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■ 

SUMMARY 

Tht ld«a of a stationary distribution for a Markov 

process can bt extsnded to Include    distribution -  or measures 

which are infinite.    It is shown that a certain type of recur- 

rence condition Implies the existence of a possibly infinite 

stationary measure.    Applications are diBcuased 
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THE  EXISTENCE  OF  STATIONARY MEASUBES  FOR   CERTAIN 

MARKCV   PROCESSES 

1.     Introduction 

We  consider a Markov  process  x   ,  n - 0,1,....     The  random 

varieties  x     belong  to  an  abstract set X  In which a Borel   field n 0 

B  Is  defined,   X  Itself  being  an  element  of B.     It   Is assumed 

throughout   tnls  paper  that  B  Is   separable;   that   la  B Is  the 

Borel  extensl   n of a denumerable   family  of  sets.     The  transition 

law  of  the  process  Is  given  by a  function  F(x,E)   -  P  (x.E), 

tt.la   function  being  interpreted   as  the  conditional   probability 

that  x     .CE,   given x     - x.     Tne   n-step  transition  probability 
n ♦■ 1 0 n K ' 

is  designated   by  P   (x,E).     When  conditional  probabilities  are 

used   belcw,   It  will   usually   be   understood   tnat   they are   the 

ones   uniquely  aetemlnea   by   the   transltlcn  probabilities. 

Tne  sets   In  B  will  sumetlmes   be   called   "measurable  sets". 

Tnr^ug.'icut   this   paper  a   "measure"   -^111  mean  a   countably 

additive   set   function,   defined   .n   the  measurable  sets,   non- 

negative,   ana   n't   Identically  0.      (Tne  w^rds   "countably additive" 

will   sometimes   be  repeated   f   r emphasis.)     A   "probability 

measure"   < r   "probability  distribution"  will   be  a  measure  of 

totdl  mass   1.     N  tlce   that   we  do  net  require measures  to  be 

finite.     A   "slgma-fInlte"  measure   is  a  measure   such  that  X 

Is   tne  union  of  a denumerable  number  of   sets,   each of which 

nas   a   finite  measure. 
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VarloUB  condltlcns are  known  whlc-i  Imply  the  existence 

of a probability measure Q(E)   which  Is  a stationary distribution 

for the x -process;   that  Is,   Q satisfies,   for every measurable E, 

(1.1) Q(E)   -y/1Q{dx)P(x,E). 
X 

If x^ has this distribution, sc f.as x  for every n.  Two sets k0 n 

of  conditions   for  tne existence  of  such  a probability measure 

were given  by Doeblln.     One  set   is  discussed  In Doob   J,   pp.   190 ff 

A more general   set   la  given   In   |6j. 

There  are  many  situations   wfiere   there  Is  no   probability 

measure  satisfying   (l.l),   but  wnere   a   5   lull, n   can   be   I\ und 

If  Q(X)   - a    is   ail- wed.     Tne  simplest   example   Is   tne   random 

walk wfiere  x     takes   Integer  values,   and   can   Increase   cr  decrease n D ' 

by   1,   wltn  probabilities   1/2  each,   at   each  step.      In  this   case, 

a   Solution  U    (l.l)   can  be  obtained   by  assigning   t     any ser  of 

Integers  a  Q-measure  equal   tc   tne   numoer    f   Integers   In   the  set. 

All   Integers   are   "equally  probable." 

In  this  paper  a   solution  of   (1.1)   will   always  mean   a   slgma- 

flnlte measure  Q whlcn  satisfies   (1.1)   for every measuratle 

set  L.     Tne  principal   result,   contlned   In Theorem   i,   Is   tr.at 

a   certain  tyj.e  of   recurrence   condition  on the  x   -process   Insures n 

the existence of a s lutlon ol (l.l) whlcr. Is unique, ^n 1 wnlch 

assigns positive measure to certain "recurrent" sets. 

It Is helpful ti c^nslaer some kn.wn results : r tr.e case 

where X Is denumeiacle, wltn states designated by letters 

l.Jik,8,..., whlcn are taken t  te Integers 0,1   Let 



P-728 

P. , » P. , be tne one-Btcp transition probability from 1 to 

j, and let P.,  be tr.e n—etep transition probability.  Assume 

that all states communicate; I.e., fur each 1,J tnere is an n 

sjch tr.at P.,  Is positive.  Assume aloe that the chain Is 

"recurrent"; that Is, with probability 1, every state Is visited 

Infinitely often.  (If this is true for any starting point. 

