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Summary 

Tf.«  prcblem   .r  detennlnlng   tr.e minimum   of  W^e-functional 

T T 
J(y)- /     öi(t)(y-t'i(t))2<lt>f/     a,(t)(yiU)-^»(t))?dt-»-... 

o 

/' aK(tj(y^K 1^(t)-bK(tJ )?at.   ever all  y(t)  eubjeat  fc^ 
L 

trie constraints y(0)-cl, y ' (O)-Ca, • • • ,yv^^" (Oj-c-^ls treated 

using the lunctlunnl equation technique of the theory of 

dynamic programming.  The pretlern lo reduced tc tne solution 

Lf a system of ordinary differential equations satisfying 

^ne—point b undary conditions. 

The discrete case, corresponding t^ the minimization of 

a   class of quadratic forms, Is also treated ty the same general 

method.  A particular problem of this type arises In the 

treatment :f tr.e cptlmal Invent ry problem oy Holt, Simon, 

and Mcdlgllanl. 

I 
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Gn a   Class  of  Varlatlcnal   Problems 

b 1.     IntroJuction 

A  class   cf "nathematlcai   probiems   wnlch   .rise   In  c. nnectlon 

with  various   averaging  cr smootnlng  pr  cesses   In  applied 

malnematlcs   Involve  minimizing   the   functl   nal 

o T T 
(1) J(y)--/      al{t)(y(t)-b1(t))

?dt^/     aa(t)(y'(t)-b,(t))^dt 
c c 

(K-l) V      aK(t)(y^-iJ(l)-bK(t))cdt 

)ver all  y(t)   subject  tc   constraints  of  tne  f  rm 

(2) y(0)-xi.y'(0)-xa y(K  ?)(0)_xK_1 

The  standard  apprcac:.  to  t;.ls  prutleu employing   the 

classical   varlatlcnal  techniques   leads   tc  a   linear equation 

In y(t)   of  order   ?K with  K  conditions   at   t-0,   given  above  In 

(2),   and  K additional   constraints   at   t-T   lerlved   from   toe 

varlatKn . 

F.r the   case   where K-l,   the   ccmput~.tIcnal   pr  tier 

posed  by   this  equation   la   fairly   simple  t     res, Ive.     For 

K>2,   aowever,   tne   computational   problem  tec  mes   dlfllcult, 

since   «e  are   f^jed   wltt    the ^rcblem   of   solving   systems     f 

equatl   ns   of   order  K,   wltn  eacr.   trial   s.i.utl,,n   Involving 

t;.e  numerical   s   lotion     !    linear  equaiKn     f  . rier  2K. 

T-   bypass   1;.Is   tw  -j.   Int   boundary   value   pr   Llem   .nd   re lu :e 
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the  problem to a one—pclnt   boundary  value  problem,  we  ahali 

employ   the  functional   equation appr^acn     f   the   theory  of 

dynamic  prcgrammlng,    [ ^ j-     Although  In general  this  leads 

t.j  partial   differential   equations,   In  this   case  tne  quadratic 

cnaracter  of  tne  functional   J(y)  permits  us   to  reduce  the  prcblem 

tu  a  system of  ordinary  differential  equations  cf simple 

type,   whose nuTierlcal   solution  Is  readily  accomplished. 

After discussing tne   continuous   case,   we   shall  treat  the 

discrete   case,   a  particular  example   of   which   arises   In mathe- 

ma^lcai   economics   In  connection wltr.  some  scheduling  problems, 

see  Holt,   Modigliani,   and   Simon,   [ i^j,   Arrow,   Harris,   and 

Marscnok,    [ 1 J,   and  Bellman,   Gllcksberg,   and   Gross,    L^ J• 

A  further discussion  of  tne  functional  equation  technique 

wltn  application  to  eigenvalue problems  and  other varlatlonal 

problems  may be  f-und   In   [3 J • 

§2.     The   case K»l 

It   Is  sufficient   to  consider the  case  K»l,   where the 

analytic   details   are  simplest  In order  t-   Illustrate   the method. 

