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SUMMARY 

gjethods of th« calculus of variati 
obtain necessary conditions that differential gdUes of a certain 
type have a saddle-point.    By strengthening the aeoeasary con- 
ditions, sufficient conditions for the existence of^aaddlo- 
point and a method of constructing the »addle-pointi^Hlr'derived. 
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0N DIFFERENTIAL QMBS WITH INTURAL PAYOFF 

L. D.  Barkovits 
W. H.  Flamin« 

1.     IWTRODÜCTIOW 

This paper treats  a cartain claaa  of two—person  zere-eua 

games  which may  b« described intuitively  as  follows.     Sach player 

chooses a set of instructions for play  which are  called strategies 

and which tell him how to choose a number  from the unit  interval 

at  each instant of  time  t  lying in an  interval 0 ^ t ^ T.     If 

y(t)  denotes the number chosen by Player I at time t and z(t) 

the number chosen by Player II,   then the position or state of the 

game  is determined by  the differential  equation 

together with  the  initial position x(0)   - c.    The  strategics  or 

inatructlona  for play may  take  into  account the state x(t)  of 

the game at  time  t,   it  being assumed  that each player always 

knows   the  state of  the  game.     The  payoff  to Player  I  is   given 

by  the   integral 

T 
P - /   f[x(t),y(t)li(t)]dt. 

o 

Player I's objective  is  to choose a  strategy which enables  him 

to maximize  P,   while   the second  player's  goal  is a strategy which 

will  minimize  P. 

To give a precise,   useful mathematical  formulation of  the 

problem is a nontrivial   task,  and the  present paper by  no means 
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attempts  to give a complete  theory.    There it not even an exiat— 

ence theorem ensuring that max min - «in max.    Somm of the results 

«hioh w »hall present wsrt first i»i^|i li tr XMMS M» t7]«.7^T 

in a  formal manner or else under more  restrictive  conditions 

than those  set forth here.    The reader will alao note a connec- 

tion with  the  work of Bellman   [l] .    What we do  is  to consider 

the problem aa a two—sided extremum problem with differential 

and inequality side  conditions  and apply well—known techniques 

of the  calculus of variations   (c.f.  Bliss   [}] ,  Valentine   [6]) 

to see  how much information  can be obtained  in this way.    Ana- 

logues of  the classical  Buler equations are derived aa necessary 

conditions   for a saddle—point.    Their solutions,  which are called 

extremala,   turn out  to be characteriatica of a certain partial 

differential  equation involving the value  of  the game.    The  con- 

verse problem is then treated.    Namely,  when does a family of 

extremals  determine a solution of  the game?     The  basic  condition 

for this   is  that the  curves  x(t)  associated with  the family F 

of extremals  simply  cover a  certain region R in   (x,t) plane. 

The  faxnily  then defines  a pair of strategies  which are optimal 

in a aense  to be made preciae below.    The  value  W of the game 

is  a continuously differentiable  function of position  (c#t)   in 

R.    Actually,  we consider the more general  case of s finite 

number of nonoverlapping regions Ri,...,!^,  such that,  for saoh 

1,  Rjis  simply covered by  a  family f.   of extremals.    In this 

case the  value W is continuously differentiable in each region 

R.   and  is  continuous across  boundary area  common to more than 

one region.    The partial derivatives of W are in general 
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dlicontlnuouB across such boundary arcs. 

Although the dlacuislon in this paper la carried out for 

a scalar dllTerential equation, i - g, the argument can be 

carried over to a vector equation X • 0. 
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2.     NATUSNATICAL FORMULATION 

We begin by defining certain term« which are used through- 

out  this paper.    An arc  in the  (xft) plane is called aaooth 

If each  function in its  representation in terns of arc  length 

is  twice continuously differentiable.    k region 0 in the   (x,t) 

plane has a piecewise  smooth soundary if its boundary consists 

of a  finite number of smooth arcs without cusps at corners.    Let 

3 denote the closure of 0.    A function 4(x,t)  is C^   '  in 3 if 
Ik) it   is  CK   ;  in 0 and all  of its derivatives up to and including 

those of order k have a continuous extension to 9. 

Throughout this paper we shall be considering two real— 

valued  functions f(x,y,z)  and g(x,y,t)  which are defined for all 

x and  for all y,i with 0^y<l, O^s^l,  and which satisfy 

the  following conditions: 

(a)    f and g are C^   ' on the closure of their domain 

of definition; 

(2.1) (b)     fyy   < 0, ffl 2 0, 

Ryy 0, g,. • 0; zs 
(c) ax -f b ^ g(x,yfz) £ a'x + b' for suitable constants 

a,a', b^b* . 

Let T > 0 be fixed for the remainder of this paper. The 

symbol R will designate a region of the (x,t) plane contained in 

the strip 0 < t < T, such that the projection of R on the t axis 

covers the entire interval 0 < t < T.  We shall consider functions 

y(x(t) and s(xft) defined on FT and the differential equation 

dx 
(2.2)    * - 3T * «[«./(«»^^(«»t)] 
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with initial condition 

(20)    x(to) - c, 0 ^ to < T and (c.t0) in R , 

at  follotfa .     Let   ./, denote a class of fanctlom y(x,t),  and 

3   a class of functions z{x,t)t  defined in R,  such that for 

each y in    j. and z in   ^   the  following properties hold« 

(a) 0 ^ y(x.t) ^ 1, 0 ^ z(x,t) $ 1. 