It is true for all starting points.)  See Feller |9, Ch. l^j 

for discussion.  Under tr-ese cenditions, it follows from a 

result of Doeblln L5j that there Is a set of positive finite 

numbers q{,   j = 0,.,..., such that 
J 

N N 

(1.?)       11^     ^    pii   /  z  pksn " ^/q. 
N-^JU n-i   lJ   n=l  KS    0     8 

Nctlce tiidt  the limit In (1.2) Is Independent of tne starting 

pvsiti ns 1 mi k.  In c.ise tne mean time for return of the 

state back tn the starting state is finite (under the above 

nypctnesls l "communication" this will be tr.e for either all 

jr n: states^ t; e quantities q, are a set of stationary pro— 

Latllltits I'cr tne Markov c.naln, provided they are scaled so 

tneir sum Is 1. It   the mean times of return are Infinite 

(SHAI considering tr.e recurrent case) the q, are not pro— 

batlilties sln'"e tnelr sum is Infinite.  However, It was sh^wn 

by Derman ,3, tnat even In t.nls cuse., t:.e q, satisfy tne equations 

1 f statl narlty (1.3), which are of z  urse satisfied also wnen 

the q, ire ^r babliltles: 
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(1.3) q.   -    2      q^n ,   1  - 0,1,2  

Another proof  of  (i.3)   In the non-probablllty  caee  was given by 

Chung   [2j   and   furnishes  an   Idea  which  Is  very  helpful   In the 

present  proof . 

There are  several  applications or  Infinite  stationary 

measures  Q.     In  the case where  X   Is denumeraMe,   one  can consider 

Infinitely many particles moving  tnrough  the  states   In X, 

each one  moving  Independently  of  the  others  according to  the 

law of  the  Markov  chain.     In  such  cases  Derman  showed   [4j 

that  If   Initially the number  of   particles   In  state   J  has  a 

Polsson distribution with mean  q.,   J  =  0,1,...,   this  same 
j 

distribution will  be  preserved   as  time  goes  on,   and  related 

results are  also ^Iven.     A   similar treatment   for  certain types 

of  continuous—parameter  processes  h^s   been given  by  Doob, 

[7       p.   U04]. 

Another application was discussed by Harris and Robblns, 

[l^j, where the application of an ergudlc theorem due to Hopf, 

[l^j shows that If f and g are real-valued functions such that 

the right side cf (l.^) below is defined, then ass'imlng a suit- 

able recurrence condition holds, It will be true that for almost 

all starting states x0 

f(xn)   ^. ..ff(x   )        (y
r,f(x)Q(dx) ^ 

(1.4) Prob    L Um — J   -   1 
n—>oo     g(xc)^. . .>g(xn) y^gUJQldx) 

The  statement   "almost  all"   Is  with  respect  to  Q—measure.     In 



P-728 
8-31-1955 

some cases, such as the one discussed In the present paper, 

the exceptional set Is empty. 

The analogue of (1.4) for discrete Marko/ chains wae 

proved by Chung without the use of ergodlc theory. 

A question which will be mentioned only trlefly In this 

paper Is whether the analogue of (1.2) holds for the more 

general state space X Introduced above.  That Is, Is It true 

that If 0 < Q(F) < öD then 

N N  n 

(1.5)    I  Pn(x,H)/ 2  Pn(y.F)->Q(E)/Q(F) 
n-1        n-1 

holds for all x and y In X and all E In B? Conditions are 

Known under which this Is true; however, they seem to be less 

general than these under which Theorem 1 holds. 

Finally It may be noted that even In case Q(X) Is finite, 

trie result of the present paper applies to certain cases where 

one of the results of Doeblln mentioned above Is not applicable 

(however, tne conclusions are weaker than they would be If 

Dceblln's result could be applied) and where Doeblln's other 

result seems difficult to verify. 
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2.  Recurrence Cunoition; the ^Proceas on A" 

We consider Markov processes as defined In the first 

paragraph of the introduction.  Condition C:  a countably 

addive sigma-flnU-e measure m(E) is defined on sets E of ß; 

m(E) > 0 Implies 

Prob (x €.E Infinitely often I xQ)   - 1 

for all starting points xc in  X. - 

Now let A be a measurable set with m(A) > 0.  Let XQ 

be any point In A. Then almost ail sequences XQ, X,,..., will 

have infinitely many elements in A.  Let yQ « x^.y,,y2,..., 

be the successive members of the sequence which belong to A. 

