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SUMMARY

The idea of a stationary distridbution for a Markov
process can be extended to include :ldiatributioné/or measures
which are infinite. It is shown that a certain type of recur—
rence condition implies the existence of a possibly infinite

()

il

staticnary measure. Applications are discussed
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THE EXISTENCE OF STATIONARY MEASURES FOR CERTAIN

MARKCV PROCESSES

1. Introduction

we consider a Markcv process X,» N = 0,l,.... The random
variatles X belong to an abstract set X in whichi a Borel field
B {s defined, X itself being an element of B. It 18 assumed
throughcut tnis paper that B 18 separable; that is B is the
Borel extensi n c¢f a denumerable family of sets. The transition
luw oOf the process is given by a functicn F(x,E) = Pl(x.E),
ti.is functicn belny interpreted as the ccnditional prcbability

that X € £, glven X, = X. The n-step transiticn probablility

+1

18 designated by F"(x,%). When cunditi.nal probabllities are

used teicw, 1t will usually be understocd that they are the

ones uniquely aetermiriea by the transiticn probabilitlies.

Tre sets in B will sumetimes be called "measurable sets'.
Tnroug:ncut this paper a "measure” 2111 mean a countably

additive set functi . n, detfinea (n the measurable sets, non-—-

negative, ana n't !dentically U. {(Tne wcrds "ccuntably additive"

will sometimes ve repested f r emphasis.) A "pr-babllity

measure” (r "probatility distribution” will be a measure Uf

totul mass 1. N tice that we d . not require imeasures to be

finite. A "sigme-finite" measure 1s a measure suct. that X

is the union of a denumerable number _f sets, each cf whiclh

nas a {inite measure.
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Various conditicns are known whic: imply the exlstence
of & probablility measure Q(E) which is a staticnary distribution

for the xn-process; that 18, Q satisflies, fcr every measurable E,
(1.1) Q(E) =/ Q(dx)P(x,E).
X

If x, has this distribution, sc las X fcr every n. Twe sets

0
of conditicns for tne existence ¢f such a yprcbability measure
were given by Doeblin. COCne set i1s discussed in Doob ;7, Do L GON TN
A more general set is given in |H;.
There are many situati _ns where there 13 no probability
measure satisfying (l.1), but wnere a s lutlin can be f.und
10 Q(X) = @ 1s ail wed. Tne sim;lest exam;le is tne random
walk where X tikes Integer values, and cun increase .r Jecrease
by l, witn probabilities 1,2 euach, at each step. In thnls case,
a suluttion to (1.1) can te ovtainea by assigning t~ uny se (f
integers 4 Q-measure equal to the numrer { inteygers in the set.
All inteyers are "'equally pr.vable.”
In this paper a sclution of (1.1) will always mean a siymi~
finite measure Q whic: satisfies (l1.i) fur every meusura! le
set L. Tne ;rincipal result, contined {n The_rem I, s trat
a certaln ty;e o! recurrence c.nditi.n ovn tre X ~process ‘naures
the existence (f & s lution of (l.1) wnicr is unique, .ni w.ich
assigns pcsitive measure tu certaln "'recurrent’ sets.
It 18 hel;ful t¢ cunslaer sume Kn._wn results ¢ r tre case

where X 18 denumerarie, wit:, states esiygnated Ly ie-ters

1,5,k,8,..., whicn ure taken t. te integers (,1l,.... Let
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P11 = Pi,l be tne _Une-step transition prcbability frcem t to

J, and let P n be trne n—satep transition probability. Assume

1]
that all states communicate; {.e., for each 1, there s an n

such tnat P,." 1s positive. Assume alsc tnat the chain is

1J
"recurrent"; that 1s, with prcbabllity 1, every state 1s visited
infinitely often. (If this i{s true fcr any starting point,