After a   thorough discussion   of   this   case,   we   shall  briefly 

Indicate   the extension   of   the metnod   to   hlg:.er  values  of  K. 

We   begin by  Imbedding   the  problem discussed  In   (i.l) 

for  K-l   wltnln  tt.e  more general  problem  of detemunlng   the 

minimum   of 

T T 
(I) J(y,8;-y '    al(t)(y-bl(t))2dt4yr      a,(t) (y'-b. (t) )2dt 

3 8 
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all y subject to the constraint 

(2) y(8)-c, 

and 0<s<T.     We  assume  that  all   the functions   that   appear are 

continuous,   and   that  a-Ct^O for  0^t<T,   so  that  we   can 

restrict  ourselves  to   the  class   of functions   for  which y'^L   (0,T), 

Define   the   function 

(3) f(c,s)- Mln J(y,B). 
y 

Let us now  obtain a functional  equation for f(c,8)   which In 

the  limit  will   reduce  to  a partial differential equation. 

Write 

s+h T 
(O fCcs)-^ *./        ,   0<h<T-s. 

B B-t-h 

for an extremal y(t).  Choosing y' In the Interval L 8,B-»-h J* 

we see that we have a problem similar to the original with a 

replaced by 8-»-h, and c replaced by the value of y(t) at t-a-fh. 

Employing what we have called the "principle of optlmallty", 

cf C^ J» equation (4) gives rise to the equation 

(5)       f(c,8)-«ln    , L y   i a,(t)(y-bl(t))
2^a2(t)(y'-b8(t))

2
1dt 

h [a, s +-hj    B 

■♦■f (y (8-»-h) ,8+h) ♦ . 

Let us now asaume that the extremal curve la continuous 

In t and haa a contlnuouB derivative, and furtner that f 
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puBet88©8  continuous  partial darlvatlvae  with rasptct  to  c  and 

s.     These results may be established by  appealing to tne  classical 

theory of the  calculus of variations,   or,  as we shall  see at 

the end of the  paper by a passage  to  the  limit  from  the  dis- 

crete case. 

Assuming  the  above continuity properties,   let  us pass 

to  the  limit  as  h—^0.     Minimization over an interval   [c.s^hj  reduces 

to minimization ever values  of y'Cs).     Let us  call  the  unknown 

value of y'Cs),   v,   where v  is a  function of c  and s  to  be 

determined.     Using   the  fact that y (s-»-h)-y (B)-»-^ y ' (s)>0(h)- 

ohvK (s)  and  passing to  tne  limit   In   (5) as h«40,  we obtain 

for f(c,s)  the  non—linear partial  differential equation 

(6) O-Mln   [ ai(s)(c-bi(s))2^aa(s)(v-b.(s))2 >f8>vfc]. 
v 

The minimum  is  assumed at 

(7) 2aa(s)(v-ba(B))^fc-0, 

which determines  v  once  f has  been  found,  and  tne resulting 

equation  for  f     Is 

(ü) f   -   -«»(SUC-MB;)    ♦t.f   -   —    • 

The  Initial   value   for  f  Is 

(9) r(c,T)-0   for all   c. 

Let  us   now  assume  that   f{c,B)   has   the  form 
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(10) f (c,8)-u(8)-fCv(B)>C2w(B). 

Equating  coefficients  In   (8)   we obtain  the  equatlone 

2 V2(B) 
(11) (a)       u'(8)--&i(8)b1(8)*bav(B)  

^a.(8) 

V(B)W(8) 
(b)     v,(B)-2al(8)bi (8j+2baw(8)- 

a,(8) 

o 
W-(8) 

(C)       *'(8)-   -9i{B)  
aa(B) 

with the Initial conditions 

(12) u(T)-v(T)-w(T)-0. 

Since there IB a unique solution to (b) In the proper 

function claBB, this system detemlnea It. 

Equation (lie) Is a Rlccatl equation*, reducible to a 

second order linear differential equation, with the other 

functions found readily once «(s) has been determined.  The 

numerical solution of this system Is quite easily obtained. 