It can be verified that the y  form a Markov proretia—and WP can n 
write down  its  transition  function P.(xlE)   «  Prob   (yn>i  £-   1   yn-

x): 

(2.1) PA(x,£)   -  P(x,E)t/^u.P(x,dy)P(y,£)t/i_Ac/x_AP(x,dy)P(y,d2) 

.P(z,E)+.... 

We shall refer to tne y —process as the process on A,, cr the A—process 

-Conditional probabilities will usually be tnose defined 
uniquely by the transition function. 

I 2 
-^Thls intuitively obvious statement perhaps needs proof. 

It can readily be shown that the Jclnt distribution of 
yi»y».''«»y  corresponds tc wnat would be obtained by Iteration 

of P., for all n. 
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5. Motivation for Proof of Theor»m 1 

It is evident from (1.2) that in the discrete case the 

quantities q. are proportional to the expected number of times 

tne state is J, over a long time interval. It follows from a 

proof of (1.2) by Chung [2] that the ratio <l*/<l4   1» equal to 

the expected number of visits to J between two visits to 1, 

where 1 4 J« Hence we might think of taking Q(E) prcportlonai 

to the expected number of visits to the set E by a "particle" 

which starts at some point x, before returning to x.  The 

difficulty Is that in general the particle does not have pro- 

bability 1 of returning to the state x.  It then seems natural 

to take some reference set A, with m(A) > 0, let the particle 

have some initial probability distribution on A, and take 

Q(H) to be the expected number of visits to E Mfore returning 

to A.  In general, there would be difficulties with this procedure 

but the situation becomes simple if there is a stationary 

probability distribution for the A—process; if tne particle 

has this distribution initially, It will have the same aistrl- 

bution each time it returns.  This type oT argument suggests 

the reason for Lemma 1 below.  See also Levy, [18], where the 

A-process is ured for discrete X, and Harris, [12].  The proce- 

dure used by Halmoe, [lij in going from "bounded" to "sigma- 

bounded spaces is related. 
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4.  Proof of Existence of Stationary Weasure 

Theorem 1.  Aaaume the Markov proceee satisfiee the conditions 

of paragrsph 1 cf the Introduction, and that Ccnditlon C 

holds.  Then (l.l) has a solution Q which ia unique up to a  ^j—t.^ 

constant positive multiplier; and is stronger Lnan m.  (The 

precise meaning of "solution" is given in the Introduction). 

A serieH of lemmas will be needed for the proof.  The 
1 

assumptions of Theorem 1 will be made fur each of tr.em, although 

Lemma 1 actually is true under wider conditions. 

Lemma 1.  Let A be a measurable set with 0 < m(A) < 00. 

Suppose the "process on A" has a stationary prcbahlllty measure 

QA satisfying 

(4.1)    QA(E) -y^ QA(dx)PA(x.E) 

for every measurable E 1n A.  Then (l.l) has a solution Q 

which assigns the same value as QA to subsets of A. 

Proof of Lemma 1.  The function PA(x,E), which we defined 

before as the transition function for the A—process, can be 

defined by means cf the right side  jf (2.1) fcr every x In 

X, and for all measurable E, whether or not E Is « subset 

of A.  The function so defined Is clearly, for each x, a 

countably additive measure.  An argument similar to toe one we 

shall use below to show that Q is slgma-fInlte shows that P 
A 

is a slgma-flnite measure.  Note that if E is a subset of X-A, 

then Pa(x.E) is the expected number of visits to the set E 

-^That is, m(E) > 0 implies Q(E) > 0. 
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before a vielt to A, if the starting point Is x.  (if x € A, the 

Initial position Is not counted as a "visit" to A.)  Now let 

A' denote the set X-A.  Prom the definition of P. It Is clear 

that the following functional equation is satisfied: 

(4.?)    PA(x,tJ - P(x,t;) ♦(/AI PA(x,dy)P(y,E). 

Motivated by the considerations Indicated In Section 3 above, 

we new define, for every measurablp E  In X, 

(^.3)     Q(E) -,/ QA(dx)PA(x,£). 
A  A      A 

Notice that for Ef A , Q(E) = QA(E),  Using (4.1), (4.2), and 

(4.3), we have 

(-■M    c/J Q(dx)P(x.H)-/A QA(dx)P(x,E)^(/A,[(/^ QA(dx)PA(x ,dyjP(y ,E)^ 

L/A 
(iA(

dx) LP(X.:-:)VA' PA (x,dy)P(y,E)]-/A QA (dx )PA (x ,E)-Q(E) . 

