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X{ SUMMARY

Usbng gethods of the calculus of variati
obtain necessary conditions that differential gdses of a certain
type have a saddle—point. By strengthening the mecessary con-
ditions, sufficient conditions for the existence of addle~-
point and a method of constructing the saddle-point derived.
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ON DIFPFERENTIAL GANES WITH INTEGRAL PAYOF?Y

L. D. Berkovits
W. H. Plening

1. INTRODUCTION

This paper treats a certain class of two—person zere—sum
games which may be described intuitively as follows. ERach player
chooses a set of instructions for play which are called strategies
and which tell him how to choose a number from the unit interval
at each instant of time t iying in an interval 0 ( t ¢ T. If
y(t) denotes the number chosen by Player 1 at time t and z(t)
the number chosen by Player 1I, then the position or state of the

game 18 determined by the differential equation
dx
X e Jt - g(x'y'z)

together with the initial positicn x(0) = c. The strategics or
instructions for play may take into account the state x(t) of
the game at time t, it being assumed that each player always
knows the state of the game. The payoff to Player I is glven

by the integral

T
Pe / r[x(t),y(t),z(t)]at.
(0}

Player 1's objective 18 to choose a strategy which enables him
to maximize P, while the second player's goal is a strategy which
will minimize P.

To give a precise, useful mathematical formulation of the

problem is a nontrivial tasx, and the present paper by no means
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attempts to give a complete theory. There is not even an exist—
ence theorem ensuring that max min = min max. Some of the results

aly

which we shall present were first m 'y Issass (6], [7], N 3
in a formal manner or else under more roltrictivc oonditionl B
than those set forth here. The reader will also note a connec-—
tion with the work of Bellman [1]. Wwhat we do is to consider

the problem as a two—s6ided extremum problem with differential

and inequality side conditions and apply well—known techniques

of the calculus of variations (c.f. Bliss [3], Valentine (8])

to see how much information can be obtained in this way. Ana-
logues of the classical Ruler equations are derived as necessary
conditions for a saddle-point. Their solutions, which are called
extremals, turn out to be characteristics of a certain partial
differential equation involving the value of the game. The con-—
verse problem 18 then treated. Namely, when does a family of
extremals determine a solution of the game? The basic condition
for this 18 that the curves x(t) associated with the family ?

of extremals simply cover a certain region R in (x,t) plane.

The family then defines a pair of strategies which are optimal

in a sense to be made precise below. The value W of the game

18 a continuously differentiable function of position (c,t) in

R. Actually, we consider the more general case of a finite
number of nonoverlapping regions R.,....R., such that, for each
i, R1 is simply couvered by a family '1 of extremals. In this
case the value W 18 continuourly differentiable in each region

R1 and 18 continuous across boundary arcs common to more than

one region. The partial derivatives of ¥ are in general
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discontinuous across such boundary arcs.
Although the discussion in this paper is carried out for
a scalar differential equation, £ = g, the argument can be

carried over to a vector equation X = @,



2. NATHEMATICAL PORMULATION

We begin by defining certain terms which are used through-
out this paper. An arc in the (x,t) plane is called smooth
if each function in its representation in terms of arc length
is twice continuously differentiable. A region @ in the (x,%)

plane has a8 plecewise smooth soundary if its boundary consists

of a finite number of smooth arcs without cusps at corners. Let
¥ denote the closure of @. A function ¢(x,t) is C(k) in @ 1ir

it s C(k) in @ and &8ll of its derivatives up to and including
those of order k have a continuous extension to U.

Throughout this paper we shall be considering two real-
valued functions f(x,y,z) and g(x,y,z) which are defined for all
x and for all y,3 with 0 (y <1, 0 {z {1, and which satisfy
the following conditions:

(a) ¢ and g are ¢‘2) on the closure of their domain
of definition;

(2.1) (b) ryV <0, feg 2 9

Byy = O 8z ® O
(c) ax + b < g(x,y,z) ( a'x + b' for suitable constamts

a,a', b,b'.

Let T > 0 be fixed for the remainder of this paper. The
symbol R will designate a region of the (x,t) plane contained in
the strip 0 ¢t < T, such that the projection of R on the t axis
covers the entire interval 0 <t < T. Wwe shall consider functions

y(x,t) and z(x,t) defined on K and the differential equation

(2.2) 2= = g[x,y(x,t),2(x,8)]
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with initiz2l condition

(2.3) x(t ) =c, 0 gt <Tand (c,to) in R ,

as follows. Let !, denote a class of funotions y(x,t), and
2 a class of functicns z(x,t), defined in K, such that for

~
each y in / and z in , the following properties hold:

(a) O ¢vy(x,t) <1, 0 < z(x,t) 1.