1t 18 true fur all starting points.) See Feller [3, Ch. 15]

for discussiuvn. Under triese ccnditions, it follows from a

result of Dueblin (5, that there is a set of pcsitive finite

numbers q,, . = ¢,.,..., 8uch that

N N
. . n n
(1.&1) ll*\ L Piq / Z Pks - Q‘/qB
N—ux n=1 v n=1l1 v

Notice t:at the limit in (i.2) !s independent of the starting
tosit!d ns { ant k. In case trhe mean time fcr return of the

state ba kK to the starting state 18 finite (under the abcve
ryp-trestls t "communication” tris will te tr.e fur either all
Jron gtates; t:re quantities q, are & set cof statlounary pro-—
tatilities i the Mirkov claln, provided they are scaled so

treir sum s .. I!{ the meun times cf return are infinite

(st1.l c.nstierin. tr.e recurrent case, the q, are n.t pro-—
tatilities since treir sum {5 infinite. H_ wever, 1t was shcwn

by Perman :}f tii:t even in t:is case, t:e q, satisfy t:e equations

¢ stat! narity (1.3), ahich are of ¢ urse sBat!sfled alsu when

the q, tre r babl.ltlies:
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(1.3) L
1.3 q, = £ qQ.P,,» { = 0,1,2,....
1 Ju0 J M

Another proof of (i.3) in the non-prcbabllity case was given by
Chung [2] and furnishes an 1dea which {8 very helpful in the
present proof.

There are several applications of infinite stat’'onary
measures Q. In the case where X s denumeratle, one can consider
infinitely many particles moving tnrough the states in X,
each one moving independently of the others according to the
law of the Markov chain. In such cases Derman showed (4
that {f initilally the number of particles in state J hae a
Poisscn distribution with mean q., J = O0,1,..., this same
distributicn will be preserved as time ,o0es on, and related
results are alsc ziven. A similar treatment for certain types
of continuous—parameter pnrocesses has been given by Doob,

1 p. kO4].

Another application wae discussed by Harris and Robbirs,
L14], where tre application of an ergudic thecrem due to Hopf,
Di] shows that if f and g are real-valued functions such that
the right side & (1.4) below is defined, then assuming a suit—
able recurrence condition holds, it will be tue that for almost
all starting states Xq

f(x +.040(x ) S £ (x)Q(dx)

A
n =
) S &(x)Qax)”

-

] = 1 .

(1.4) Prob [ lim

N-—00 g(xc)+...+g(xn

The stitement "almost all" 18 with res;ect tc Q-measure. In
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some cases, such as the one discussed in the present paper,
the excepticnal set 1s empty.

The analogue of (1.4) for discrete Markov chalins was
prcved by Chung without the use of ergodic theory.

A question which will be menticned only triefly in thies
paper is whether the analogue of (1.2) holds for the more
seneral state space X introduced above. That is, is 1t true

that 17 0 ¢ Q(F) ¢ @ then

N - N A
(1.5) : P (x,£)/ £ P (y,F)Q(E)/Q(F)
n=1l n=]

holds for ail x and y in X and all E in B? Conditions are
known under which this {e true; however, they seem to be less
general than thcose under which Thecrem 1 holds.

Finally it may be ncted that even in case Q(X) is finite,
tr1.e result of the present paper applies tc certain cases where
one of the results cf Doeblin mentioned above is not applicable
‘h. wever, tne conclusions are weaker than they would be 1if
Dcevlin's result could be applied) and where Doeblin's other

result seems difficult tc verify.
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2. Recurrence Ccriaition; the "Process on A"

We consider Marxcv processes as definea in the first

paragraph of the introdustion. Condition C: a countably

addive sigma—fin‘te measure m(E) 18 defined on sets E of B;

m(E) > O implies
Prob (x €E tnfinfteiy often ] xg) =1

i

for all starting points X in X."-

Now let A be a measurable set with m(A) > 0. Let X
be any point in A. Then almost ail sequences Xgr Xyseees will
have infinitely many elements in A. Let Yo = XgrY1s¥oreres
be the successive members cf the sequence which belong to A.
It can be veiified that the Yn form a Markov proceﬂgg-and we can
write down 1ts transition function PA(x,E) = Prob (yn+1 €F | y . =x):

n

(2.1) Py(x,8) = P(x,E) ¢/ P{x,dy)P(y,E)t/y_a Sy aP(*.dy)P(y,dz).

P(z,E)+....

wWe ahzll refer tc tnhe y,—process as the prccess on A, ¢r the A—process.

L}Conditional prcbabliities will usually bte trose deflined
uniquely by the transition funmcticn.

l‘2'I'his intuitively obvicus statement perhaps needs proof.
It can readily be shown that the Jcint dlistripbuticn of
Yi)¥ar---s¥p correspcnds tc wnat would be obtalned by iteration

of P for all n.