Hence Q satisfies (l.l), and Is clearly a countably additive 

measure. 

To shew tnat Q 1? slgma-fInlte, we note that QA(A) - Q(A) - 1, 

so 11 Is sufficient t. sh.w that A' 13 the union cf a denumerable 

number cf setr., each with finite Q-—measure.  Define S, , for 
• J 

every pair > f pcslllve Integers 1 and J by 

(4.S)     S  - ^x:x 1 A'.P- (x,A) > 1/j j , 1,J - 1,2, 
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Prom Condition C It follows that the union of the S,, contains 

A'.  Since S.-CA", Q(S. ,) 1B Just, the expected nunber of visits 

to S. .  between visits to A, If tt 9  ''process on A" has the 

stationary probability distribution Q..  It Is therefore 

clear that QCS.J IS finite. 

It remains only to show tnat Q Is stronger than m.  Since 

Q. Is by assumption stronger t^lan m on A, and Q colnclden with 

Q. on A, It will suffice to show that Q is stronger than m 

on A'.  Hence let £ be a measurable subset of A1, with Q(Ej ■ 0. 

Suppose the x -process, n > 0, has the Initial distribution 

Q. on A, x0 being assigned prebablllty 0 of being In A', 

Since Q(E) IS the expected nurrber of visits to E between vlelts 

to A, Q(E) - 0 evidently Implies that with probability 1, 

x  does net belong to E for any n.  This contradicts Condition 

C, which Implies that for any starting point x. there Is pro- 

bability 1 of visiting E Infinitely often. 

This completes the proof of Lemna 1. 

We next consider trie absolutely continuous parts (with 

respect to the measure m) of P(x,K) and Its Iterates.  For 

each positive integer n, let 

(4.6)     Pn(x,h;) «</: fn(x(yMdy) * Pc
n(x.Ej, 

where  fn(x,y)   Is  thus   the  density,   and   P  n  Is   the   singular 

component.     Our origins]   condition  Umt   the  field  B should   be 

seperable   Implies  that  the   representation   (4.6)   Is  ; .-sslfcle 

with   f     a   function whlcn   Is  measurable   In  tne  pair   (x,y), 
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measurabl11ty being defined with reepect to the product space 

(X,X).  See DoLb, [7, pp. 196 and 6l6j.  We shall henceforth 

assume that tne densities satisfy this measurabl11ty condition. 

Lerrnna 2.  Let r be ar.y real number strictly between 0 

and i.  There exist a measurable set A/ a pcsltlve number s, 

and a positive Integer k, such t:iat C < m (A) < 00 , and for every 

xc A 

{2.*) m ^y:ytA, f^x^) + ... > lk(x,y) > s ( >  rTi(A). 

Fr of of   Lemma c-.     Since each of the measures P, , n > 0, Is 

singular, we car. rind, for eich x, a measurable set S(x) with 

m(S {x )) = w, su :r. that 

(^•■•]     P, n(X - S ,'x)) - 0, n - 1,2  

P\ r  e icn  x,   let   T(x)   be   the   (measurable)   x-set   defined   by 

(^.9J T(x)   -    < y:fn(x,y)   -  0,   n  -   I..1 (  . 

Then   If"  x     -  x, the   probability   Is   1   tn^t   tr.ere   la  no  n   such 

tr.at   x     lei^nra ti    T(x}   - T(xjS(x).     H^nce   from  Condition 

C,   r. (T (x } )   -  C . 

Now   let   M, be   iny  measjrable  set  such  that  0  < m(Ai)   <  ci  . 

Fcr  eacr,  xCAj, !«rine   tr.e meTsurarie   set   A   .   «»  A     (x)   for 

(^ . 1U) A;i(x;    - ; y : y t A ,,   1    [ X , y )   +   ...   <•   f   (x,y)>    1/1 j   . 
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The remark above that m(T(x)) = 0 shows that 

(4.11) m(A1 - ^1AU) - 0. 

Hence Tor each x^A, there la a smallest positive Integer 1 - l(x) 

such t ha t 

(4.12) m(A11) >( * +-lr) m^A^. 

Now define 

(4.13)    K, - \ x:x t A^ l(x) - ,' j . J - 1 

Then eac» x Ir. A. rel.ngs tc some K,.  Hence we can find an 

Integer p ?ucfi t.'.at 

(4.11)   m(K1 f .. . 4 Kp) > ?Ti(Ai)/(4 - r). 