(b) There exists a decomposition (which may depend
an the pair (y,z)) of the region X into non—-

overlapping' subregions R,,...,R, with plecewise

(2.8) smooth .oundzries such that, in each open region
Ri' Yy and z coincide with functions that are C(l)
in Ri'

(c) Por each (c,to) bpelonging to K, the equation (2.2)
subject to (2.3) has a finite number o > 1 of
solutions x,(t),...,xi (t), each satisfying a
Lipschitz condition and lying in K for t <t < T.
Furthermore, with the possible exception of finitely
many values of t, tne point (xJ(t),t), SR LR e (e
belongs to just one region Ri'
(d) If (c,t)) belongs to just one region “1' then
o =1,
The accompanying figure may help indicate what we have in
mind. In this case R e R;.- Rg ~Rs. The dotted lines indicate

the curves x(t) resulting from (2.2).

! By nonoverlapping subregions we mean, as usual, subregions
such that no two have a common interior point.
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Exsept for (c,to) on the bowndary separeting l.yb.&'i. G-
path 1is unique. On the boundary there are twyo curves, one
entering R; or Rg and the other entering Rs.

At this point it should be noted that 1if (o.to) is in an
open ragion Ri' then the assumptions that g is in C(a) and that
y and z are in C(l) on Ri’ coupled with the standard existence
and uniqueness theorem for ordinary differential equations,
guarantee that there 1s a unique solution through (c,to). Proa
the fact that a is not less than 1 and is finite, and {roa the
uniqueness of the solution of (2.2) - (2.3) in Ry, it follows
that on each Ri the solution of (2.2) - (2.3) 1s unique. This

uniqueness and the assumption that each solution meets the sets

RiA ) in at most finitely many points have {as & consequense the

fact that at each point of K the index o cannot exceed the num—

ber of regions Ri meeting at that point.

R

: u-_.l.:,' s ¥ 1T R

-

o
- g_‘.



P-717
8-10-55
-T-

We shall sometimes call the elements y,z of ’y ,} strategies.
There 1s a certain element of artificiality in this definition
in that a strategy y in :y may no longer be a strategy if j‘ i
replaced by a different élala ‘}) of functions z(¢,t). In order
to get a satisfactory general notion of strategy for games of
this type, 1t may be necessary to resort to notions similar to
that of K—strategy, in the terminology of Isaacs [6]. It s
proved in [o] and also in [5] that Af the value W of the game,
a notion to be defined precisely below, 13 a continmuously d4Aif-
ferentiadble function of position (x,t), then f—effective K-
strategies exist. It would be interesting to extend this resuilt
to the present case in which W will turn out to be only piecewise
continuously differentiable.

Let y‘?f' zt.}, and let (c,to) be a point of K belonging

to Jjust one subregion Ri' Let
(2.5) y(t) = y[x(t),¢t] , z(t) = z[x(¢),t],

where x(t) is the solution of (2.2) — (2.3). The functions
x(t), y(t), z(t) determined by (2.2), (2.3) and (2.5) will be
called the path corresponding to the pair of strategies (y,z).

Define the payoff as follows:

T
(2.6) P(y,zic,t ) = {f rx(t),y(t),z(t)]at.

0

P is to be thought of as the payoff to Player 1, and —P the

payoff to Player II. 1If (c,to) belongs to more than one region
Ry, there are, in general, finitely many solutions x;(t),...,x (t)
of (2.2) through (c,to). Let P(A)(y,z;c,to) denote the payoff

when the solution X, (t), XK e1,.e., 1, 18 used.
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A pair of functions (y*,z°®) with y'&? and mﬁ is said
{

to be a saddle—point relative to (/7,}) and (o,t,) 1f:

(a) P(K)(ynz';c,to) is the same for all XK= 1,... «.
Call this value H(c,to).
(2.7) (b) Por all ye y. z¢ 3, all indices # which may arise
from the p;im (},n') at (c,to). and all indices
3 which may arise from the pairs (y°,z) at (o,fco‘),

we have
P(“)(sz'icgto) < V(C,to) S P(y)(’.o'“:o‘o) .

Henceforth a path corresponiing to a saddle—point (y*(x,t), z¢(x,t))
will be dencted by x(¥), y(t), z(t). Also, whenever = 1 we
shal) drop the subscript on the payoff P.