(b) There exists  a decomposition   (which nay depend 

on the pair   (y,z)) of the region R into non- 

overlapping1   subreglons Ri,...f3n with piecewise 

(2.4) smooth   „oundcrles  such that,   in each open region 

R., y and z coincide with functions  that are C*   ' 

in R.. 

(c) For each  (c,t0)  belonging to R,   the equation  (2.2) 

subject  to   (2.,5)  has a finite number   << 2 1 of 

solutions X|(t)t...,x    (t),  each satisfying a 

Llpachitz condition and  lying  in R for t    < t  < T. 

Furthermore,   with the possible exception of finitely 

many values  of  t,   tne point   (x.(t),t),  J  •  I,..., «x  , 

belongs  to  Just  one  region R. . 

(d) If  (c,t  )  belongs  to Jast one region R.,  then 

The accompanying figure may help Indicate what we have in 

mind. In this case R • Ri. Rt . R«. The dotted lines indicate 

the curves x(t)  resulting  from   (2.2). 

1   Ity nonoverlapping subreglons we mean,  as usual,  subregion» 
such  that  no  two have a  common  interior point. 



•. 

for (o,t0) on UM tontory MMtMIng i«y«»Hi 1^ UM 

path is unique.    On the boundary there are tjo cunr«a«   on« 

entering R»  or R« ana the other entering R*. 

At this point it ahould be noted that if  (o,t0)  Is in an 
(2) open region R.,   then the astumption»  that g ia in C^   '   and that 

y and z are in c'   '  on R. ,  coupled with the standard axistence 

and uniqueness  theorem for ordinary differential equations9 

guarantee that there is a unique solution through  (cft   ).    Fro« 

the  fact that m is not  less than  1  and is  finite, and  fro« the 

uniqueness of  the  solution of   (2.2)  - (2.3)  in K.,  it   follows 

that on each 1L   the aolution of  (2.2) - (2.3)  is unlqus.    This 

uniqueness and  the assumption that each solution sieets   the sets 

K.^ K.  in at moat  finitely many points havs as a ooateqpMM* tin 

fact that at each point of R the index d cannot exceed  ths num- 

ber of regions YL   meeting at  that  point. 

'■ ^ 
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We   shall som«ti«e8 call th« element» yfs oV "U , 1  »trmteglc». 

There  is a certain element of artificiality in this definition 

in that  a strategy y in   2/  may no longer be a strategy if   J   la 

replaced by a different class    V  of functions s(c,t).    In order 

to get a satisfactory general notion of strategy for gasies of 

this  type,   it may be necessary to resort to notions similar to 

that of K-atrategy,  in the terminology of Isaacs   [6].    It is 

proved  in   [o]  and also in   [3]   that if the value W of the game, 

a notion to be defined precisely below,  is a continuously dif- 

fsrentiable  function of position  (x,t),  then f-effeotive K- 

strategies exist.    It would be interesting to extend this result 

to the present case in which W will turn out to be only piecewise 

continuously differentiable. 

Let yfXL,  zt  y,  and  let   (c,t  ) be a point of H belonging 
y » 

to  Just one subregion R..     Let 

(2.5) y(t) - y(x(t),t]   , z(t) - i[x(t).tl, 

where x(t) is the solution of (2.2) - (2..5). The functions 

x(t), y(t), f(t) determined by (2.2). (2.3) and (2.3) will be 

called the path corresponding to the pair of strategies (y,z). 

Define the payoff as follows: 

T 
(2.6) P(y.z;c.t ) -  / f[x(t),y(t).E(t)]dt. 

P is to be thought of as  the payoff to Player I, and -P the 

payoff  to Player II.     If   (c,t   )  belongs  to more  than one region 

fL,   there are,  in general,  finitely many solutions x» (t),... ^ (t) 

of  (2.2)  through  (c,t0).     Let P(A) (y.*ic ^o)  ^«note the payoff 

when the solution x    (t),      /< - 1,..., \ ,   is used. 
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A ^alr of functions  (y*,t*) with yv^   and *•€ ^   is said 

to b« a sadcil»—point rslstiv to   {/y$/ji) and  C0*^)  ^t 

(a)    ^(A;)^*»1*'0»^©^  lt th% ift,ne for ä11 ^- l».»«aC. 

Call this valut W(c,t0). 

(2.7) (b)    For all yt U , z£ ? • all indices * irtiich say arias 
» i' 

from the pairs (y,i#) at {c,t0)f and all Indicsa 

}   which «ay arias from the pairs (j*,*) at (oft )9 

we have 

p^)(y.«#;ö^0) ^ w(c,t0) ^ PM(y.«;c.t0) . 

Henceforth a path corresponding 10  a saddle-point (j#(xvt)» «•(x#t)) 

will be flencted by x(tr), y(t), e(t). Also, «hensvsr <<• 1 wt 

shall drop the subscript on the payoff P. 