Now define A - K, ♦■ ... -♦- K .  Then f r every x in A the relation '1 

(4.IS l^x.y fF(x,y)   > l/v 

hclde   f   r  ail  y   '.n  A     wit.h   trie   p.rsltle  exception   ;f  a   y-cet 

:   m-r.eas^rp  n  t   exceeding     »(i   -  r,   m(A1^.     But  ^(A,;   < 

w'n  -  r)m(AJ.     Hence   for  every   x t A ,    (•♦ . 1', i   mufit   h   1]   f   r   ill   y 

In   A   with   the  ;    ar'Ule   except 1   n     f   a   y   r.et    )f  Ti-neaüure   n   * 

exceejlrw    L(l       r)   ;4  -   t)/*j   ^'j )   <   (*   -  r)   m(A).     Hence 

(■* . 7 j   le   true  wit:   K   ■  ^    »nd   &  «   V^ ■     TMs   c-rr.pletes  tf.e  proof 

:f   L^nvr. i   ? . 

Lemn i   ).     Let   A   pe   tne   net     f   ugmmj   ?,   corresp:ndlng   to   a 

p^rtIcüldr   value     f   r.     Supp.se  that   the   transit! in   functions 
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f ^r the '*£ r ocesg en A" have the dec ^mpoel tKn (stitiafylng 

the meosur^unIty condition nentloned in Cünnection with (^ . 6 )) 

(..16)   PA
n(x.b:)-/E rA

n(x,y) 7i(dy)4.PAo
n(x,E),n-l,2/...lxtA, ECA 

1 k 
Then (^ . 7) Htlll hclds, with the game k and s, If f  ^ ... > f 

1 k 
la replaced ty rA  +...•»■ fA 

Proof of Lemm 3-  We observe that, for EcA, ? (x,E) ♦ 

... *■ p'(x,lO Is the expected number of visits to E In n 

steps, while P, (x.E) ♦ ... + P, (x,E) Is the expected number 

of visits t- r In the first n visits tc A.  Hence clearly fcr 

every x t A and r, c_ A 

(M.17)   p,1 * ... > p r' > p1 + ... + Pn, n - 1,2,... 

Le* A? be --1 fubset  f A with T,(A )- m(A)# such that 

(■•-••)    PAC
n(x.A?) - 0, n - I,?,. .. 

Tnen for' .- CA^(ä,, nay defend on x) 

(•-19)   ./:(:.
:(x.yj^...^,n(x,y))m(dy)>y:(f1:x,y)^..4fn(x,y))m(dy) 

;.en e   t   r  e ic;.   x,   tr,c  relntl   r.   f.      ♦   ...   »■   fA
n  >  f     f   ...-»-  fn 

■lust   h   Id   f   r   iln   st   ill   y   In  «   (m—measure.)     Lemma   3  fellows 

l;TCTecllately   fr  m   this   fact. 

Lemma   >.     Let   F(x,E)   te   the  Mark~v   transition  function defined  by 

(4.P0) R(x ,:-.)-i;PA
1(x,E) 4-. . .^PA

k(x,E)L/k,Xt A,   ECA, 
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wiiere  A,   P,(x,r.),   ana   k   are   me  qucinMlloü   lel'lneti   In  Lgrorns 

?  and   3  f  r  s  T.e   r  >   l/l/pV    Lei   Frt,n   -   l.P    te   tt.e 

1 terries f   h.      i't.en   I   ere   1B   a   a tail   nj rj  ^ n bftbl 1 * ty  c!l plrl- 

but Ion QA("J   Lj:  PI   p-'tl gryln^,   f   r  all   we^suratle   2^ A, 

(u.n)       QA(h.) -^ QA(dx,  H;X,..). 

Mere' ver there is a number t, Z <   t  <   1 ,   Bi,cr. Itiat 11' ) (E) 1B any 

^rot-^blllty measure n A , 

(4.22)    i^A^^^A }(dx)Hn(x,t-.)  < t''"1, n = 1,2,.... 