We close this section with some remarks about the assump—
tions on f and g. Conditions 2.1(b) say that f is concave §n y
and convex in 2z, and are imposed in order to avoid introducing
mixed strategies. 1In similar problems involving only maximiza-
tion er only minimization, such concavity or oonvexity require-
ments were fcund to be essential to ensure that the maximum or
minimur is attained. (See [2].) The requirement (2.1)(c) is
placed on g to ensure that the sclutions of (2.2) and (2.3) hawy

a uniform bound depending oniy on the initial condition (c,to).



P-717
8-10-55

J. NECESSARY CONDITIONS

We now proceed to derive a set of necessary conditions
which must hold along a path resulting from a saddle—point.
In simple oxamples, use of these necessary conditions, together
with the sufficiency theory to follow in Sections 4 and 5, often
enables one to find the complete solution to the game. (See
Section 7.)

Let (y*(x,t), z*(x,t)) be a saddle—point relative to (Q;,
i) and (c,0), where (c,0) beiongs to Jjust one region Ki' ;ﬁd
iet it be assumed that:

FPor 0 < t < T the curve x(t) lies in the open
region R, the regicns R,,...,Rn are numbered so that
the curve x(t) has a nonnull intersection with the

(3.1) first k+1 ¢ n reglons R,, and HLA‘R1+1 meets x(t)

for t = ti’ O0<Ct; € +¢v0e Ct, T, PFurthermore,

K
each sufficiently small neighborhood of (I(ti),ti)
-
intersects RIA R1+1 in a smooth arc .1(t) which 1s
not tangent to x(t) at t = t,.
3ince g 18 of class C(z) and y* and z* are C(l) on each

Ri’ it follows from the standard existence and uniqueness theorem

for ordinary differential equations that the equation

2 = g[x,yo(x,t),zo(x,t)] ,
subject to the initial condition x(to) - X, has a unique solution
E(t;xo,to) through each point (xo,to) of Rgy £ = 1,..., n. The

nontangency condition in (3.1) ensures that for (xé,té) sufficiently

close to (xo,to) the solution I(t;x;,té) has a unique continuation
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across each arc fl(t), 1=1,...,k. This fact together with
(2.1)(c) implies the existence of a constant X such that for

(x_,t,) sufficiently close to (x,,t,) the inequality

-— ' — !
Ix(tix .t ) - x(tix t )| < Kix —x_|

holds foi I ) ¢t < T.
The case in which X(t) follows some boundary KfAR1+1 over
an interval of time rather than crossing as in (3.1) 1s also

of importance, but is not treated here.

Let us introduce the following quantities, which play a

fundamental role in what follows:

H(t) = £ [X(),5(2), ()] + A(v)gy [X(e),¥(r), ()],

(3.2)
K(t) = £ [X(t),7(t),Z(8)] + Mt)g, [x(t),F(t),2(t)],

where A(t) 18 a multiplier determined by
(5.3 V(v) = =, [X(1),F(0),2(0)] —ag [X(L),T (L), E(Y)],
\(T) = O.

Theorem 1. Let (y*(x,t), z¢(x,t)) be a saddle—point

relative to ?,/; for the initial condition (¢,0), and let (3.1)

hold. Then for t ¢ o 1=13,2,...,k, the following necessary

condition is satisfied:

H(t) > O whenever y(t) = 1, K(t) < O whenever 3(t) = 1
(3.4%) = O whenever O < y(t) < 1, e O whenever 0<z(t)<1,

< O whenever y(t) = O; < O whenever z(t) = O.
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We note that Theorem 1 is the exact analogue of the cor-
responding necessary condition for meximum problems [2. formula
(&.2)] . In the latter case, however, it 18 not necessary to mae
any restrictive assumptions suci as (3.1).

The proof of Theorem 1 is begun by following the common

variational technique of finding

(5.5) 1am 4 [P(y*+en ,2z*) - P(y*,2%)] ,

[
[

where £n(x,t) is an "admissible variatiun" for small €£> O.
Specifically, let n(x,t) be C(l) in R, vanish identically out-
side of one of the subregions R,, and satlisfy O {y®* + n < 1.

Lot xE denote the solution of

2 = glx,y*+en,z] , x(0) = c.

Prom the assumptions concerning w(x,t) and the discussion
immediately after (5.1) 1t i1s not difficult to see that there

1s a constant K such that for O ¢ t < T we have

% (t) - X(t)] < KE .

Por bdrevity let us write
A-fx-kfyy;#AzZ;,

B = g, + gyy; + 8,2%

Define ((t) by the equations

é- Bt + gy7], ¥(0) = 0.



P-717
8-10-55
12—

By standard arguments [2] the limit (3.5) exists and equals
T
f dat .
Q/ (AS + £.n)

Define A,(t) by
Ay (t) = —(A+BA,), A(T) = 0.

