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By a di1s.rdered linear chain, we mean a chain of one-
dimensi{cnal narmonic linear osclllators, each coupled to its
nearest neightcrs by harmonic fcrces, with the mass of eacrn
cscillator and the coupling parameters taken tc be random
variables wit! known distributicns. The problem of cal-
culating tre distritbution function of the frequencies cof the
rn.rmal mcdes _f vibratlon of the chain in the 1limit as the chain
bec mes infinitely l.ng was resclved by F. J. Dyson. <m thie
paper w» presentc 8 simple algebralc procf of the essential

limit reluaticn in Dyscn's paper. /m\
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A Note on the Dynamics of a Disordered Linear Chain
1. INTRODUCTION

F. J. Dyaun1 considered the problem of determining the
distribution function of tne characteristic frequencies of a
chain of N masses, each coupled to its nearest neigrbors
by elastic springs, in tre case where the masses and coupling
forces are random variables.

After some elementary transformaticne, the problem reduces
tc determining the distribution .f the characteristic roots

of the Hermitian matrix

0 1A, 0 o)
1A, 0 1A, 0
Hy, - C -1A, 0 1Ay

where the )\k are real random variables.

The essential step in the derivation of the limiting

distributicn s trhe proof of the relation

lP. J. Dyscn, Phys. Rev. 32, 1331 (1vy53).
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1im o log Hy+ Al|=1llm — I log (A +zn()\)), (1)

N—xD N—3»x» N Nwl

wiere zn(,A) represents the infinite ccntinued fraction

2, ()= AL/ A, /(A (2)

n n hh+1 T

This result was cbtained by Dyson using recurrence relations

2k
for trace HN , for kel,2,..., obtained frcm combinatorial

arguments. Here we shall present a simple algebrailc proof.

I1. PROOF OF LIMIT RELATION

Consider the determinant

A 1N, 0 0
-1A, A iAg O
N.,I\A)- ‘-. :HN(A;AIDA.""pAN_.l)' (1)
—lAN—? A Uh‘
0 AR

Expanding {n terms cof the elements of the first row, we

obtaln the recurrence relation

2l
H A; Ach.n 0 0 ¢ 'AN—I)- HN_l(A;A..AQ. Qa° "N_l)*AlHN_Q‘/.A;A’DACp 0 o "N_l)

N(

for N 2 3, with Hl( A) - A, H'(A;A.)-A2§A2‘.
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Prom (2) we obtatn
(@ S IR 2
- = =AM /(Hy /By o)
HN_I(A;ACD L .'AN—I)
A2
1
=Ab e (3)
A+Ng
E 2l
AN—I P
A
and tnus
(A; M, 0N ) 2 2
lim i : b o M /A« g /A ). ()

A
N—>0 H (Mg, .. ay
To obtain the relation given in (1, .f 1, let us write

A. A-
}tN( ’A‘,/\',.."/\N—l HN-l(\,h.'h,,..,Q_l)

(A;Alo’\p'--. )E .
Hy . AN-1 My y (%5 Nahe, o aty ) Hy (AR Ae, Ay )

H,(A;A,)
——— A
Hi(a )

Taking logarithms and replacing eac: ratic Hk/Hk—l by its

equivalen: in (3), we obtain the desired relation upcn

letting N « .



