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Summary
v "
Ti.e prcilem _{ determining tre minimum Oof &Re functicnal
E 2 [ 2
J(y)= /" ea(t)(y-ba(t))at+ /7 aa(t)(yl{t)—be(t)) dtes...
v} @]

T ;
« / aK(t)(y(K_l)(L}-bK(t))?dt, over all y(t) esublect to
C
trne c nstraints y(O)s=c,, y'(O)-ca,...,y(x—e)(o)acx;*;ia treated

using trne functlonal equation technique cf the tlhieory of
dynamic programming. The prctlem {s reduced tc tne sclution

f a system cf{ ordinary differential equati _ns satisfyling
-ne—pouint b . undary conditions.

The Jiscrete case, ccrrespending to the minimizaticn of

4 class Oof quadratic forms, 18 alsc treated bLy the same jeneral
metr.d. A particular prceblem of this type arises in the
treatment <f tre (ptimal invent ry provlem by Hult, Simen,

and Mcdigllant.
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On a Class cf Varlati_nal Problems

£l. Introducticn

A cless <f matrematical probvlems wrich .rise in c nnection
with varicus averagling ¢r smuctning pr cesses in applled
matnematics involve minimizcing the funct! nal

T > T o
(1) Hyl=/ ar(t)(y(t)-t,(t))%dre /" aa(t)(y'(t)-ta(r))dt

(

—

T >
+...,/f aK(t)(y(K'l)(t)—bK(t))‘1t

C

over all y(t) sub ect tc ccnstraints of tre f. rm
-
(2) §(0)=x 1,y " (0)axg, ...,y K )(O)"‘x—l

The standard apprcac: to t:ls prctlem emploeying the
classical variaticnal techniques leads t_ a l!inear equaticn
tn y(t) of order 2K witt K ccnditions at t=0, glven abcve in
(2), and K additicnal constraints at teT jerived frcm t:e
varlaticn.

F.r trie case where Ke1, the ccmputatlicnel ;r btlem
posed by this equati.n 18 fairly simple t res.lve. Fcr
K>2, nowever, tne c.mputat!i.nal pr-oblem tec me:s Uifiicult,
since we uzre faced wit: the _rcblem ot a lving aystems f
equat!i ns ! Criler K, 4lt: eac: triul s .utl.n involving
t:ie numeric c:l scluti.n ! linear equatli.n { _rder C2K.

T Uypass tils tw —4 int btcunlary value ;r tlem .nd relu-e
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the problem tc a one—pcint boundary value problem, we shall
emrloy the functioncl equation appreacn f the theory of

dynamic prcgramning, [ : ]. Altroug!i in general this leads

tu partial differential equations, in this case the quadratic
craracter _f tne functional J(y) permits us to reduce the pr-blem
tu a3 system cf ordinary Jdifferential equations cf simple

type, w!.C_se numerical solution i1s readily acccmplished.

After discussirgtne ccntinucus case, we shall treat the
Jdiscrete case, a particular example of which arises in mathe—
me.lcal econ mics in connecticn wit: some scheduling problems,
see Holt, Mudigltani, and Simon, [ -, Arrcw, Harris, and
Marschak, [l j, and Bellman, Glicksberg, and Gross, [~ J.

A further discussion c¢f the functicnal equation technique

with application to eigenvalue problems and otner variational

problems may be f.und in [3 .

2. The case K=l

It {8 sufficlent tc consider the case Ke=1, where the
analytic details are simplest in crder t_ i{llustrate the met..0d.
After a tnhorouygh discussiorn of this case, we shail briefly
indicate the extensi 'n of the metrod to higrer values of K.

we terin ty imbedding the prctlem discussed in (1.1)
for K=1 witnin tre mcre genera. problem f determ.nins the
minimum of

T 2 u 2
(1) J(y,8)= / ai(t)(y-ba(t)) dte /  aa(t)(y'—ba(t))"de
3 8
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all y subject to the constraint

(2) y(s)=c,

and 0¢s<T. We assume that all the functions that appear are

continuous, and that ai(t)zo for OCt<T, so that we can

restrict ocurselves to the class of functions for which y'5L2(O,T),
Define the function

(3) £(c,s)= Min J(y,s).
y

Let us now obtain a functional equation for f(c,s) which in
the 1imit will reduce to a partial differential equation.
Write

s+h T
(&) f(c,8)=/" +/ , O<h<T-s.

] s+h
for an extremal y(t). Choosing y' in the interval [ s,s+h 1,
we see that we have a problem similar to the original with 8
replaced by s+h, and ¢ replaced by the value of y(t) at tss+h.
Employing what we have called the "principle of cptimality”,
cf (2 j, equation (4) Zives rise to the equation

h

8+
(5) f(c,s)=Min U a(t)(y-ba(t))Ceaa(t) (y -ba(t))? at
hi(s,8+hj 8

+f(y(8+h),8+h),.