Integration by parts gives [2, Section 4]
T T
T (ATl 0)dt - rf +A dt.
g (A" + y‘) é ( y x8y) n

Since (y®,z*) 1s a saddle—point,

P(y'+uj,z') - P()",Z’) S 0

for sufficiently small ¢ . Hence
/? A
f + ndt < O
6 ( y 18y) S
for all ". It follows that since " is arbitrary,

2> O whenever y = 1,
(5.0) fy + A,gy 4- O whenever O
< 0 whenever y =0,

provided t ¢ ty A similar argument shows that

< O whenever z = 1,

(5.7) fz + \;gz « 0 whenever 0 <z <1,
2 0 whenever z = O,
provided t ¢ t,. However,

(5.=8Y A+ B\, = rx+gx A,+y;(ry+ “,g’) + z;(rz+ A,gz) .



P-T17
8-10-55
-13—

Prom (3.6), (5.7), and the fact that for t ¢ t, ¥ and z} vanish

whenever y* = O, 1 and z* =« 0, 1, respectively, it follows that

along the path x(t), y(t), z(t), the third and fourth terms of

(5.8) vanish. Hence

i —(A+BN) = —(f #2g,), A (T) = O.

Since this 1s ‘ust the defining equation for A(t), it follows

that ';(t) = A(t), and the theorem i8s proved.
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4. AN INVARJIANT INTEGRAL

This section and the two succeeding sections will be devoted
to developing sufficient conditions for the existence of a saddle—
point. Let us call any solution x(t),y(t),z(t) of the necessary
conditions of Theorem i, where X, y, zZ are further related by
x = g{x,y,z), x(0) = ¢, and extremal through the initial condition
(c,0). Por a maximization problem (i.e., z absent) the sclution
muy be glven in terms of functions of time only and {s an extremal,
although not every sxtremal need maximize (c.f. [2], [¥]). Por
the game, however, examples show (ses Section 7) that the solution
cannot be found, in general, in terms of functions of time only.
Hence to construct saddle-points it is at once necessary to con—
slder famillies of extremals through a variety of initial con—
ditions. The problea before us 1s to determine when a one—
parameter family of extremals actually ylelds a saddle—point.

Wwe beglin by defining an analogure of the Hilbert invariant
integral of the calculus of variations. 1In addition to the oon-
ditions impoused on R in Section 2, let R be simply connected and
have a plecewise smooth boundary, and let y*(x,t), z*(x,t),A(x,t)
be three functions which satisfy the following conditions:

(a) O ¢ y*(x,t) <1, 0 < z*(x,t) < 1;
(b) ye®,z*, " are c(1) in K;
(4.1) (c) for all (c,t) in R the game over the square

0<y <!, 0<z 1, with payoff
O(x,tiy,2) = £(x,5,2) + A(x,t)g(X,¥02) & R

has (y*,8°) as saddle—point; ana S
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(1) A, (x,t)8(x,y%,2%) + A, (x,t)

= -[f,(xsy*,20) + A(x,t) g (x,y*,2%)] .
An immediate consequence of (4.1)(c) 18 the following:

(4.2) y;(fy+ ﬂgy) - z;(fzo‘ﬁgz) - 0,
where the derivatives of f and g are evaluated at (x,y®,z°®).
Let
Y (x,t) = £(x,y°,2%) + *(x,t)g(x,y*,z*).
Then

‘Wi - [fx+ 'gx] + y;[f’+ ‘gy] + z;[fz+ Agz] + Axg.

From (4.2) and (4.1)(d) we got

(“.}) ‘}’x - fx + .SX + Ax‘ - = .t

Define

(4.%) W(x,t) =« - ydt - dx, (x,t) in K ,
(x,t)

where the upper limit is a fixed but arditrary point in K and
the integral 18 taken over an arbitrary path which, perhaps
excluding end points, lies in R. In view of (3.3) it 1is clear
that (4.4) 1s independent of path, and 80 W(x,t) is well defined

in R. Clearly,

(g.r_)) 't - - \{’n 'l - A,

The !{ollowing lemma is an immediate consequence of the preceding
discussion.