Once f (c,8)-u(8)>cv(8)>c «(a) haB been determined, we 

readily determine v from equation (7).  Then y 18 determined 

by the equation 

(13) ^ - v(y,t). y(s)-c. 
dt 

an  equation  which  wc   can  sclve  explicitly  since 

v(s )-»-2cw(8) 
(14) v(cl8)- -      *ba(8) 

2a2(8) 

•Note   that   tnls  Rlccatl   equation  Is  equivalent   tc   the   second  order 
linear  differential   eq^atl   n  otUilned   from  the   Luler equation. 
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Impllee 

-v(t}>2yw(t) 
(15) v(y,t)-   -fba(t). 

2aa(t) 

Once  tne  functlonB  v(t)  and w(t)   have  been determined,  equation 

(13) may  be  solved  explicitly  for y as  a  function  of  c  si.d  t. 

§3.     The  Cage K-2. 

Let us now examine the modifications required to handle 

U.e analogous problem of minimizing the integral 

(1) J(y.»)-y  iii(t)(y-bi(t))^-»-8a(t)(y
,-b,(t); 

2 

4a,(t)(y"-b,(t)2jdt 

subject to the constraints 

(2) yCsj-Cwy'Csj-c». 

Setting y'' (s )=rv-v(c 1 ,ca,8 ), and 

(3)      Mln JCy.sj-fCcj^Cg.s), 
y 

the analcgue of (2.8) Is 

CO O-Mln i;&i(8)(cI-bl(s))
2+aa(B)(c^-ba(s))

2^a3:B)(v-bs(s))2 

■►f -fCff  +vf   1 , 
8  " c 1   ca J 

wltfithe Initial value, f(ci,caT)-0 for all 01,0». 

Once again we can obtain a solution of U.e nonlinear 
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partlai   differential   equation  for   f   by  setting   f eqjal   to  a 

quadratic   In Ci  and  ca, 

(b) f-uiCi  ■♦■2uaC iCa-*-usCa -»-u^Ci-fu^ca^u^ f 

where  the u.'s are   functions of s  alone.     Upon equating 

coefficients  In   (4),   we obtain a  system  of ncnllnear ordinary 

differential equations  for  the u.   of  the  form 

du 
(6)   -  f« (u^ua.us.u^u^u--),   u.^-O, 

ds ^    u i 

which determine the u. In the range s < T. 

§4.  Discrete Cases 

Let us now consider some discrete analogues of the above 

equations.  We start with the problem of minimizing the 

quadratic form 

(1) PN(x). I      bk(xk-dk)
2 * Z      ^(^-x^)2, 

K-l K"l 

where b.    and e.    are non—negative  parameters,   and XQ-X  a  given 

constant. 

As   before,   let   us  define  the  sequence   cf  functions 

(2) f   (x)- Mln [    I     ^k^k-^k^k^k-**-!^' 
k-R 

wnere x,_. Is set equal to x.  We obtain, as above, the recurrence 

relations 



P-7H 

(6)      gR(x)- Min [ ^pUp)-»- rR(
xR-x)'f«R>i(

xR)] • 
XR 

These relations permit the sequence lgp>(x)| to be ccraputed 

quickly and simply.  This approach Is particularly suited to 

problems In which the functions <). and y.   are non—analytic, as, 

for example Y^(x)-(x] or Max (x,0). 

As In the continuous case, the assumption of quadratic 

functions for (|R and y« permits us to go much further and find 

a more explicit recurrence relation. 

§3•  Explicit Recurrence Relation 

Since 

2        tS 
(1) fN^" Mln L bN^XN~dN^ '*'CN^XN"X^ J ' 

XN 

we  see   that   iN(x)   Is a  quadratic  In x, 

(2) fN^"  uN>vNx"fwNx2* 

where  uN,vN,   and  wN are  readily determined explicitly as 

functions  of  bN,cN and  dj,,   and  »<N>0. 

