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Summary 

By  a  dls  rdered   lln«ar  chain,   M«  m«an a  chain  of  one- 

dl^enelf^nal   narrnonlc   linear oaclllatore,  each  coupled  to   Its 

neareal nelghbora  by  hannonlc   ftrcee,   with the raaoe  of  eacri 

jBclllator and   the   cuupllng  parameters   taken  to  be  randum 

variables  with  known  dlatrlbutlons.     The  problem of   cal- 

culating  tr.e  distribution  function  of   the  frequenciee  of   the 

M  rmal modes     f  vibration of  the  chain   In  the  limit  as   the  chain 

becomes  Infinitely   l.ng was  resolved   by F.   J.  Dyson.    -*«  this 

paper mm present, a   simple algebraic  proof of  the essential 

limit  relation  In Dyson's paper. /\ 
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A  Nott  on  the  Dyntunlce of  a  Disordered  Linear Chain 

I.      INTRODUCTION 

P.   J.   DyBon    considered  the  problem  of  determining   the 

distribution  function  of  the  characteristic   frequencies  of   a 

chain  of  N masses,   each  coupled  to   Its  nearest  nelgnbors 

by  elastic  springs,   In   the  case  where  the masses and  coupling 

forces  are  random variables. 

After some elementary  transformations,   the problem  reduces 

tc   determining  the  distribution of  the  characteristic   ro   ts 

of   the  Hermltlan matrix 

HN   - 

lAi 

-1A, 

0 

1*, 

0 

0 

0 

i* 

lA N-2 0 lA N-l 

-1AN-1     0 

where the A, are real random variables 

The essential step In the derivation of the limiting 

distribution Is the proof of the relation 

1F. J. Dyson, Phys. Rev. 92,   l.W (I9b3) 
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N 
Um    i^  log   iK^^AH-Um       i-    Z       log   (A ♦z   (A)), 
N—yD11 n N->OD   N       n-1 n (1) 

w/.ere  z   (A)   r«pr«B«ntB   tht   Inflnltt  ccntlnutd   fraction 

zn{*)'  **/  (A^+1/{A* (2) 

This   result   Mas  cbtainsd   by  Dyson     using  rscurrsnc«  rtlations 
2k 

for  tract   H-.   ,   for k«l,2,...,   obtalnei  from  combinatorial 

arguments.     Hare  MS  shall  present   a  simple   algebraic  proof. 

II.     PROOF  OP  LIMIT RELATION 

Consider   the determinant 

(A) 

1*! 0 0 

-1*,        >     u.    o 
r  ^(A.A^A,,...^^^.    (1) 

-*H-2        A      ^ 

ü -^N-l   A 

Expanding In terms of the elements of the first row, we 

obtain the recurrence relation 

2 

for N > ), with H,( A) • X, Ht(A;At)-A
24^. 

(2) 
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From  (2)  Mt obtain 

Hu ( A; ^j ^u   i ) 2 

— ^lL-     -^^« /(H
N-i/HN-2) 

2 

-A*     TJ— (5) 
A^AT 

\ 2 
AN-1   , 

end  tnue 

Um      J! [*dL -A4  \  /(A ^ A, /^....      ). (O 

To obtain   the   relation given   In   (l)   ^1"  1,   let   JB  write 

^(A; \,*t, - -   .AN_1 
HN-l^Ai rtÄ'A»' • • • ^-l ^ 

^(A; Aj,At, . . . ,^_l)'^ 
HN__1(

A;Aa,AB, . . . ,AN_1)     HN_2(^;ASf A*... -^^^ 

MAjAJ 

H,(A ) 
A 

Taking  lugarlthme   and   replacing  eacf.   ratlc    M,/H.    .   by   Ita 

equivalent   In   (3),   **•  obtain  the  deelred  relation  ap^n 

letting H—) (X . 