Lemma 1. Por all (x,t) in Rand 0 (y <1, 0 ¢z 1, we have

(3.6) F(x,y,z%)+¥ g(x,y,2%) ¢ -W, < f(x,y%,2)+¥ g(x,y°*,2)
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5. PIELDS

The noticn of a field, which is taken from the calculus of
variations, will now be introduced. Let R be a region with
plecewise smooth boundary contained in the strip O ¢t ¢ T of
the (x,t) plane as described in Section 2, and such that:

(a) There 18 a decomjosition of R into a finite
number of nonoverlapping regions RJ, such
that R« K, Rg . ... Rn, and such that each

R.,, J=1,...,n, 18 8imply connected, has

15
-

(5.1) plecewise smooth boundary, and has functions
y}(x,t), z3(x,t), \J(x,t) defined on it which
satisfy conditions (4.1).
(b) There are functions y*(x,t), z°*(x,t) which
satisfy (2.4)(a), (2.8)(c), (2.3)(d), and agree
with y3(x,t),23(x,t), respectively, for (x,t)E,RI.
Purthermcre, suppcse that there 1s a function W(x,t)
Jefined in R such that
(a) W 1s continucus in R and C(l) in each RJ, J e 1,...,n;
(5.2) (b) w(x,T) = O;
(¢) for (x,t) in RJ, W satisfies
A (x,t) = /\J(x,t),

't(xot) - - ‘L:j(xvt) S {r(xoyjnzj) + \,‘(‘0’3"3)} .

A region R aatisfying (5.1) and a function W satisfying (5.2) are

s8aid to constitute a fileld P.

The Jjustification for the notion of a field is to be found

in the following Jdiscussion. Assoclated with a (ield P are
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functions y® and r®*. There exist noneapty families of functionas
!4 and &} which satisfy (2.4) and contain y*® and z*, respactively.
Pér example, 3.can be taken to be the set of all y(x,t) which

"« C(l) in ﬁi and coincide with y*(x,t) in a neighborhood of
the boundary of RJ' for each J = 1,...,n. The class ;}—oan be
defined similarly. We emphasize that this particular pair 1s
offered only as an example; in what follows .,f and ? are arbi-—
trary, sub/ect only to (2.%) and the condition y'cjf, z'cep

Theorem 2. Let P be a fleld and let the notaflon be as in

(5.1) and (5.2). Then, for any (x_,t ) in R, the pair of func-

)

tions y*(x,t), z*(x,t) is a saddle—point relative to Y% , é;
e J %

for the 1nitial conditions (xo,to), and H(xo,to) is the value

of the game.

Proof. Any solution xo(t) of

g'% - g[x,y'(x,t),z'(x,t)] ’

with assoclated yo(t) - y*(x

extremal, by (“.!). Along the extremal,

du(xo(t),t)
dt

- ik ey = e (e 1g) = = (x (1), (8),2, (%)),

except for a finite exceptional set Eb of values of t. At the
exceptional points, however, both right—- and left-hand derivatives
exist. Since W is continuous we may write

T T
. L:%¥> de - fxg(t),y (t),2 (t))at,
© o

d(xo,to) - .
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and so
Wix_ ,t.) = P(KW(Y'.Z';Xopto)
for any A and (xo,to) in R. Let y be an element of ef , and

let x,(t), yi(t), z,(t) denote any path eorresponding to the

strategles y(x,t), z*(x,t). Along this path

d
3% - Hx1,+H; - ng(x;,y,r.')ﬂit

except for a finite number of exceptiocnal points which constitute

a set E;. Using (4.6), we odbtain for all t not lying in K,

o
%f S - r(‘loylpzl) s

At the exceptional points both right- and left-hand limxits of
dw/dt as well as f(x;,y;,z,) exist, so properly interpreted the

inegquality holds along the entire path. It follows that
T

~

U(Xo,t ) Z r(xl:Yl'zl)dtv

0 .
tO

'(xopto) 2 P@A)(y'z.;(xo’to))
for all indices << and functions y in /# . A similar argument
v

can be usecd to show that
Wixgoto) S Peylye,zi(xg,t,))

for any z in 5 and index -’ . The theorea {s thus proved.

~
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6. SUFFICIENT CONDITIONS POR A FIELD

In this section we proceed to find conditions under which
& family of extremals defines a field. The most essential fea-
ture which the family should pcssess is that, with the exception
of certain bdboundary points, each (xo,to) of the region covered
has a uniquely determined extremal of the family passing through
it.

We may then define y*®,z*®, and A at (xo,to) to agree with
the y,z, and A , respectively, associated with the extremal.
A precise formulation of this intuitive idea 1s given in Theorenm
3. Since it is not possible in general to obtain the solution
with a single family of extremals, the idea expressed above 1is
generalized to include m families of extremals, each simply
covering a region Ri' {1 =«1,...,m.