Turn n^w   to   the  relation  for  fij  i(x)« 

(3) fN-l(x)" Mln     L ^1(xN-1-KlN_1)
2^eN_1(xN_rx)2>fN(xN-1)] 

XN-1 

Substituting the expression for fN found above, we find tr.at 

ehe minimum over Xj, , Is attained at the point, 
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M 
XCN-l<t":iN-lbN-I   VN/2 

XN-l" 

and   tne   val 

(5) 

.- cf r^ixi is uN-1^N_;Lx^N_ 

u„ b.,   ,(1. 

x     wnere 

u . ^ 
N_r   L^N.I^N.. 1   +UN-{^-lbN-i-  7~)   j/i  bN-l"eN-l^N J » 

N-l 
^-i^N-^N-i ^.yr 

^-l^N-l^N 

'K-l 

eN-l(tN^N) 

Thlb   Is   a   recurrence   relation   ttiat   c   nnects   tne  triple 

{uv  -i »v*    i .wki   i )  wltn  t.^e   trlile   (u^, v^ , w^; .     Iterating   t.Ms 
N-l ht—l     N—1 N  N  N 

relation, we obtain tne sequenje (ut,vÄ,wa). 

To determine Xi, ^e use tne relation 

(t) fi(x0)-  Mir.    ' t i (x t^l j j^e , (x i-x j' ♦! a(x ! )^ , 
x i 

whl :r,  yields 

(7) 
xe^d ,t ,-Va/ 

Xl 
t ^e x+*3 

io) 

Similarly,   tne   ^ptlma^   ::.   1   e     f   x     Is   ^Iven   ty 

x      , ♦ ;      , b,     ,-v.     ,/I? K-l     K-l   k-.     k + / x  

K        K        K 

Tnls   permits   tr.e  sequence   Xi,xa,.-,x1    t     te   c   T;jted   recurrently 



P—714 

-10- 

BLarlln^   will,   trie   value   zt  Xi. 

56.     Discrete   Caee—K-2. 

Lei   us   n.w   c   nslder  briefly   the  pr  blem discussed   by  Holt, 

Modigliani,   and   Slnun  In   [ ■   ,.     It   le   required   t     minimize  tne 

express 1   :. 

^^        ,Z1 L 'Kuk-Lk)^%uk-^_i)?^kK-<v? J. 

where 

(.) 8k-Xl>X2*.  . .+Xk 

Making   a   cr.ange   '1"   variable 

O SK^- 

"k-i'k-l'k-l 

x  -x        »y, -?y,    , >y, 

we   :.ave   tb.e   [r  blem     I" minimizing   t;.e   quadratlr   f   rm 

(*♦) ^     i   a, (y,-y     ,-b,  y   ♦e, (y   ♦y      .-?\'     ^ )^-?   (y, —'1. ) * v   ' , '     kwk  Jk-1     K kwK  •'K-.      'k-l     rKwK     k' ■* 
k-l 

. ver all y i , y a , • • • , y, , »»r.ere we ase jme l '.at y^ and y_, f.a /e 

fixed valuer x and z  respe. il vely.  I!' we define 

('J    rR^h. I'^R ^ M-n    - \ ^k^K-^-i^^'^k^k^k-r n '    y,      k - Fi 

1 -P , N 

-?yk-i^'v;k(yk^k):>-' - 

«e  blaln the recurrence relatl n 
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(6) ^yR-l^R-:?^  Mln   : aR(yR->'R-l-LR)   ^R^R^R-P-^R-I^ 

^rR4l^yR'yR-l^ ' 

The  dettnnlnatl   n   .f   t-.e  sequence  j !R • pr   cee :s   as   before, 

with   the  exception   if.at   fc(x,z)   no**   nas   the   f^rm 

(7) fR(x,2)-u'1N.x^2upj;xz+u     z   ^u,Nx>?uC)Nz^6N 

6? .     St^cr.aot 1 c   Case . 

The  BtLTie  functional   equation   te.-o.nlque   eufrices   t:   handle 

t^.e   CHse  «r.ere  the  parametere  a   ,t. ,e. ,f,^ , 1,   are   taken   tc   be 
1 A 1. x A. 

random variables wltf, H  t-lven Joint dlstrltutl n lunctl n, 

provided that we a^ree t: minimize the expected value  f 

tr.e quadr»tlc fcrm. 
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