A'

il e
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3. Motivation for Proof of Theorem 1

It 18 evident from (1.2) that in the discrete case the
quantities qJ are proportional to the expected number of times
the state is J, over 1 long time interval. It follows from a
proof of (1.2) by Chung [2] that the ratio qJ/q1 is equal to
the expected number of visits to J between two visits to 1,
where { 4+ j. Hence we might think of taking Q(E) prcportionai
to the expected number of visits to the set E by a "particle”
which starts at some point x, before returning to x. The
difficulty is that in general the particle does not have pro—
bability 1 of returning to the state x. It then seems natural
to take some reference set A, with m(A) > O, let the particle
have some initial probability distribution on A, and take
Q(E) to be the expected number of visits to E 'sfore returning
to A. In general, there would be difficulties with this procedurs
but the situation becomes simple if there is a stationary
probability distribution for the A—process; if the particle
has this distribution initially, it will have the same uistri-
buticon each time it returns. This type o argument suggests
the reason for Lemma 1 below. See also Levy, [18], wheie the
A—process 18 uced for discrete X, and Harris, [12]. The proce-
dure used by Balmos, [11] in going from "bounded" to "sigma—

bounded‘spacee 18 related.
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4. Proof of Existence of Stationary Measure

Theorem 1. Assume the Markov process satisfies the conditions

of paragraph 1 cf the Introduction, and that Ccnditicn C

holds. Then (1.1) has a solution Q which 18 unique up to a

I
constant positive multiplier, and 1is stronger}tnan m. (The

precise meaning of "solution" 1s given in the Introduction).

' A serles of lemmas will be needed for the procf. The
assumptions of Theorem 1 will be made fcr each of t:em, although
Lemma 1 actually is true under wider conditicns.

Lemma 1. Let A be a measurable set with O < m(A) ¢ .

Suppose the "prccess on A" has a staticnary prcbability measure

QA satisfylng

(4.1) Q. (E) =/y Qu(ax)P,(x,E)

A
n

for every measurable E in A. Then (1.1, has a solution Q

which assigns the same value as QA tc subsets of A,

Proof of Lemma 1. The function PA(x,E), which we defined
before as the transition function for the A—process, can be
defined by means -f the right side .f (2.1) fcr every x in
X, and for all measurable E, whether or not E {s & subset
of A. The functicn so defined i3 clearly, fcor each x, a
countably additlive measure. An argument similar to tre one we
shall use below to snow that Q is sigma-finite shows that PA
1s a sigma-{inite measure. lcte that {f E i1s a subset of X-A,

then P, (x,E) 1s the expected number of visits to the set &

12'I‘hat 18, m(E) > O imgplies Q(E) > O.
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before a visit to A, If the starting point is x. (If x €A, the
initlal poesition is nct counted as a "visit" tc A.) Now let
A' denote the set X-A. PFrom the definition of PA it is clear

that the following functional equetion ie satisfied:

(4.2) P,(x,E) = P(x,E) +(/}, P,(x,dy)P(y,E).

Motivated by the consideraticns indicated in Section 3 above,

we ncw define, for every measurable E in X,
(4.3) QE) =/ Qlax)p,(x,2).
A A A

Notice that for ECA, Q(E) = QA(£1 Ustng (4.1), (4.2), and

(4.3), we nive

(wo4) Uy ax)p(x,2) e/, Qulax)P(x,E)+ /1, [/3 Qu(dx)P,(x,dyjP(y,E)=

Sy QA(dx)LP(x,E)t/%, P.(x,dy)P(y,E) )=/} Q,(dx)P,(x,E)=Q(E).

Hence Q satisfies (l1.1), and ts clearly a countably additive
measure.

To shcw tnst Q ts sigrma-finite, we ncte that Q,(A) = Q(A) = 1,
8. 1t 13 suffliclent t. sh . w that A' 13 the unicn ¢f a denumerable
number (f{ setn, each with finite Q- measure. Define &,, for

Y

every palr f pcsitive integers ! and | by

: 9
(u_;\) Si" ZX:XQA'vP.(XpA) > l/‘i! 1,8 = 1,8,...
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From Condition C it fcllows that the union of the Si' conteins
A'. Since Sljc A, Q(Sij) is Just the expected number of visits

to SiJ between visits to A, If tte “process on A" has the
stationary probability distributicn QA‘ It {s therefcre

clear that Q(Sij) {s finite.