Theorea ). Let R be a region with plecewise smooth boundary,

and let there be a decomposition of R into nonoverlapping sub—

regions Ki' ie1,...,m, such that R = (,V...v f—’-m. Por

each i, { = 1,...,m:

1. Let U1 depote the closed rezion of the (t,u)

plane bounded by the curves u = ug, U = uf

(+« @®> ug >y > - ®), t=T, and t = ti(u),

where ti(u) 18 deiined and 18 plecewises C(2)

without -usps at corners on the interval u, < u < uf,

and where tl(u) < T, with egquality permitted only

{for u = UI or u = u,. FPurthermore, let tnere exist

a family cf curves tix(u), x = 0,1,...,x(1), defined
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and piecewise C(z) without cusps at cornere

on the interval u, < u < uf, such that

tl(“) - tio(u) < til(u) < e € tlk(l)(u) L

for all uy <v < u{, with equalities permitted

only for u = uf or u = u,. Denote by Uiy the
nonoverlapping subregions defined by the curves

ty(u), the index k of the region being in agree-
ment with the index of the right-hand boundary

curve.

Let there exist a one—parameter family of extreasls

xi(t,u), yi(t,u). zl(t,u) with associated functions

Ai(t,u) such that:

(a) xl(t,u) is continuous on U, and maps U,
in s one-to-one fashion opto Ry -

(b) Por each k, x,(t,u) coincides with a functioo
C(z)-;g Uix; yi(t,u). zl(t,u) coincide with
tunctions ¢¢1) 1n I

(¢) Ixg (t,u)l >d >029p U, shere d 18 &

appropriate constant.

(¢) The functions

By(t,u) = fo(xg,yg,2q) ¢ Ag(t,u)g, (x,,74,28,),
Ki(t,U) = rl(‘l"i'zl) + )\1(‘0“)‘:(‘1-’1"1)0

where x, = xi(t,u), Yy - yl(t,u), 3, - :1(t.u).

are both continuous on 01; aoreover, l!1 vanishes

at_any point where $8 discontinuous, and 11
vanishes at any ;oint where 2, is discontinuous.
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3. Let the functions wi(t,u), defined by

T
(v.1) wi(t,u) - {' f[xi(t,u),yi(t,u),zl(t,u)]dt, o115,

be such that whenever xi(t,u) - xJ(t,u') then

wi(t,u) - HJ(t,u').

Then the i lamilies x,(t,u),...,xm(t,u) determine a fleld P

over R.

Proof. It is required to show that (-.1) and (5.2) hold.

Prom hypotheses 1 and 2 it can easily be shown that correspond-
ing to each U,, there 1s determined by weans of xi(t,u) a simply
connected region R1 with plecewlse smooth boundary and such

that for, 1,k ¢ J, 4, Ry AR These regions R, , suit—

Jje =
ably renumbered, can be taken as the subregions RJ of R described
in (5.1)(a). It alsc follows from the hypothesces of the theorem
that for each { the functions xi(t,u) can be inverted to give

functions u = ui(x,t), continuous on ﬁa and C(a) in each Rik'

FPor (x,t) in R, defline

ik
yik(x't) = yi(tpui(xot))t
(5.2)  zq(xt) = 2, (tu(x,t)),

.QIK(XJL) = 11(t9u1(x,t))'

These functions clearly satisCy (4.1)(a) and (4.1)(b) on Ryy

Since xi(t,u), yi(t,u), zi(t,u) 1s an extremal, and, by (2.1)(d),
f + 11Kg 1s concave in y and ccnvex in z, it follows that (4.1)c)
algo holds on Ry, . PFrom the definition (3.3) of \1 and the

relation

Ao x

Ayt " Mkx + /!

1t ikt = ﬂlkx B(Xys¥y02y) + Aixt

-'11xx 5(x1'y{k’z£x) + Aikt g
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it follows that (4.1)(d) holds. Hence (5.1)(a) 18 verified.

To show that (5.1)(b) holds, we proceed as follows. Define

ye(x,t) = yp, (x,t)

z*(x,t) = zIk(x,t) for 1 = 1,...,m; k =« 1,...,k(1),

1f (x,t) belongs to Just one region Rik' If (x,t) belongs to
more than one reglon Rik then we choose the first such region
sccoraing to the lexicographic ordering of (1,k) to define y*
and z°*. With this definition, y® and z* satisfy (2.4)(a). Por
the purjose of checking that (2.4)(c) and (d) hold, it suffices
to show that for any 1,x,u, the curve xi(t,u) is not tangent to
the curve X(u) = xi(tlk(u),u). T™is 1s immediate, for tangency

at a point would imply the existenee of a constant t? such that
dX - xndtm + xiudu - 5x1tdt,

at,,. = fdt,

1k
whence

X, du = O.
u

1

2)

(u) 18 C( , and x is bounded away from

But du ¢ O since i Y
zero; thus the curves cannct be tangent.