We close this section with some reaarks about ths sssasp- 

tions on f and g.  Conditions 2.1(b) say that f is ooneavs in y 

and convex in z,  and are imposed in order to avoid introducing 

mixed atratogies.  In similar problems involving only maximits- 

tion or only minimization, such concavity or convexity rsquir*- 

mente were found to be essential to ensure that the maxisKin or 

minimum is attained.  (See [2].) The  requirement (2.1)(c) is 

placed on g to ensure that the solutions of (2.2) and (2.3) hava 

a uniform bound depending only on the initial condition (c#t ), 
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^.     NSCSSSAKY CONDITIONS 

We now proceed to derive a set of necestary conditlona 

which nust hold along a path  resulting  from a  saddle—point. 

In simple examples, use of these necessary conditions,  together 

with the sufficiency theory to  follow in Sections 4 and 3,  often 

enables one  to find the  complete solution to  the game.     (See 

Section 7.) 

Let   (y#(x,t),  z*(x,t))  be  a saddle-point  relative to   {fU, 
i 

.)  and  (c,0), where (c,0) belongs to Just one region IL, and 

let it be assumed that: 

For 0 < t < T the curve x(t) lies in the open 

region R, the regions Rx,...,!^ are numbered so that 

the curve x(t) has a nonnull intersection with the 

(3.1)    first k+1 ^ n regions R^, and R«^ ^ . meets jc(t) 

for t - t-, 0 < t x < ... < tk < T.  Purthermore, 

each sufficiently small neighborhood of (j^t.),^) 

intersects IL/\ ^14.1 in a smooth arc ^'«(t) which is 

not tangent to x(t) at t - t.. 

Since g is of class C^ ' and y* and z*  are c' ' on each 

R^, it follows from the standard existence and uniqueness theorem 

for ordinary differential equations that the equation 

* - g[x.y(x.t).z#(*.t)] , 

subject to the initial condition x(t ) • x . has a unique solution 

x(t;x ,t ) thro'igh each point (x0,t ) of R. , i - 1,..., n.  The 

nontangenoy condition in (3.1) ensures that for {^lt^a)  sufficiently 

close to (x ,t ) the solution x^ix^t^) has a unique oootlnuatJon 
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across each arc ^«(t), 1 ■ l#...fk. Thia faot together with 

(2.1)(c) implies the «xiattnct of a constant K auch that for 

{x  ,t   ) »ufflclantly clota to  (^»t   )   tha Inaquallty 

«(t;x;.t0) -x(t;xoto)i £ K|X0-*;I 

holds  fo*   "^ ^ ^ £ T. 

Tht  caae In which x(t) follows somt boundary ^^^.i over 

an interval of time rather than crossing as in (>.l) is also 

of importance, but is not treated here. 

Let us introduce the following quantities, which play a 

fundaaental role in what follows: 

H(t) - fy[x(t).y(t),i(t)] ♦ A(t)gy[x(t),y(t).«(t)], 

(3.2) 

K(t) - fr[x(t),y(t),z(t)] ♦ A(t)gz[x(t),y(t).t(t)], 

where Mt) is a multiplier determined by 

(30>    Mt) - -fx[x(t)#y(t).F(t)] -Agx[I(t),y(t),I(t)]. 

\(T) - 0. 

T^ieorerr.  l .     Let   (y#(x,t),   zt(x#t))  be a saddle-point 

relative  to  ]y, 2   for the  initial  condition   (c,0),  and  let   (^.1) 

hold.    Then for  t  ^  t.,   i •  l,2,...,k,   the  following neoessary 

condition  is satisfied; 

H(t)   > 0 whenever y(t)  -  1, K(t) ^ 0 whenever i(t)  - 1 

(3.^) - 0 whenever 0 < y(t)   < 1, - 0 whenever 0<I{t)<lt 

< 0 whenever y(t)  «0; ^0 whenever x(t)  • 0. 
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We note that Theorem 1 is the exact analogue of the cor- 

responding necessary condition for maximun problems [2, formula 

(4.2)].  In the latter case, however, it is not necessary to mai« 

any restrictive assumptions such as (3.1). 

Th9  proof of Theorem 1 Is begun by following the common 

varlatlonal technique of finding 

(3.3)    lim } [P(y>e%z«) - P(y,z»)] , 

where   £p(x,t)  is an   "admissible  variation"   for small    t> 0. 

Specifically,  let  )l(x,t)   b« C^1^  in R,   vanish  identically out- 

side of one of the subreglons R^,  and satisfy 0 < y# •♦•  ^ < 1. 

Let  x    denote the  solution of 

^ - g[x»y#^ fc>].z#]   » x(0)  - c. 

From the assumptions concerning Y|(x,t) and the discussion 

iosnediately after (3.1) it is not difficult to see that there 

is a constant K such that for 0 £ t £ T we have 

Ix^t) - x(t)| < KE  . 

For brevity let us write 

A - fx+ Vi * ^^ • 
B - «x - vJ * 8^x • 

I>efine   ^(t)  by  the  equations 

$- B^ * gy^ . XiO)  - 0. 
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ity standard arguments   [2]   the  limit   (2.3) «xlsts and  equals 

T 
/   (Af ♦   f  n)dt   . 
o ' 

Define     *i{t)   by 

A^t)   -  -(A+BM. Ai(»)   - 0. 

