^ " is defined  to Bean that  each component 
M    , mt,   ''A-,  of   »1 is  sufficiently large. 
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wh«r«   n0 axul y( n ) AT« defined «.s In Thaor«« 1. 

MoU.22    Th»or«» 3 !• valid for f ,£ Un^Ar if r^ it empty 

(ragirdlesi of wh«th«r x« !• mptj),  provided th« 

first  two  r«gulArlty conditloot hold.     ' If both 

x* and x** ar« «apty,  x    is  «npty,  and th« theor«o 

follows  froas I1.3.6.A(»).     If  x** is «ipty whil« 

x# Is non-capty,  use II.3.6.A(»)  and  (b) together 

with II.3.6.B.2.1-3  (since g» is non-eapty and t** 

is eaipty).i .     Note that x** is  snpty at the basic 

solutions  of a linear prograanlng probls«. 

11.3.6.     Proof of  Theorea 3. 

11.3.6.0. 

In II.3.6.A,  it is shown that   (III.l»)  iaplies  (III.2»). 

In 11.3.6.8,  it  is shown that   (III.l')  is true. 

It  can  be  seen that if Theorea 3 i* established  for the eaee of 
1 A a 

"|gtt, g0 T enpty,  then Theorea 3 is also true if  (l)  g      is not eapty, and/ 

or  [2) g0  is not  empty but ^ {xr t y**)  has a non-negatire saddle-point at 

-I    -t - (x  » y  )•   since in either case x remains unchanged and  the additional 

terms in the modified Lagrangian expression ranlsh at y  (cf.   eqe.(B.6) 

and  (C.6«")  in II.3.^). 

Hence, with no loss of generality, we may henceforth assume ig ,g j 

to be empty, i.e., 

(1) g^'-g*. 

22.  The deeirability of explicit treataent. of the linear case 
was eaphasited by Dr. Masao Fukmoka. 
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II.3.6.X.     (III.l»)  lapiieg (III.2»). 

In this ••ctlon we  show that  (III.l»)  Upllot  (111.2»),  I.e.,  thAt, 

In A  sufficiently  samll   neighborhooJ,  if   (III.l»)  Is aosuaed  to be Telld 

wid  the InequAlltlee  x - 0,  x ^ x,  hold,   (III.2)  follows.     We write 0 

Instead of   M0 throughout.     (III.l»),  x * 0,  x ^ x, are »Iso essuaed 
t 

throughout II.3*6.A. 

Let 

5 •     x -  x 

3 
i     -i 

X      -   X       , 1    -   I,    II. 

(a)    First case:     f t 0. 

By (lO") *nd  (N.U«), 

(1) 
X 5    v1  3 

ii 
< 0. 

But then  (III.2)   follows from the well known  (»Frechet»)  property 

of differentials      which,  as applied to the present  case,   states that, 

given any  cJ> 0,  there exists an   €  > 0  such that, 

(2) 

if 

(3) 

U) 

'J 

(0(xj) - 0(x,J)  - ?, 

ZU 

< a 

C   < € . 

^r.oose 

CJ - - 

S 
K- 

which is positive by  (1). 

23.     See Hille   [10,   p.   72j ,   Definition  U.J.U, eq.   (ill). 

2^.    If a is a  real nuaber,  [a 1 denotes  its absolute value.     If a*,    ir a is a  real  nuaDer,    a ] ae 
ja^,  aj,... ,a^l with the a^ real, 

»length»  of a. 

a    - (r   ^j17' 
k-1    K 

denotes the 



Th«n,   for a •ufflclantij  MBftll   |C   | , we hAT«  (by  (2)) 

(5) 7^-  (0(xj)  - 0(IJ))   ♦ 0 i<c3 
's1 

which  implies 
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(6) 
1^1 

amd hence  (HI.2). 

(0(xj)  - 0(1,7)) <0 

If  x     is  eapty,  this  completes the  proof of  the  Theore« 3,   since 

x 4 x then implies    F       ^0.     Ifx    is not  enpty,  we nust consider the 
^ 

(b)    Second case;      f II 0. 

Since  it  is assumed  that  x ^ x, 11 • 0 Implies 

(7) ^I ^ 0. 