Let us nuw assume that the extremal curve 18 ccntinucus

in ¢t and has a continuous derivative, and furtner that f
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possesses continuous partial derivatives with respect to c and
8. These results may be established by appealing to tne classical
thieory of the calculus of variations, cr, as we shall see at
the end of the paper by a passage tc the limit from the dis-
crete case.

Assuming the above continuity properties, let us pass
to the limit as h—»O. Minimization over an interval [e,s+h] reduces
to minimization cver values of y'(s). Let us call the unknown
value of y'(s), v, where v 18 a function cf ¢ and 8 to be
determined. Using the fact that y(s+h)ey(s)+h y'(s)+0(h)=
c+hv+C(s) and passing to tne limit in (5) as h=)O, we obtain
for f(c,s) the non—linear partial differential equation
(6) O=Min [ 81(8)(0—01(8))2*83(3)(V—ba(8))2 +f'*Vfc]-

v

The minimum is assumed at
(7) 282(5)(V—ba(8))+fc'0,

which determines v once { has been fcund, and tre resulting

equaticn for fa is

r2
C

(v) ra" ‘al(s)(C—bl(a))Z)*blfc- '“—(—-)’ .
ag\8

Trhe initial value for f !=s
(9) f(c,T)=0C for all c.

Let us now assume thnat f(c,s) has the fomm
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(10) f(c,a)-u(a)+cv(a)+c2w(a).
Equating ccefficlents in (8) we obtain the equations
2 V2(5)
(11) (a) u'(s)=-a;(8)bi(8)+bav(s)-
4ag(s)
v(s)w(s)
(b) v'(s)=2a,(8)b,(8)+2bgw(8)- ——
ag(s)
wi(s)
(c) w'(s)= —8,(8)-
aa(s)

with the initial conditions
(12) U(T)=v(T)=w(T)=0.

Since there 1s a unique solution tc (&) In the proper
function class, this system determines it.

Equation (1llc) 1s a Riccat! equaticn®, reducible to a
second order linear differential equation, with the other
functions found readily cnce w(s) has been determined. The
numerical sclution of this system is qulite easily cbtained.

Once r(c,a)-u(s)+cv(s)+c2w(a) has been determined, we
readily determine v from equation (7). Then y 1s determined
by the equation
(13) 3% = v(y,t), y(s)=c,

an equation which we can sclve explicitly since

v(is)+2cw(s)
(14) v(c,s)= - +ba(s)
2az(s)

*Note that tnis Riccatl equati.n !s equivalent tc t:.e seccnd cruer
linear differential equatl n ctteined fr-m Lhe tuler equaticn.
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implies

- J+2yw
(15) v(y,t)= V(viveyn(t) +ba(t).
2aa(t)

Once the functions v(t) and w(t) have been determined, equation

(13) may be sclved explicitly fcr y as a function cf c a:nd t.

§3. The Case K=2.

-

Let us now examine the modificaticns required to handle
th.e analogous problem ¢f minimizing the integral

T
(1) Jy,8)= ma(t)ly-bi(t))°eaa(t)(y'—ba(t),?
s

+as(t)(y''—bs(t)°]at
subject to the constraints

(2) y(8)=cy,y'(8)=cz.
Setting y''(s)=vev(c,,ca2,8), and

(3) Min J(y,s)=f(c.:,cq,8),
y

the analcgue of (2.8) s

(+) O=M1in :81(8)(01—91(8))2+32(5)(Ct-ba(s))2*53:5)(V-bs(5))2
v

+fa+c.fcl+vfca J

witithe {nitial value, f(c,,c2T)=0 for all c¢,;,caz.

Once agalin we can obtaln a solution of tie nonlinear
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partial differential equation for { by setting f eqial to a

Qquadratic in ¢; and cg,
(5) f-u,c12+2ugc;c3+u,c,2+u.c,+u5cg+u6,

where the ul'a are functions of s alone. Upon equating
coefficients in (4), we obtain a system of ncnlinear crdinary

differential equations for the u, of the form

1

du
i
(6) gs_ - fi(ux,ua.umu‘,us,ué), Ui(T)=O,

which determine the uy in the range 8 { T.

4. Discrete Cases

Let us now consider some discrete analogues of the above
equations. We start with the prcblem of minimizing tie

quadratic fom

P 2
bk(xk—dk) + ek(xk-xk_l)

’

N

X

=]

where bk and ek are non—negative parameters, and Xn=X 8 gliven
cocnstant.
As before, let us define the sequence cf functions

N

- - 2 P
(2) fR(x)- Min L L Lbk(xk—dk) +ek(xk-xk_l) s
x1 k=R
1=K ... ,N
wnere xk_1 1s set equal to x. We cbtaln, as above, tne recurrence

relaticns
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(6) 4plx)= Min L Ap(xg)+ Yplxg—x)egp  (xg)].