Integration by parts gives   [2,  Section 4") 

T T 
/ (A'+f >:)dt - / (f ♦Xj* ) ^dt. 
o       J o J J 

olnce (y#,t#) Is a saddle—point, 

for sufficiently small t   .     Hence 

T 
/   (fv + \&v)ndt < o 
o ' J 

for all   '\.     It  follows  that  since ^   Is  arbitrary, 
r 
\ 2 0 whenever y - l, 

y 
(3.b)    f -f Ajff \ . o whenever 0 < y < 1, 

^ 0 whenever y • 0, 

provided t ^ t .  A similar argument shows that 

< 0 whenever z • 1, 

(3.7) fz > Sgz ^- 0 whenever 0 < i < 1, 

> 0 whenever z • 0, 
lr 

provlded  t  ^  t-.     However, 

(3.8) A ^ B^l   - fx^gx ^i^Jiiy   \«y) ♦ rl(V ^Ä») 
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fron»   (3.0),   (^.7),  and  the  fact   that  for  ^ f t,  yj and  z# vanlah 

whtnever y- - 0,   1  and  2# - 0,   1,  respectively,  It  followe  that 

alon^  the path x(t),  y(t),   z(t),   the third and fourth tenna  of 

(3.8)   vanish.     Hence 

X,   -  -(A>B\)   -  -(V>»gx)' X|(T)   -  0- 

Since  this  is  Just  the  defining equation  for  Mt)t   it  follows 

that    'i(t)  ■ ^(t),   and   the  theorem  is  proved. 
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■♦ .  AN INVARIANT INTBQRAL 

This section and the two auccetding ••ctiona will b« devoted 

to developing sufficient condition« for the existence of a aaddle— 

point.  Let us call any solution x(t),y(t),z(t) of the neceaaary 

conditions of TTieorem 1, where x, y, z  are further related by 

* • s(^»y»z), x(0) - c, and extremal through the initial condition 

(c,0).  For a maximization problem (I.e., z  absent) the aolutlon 

nay be given In terms of functiona of time only and is an extremal, 

although not every axtremai need maxlBlxe (c.f. [2], [*]).  For 

the gaae, however, exainplea show (see Section 7) that the aolutlon 

cannot be found, In general, in terma of functiona of time only. 

Hence to construct aaddle-pclnts It Is at once neceaaary to con- 

sider fainllles of extremals through a variety of initial con- 

ditions.  The problea before us Is to determine when a one- 

parameter family of extremals actually yields a saddle-point. 

«te begin by defining an analogure of the Hllbert invariant 

Integral of the calculus of variations.  In addition to the con- 

ditions impused on R in Section 2, let R be simply connected and 

have a plecewlse smooth boundary, and let y*(x,t), z* (x, t) ,/\(x,t) 

be three functions wnich satisfy the following conditions: 

(a) 0 ^ y(x,t) < 1, 0 ^ »•(x,t) ^ 1; 

(b) y^z», A   are C^1 ^ in R; 

(*.l)    (c)  for all (c,t) in R the game over the square 

0^y<l,0<r^l, with payoff 

$(*.t;y,z) - f(x,y,2) t A(x,t)g(x#y#i) , 

has (y#,a«J as aaddle-polnt; ana 
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(i)     Ax(x,t)3(x,y,2#)  ♦   '^(x.t) 

- -[fx(x.y,f) ♦  A(x#t) gx(x./•,«•)]   . 

An  Itwnedlate  conoequtnce  of   (4.i)(c)   le  the   foliowlngi 

where  the  derlvallvee  of  f  and  g arc   evaluated  at   (x,y#,z*). 

Let 

t (x,t)   -  flx.y.z«)  ♦  />(x.t)g(x,y#f). 

From  {*.2)  anil   Ct.lJCd)  we got 

(«•3) tx - fx *   -g,*^«--   't   • 

Define 

(4.4) W(x,t)   - ^dt -   Mx. (x,t)   In R     , 
(x.t) 

«tor« the upper limit it a fixed but artitrary point la I urt 

the Integral Is taken over an arbitrary path which, perhaps 

excluding end points, lies in R.  In view of (4.3) it is clear 

that (4.4) is independent of path, and so y(x,t) is well defined 

in R.  Clearly, 

The following lemma is an iamedinte consequence of the preceding 

discussion. 

Lemma 1.  For all (x,t) in R, and 0^y<l,0^£^l, we have 

(4.6)     f(x,y.z#)^Wxt5(x,y,r*) ^ -*t < f (x ,y , z)^Wxg(x ,y ,z) . 
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b .     FIKLDS 

The notion of a field, which Is taken from the calculus o/ 

varlatlonB, will now be introduced.  Let R be a region with 

piecewlae emootn boundary contained in the «trip 0 < t < T of 

the (x,t) plane as described in Section 2, and such that: 

(a) There Is a decomposition of R into a finite 

number of nonoverlapplng regions R^ such 

that R - ffi ^ Rt ■ . •. v PL, and such that each 

R,, J - l,...,n, is simply connected, has 

(' .1) plecewlse aaooth boundary, and has functions 

y«(x,t), t7(x,t), ">({x,t) defined on it which 
U ni * 

satisfy conditions (4.1). 