In rirtue of the exlater.ce of the second derlratlves of 0 with 

regard to x    (by definition of 0,  and the assumptions concernlnf the 

second derlvatires of f and £ with regard to x  ) we hare, by Taylor's 

Theorem, 

(8) UX.})-   1(1.1)    'I,     •    C1    'k(?l)'fl    T?1 

where 0 T   ,   denotes 0 T  .   eraluated atx-x,  x"X*0r,0<0<l. 
XX XX ,    ( j _ 

It now suffices to note that (r ) 0 _  F  is negative at x (since 
xV ^ 

(111.1*) is assumed to hold and its hypotheses are satisfied) and con- 

tinuous in the neighborhood of x (by the hypotheses of the theorem 

concerning the second derlratlves of f and j), so that, for a sufficiently 

I I.t -I I small j w '1,   ( ^T  0 '  ~ <- 0.    Since ^      " ^      - 0 by  (N.U**),   (III.2) 
x^x1 X 

follows. 
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1I.?.6.D. 

(lll.l)  holds If x    It non-«»pty« 

B.l.     Kirst  C4s«: g* taptj. 

By eq.   (1)   In I1.3.o»0,  g is  *.A»O  enpt}.     t'.«nc«,  by   (1)   in Theore« 1, 

d') 7(^) - y^'(0) - 0. 

and,  ming  (N.12), 

(1") 0Uj(n)) - f(x). 

Since g# coptj,  we have M# - 0,  and,   therefore,   the definition  (D.O of 

^ Applie»,  eo thit   («ince x* is eapty but  x    is not)  t** is not  empty and 

(2) ^.♦♦t»* 
- f 3 

xV 

(1H)  and  (2),  together with the  third regularity condition      3/   («q« 

(D.19)), yield  (III.l)  for a  sufficiently  «mall neighborhood  of x. 

B,2.     Second case;     g* non-empty, 

Write 

-II 

B.2.1. 

(0) | (t.y)  - 0(r(t), x", y) 

where r(t)   is  defined  in  (D.14).     (Where  it  Is desired  to  indicate the 

dependence of     (     on  0 , we may write   ^   f    instead of   /" .) 

\ ,   ; 
( 

(2) 

Then,  by   (D.13)   (i.e.,      -/ ),  we  have 

fu-'^K-T-^V^ 
- '1  -    i 

t  - ]h*(x),  x^f. 

since      |      " o^ I    • 0 ^  (I«3n)  And   (N.U«). 
(    X X 

He  shall  now  show that   (III.l)   is  implied  by 

(3) i- r u ^ < o   if i 
i21) 

0      and 4 0 
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where the partitioning of   L   correipond»  to  thAt of t.     (Section«  B.2.2 

B.2.6 are then derot^d to  showing thAt   (3)   holde.) 

To  see that  (3)   iaiplles   (IIl.l),  let  x1   satlsfj the Ineqiiallties 

x ^^ ^0,  x1  ^ r1.     Choose 

U) -    C-  Hlx1  - x1) 
[ h«        h*     I «• -  a» 

x* 

L o 
x* 

I 

X«  -  x1 

I 
X*«   -   X^J 

Since,  by  (D.13),  H  Is non-singxilsr,   x1  ^ x1  implies   T^ 0.     ileo, 

{U) yields 

(3') T« - x" - x**  , 

hence,   in  partlculAr, 

-r(2l) (21)      -(21) 
L 

-(21) 
x - 0, 

- x (5") 

But 

(6) 

since x{21'  la s component of x^2^ by (M.13), *nd x^2^ - 0 by (1.6) 

Hence 

(7)      r(21) . x(21) 

And  thus x^21^  • 0 implies    d21)  - 0. 

H«vlng 3^lOwn that the hypotheses of (III.l) Imply those of (3), 

we see that the hypotheses of (III.l), together with the rmlidlty of 

the  assertion In   (3),  yield 

(8) / » 'fv [   < 0 

But,  using in  succossior,  (4),   (2),  end  simplifying, wt har« 
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(9) r'*^ - (x1 - t1)» H» ~p      HU1 - ?) 
tt 

-  (x1  - ?)•  H»   (H '1)»   ^^ j  T  " "1 "^  " ?) 0^ I  ] 
C   x x 

-   (x1  - ?)»   ,3 l  l   (x
1  -?). 