The  proof  cf   Lem-na   4   foil  we>   from   result«1   Lf  Dueblin; 

Hee  Dcob,   [7,   n.   190   ff.j     However,   tv.e   transit!   n   function 

h  SdtlsfieB   sum  a   strong posltlvity       ndition  tnat   «i   very 

simple  proof  .-f  Lemma  4   can te  ^Iven.     Su:r.  H  proof   13   /iver 

In  the   Appendix   t     the   present   piper.- 

Lenma   ' .     The  dlstrit utlon Q. (n)   of   Ler.m-i  '♦   is   stati   nary 

for  PA(x,E);   tnat   is,   (4.1]   Is   satisfied ■ 

Pro   f  of   Lerrma   S«      Lei  us  deline     ^.er^l  rs   'J   md   V,   ^n 

my   trcb.iblliti   measure   } define i   - r.  A,   Ly 

(4.?',) JjUi-,./" |(ix)F. (x,E);VnL)-yh(Jx)   H.x,..). 

- If  ÜjeMln's   reault   Is   t     Leased   directly,   it   is 
suflUient  t     take  r  greater  than *  in  Ler.r.d  4. 
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U) and  V^  are  clearly   themselves probability measuree.     Tht 

ri       power  c f  the operator  U   (or V)   la  obtained   by replacing 

PA by  P  n   (or H    by  R"   ).     N.te  ala^  that  because  of  the deflnltl 

f h   (see   (A.?0)),   we  have 

(4.?4j V  -   (U +  U2  *   ...   +  \P)/k 

From   (4.2U)   we  see  that  U and  V commute:     l/V71  - V^u"  for any 

positive   Integers  m  and  n.     N^w   (4.?l),   In   the   present   language, 

becomes 

(4.2^) QA   -  VQA> 

inn   (4.??)   states   that   for  any  probability measure () defined 

>n  A 

(..?6; ,A(E)   - QA(
u:)l   <   t""1,   n  -   1,2,.... 

■Jalr;P'   (^.2^),   (4.26J,   and   ccmmutatl vl ty,   we  have   (the measures 

In   (^.27)   are  evaluated  for  some  fixed   neasurable  set £) 

(M.2V; UQA   -   LfVnQA   -  Vn(UQA)   -  QA   ^  £r 

wnere    r      Is   a  qumllty  which   Is   lese   tr.an   t In magnitude. 

T.olr   can     r.ly  tc   true   If   UQ.   =  Q. ,   which   Is   the   desired  result. 

In  order  to  apply   Lemma   1,   we  need   to   know   that  Q.   Is 

stronger  than m un  A.     Suppose   that   E  Is  a  measurable  tuoset 

cf   A   fur  which QA(E}   -  0.     Con   'der  the   "process   on  A"  yQ#yi  

where  yc  has   the distribution  Q.,    Because  of   :he  statlonarlty 

on 



of  th« y -procees,   we  have 

(4.28) Prob   (yn€r:)   -  QA(E)   -  C,   n  -   1.2, 

Because  of  Condition  C,   (4.2b)   Implies m(E)   - Ö 
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We can now apply Lemma 1.  There Is then a solution Q 

of (l.l); we recall that a solution Is a c^untably additive, 

elgma-flnlte measure; Lemma 1 shows It to be stronger than m. 

It remains to prcve uniqueness.  We shall show tnat, except 

for a multiplicative ccnstant, tnere Is only one algma—flnlte 

measure which satisfies (l.l), even among measures which are 

not necessarily stronger than m.  It Is convenient to defer 

the proof of uniqueness to the next section. 
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5.  Unlquen«B8 and Related Topics 

Throughuut Section 5 M« shall still assume that the conditions 

of the first paragraph of the Introduction hold, and that 

Condition C la satisfied.  Purthemjore, It will be assumed 

that a solution Q(E) of (l.l) hae been constructed by use of 

some fixed set A, as in Lemmas 1-5; tr.ls solution has been shown 

tc be sigma-flnite and stronger tnan m, and we shall reserve 

the notation Q for it throughout the present section. 

Lemma 6.  Let D be a measurable set with 0 < m(D), Q(D) < oo . 

Then Q(E)/Q(D) is a stationary probability measure for the 

"process on D", satisfying (PD is the transition function fur 

the D—proccs3) 

ib-i) Q(F,)/Q(D) ../^[Q(dx)/Q(D)]PD(x,E), EcD. 

It is the only stationary probability measure for tnls process. 

We mention explicitly tnat Q was constructed with reference 

tc a fixed set A, nut with reference to D. 

Proof of Lemma 6.  For simplicity, take Q(D) ■ 1.  Let 

D' =- X-D.  Then, taking (l.l) as our starting point we obtain 

(5 2) Q(E) -^x Q(dx) P(x,E) -y^ ^y^,, ECD. 