(b) T^er^ are functions y#(x,t), t#(x,t) which 

satisfy (2.4)(a)# (2.4)(c), (2.4)(d), and agree 

wltn yi(x, t) ,z«(x,t), respectively, for (x,t)tRJ. 

Purthennure, suppose that there is a function W(x,t) 

defined In H such that 

(a)  W Is continuous in R and C^ '   in each R,, J • l,...,n; 

h.2)     (b)  irf(x,T) - 0; 

(c) for (x,t) In R , W satisfies 

rfx(x.t) - ^.(x.t), 

rft(x,t) - - ^(x.t) - - (f(x,yj,ij) 4 yU.yJ.ij)} . 

A region R satisfying (3.1) ^^ a function W satiafying (3.2) are 

said to constitute a field P. 

TTie Juatlfioation for the notion of a field it to be found 

In the following discussion.  Associated with a field P are 
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functlon«  y#  and  t#.    Ther«  «xist  nonoapty  faailiea  of  functlooa 

^ and    i   which  satlafy   (2.4)  and  contain y* and  f,   r«8pactlvaly. 

Per example,    U. can be  taken  to  be  tht set of all  y(x,t) which 

t   C^   '   In R.   and coincide  with y*(xft)   In a neighborhood of 

the  boundary  of R.     for each  J   •   l,...,n.    The claaa    ^ can be 

defined  similarly.     We  emphaalze   that  thla particular pair It 

offered only  aa  an example;   In  what  follows    ^ and   ^ are arbi- 

trary,   aubject  only  to   (2.^)   and   tht condition y#t4i,   imtfUA 

Theorem 2.     Let  P be  a  field  and  let  the  notation be at  In 

(^.1)  and   (t? .2) .    Tr\tx\,   for any   (x   ,t   )   In R,   the  pair of  func- 

tlont y#(x,t),   r#(x,t)   la  a  saddle-point  relative   to    ^ ,   /L 
j       * 

for trio  Initial  condition*   (x   .t   ),   and W(x   .t   )   la  the value ■ x o  o       o  o ■ 
of the ^ame. 

Proof.  Any aolutlon x (t) of 

3Y * 8lx.y(x,t),z*(x,t)l , 

with  asaoclated  yo(t)   -  y(xü(t),t),   zo(t)   -  z«(xo(t),t),   It  an 

extremal,   by   (b.l).     Along the  extremal, 

dW(x^(t),t) 
 h. "xV-t -  {*~^ ^)  - -f(x0(t).y0(t)fzo(t)), 

except   for a   finite exceptional   set  S    of values  of   t.     At  the 

exceptional   points,  however,   both  right- and   left-hand  derivatives 

exist.     Since   H   IS  continuous  we  may  write 

T T 
"(VV -      ';.TT/dt-      ' r(x0(t).yo(i),.0(t))dt. 

O 0 



p-nr 

and so 

^o'^  - ViK)^'**'^'^ 

for any A and (^Q»^) ^n  R« Le^ y be an eletwnt of ^ , and 

let Xi(t), yi(t)f Zi(t) denote any patn eorretponding to the 

otrateglea y(x,t), z#(x#t). Along tnls path 

except for a finite nuaber of exceptional points which constitute 

a set Et. Using (4.6)# MS obtain for all t not lying in B| 

jl < - fCx»^!,!») . 

At  tne exceptional  points both right- and  left-hand  Ilaiit« of 

dW/dt  aa well as  f(xi#yi,Zi)  exist,  so properly  interpreted the 

inequality holds along  the entire path.     It follows  that 
T 

K 
and   so 

y(xo'to)  ^ V)(y'r#;(Xo'to)) 

for all indices /*   and  functions y  in    'C/ .    A similsr argument 

can  be  usea  to  show  that 

for ar^' z  in    v   and  index   -:   .    T^e  theore« is  thus proved. 
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6.     SUFnCiaifT COMDITIQNS FOR A flELD 

In thli section we proceed to  find conditions under which 

a faaliy of extremals  defines  a field.    The most essential  fea- 

ture  which  the  family  should possess  Is  that,  with the exception 

of certain boundary points,   eacn  (*0»t   )   of  the  region covered 

has  a  uniquely determined extremal of the   family passing throu^i 

it. 

W« may  then define  y#,z#,  and   A   at   (^Q.^)  to  agree  with 

the y,t,  and   A   f  respectively,  aasoclsted with the extremal. 

A precise  formulation of this  Intuitive  Idea  Is given In Theorem 

3.     Since  it  is not  possible  in general  to  obtain the  solution 

with a  single  family of  extremals,   the  Idea expressed above  is 

generalited  to  Include m families  of extremals,  esch simply 

covering a region R.,   1  -  l,...,a. 