We now proceed tu verify (».2). Define
(6.3) d(x,t) = wo(t,u (x,t))  for (x,t)e K, .

Prom hypothesis 5 it 1s clear that W(x,t) 18 continuous on R
and is C(I) on each Rif' It 18 evident from (6.1) and (6.3)
that w(x,T) « O. Thus (5.2)(a) and (5.2)(b) are established.

Or eacn R, ~we have, by (6.3),

H(x(t,u),t) - '1(t’ou)n u = ui(xlt) ’
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whence

WXy * W o= owy,

= —f and x 80 we have

But, by (6.1), 'it v = 8

Ht(xot) - —f(l,y',l') —Hx(x,t)g(x,y',z')

Thus to establisn (5.2)(c) it 1s rejuired tc show that W = Aik
on each R,, . That 1s to say (see (v.2)), it suffices to show

that
(b.@) ‘\1(t:u) - \1(tnu1(xrt)) - wluulx

Differentiating (b.1) ylelds

dt
, or - , 1k
(5.5) "1y * {; yudt v Lon ) g5
12"

where

W (F) = olx(ry o), vyt ,u), 27 (ty, u)]
- o{x (g au), v (e ), 2T (0],

the + and - superscripts indicuting right-— and left-nhanu limits
g : c e .
as (t,u) —> (tix(u),u) from the interior of Ui,x+1 and Ui,k'

respectively. Upon differentiating the right-nhand side of (0.4)

witn respect tc t, we get, with the help of (6.9),

- _ ¢t
(uiuuix)t 3 Uiy * Wyu Yegee (x,t) in some Ry -
4 -1 .
But Uy (xiu) , and 80
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Hence, by (0.2),

(O.D) b—uulx-f‘xd-Ay—B—x—-* rz 3X -ﬁ

Furthermcre,

w u - Hluxiut - /Hiu. (‘iﬁ} ( : )
DT - [ = D 14
1u “1xt (xiu). \ Xy’ \Ju X404

where

—lﬁ 'Y x + Y * hd L
Su " BxXiu t Byviu t B2 4yy

Thus, writing

: ik 2k
(0.7) “5% - 8y * &y X + 8, 3Ix

o
(wluuix)t' 3x ~ (uluulx) F%

By using (4.2) one can write tne differential eguation (3.3)

Voas follows:

P
-—-‘l_‘-_\‘il
X i §

for
?

where (/ x and 'g/'x are as defined in (v.0o) and (6.7). Thus

for eacn u, < u < uf, \1(t,u) and wy U, satisfy the same

differential equatiocn in t at all interior points of the regions

v Purthermore, since '1u(T'u) - 0, fi(T.u) = 0, it follows

ik’
that to complete the ;roof of (L.4) it i8 necessary to show thst

w1u uix

subscripyt 1 and use the superscripts + and — as explained above,

13 continuous a:ross the curves tik(u). If we drop the

then f{or each x, x = 1,...,k(1)-1, it 18 required to show that
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Now
+ - +, —
('uux) - ('uux) - {w, - Hu)ux s wyluy = ux)
(0.8) - 1 = Ay e gl
SRR S S
1 g — -—
- ;: {(nu - u:) + w: u; (x: - xu)}
u

Clearly, (6.4) {8 valid on Uik(i); 80, proceeding inductively,

we may assume that w: u; =), It follows from (u.5) that
e
+ - ! + + - - X
"u - wu - '[‘(xoyio 7'1) - r(xlyin zi)] Ju

Writing x as the integral of g, and then differentiating with

respect to u, gives
dt

+ - + + + + K

Xu - xu - —[g(xvyil zi) —g(xoyl; 21)] TG

Thus the right-hand member of (6.8) can be written as

- 9 +

uX Tﬁ ‘([f(X,y;,ZI) "f(xpy;nz;)] - [g(x:yzazi) ﬂ(xoy;lzz)]} ’

and to compiete the .roofl we mustl show that the term in curly

braces {8 zero.

17 y* @ y7, 2% « 27, then there 1s no ,roblem. Suppose y ¢ y'

but z = z' @ z. Then by hyyothesis 2{(d), H = fy + ‘gy = 0. It

follows from the concavity of

é(y'z) - f‘(x,y,z) + >8(an:Z)

in y that botn y' and y maximize § for the given z and x in

uestion. Hence

f(x,y*,2) - r(x,57,2z) = *[&a(x,y*, 2) - g(x,y",2)] ,
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which, since z = 27 = z’, says that the term in curly braces is
zero. Suppose then that y~ ¢ y*, 27 ¢ 2*. Then He« K = 0, and
(y ,z ) and (y*,z*) are both saddle—points for the game over the

sjuare with payoff b(y,z). Herce §(y ,z7) = ’(y‘,z*), and

f(x,y*,2%) —t(x,y7,27) = Ng(x,y*,2*) - g(x,y7,27)] ,

48 was to be proved.
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T. AN BEXAMPLE
We shall consider the game for which

f(x,y,z) = x*, g(x,y,z) = 2y - ; -1, x(0) =c.