Tne second term on the right side of (5.2) can be written as 

(c.3)   ^'Q(dy)P(y'i::) "c/J). l/]fii**)   P(x,dy)] P(y,£) - 

./x Q(clx)v/D.P(x,dy) P(y,E) -y^^, ^/D'C^D' 
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Htnce w« have 

(5.4)    Q(E)-yj)Q(d.ic)CP(xfE)^^,P(x,dy)P(yfE)J>^l(/j),l 

or 

(5.5) QlE)^^ Q(dx)[ P(x,E)^^),P(x,dy)P(y,E)j. 

This proceBB can b« continued, replacing Q(dx) In the laBt 

term In {cj.^)   by 

(5.6) J^  Q(dy)P(y,dx). 

Htnce Me obtain 

(5-7)    ^)></l  Q(dx)[ P(x,£)>(^)lP(x,dy)P(ylE)>...J 

-(/^ Q(dx) PD(x.E), ECD. 

Now Q(E) la a probability meaBure on D (we have taken Q(D) - 1). 

Since PD 1B a Markov transition probability function, the right 

aide of (5-7) Is likewise a probability measure on D.  Hence 

(5.7) can only be true If the equality (5-1) holds. 

At this point we observe tnat the only property of Q of 

which we have made use Is the fact that It Is a solution of 

(l.l).  The above argument will then g^through for any measurable 

set D such fiat 0 < Q(D) < OD , and such that Prob (x €D 

Inf. often I XQ) - 1 for all XQ. 

Now consider a "process on D" with variables z , n - 0,.,..., 

where for each n, z  has the stationary distribution Q on D. n 
Suppose  D  Is   the union of   two  disjoint  nonempty measurable  sets 

D, ^Dp.     Since m(D)   > 0,   either D.   ^r Dp must  have  positive 
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m-mtaBure.  It follows that the two »tatemente In (5«8) cannot 

Blmultaneously be true: 

(5.8)    Prob Un^Di* n-1,2,... |Z0-2 )-l, all z^D^ 

Prob (2n€.D2' n-1,2,.. . |z0-z)»l, all Z£D,. 

The fact that two Buch BtatementB cannot be made 1B stronger 

than mere ergodiclty and In conjunction with the fact that Q 

is stronger than m, implies the following proposition.  Let 

£ be a measurable subset of D and let g(z) be the characteristic 

function of E.  Then for all (not Just almost all) z in D 

we have 

(See the discussion of a similar situation in Doob, [7 

Theorem 6.2, p. 22(5) ).  Now any stationary probability distri- 

bution Q' defined on D for the D-procesa will correspond to an 

ergodic stationary process z , where z^ has the distribution n       n 

Q' .  The ergodic theorer of Blrkhoff then impliee that (5-9) 

holds, with Q(E) replaced by Q!(E) for almost all (Q'-measure) 

z In D.  (We cannot say all z at thlB point since a priori 

we do not know that Z' is strenger than m.) This is a contra- 

diction unless Q' and Q are equal.  Hence Q is unique among 

'2£rgodiclty follows as for the Q-process. 
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Btatlonary probability measures for the D-process.  This completes 

the proof of Lemma 6. 

We can get scne additional information from (5-9)• 

We know tnat Q Is stronger than m, and It may be strictly 

stronger; that Is, there may be sets E with m(E) » 0, Q(E) > 0. 

It can be shown from (5.9) that Q(E) > 0 implies 

(5.10) Prob (xn^E i.o.|X0) » 1, all xu f X. 

We can now conclude the uniqueness proof for the solution 

of (l.l).  Suppose Q Is our solution and that Q, Is any different 

solution.  Then there must be a set D such that 

(5.11) 0 < m(D), Q(D), Q^D) < CD , 

(for convenience let us take Q(D} - QjCD) » l) and such that for 

some subset E of D, we have Q(E) t Qi(E).  Prom the discussion 

above It follows that both Q and Q, must be stationary probability 

distributions on D for the D—process; tne fact that Q Is such 

a distribution was proved; the fact that Q, Is such a distri- 

bution follows from (5.10) and the remark made In tne course 

of the proof of Lemma 6, to the effect that any solution of 

(l.l) provides a stationary distribution for the D-prucess 

under the Indicated conditions.  Since from Lemma 6 the station- 

ary distribution Is unique, we have a contradiction. 

This completes tne proof of Theorem 1. 
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6.  Remarks 

Theorem 1 Is sometimes helpful In the finite case, Q(X) < OD . 