Thgorgg 3»    Let R be a region with piecewise ssK>oth boundary, 

and  let there be a decomposition of R Into nonoveFlapping sub— 

region»   ^*,  1 •  1,.. .,m,   such that  R -     ^ v ... v   rf        For 

each  i,   1  -  1, .. . ,m: 

1.     Let  U.   denote   the  closed  region of  the   (t.u) 

^.lane  bounded   by  the   curves  u  -  u. ,  u  ■ uf 

(*  aD>uf   >a.   > - ao ),   t  -  T,   and  t  •  tj(u), 

where  t-(u)   la  defined  and   Is plecewlae  Cv   ' 

without   jusps  at  corners  on  the  interval  u.   ^ u  < uf, 

and wnere  t1(u)  ^ T,   with equality permitted  only 

for u - uf or u - u1.     Furtnermore1   let  tnere  exist 

a  faiully  of curves t.fu),   K - 0,l,...,ic(i),   defined 



F-717 
8-10-55 

(2) and piectwltt C* ' without cu«p» at cornr* 

on th9  inttrval u. < u < uj, tuch that 

tl(u) - t10(u) < ^nM  < ... < ^^(u) - T 

for all ^ < u < uj,  with tqualitiaa parmlttaci 

only for u • uj or u • u^,    Danote by O^..   tha 

nonovarlapping aubragiona dafinad ty tha curva 

tik(u),  the indax k of tha ration baln^ In 

ma at with tha indox of the right-hand boundary 

curve. 

Let there exlet a one-t>ara»ater family of eKtraaal» 

»4(t,u), /-(tju),   XjCt.u) with aaaociatad functiona 

^^^(tju) such that; 

(a) x^Ct.u)  la continuoua on U.  and «apa Ü. 

in a ona-to-one faahion onto   i^^. 

(b) For each k.  xi(tfu) coincidaa with a function 

C(2) in 0li(;  y1(t.u). t1(t,u) coincide with 

functiona C^  4n 0lk. 

(c) |xlu(t(u)|   > d > 0 £D U^ Jötrt d 1A_JB 

appropriate  conatant. 

(d) The functiona 

^(t.u) - fy(x1,yl#«1)  ♦    ^i(t,u)fty(x1,yl,il), 

^(^.u) - ft(*i»y1.«1) ♦   >4(t,u)fs(x1,y1,t1)# 

^ere xl - x1(t,u), y1 • y^t.uK   i1 - Ki(t#u)# 

are both continuoua on 0-j mroovar,  IL  ▼MtSfiSS 

at any point  where y-  1# diicontinuoua, and L 

vaniehae at  any ^oint where «^ ia diicontini»aa. 
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*>.     Let  the  functions w.(t#u),  defined  by 

T 
(o.l)    ^(t.u)  - /   r[x1(t,u),y1(t,u).r1(t,u)]dt,  1-1,.. 

be auch that whenever x-(t,u) • x.(t,u') then 

w^t.u) - w^t^'). 

Then the ir.  rainlllea X; (t,u), . . .,x(t,u) determine a field P 

over R. 

Proof.  It Is required to show that {'j.\)  and (3.2) hold. 

Prom hytjutheses 1 and 2  It can easily be ohown that correspond- 

ing to each U.^ there Is determined by laeans of x1(t,u) a simply 

connected region R.  with plecewise smooth boundary and such 

that for, i,k 4 J.^. RIKAR1£' " ^  Theoe regions Rlk, suitr- 

ably renumbered, can be taken as the subregions R, of R described 

In (3.1) (a).  It also follows from the hypotheses of th# theort» 

that for each 1 the functions x1(t,u) can be inverted to give 

functions u - u.(x,t), continuous on /[.   and C* ' In each Ä^w • 

For (x,t) in R-, define: 

yjk(x,t) - y1(tfu1(xft)), 

(0.2)     ziK(
x't) " z1(tfu1(x,t)), 

AlK(x,t) - ^1(t,u1(x,t)). 

These functionB clearly satisfy (H.!)^) and (4.l)(b) on Rlk. 

Since x,(t,u)< y1(t,u), z1(t,u) is an extremal, and, by (2.l)(b), 

f -f '*   &  is concave in y and convex in r, it follows that (^.iXc) 

also holds on R.^.  Prom the dellnition (^O) of ^ and the 

relation 

»■• 
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lt   follows  that   (4.1)(J)  hold».     Hence   (5.1)(a)   la  verified. 

To show that   (t).l)(b) holda,   we proceed aa  followe.     Define 

y#(x,t) - yjk(*,t) 

2#(x,t)   -   Zjk(x,t)     for   1   -   lf...,tn;   k  •   l,...,k(l), 

If   (x,t)  belonga  to  Juat one  region H,. .    If   (x#t)  belonga  to 

more   than one  region TL.    then we  choose  the  first  such  region 

acoorulng  to   the   lexicographic  ordering of   {1,K)   to  define y* 

and  z* .     With  this  definition,  y#  and   z#  aatlsfy   (2.U)(a).    Per 

the  purpose  of  checking that   (2.^){c)   and   (d)   hold.   It  suffices 

to  »how that  for any  1,K,U,   the  curve  x.^u)   la  not  tangent to 

the  curve  X(u)   -  x.(t1   (u),u).    'Ma   la  Inuaediate,   for  tangency 

at  a point  would  Imply  the  exlatenee  of a constant jfi   such that 

dX -    XltdtlK    *    XlUdU    -     '5,XltClt' 

dtlk -   ^dt, 

whence 

x.   du  - 0. lu 

But  du | 0 since   t     (u)   la  C^   ',   and  x.     la  bounded  away  from 

zero;   thua  the   curves   cannot  be  tangent. 