^     X   X 

(8) and   (9) yltld the conclusion of  (III.l).     Thus it, HAS been 

••ttbllshed that   (3)  implies  (III.l).     It  renidne to be  ehown that  (3) 

Is valid.     (This Is done In  sections B.2.2 - B.2.6.) 

B.2.2. 

It  is convenient to write ^       In the partitioned f OPB 

(i)        Y 
r- Iftf it ' k B .♦t» T it** 

tt 

' l**t*      ' t 
B» C 

where t**  (but not t#) MJ be «tpty.     (The csse of  t* empty was treated 

In B.l.) 

B.2.3. 

It will now be shown that A (i.e., 7"   , cf. eq. (1) in B.2.2), 
tn* 

which depends on ^ , can be aade negative definite by 4 sulttble choice 

of v, . 
( 

Recalling that /• denotes the set of indices of the coaponents of 

g*, and using (1.9) snd (D.9-1), we see that, for me ^L*, 

(i)    ^p.W-i-t^'1" 

where t^ is s component of t#. 
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Sine«, by Theoran 1 And «q. (1) in II.3.6.0, 

(2)     y,(n) - 0    for ad .V~/^ 

w« hav«,  fro» th« definitions of  f^, j,  And   ^0  (eqt.   (1)  In B.2.1,   (D.17), 

And  (N.12),  respectively). And the preceding relations  (1)  And  (2),  the 

•quality 

(3) f (t,y(A|)) . q(t) .     i   ^ [yB(^)j(i-tB    ") . 
Un 

n-LSI 

Writing 

iU) F -  q 
tn» 

we have, from (3) and the definition of A in B.2.2, 

(5) A - F-D 

where D -    d 
■»■' 

,      &L ^t t    m't ^Y*  «  is * diAgonAl mAtrix (i.e.. 

(6») 

with 

(6") 

d      , - 0 for m ^ a») 
m   n • a,B 

in,n 7.^)j ^V T.-y.^) ^..     ■t'/f#. 

where the second equAllty follows from {l.}9). 

Let X denote the lArgest chArActeristic root of F.  Since, by the 

second regulArity condition ( \2/ ), 7  (0) > 0 if mt^i*  , we 
V 

choose h  , for »Ach n^Ji •, to be A positive even integer SAtlsfylng 

(?•) ^>x/ya(o) . 

so thst 

(7") > - o «oin  d   > X   for All Accepteble n     m   h     • 
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>     o 
Then,   for any t# t 0,  »nd each acc»pt»ble n      -  y      ,  we have 

< 2 2 
(8«) t»»  F t* -U»»  t» =   •       I t   <      r cl        t 

m € >*^_# in i. i/7 • 

» t*»   D 1»   # 

I.e., 

(8W) t» ^ 0  implies  t^^P-D)  t» < 0 for all   sufficiently large 

acceptable  i) , 

or 

(8,,,) A is negative definite  for all  sufficiently  large acceptable  '/ . 

(8,,,)   suffices to establish B.2,1,  eq.   (3), and,   therefore,  (III.l), 

if t** is  empty. 

B-2.i».     Now assume t** not  empty,     sprite 

(1) 

and 

(2) 

I        -r1» 
0 

_ ^ - p» f-     p. ri 7 ' tt 

Then  methods used  in  B.2.1   to  show that   3.2.1  e^.   (3)   implies   (III.l) 

can be used to   show Uiat 

(;) // 
^   w < 0       for 

(21) 
w ^ 0,  w > 0 

implies  B.2.1   eq.   (3).       For  P 
-1 I     A"1B 

0        I 
,  and,   like  its analogue H 

in  B.2.1,   performs an identity transformation on  t**t  so U»at the condition 

t • 0   if  transformed  into  the condition w - O.j     It  reaains  to 

establish   (3).     Now from  (2),   (l),  and  B.2.2.   eq.   (1),  we  hare 
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k 

( ! 0        C-B'A    B 

so that 

w»  r   ^ I w • «•'  Aw* ♦ »r**»   (C-BU'^B) v**  . 
i 

Now,  by P.2.3  «q.   (8f"), w« KAJ take A as negative definite, and 

hence,  to  establish   (}),   It will   suffice  to  show that 

(4) , = if***   (C-B'A^B) w^ < Q       If »♦• ^ 0, w - 0. 