Let us make some preliminary observations. Intuitively,
it is desirable for Player I to make x either very large or
very small if possible. Purther, given sufficient time he can
reach either of these goals, as 18 shown by the following table
which gives the values of dx/dt for the extreme values of y
and z.

2 e Q 2z =]

"o Ty,

+* .

y =1 +1 +'/s
: |

y =0

This suggests that a good choice for I may be either

yo(xot) L yo(t) = 0 or y‘(x.t) - y\(t) = 1,

Moreover, if ¢ > 0 and 1 chooses y,, II should clearly choose
g2, = 1. Similarly, if ¢ < 0 and I chooses Yor II should choose

zo = 0. We have

T
" (c-t)Bdt e cRr _ TR o 775 .

P(y,,2,)
*)
T

(7'1) P(yo:zl) (C"/lt‘).dt - C.'r - ’/. C'l‘ + ‘/0 ,.p

o

T ™
P(yi,20) = / (cet)®dt = c®T + cT® + /3,
°

3 3
o (c4'/at)®dt = cBT 4+ /g cT® 4+ T/4g .
)

P(yi,z:)



.';j', .
Clearly, A 2P
-
P(y,02,) > P(¥r,21) 1 T ) 6e, v : ?f
! r N
* fw
< P(yi1,2y) 1f ? < Ge. 5= A
‘Mext, ¥ (3.2) and (3.3), :
- PaN - .,,t-."
H f’ + "8y 2\, e
= - -1 A Te e
K r, + ng /2, )
ar .
Jx * (fx + \81) - - 2X, \(,) e« 0, t v:."r
s .

Set x(T) mu. Por u >0, dN/dt <O at t =7, and hemse  _
A > O in some interval t; {t < T. Ten R >0, K C 0 on (t.,f);
and soc y(t,u) » 1, z(t,u) = 1 and dx(t,u)/dt « !/4 along the o 1
extremal passing through (u,T). Along this extremal, x(t,u) = '
(t*—T)/2 + u. The value of t, 1s determined by A\(t;) = QO to be
t; —Te - du. At t =« t,, we nave x(t;,u) = — u. Similarly
for u < 0, we have y(t,u) = 0, g(t,u) = O on an interval tg (¢t { ¥
along this extremal, we have x(t,u) « —(t — T) ¢+ u, the value ef :
ta 18 t9 — T @ 2u, and x(tg,u) = — u. We have thus defined twe !
one—parameter faumilies of extremals, one family corresponding to <
values u > 0, and the other to values u < 0. Consider the firet .
family on the closed region U: defined dy u > 0, T - (3u/2) St < 'b‘g..\
and the second family on the region U defined by u <0, T+ (6&/5) 4%
<t <T. (See Pig. 2.) The function x(t,u) = (t-T)/2 + u mape
the interior of U: in a cne—to—<ne fashion onto the region I;
of the (x,t) plane defined by ¢t < T and a > - (t-T)/8. (See
Pig. 2b.) On the other hand, the function x(t,u) = —(t—T)ea  °
maps the interior of U; onto the region R; which is defimed il* - i
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t <Tand x < — (t-T)/6. Denoting functions from the first
family by the subscript 1 and those from the second by 2, we

have, for arbitrary to < 7T,

xi(ty,— */a(t -T)) = xg(t , */a(t -T))

T . \ T
B A N L R AR I
o o
that 1s,

wi(ty, — %/s(t,-1)) = wa(t,, */a(t,~T)) .

Thus we have a field over the half plane t { T with two subregions
R: and R:. To place the example completely in the context of the
theory we restrict U: and U: to nonnegative t values and bounded
u values in order to obtain regions U, and Ug, respectively,

end thereby obtain in turn regions R; and Rg which are restric-
tions of R: and R;, respectively, and lie in the strip 0 ¢ t C 7

of the (x,t) plane. A saddle—point is the pair of functions:

1 4f (x,t) 18 in R, or in K, A Kg ,
Y'(X,t) =<
|0 if (x,t) is in Rg;

f11f (x,t) 48 in R, or in ;A K ,
z®(x,t) =4
O if (x,t) 1s in Ry
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