We  now  proceed   tu   verify   (^.2).     Define 

(6.3) W(x,t)   -  w1(t,u1(x.t)) for   (x,t)£   ^   . 

Prom hypothesis   ^  It   Is  clear  th^.t   ^(x,t)   Is continuous   on R 

and  Is C^1^   on  each TT    .     It  la  evident   from (b.l)  and   (6.3) 

that  W(x,T)   - 0.     Thus   (5.2)(a)   and   (■j.2)(b) are  established. 

On eacn  R.      we  have,   by   (6.3)» 

W(x(t,u).t)  - w1(t,u), u - u1(xft)   , 
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whence 

x t t it 

ÄAt,   by   (b.l),  w.^  - -f  and  x.   - g,   ao  *#c  have 

wt(xlt) . -f(x,y.2*) -wx(x.t)g(x,yl2»)  . 

Thua to establish (^.2)(c) it Is required tc show that W • Alk 

on eacn ^4,-    T^iat la to aay (see (o.2)), it auffloea to ahow 

that 

(Ü.4)    .N^t.u) - A1(t,u1(x,t)) - wluulx . 

Dlfrerentlatlng   (0.1)   ylelda 

(^o)       w,,, . / ^1 dt +    y   ^ fr) ^ , 

where 

^1 - r x,    > r y4    + r z. 

^lk(0   -  f[x(tlK.u).  y   (tlK,u),   z   (tlk.u)] 

- f[x(tlKlu),  y*(tlR,u),   z^Ct^^u)]   , 

the  ♦• and  - superscrlpta   Indicating right— and  left-hana   limlta 

aa   (t,a)   —>   (t.    (u),u)   Trora  the   interior of  IL        .   and  U.   , , 

reapectiveiy.    Upoii  differentiating  trie   right-hand aide  of   (o.u) 

witn   reapect  to   t,   rfe   get,   with  the  help  of   (6.^), 

(wiuulx^  "  " ^ uix +  wiu  ulxt'   ^'l)  ln  soin*  Rik- 

But   o,     •   (x,   )      ,   and   ao ix        *   iir      ' 

• i' 
— u., •  f    ♦  f y,    + ;'  z.  u- „   . ju    ix x y^ iu z   lu  ix 
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Hence,   by   (b.2), 

v       ' 3U     Ix        x        y    d x z    ^x        Jx 

Furtnemiore , 

wluXlut, /"lu^i   /^g\ /    1   \ 

where 

Thu»,   writ lag 

\ v • ,ZI» 
l0-7» J^ " "x + *y  -^ +  *z  TT 

we  have 

(wluulx)t- Jx-  (wluulx)  H    ' 

By using   (^.2)   one  can  write   tne  differential  equation   (3.^) 

Tor aa   followo: 

.) f      ( .■>y 
" ~ "7 "      x     ' 

•here     f/x  and    »g/>x  are   as   lef'lned  In   (o.o)   and   (6.7).     Ttous 

for eacn  u,   < u  < \xf,     ^i (t,u)   and  w.     u.     satisfy  the  saaa 

differential  equation  in  t  at  all   interior points  of  the regions 

U,    .     Furthermore,  since  *.    (T,u)   • 0,  ^(T.u)   - 0,   it  follow» 

that   to   complete  the i.roof  of   (ü.4)   it  la  necessary   to  show Uwit 

wl     ulx   ^3   J0nt'^nu0UB   ^-ross   the   curves  t-, (u).     If  we drop  tht 

subscript   1  and  use  tne  superscripts ♦ and - as  explained above, 

then   fur  each   K,   K  •  1,...,k(i)-l ,   it  is   required  to  show that 

(w  u   )- _  (w  u   )"*■  -  0   . v   u  x' v   u x' 
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Now 

v   u x7           v   u JC'          
l  u         uy   X         UV   X         x7 

(6.8) - -1    (w- - w*) * w^  (-^ 1 ) 

-    lx   u u' u    x   v   u u'/ 
u 

Clearly,   (b.4)   is   valid  on U-, /.x;   to,   proceeding  Inductively, 

we  may  aaBume  that   wn  ^C ■ >v •     ^^   follow«   from   (bo)   tnat 

< - wü - -l^^.yl' zI) - r(^yT. zr)] -^ • 
Writing x as the Integral of g, and then differentiating with 

respect to u, gives 

dt, 
xu - xu" -^^'A' zi) -*(*'*{' zi^ IK • 

Ihu» UM right-hand «e«ber of  (6.8) can be written a« 

dt \   , N 
ux ."3n!  '[n^.y^zp -^(x.y^Zj^)]  -    [g(x.y*,2p  -^(x^^z^])   , 

and to complete the ^roof we rauat show that the term In curly 

braces Is zero. 