This  Is Jone   In  B.2.6 after an auxiliary  result  is obtained 1J,  B.2.5. 

25 -1 
B.2.S.    It will now be  shown that  the nora      of A      can be uuie arbitrarily 

small by choosing   *]  sufficiently  large. 

D      Is a diagonal matrix whose non-iero elements approach »ero  for   h 

large;  hence N(D~   )  can be made arbitrarily  small for  ^7   large.    Than 

KD'M - NlD"1)  N(F)  approaches 0.     For   v-,   sufficiently  large, N(D"T) < 1; 

It  follows that 

aince 

26 

H*'l¥-V~l] < i-uiUr) ' 

4 . p .  D •  D(D'1P-I)   , 

25. It does not matter which of the many norms Is used;   cf.  Bowker 16j. 
Note that, denoting by N(l) the norm of  the matrix I, we hare li(A*B) * i(A) 
♦  N(B), N(AB) > N(A)  N(B);  if all  the  elements of a matrix approach 0,  so 
does Its norm.     If    I     denotes the Identity matrix, N(I)  • I. 

26. «laugh    7   ,  p.   148j.    Let  B be a  square matrix such that I-B Is non- 
singular.     In view of  the Identity 

(I-B)-l  - I   ♦   (I-b)~1B 
the properties of  the nor» yield   , 

N[(i-B)-i] - 1 . Ntd-er^KB) 
which,   for N(B) < 1,  yields 
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it    follows   thAt 

and ^«rice 

k'x  - (D^K-l)-^"1 , 

,-1 

1 l-»l(D*iF) 

which CAT. be nade arbitrarily small for >!   larg«. 

B.2.f).  Conildsr now the quadratic fonn ,  In Q.2.U  aq. (u).  By b.2.2 

ar.d B.2.3 aq. (3), 

Hence 

The  third regularitj  condition  (   x 3/    ,   (D.19,,))   inplie» 

(1)     w«»   C  w^ < 0      if       v** + 0, 

As  shown  In  B.2.5, 

,(21) > 0. 

N(B»A"1B) < N(B»)  «(A"1) N(E)  - MCA"1)  [N(B)12 

can  be niade arbitrarily  »all  by  :hoosing a larg« enough n .     Now 

< .-1, (2)     | w*»»E,A~1Bw« | - NCBU   ^B)  W»«»W**   , 

■inca the   characteristic   roots  of a matrix are  bounded  In absolute value 

by  its nora. 

Also,   denoting  by /v the  maxlraujB of w**»^»«*  subject  to w»*»«»* •   1, 

(21) > . 
w • 0, 

<. 

we  have 

(3) w*«»Cw** -    /Vw«-»»w<n 

and.   by   (1), 

U) /y < 0. 

irflth  the  aid of   (2), 

(5) ^v       /y  lllPtA"iB)j    w»*'w^       If       «♦*  /  Ü,   w^^; 

By choosing  »/   sufficiently  large,  so that 

(6) ^ NCB'A'^-B) < 0, 

we  eetablish B.2.i* eq.   (O which,  in turn,  yields  B,2.4 eq.   (3),   B.2.1 

eq.   (3),   (1II.1),  and hence Theore« 3« 

0. 
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III.     ".«■•-Th«or«tic4l and Econondc  Int«rprtUtlon of  the Modlfl«<l U^r*ngi*n 

Approach. 

111.1. Keasor-a  for  I'sluA thg Modified  LAgranglan Approach 

The obvious  incentive  for  using  the modified LAfrangian  approach 

(i.e.,  using   n0 wltt, a  suitably  large   '|   instead of 0 •  ji)  arises in 

cases where  the convexity hypotheses of  Theoran 3 i-    |_lj  are not »atisfiod. 