R
These relations permit the sequence {gR(x)} to be ccmputed
quickly and simply. This approach is particularly suited to
problems in which the functions Qk and Y, are non—analytic, as,

for example Yk(x)-[x) or Max (x,0).

As in the continuous case, the assumption of quadratic
functions for QR and YR permits us to go much further and find

a more expliclt recurrence relation.

65. Explicit Recurrence Relation

Since

(1) fy(x)= Min ( bN(xN—dN)2+cN(xN—x)2],
x
N

we see that IN(x) 1s a quadratic 1n x,

2
(2) fN(x)- Up VXWX,

where u and w,, are readily determined explicitly as

N*VN? N
functions of bN,cN and dN' and uN)O.

Turn now tou the relaticn for fN_l(x).

(3) fy_y(x)= Min | bN-l(xN—l'dN-l)Q*en—l(‘N-l‘x)2*fu(‘N-1)]

N1
Substituting the expression for rN found above, we find trat

che minimum over x 18 attained at the pouint,

N-1
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C=3—Et
—9
() O V0 V00 U VI Gt 2
N—1 '
ON—1TEN2 PN
a ¢ , ; ’
and the val.e (¢ fN_l(X) 18 Ly (*VN_(X*Wy (X wnere
_ - 2 N2 - -
(2) SR LAV C VR Vel GV b e ANVAGLNIER VIR L N
s N L e e
N-1 t +e +w

ey gty

RS Rt

This {8 a recurrence relati{on that c.nnects the trirle

) witn the trijle (u Iteratins tr.'s
!

SV TL NI NPYNTTNT

relati n, we _bain tne sequen.e (ua,vg,wa).

To determine x,, we use t:.e relati.n

(¢) fl(xo)- Mir L,(x;—d,)‘+e,(x,—x)po:g(x,)‘,
X1

whicr ylelds

Xxe +d L —va/ <

Lise+ny

(7) X=

Simi lamly, ithe Sotimp. L. {ge X, o1s <~iven ty
X + . b -V S
) k=1 ‘Kk=1 k=1 "k+1/
() x = X -
¢ L +@ +4A
K K K

Ti{s jermita %'.e aequen-e x,,xz,...,X, t te ¢ m;uted recurrently
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starting wit: tle value _f Xx,.

6. Discrete Cine—K=2.

Let us n.w ¢ nslder briefly tte pr blem discussed by H~1lt,
Moitgltant, and Stmin in [ - ,. It 18 required t minimize tne

ex;ress!i .

N 5 -
(1) Kil L xK(xk—L,) +ek(xk—xk_l) +5k(sk—dk) 1,
wl.ere
(2) B =X 14Xg4. . 4X, .

Mixin, & crange ~f variatle

o et
(}) KJk!
-' A\l
™k k-1
X —X Sl ‘Y.
K K—8 "k “Ix-1 yx—‘,

we 'ave tt.e (r btlem { minimizing t:e quuldratlic f rm

N

\ : - i - - an &
(«) L a (¥ =y 17t e (o vy o=y 3y )
.ver all Yi.¥Yas---,Y,, ~€re ~e agsime Llrat y. and y_, tave
{xed values x ard o res;e.ively. I’ we lefine
N 5
fu ) 3 'y - b A ¢ - ) .
(<) TRk oY) "5” Cer LIS SR e DA G IS e
4
ik , N
< 2~ -
-?yk—l) §.K(yk—dk) b

we tlalrn t:.e recurrence relat! n
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c=3-5%
~11-
. . - ) V2 2
(6) 1E()ﬁ_l,jﬂ_3)= Min | HR(yR—)R—l—LR’ *cﬂ(yﬂ*yR—P-QYR——l)

YR

-

< \
*Tra e Yp 0

Tre determinati n .{ t:e sequence i:R . LT cee.s 8 vefure,

witl. the exception ttat fﬁ(x,z) .4 nas the f.rm

(7) r

+20U. . X2+U 2 40U X+2U, L l4+A .
2.. e “ “N O N

57. St.ct.asti. Case.

The same functional equation te:nnique euf!ices t:- handle

trhe cuse wrere the purameters a, ,L,,e, ,s,,!, are Laxen t. be
P e

S

)

random variatles wilt: & piven ‘_int

L}
4

tstritutt-n {untl!. . n,

(oY

rcvided that we agree tC minimice t!.e ex;ectel value
| }

t'e quadritic fcrm.
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