If y • y_, z     m   z~,   tnen there Is no problem.  Suppose y 4 y 

but z_- z'*' - z.  Then by hypothesis 2 (d), H - :'  ♦ * g^ - 0.  It 

follows from tne concavity of 

♦ (y,z) - r(x,y,z) + ^(x.y^) 

In y tnat botn y"*" and y~ maximize () for the given z and x In 

question.  Hence 

f(x,y4,z) - f(x,y~,z) - >[g(x,y',■, z) - g(x.y~,t)] , 



P-717 

wnich,   since  z - z^ •  t"*",   say«  that  the  term  In curly bracee  is 

zero.     Suppoie  then that  y~ + j*,  t~ + z*.     Then H ■ K • 0,  and 

(y_,z~)  and   (y^.z"*")  are botn saddle-volnta   for the gam« over th« 

square   with  payoff }(y,z).     Herce J(y",z~)   - fCy^z^),   and 

f(x,y4,z*)  -f(x,y-,z-)  - Mg(x,y*,t*)  - g(x.y"#x")l    . 

aa   was   to   be proved. 
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7. AN UANPLa 

~ ahall conaider the &&me for which 

f(x,J,z) • x•, g(x,y,z) • 2¥- j- 1, x(O) • c. 

Let ws make soae preliminary obaervationa. Int\litivelJ, 

it le desirable for Pla¥er I to make x either ver'J larae or 

very aaall 1f possible. Purther, given auff1cient time he can 

reach either of theae goals, as 1a ahown by the follow1na table 

which &1vea the values or dx/dt for the extreme valuea of 1 

and z. 

z - 0 z - 1 

r r=.;; y - 0 -1 
• ' 

1 • 1 +1 •'/a l 

!h1s auggests t hat a good choi ce for I may be either 

Moreover, tr c > 0 and 1 choose s y 1 , II should clearly choose 

(7 .1) 

S1a1larl y, 1f c < 0 and I chooses y
0

, II should choose 

We have 

-
P(y ,z 1 ) • 

0 0 

)! (c+t) 8 dt • c•T + c,- + Tj;, 
0 

T 
P(y 1 ,z 1 ). , 

0 



N^.T 

Clearly, 

P(y0.t0) > P(yw«i) 

< P(yi*«i) 

fttxt, kf (3.2) and (3.3), 

ir T < 6«. 

■  . 

*Sy - 2^ , H  - r   ♦ 

K    -  f, ^ ^gÄ  - -  VtX, 

3T - - (f \ *,)  --2X, N(T)  • 0. 

r^! 

-« 

re 

• - 

«   /» 

Set x(T)  - u.     For u > 0,  d^/üt  < 0 *t t - T, and 

N   > 0 In ioae interval  tj ^ t < T.    Than I > 0, K < 0 on (t|,t), 

and  so y(t,u)  -  1,   z(t,u)  - 1 and dx(t,u)/dt •  Vt along the 

extremal pMling through   (u,T).    Along this extremal,  x(tfu) • 

(t-T)/2 ♦ u.    T^ie value of li la aetermlned by ^(tt) • 0 to be 

tj-T--4u.    At t - ti, »#e have x(twu)  - - u.    SlaiXarlj 

for u  < 0, we have y(t,u)  - 0,  i(t,u)   • 0 on an Interval ^e i t ^ Tj 

along this extremal,   we have x(t,u)  * -(t - T) -f u,  the value af v 

ta  la  ta - T - 2u,   and x(ta,u)  - - u.     We have thua defined two 

one-paraaeter fanlliea  of extremala,  one ftnlly corraepondlng to 
« 

values  a  > 0,  and  the  other to valuea  u  < 0.    Consider  the  firat   . ' 

faavlly on the closed  region Oj defined  Oy u ^ 0» T - (>u/2) ^ t £ tt^ 

and  the  second  family on the region Uj defined by u ^ 0, T ♦ (6u/^) ^ 

< t   < T.     (See  Fig.  2.)     The  function a(t,u) •  (t-T)/a ♦ u MpO 

the   interior of Ui   in a cne-to-one  faahlcn onto the region Hi 

of the  (x,t) plane defined by t < T and x  > - (t-T>/l.     (Soo 

Fig.   2b.)    On the other hand,  the function x(tfu) • ~(t-T)4^ * 

mapa  the interior of U» onto the region R« which la dafinad h$ 

♦  »-- , 

v 



t < ~ and x < - (t-T)/6. Denoting t'lmct1ona fro. Uw tiNt 

raa117 '7 the aubacrlpt 1 and those rroa the aecond b7 2, .. 

have, ror arb1trarJ t
0 

s T, 

that la, 

!h\&.8 we have a fleld over the halr plane t ~ !' with two aubre&lona 
• • R1 and Ra. 'To place the •X&~Ple coapletely 1n the context or the 

• • \heor, we reetrlct U1 and Va to nonnegative t Yal~e• and bounded 

u value• 1n orjer to obta1n reglona U1 and Ua, reepect1vely, 

and thereby o-.taln 1n turn reg1ona R1 and B. which are reatrlc-
• • tlona or R1 and fta, reapectlvely, and lie 1n the atrlp 0 < t < ~ 

or the (x,t) plane. A aaddle-polnt la the pair of !'unct1on.az 

·i: lf (x, t) la ln R1 or 1n "'" Re , y•(x,t) 
i f (x,t) la 1n Ra; 

( 1 if (x,t) 18 ln Ra or ln R, ~ le , 
z•(x,t) -~ 

, 0 lf (x,t) le 1nJle. 
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