However,   even when  $ does  have a  saddl»-point,  it siay be  preferable to use 

the modified  lAgranglan approach  ( n  with  some positive componeoits).     Such 

is the  caae when  certain gradient  procadures for  reaching  the  saddle-point 

are to be  uied   (cf.   [3J)  and  it  is  essential that  the matrix      ? be 

negative  definite.     The  latter condition would not,  for  instance,  be satis- 

fied by  the unaodlfied Lagrar.gian  expression  {A)  in  the   linear case  (i»««» 

where both f(x) and g(x) are linear in  x), although the convexity conditions 

of  Th.eorem 3  in   [ij  are satisfied and  a  saddle-point  does  exist. 

111.2. jaae Interpretation 

'Whenever ^ 0 possesses a saddle-point, a game analogous to g^ in 1.3 

may be set up, with -0 replacing 0. This game may be denoted by g( r.0)« 

hearing  in mind  the  local  nature of  the  theorems in 11,  g( ^0)   still has 

-        /N 
ti.e important property x -  x. 

Similarly,  an  analogue of  g» may  bo constructed  by using  the appropriate 

terms  of   r 0  instead of  those of  0.     The  economic  interpretation of such a 

ga-ne,  as  well  as  the analogue of g*^  (in  1.6) will  be considered in III.3. 
f A 

27.     The gradient methods of  the type  described  in [_3j   result in constant 
amplitude oscillations  (rather  than  convergence) when applied  to  the unmodi- 
fied  Lagranglar  expression  for the  linear case.    Gf.   Saaueleon, [öj , pp.   l'7- 
22.     The  desire  to  remedy  this iwtirated  the present work  to  a considerable 
extent. 
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III.3     Kconoalc   Interpretation;     Doc«ntralir^tion 

3onili«r  first  the  Analogue of the allocation gase rt    (cf.   1.5)   in 

the modified  LÄgrangian  approach.     If  the  expressions derived  from   „0 are 

substituted  for  those  derived   fro« j),   the  nature of Ue KAiae  is altered  in 

only  ore essential  respect:     the terms on  whlcfi  the custodian  sells  primary 

commodities  to  the manager.     It   is  easily   seer,   tnat  the  selling  price   (per 

O 1  E 
unit)   cf the in-th primary  connodity  Is  now given  hy X-'h^x^ 

The  dependence  of   the   price on  the  amount   purchasel  is  a  familiar 

phenomanon in  the  ©conoraics   of  "imperfect"  competition.     TT.ere  it   typically 

arises  under conditions  of   "increasinit  returns"   :orre3{or.ding  to   those 

where  the convexity  conditions of Theorem 3   in [ IJ   fail  to  hold;   it  also 

arises under conditions  of  "constant   returns"  corresponding  to  the  linear 

homogeneous case  (cf.   «q.(13)  in 1.^) where  a  saddle-point  exists  but 

J is not nefative-definite.    These  fact»  suggested initially the 

possibility of the modified Lagranglan approacTi. 

There are a number of analogues of  equation» 1.6 (li«-15).    One 

example is the  following: 

(1) ^rr a(x#7) - - ym ^ ♦ p. hm(x)f m - 1,...^, 

\ P n M r. 
(2) T^   (x.y) -   E    a    k (xj -   Z    Pffi r.  (x^). n-l,...,N, 

1 p-1    P    r m-l m 

where 

(3) Pm • ^m LV^l"1'• 

■ote  that p    depends on,  among other things,   xr,   so tfiat  the rvHi manager 

must   take into  account   the   impact of  his  decluions on  the  price  of   the 

m*£ primary conBodity  in  trds decentralired   economy. 
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The d«centrolli*tlor of  th«  9j»tm conaiBt»  in th«  f*ct that a 

custodian n«ed only know his own  («H! coaponent)  of h and th« net demand 

for that  coaModlty (which  helps  determine p^),  while  the r>— manager need 

know only the  functions kp   (p •  1,.,.,tp),  h  (m •  1,..., M),  and the net 
r IB 

demand   for  Ms product   h^x). 
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App^ndix  1 
28 

tut, 

(1) 

Let th«  first  regularity condition  (   \l/   ) hold.    Consider x «uch 

29 

gW(x)   - 0       ,      gl-2l(x)  > 0 

7 > o 

aiid x such that 

(2) 
iW(x-x)  > 0   , 

(2)       -(2)  ^ n x -   x > 0  . 