It 1B useful tu knew In advance whether the finite or Infinite 

case prevails.  The following criterion will be stated without 

proof. Mere general ones c^uld clearly be found. 

Suppose the conditions of Theorem 1 ore satisfied, and 

suppose we can find a set A, 0 < m(A) < oc , and a positive 

number d such that the density f(x,y) satisfies 

(6.1)    f (x,y) > d, x € A, ye A. 

Q P 
Let   be the recurrence time to A; that Is,  Is the emallest 

positive Integer such tnat Xp€ A.  Then If E(l |x0 - x) Is 

bounded Independently of x lor all xeA, we have the finite 

case. 

Although s^me conditions have been found under which 

(1.5) Is true, (see [l3j , the atithur has not been able to prove 

this under the conditions of Theorem 1 alone. 

It does not seem easy to apply the general ergodlc theorems 

of Halmos [lO] and [llj,  Dowker [8] , and Hurewicz, [17] to the 

present problem.  See also Hopf, [16].  However, it would be 

Interesting to explore possible connections.  As mentioned 

in the Introduction, the  Idea of extending a finite measure 

on a subset to an Infinite measure on the whole space Is some- 

what related .  a procedure used by Halmos, [»lj• 

Some recent results of Edward Nelson, In a thesis at 
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the University of Chicago, may have ctnnectlons with the 

present problem.  The authcr has as yet ^en unable to see 

this work. 
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APPENDIX 

Consider R(x,E) defined by (4.20), and let g(x,y) be Its 

density with respect to m.  Then there Is a positive number, 

say b, sucr. that for all x€ A, 

(A.l)    m J y:g(x,y) > bj  >  rm(A) > m(A)//2, 

where  r  Is  the number of  Lemma  2,   taken here  to  be  >  1//2. 

Nww define 

(A.2) ^[E)   -  sup   (Rn(x,E)   - Rn{y,E)) 
x.y 

Wn   - ((u,v):Fn(u/E)   -  Rn(v,E)   > o| 

where  all     n lnt.8        in  the definitions are  In A.   Furthermore, 

let  Aa denote  the  product  space   (A,A),  and  let mg denote  the 

product measure  In  this  space  constructed  frjin m.     Let  0(x,y) 

be  tr.e  subset   of   Aa defined   by 

(A.3) G(x,y)   -   [(u,v):g(x,u)g(y,v)  > b   j 

2 2 2 Tnen ma(G)   >  r mp(A   )  -  r   (m(A))   .     New for each pair   (u,v)  where 

the expression defining W     is  positive,   there  is  a   corresponding 

pair   (v,u)   where   the expressl   n  Is  negative,   and  since  the 

measure   Is   product   measure,   these   two mutually-exclusive  sets 

have  equal   m  -measures.     Hence  m0(A  -W   )  > « m0(A0).     Hence 

(A.4) m2ÜG(-2-Wn)I   >   (r?  -  ^)m2(^). 
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With these prellmlnarlee we can write 

(A.^) Rn+1(x(K) - R
nfl(y(r,) -./.H (x , du )Fn (u ,E) 

Hence 

(A.6) 

Now 

/AR(y,dv)H
n(v,H) -^R(x,du)R(y.dv;(Rn(u,E)-Rn(vfE))< 

A A - 

J~ Jv     R(x,du)R(y,dv)(R,,(u,E)-Ru(v,E)) < 
n 

"n^c/Vw  R(x.du)R(y,dv;. 
n 

M ^E) < Mn(Ej sup ^-y^  R{x.du)R(y,dv) 
x,y     n 

(A.7) R(x,du)R(yfdv) > 

i/yi g(x,u)g(ylv)m(du)m(dvj > 
k2 n 

b2(r2- Ir)   mr(^ • c > 0. 

Note also that tne double Integral „n the rl^ht side f (A.6j 

would be 1 If It were taken ever tr,e whole space A2.  Hence, fr 

(A.7) we have 

(A.oj 

It   fcllowfl  that 

sup  y^     R(x,du)R(y.dvj   <   1       c,   0 <  1 -  c   <   1 
x,y n 

(A.9) Mn(E)   <   (l-cjn   1,   n  -   1,2  
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The same typ« of argument shows that the absolute value of the 

Inflmum en x and y of the quantity R (x,h) - R (y,E) satisfies 

the Ineqaallty In (A.9).  The jeslred result follows readily 

from tr.ls. 
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