Deflr.e now th^  function g    of x by 

(?) g#U)   -^(x),  x«.  x11} 

where x** is defined  in 1I.3.4.D. 

AssuÄing g0 to  be  anpty  (cf.   I1.3.4«C),  g   ,  like x»  hA> N dimensions. 

It follows that 

<. X** gx" 

u)     4 ■ 0 I o      ^ 

0 c I    J 

and hence 

(5) Rx 
m -"   1 ^ 0  . 

Consider now the  relation which associates with  <t real  number Q   the 

values x of  x  for which  the equation 

(6) g (x) - g (x)  ♦ agx (x-x) 

28. This appendix parallels Laona  "6.1,  in Bliss  I HJ • 

29. In  this appendix all  iriequalitles  are to be interpreted in tht 
sense of  (N.l.O. 
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ia  94ti8fled.     li. virtue  of  the Implicit   function  theoran,  for  suffici«ntljr 

small   values of  a (6)  defines  x as A  (slri«le-valued)  differentiable   function 

of  Q,   SAJ 

(7)             x -  ^(a)  , 

such  that 

^ 1   (0)  -  x. 

Differentiating (6) with respect to a and setting a ■ 0, we have 

(9) i* V ' (o) - l9 (x-x) 
'x       1 

and  her.ce,   because of   (3), 

do)       r[{o) -  x-x. 

We  shall now  show that 

(11) V/
1(Q)€: for      a > 0,    a  sufficiently «all, 

Py  (6).  (1). (2) 

(12) gt(x)  - o R1   (x-x)  > 0      for      a > 0   . 

It  follows that 

(13) «l1^   (x) > 0      for    o > 0. 

which  together with 

(U) g^^^la)]    >0       for a  sufficiently  aaall, 

yields 

(13) F [fl   (Q)J    > 0       for      a    > 0 sufficiently «all 
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Uow,   since x* la & subvector of  x       ,  x^   '  i« •  8ubv«ctor of ix**,  x    Jt 

hance   (2)   and   (6)     Imply 

(16) 5(2)  -  ^(2)  (Q)  .1^)  . Q  (x(2) . ^) ^ o      for a ^ 0 

which,  togethtr with 

(17) 

yields 

I«1) -  f^ (a) > > 0       for a  sufficiently  anudl 

(18) ^(0)^0       for Q  > c»    a   sufficientIjr  SBAAII. 

In turn,   (15) »nd  (18) yield   (11). 

Now  let  u»  interpret  " a   «ufficlently  a«iAllw as 0 < a < X where 

X > 0 and define the function   ]    by 

(19) 

Then 

(20) 

4^(0) -  iJ
l  (x 0)      for all 0 < 0 < 1. 

^(0)  -x 

^'(0)   - X  r*(0)  -  X   (x-T) (X > 0) 

f (0) for      0 < 0 ^ 1 

Since   (20)   are  precisely  the  recrfui rements of C.+. t  It   has  been  shown  that 

1/   Implies   Z.^. 
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Apptndix  2. 

We shAil  now  show that,  if the  first  two  reguUrity condition» hold 

arid  ist neighborhood  of x,  f tnd £ ar« assumed  to possess continuous 

deriva'-ives of  ascend order with regard  to  x   ,   (D.18)  is ralid. 

Let  r** be non-««ipty.     Then,  writing 

-1) t> -  h*(x)  -   1       (• vector   !♦■), 

(i) 

-2) !•* -  x«   , 

we ^ve, using Taylor's  theors«, 

(2) q(t»,   t**)   -   q(t», I**)   • ^^   •   (t"  -  t«) 

♦  ~   (I** -   t*«)*   q' (t« -   t**) 

where  '  '  over a  symbol denotes the evaluation at t • t, while   ♦'~»  over 

a  sjntbol denotes  evaluation ttt«t,"t-t*0 (t** -  I**), 0 < 0 < 1. 

Now supposs it  has been  shown that   (a)  q(t»t  t**),  has,  as a fonction of 

(21) 
t»*,  subject  to th« constraint t > 0, a local maxlÄUB at t** - I**, 

and  (b) Z^ - 0.     Fro«  (a)  it  follows that,   In a sufficiently  saall 

neighborhood,   the  left  mflKber of   (2)  is non-positive If t^21^ > 0.     But 

then,  using  (b),  we  see  that  the quadratic   form in the right measber of 

(2) is non-positive,     jlnce,  by hypothesis,   q^ ^^^ is » continuous 

function of X.**,  we  have,  for t^' > 0,   and  In a sufficiently  saall 

neighborhood  of t, 

(3) (t** - !♦♦) 1 (t** - t*») < 0 v   '                                       \ **t •♦ 

which is the desired result (D.18).  Hence it remains to prove (a) and 

(b). 
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(a)     ^(t»,   •»*),:,s 2.3  2   rur.ction j; • «^.   ^ub.loct  to t >     .  ü local 

■axiama at  t** - t**. 

It   follows fporo th«t  ranvarks at  th« beginning of  11.3.4.0 that  f(x   ,0), 

as a  function of x  ,  nas a local oiaxlmu« *t  x    -  x   t  subjact to the 

cor.stralnts 

g1!*1,  0)   - 0 

x U'J  j 0   . 

Henc«,   the subject  to the same constraints,   q(t)  has a local majdmaa 

at  t.     Now we must  distinguish the  two ways in which  the "milder"   (C.8») 

second   regularity  condition   (     * 2 /   )  may  be   satisfied. 
v 

(1) 0     (x   , y  )  has a non-negatlye  saddle-point  at   (x   , y   ).     I.e., 

locally,   since y0  -  0  by   (C.6«'1), 

(5) fCx1^) ♦ J* . g^u1^) < fü^o) ♦ }• • rsU1 ,o)) 

for all   xl   such that  x^21^ _» 0. 

But g*(x  , 0)  - 0 tecauae of   (4), and g^Cx1^)   in tr.e left »Mber 

of   (5)  vanishes  for  t* -  t».     Hence  (5) yields,   locally  and for t^21^ > 0, 

(6) f{r*(t*,  t"),  t»*,0) < f(r»(t»,  l**)t !♦*, 0) 

which means  precisely  that   ^(t*,   t**) has a  local maxlmuni at   t** subject 

only  to t(21^  > 0. 

(2) 8°  I» eapty. 

Ir.  this  case   (4)   Is  equivalent  tc 

-1) g«(x1
l   0)   -  0 

r) (21) -2) xUlj  > 0. 

But   (7-1)   is necessarily  satisfied  if  t* -   t* and  hence can  be 

disregarded.     Since q(t)  was   seer;  to r.ave a  local maxiimim at t  subject 

to     (4),  it   follows  that   \Ct*t  t*«) will  have a  local  maxiaun at  t»* 

subject  only  to i^^l > 0. 
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(b) 

(8) 

- 0. 

7    ^. ♦ f 

We nov evaluAte the three expressions on the right-hand side of  (8). 

We start with  r«     .     Noting that 
t** 

(9) g*\\r*(l*t  f*), t**]t of  - 0      for AU   i — , 

wo obtain  by differentlttlon with respect  to I—,  uring  (D.9-1)  AndCD.16), 

and «vAliuitlng at  t  - t, 

(10) I*    r«      ♦ i*      - 0 

lr. virtue of  (CIO)   (\l /)  this  can be  solved fielding 

(u)        ^„ ■-(ij.)-1 i%. • 

To find f_., f  , we write the condition that 0 _ 

In the form 

0 (eq.  {C.4-1)) 

(12)        < 

X* x* 

?x-  ♦ ^ ^ ■ 0' 

(The terms  it.volving g0 vanish,  of  course.) 

Substituting   (12) and  (11)  into  (8),  we hare 

(13) 
-1 _ 

- 0 . 

Thii completes tne proof of (D.18). 
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