It remains only to show that Q is stronger than m. Since
QA i1s by asaumption stronger than m on A, and Q coincides with
QA on A, 1t will suffice to show that Q 1s stronger than m
on A'. Hence let £ be a measurable subset of A', witrn Q(E) = O.
Suppose the X, —process, n > O, hae the initial distribution
QA on A, Xq being assigned prcbability C of belng in A'.
Since Q(E) 18 the expected number of visits tc £ between visits
tc A, Q(E) = O evidently implies that with probability 1,
X0 does nct belong tu £ for any n. This contradicts Condittiun
C, which implies that for any starting point X there 1s pro-
babillity 1 cf visiting E infinitely often.

This completes the proof cf Lemma 1.

We next conslder tne absolutely continucus parts (with
respect to the measure m) of P(x,E) and 1ts iterates. For
each positive !nteger n, let
ol

(4.6) P (x,E) =(/2 7 (x,y)n(dy) + P {x,E),

where fn(x,y) {8 thus the density, and Pon is the sin,ular
component. Our origlnal condition that tne fleld B siould be
seperable implies that tne representaticn (4.6) is ;. ssitle

with T function whicr 18 measurabtle in tie ;air (x,y),
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measuratility being defined with respect tc the product space
(X,X). See Docb, (7, pp. 196 and 616). We shall henceforth
assume that the densitles satisfy this measurability ccndition.

Lemma 2. Let r be any real number strictly between O

and 1. There exist a meiasurable set A, a pcsitive number s,

and a pcsitive integer k, such taat O < m(A) < w, and for every

X A

A N . I K

(2.1 miy:yeh, f (x,y) + ... + t7(x,y) >s¢{ > rn(h).
tr ct o Lemma . Since eich of the measures Pcn, n> O, is

sinsular, we car. find, fcr eiach x, a measurable set S(x) with

ﬂ(C_x), = v, 8aul!, that

(4.) PO(X - Six)) =0, na=l1,2,....

F.or et x, let T(x) ve the (meausurable, x-set jefined by

.n( Y

(L.49) T(x) = <yt {x,y) =0, n=1,2,....,.

Then If x = x, the prebatility 18 1 tniat trere 18 no n such
trat x tel.nye to T(x) - T(x)S{x). Hence frzm Conditicn
C, m(T(x)) = C.

Now let ~; ve any meag.iratle sget such that O m(A,) < @ .

F.or eact. xC Ay, infine t'e meisuratle set Ali - All(x) for
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The remark above that m(T(x)) = O shows that

(4.11) m(A1 - UiAli; = 0.

Hence fcr each xe¢ A, there i1s a smallest ;ostitive integer 1 = 1(x)

1
suc that

(4.12) m(A,,) > (;*%f)m\Al).
Now define

(4.13) K, = \x:x€h

l ’
Then euac' x {n Al rel.ngs *. sume K,. tence we can [ind an

inteser p such t..at

(4.14) m(K, ¢ o a KD > oA )/ (8 r).

Ncw define A = K, + ... + K . Tren {.r every x in A tre rel.tion
I

(b.18) %0 y) e P (x,y) > 1/4

helds f roall y !In Al witl *tne p_raitle excepticn L' a y-cel

1/, 1 .
! mress.re n t exceeltng =(l - r, m{4 ,. But m(A.

Al

i R
= ' —r)~{t). ence frr every xechA, («.1%) mus. 1l ¢ r ally

‘n A witn the ; snitle exceptl n ' 4 y set H>f m-measure n

exceeltne (1 - r) 4 v, ni) < (i =r) mla). lence
(+.7) ts true wit: «x = ; .nd & =« 1,7, Tits c. miletea tre fr of
f L2mm: 0.

Lemn: 3. Let A re tne net [ [lemn4 ¢, corresjonding tou a

portic.lar value [ r. Supp.se that tle trans.ition functi-ons
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fur the "jrocess cn A" have the decompositin (satisfying

tre messurcbility condition mentiuned in connection with (4.6))

n : n n - :
(4.16) P, (x,t):/} i (x,y) m(dy)+PAb (x,E),n=1,2,...,x€A, ECA.
Tren (4.7) still hclds, with the same x and s, if fl + ...+ T

. 1 K
18 replaced by £,° + ... + f,

k

. 1
Proof of Lemma 3. We observe that, f.ur ECA, P (x,E) +
- P“(x,ﬁ) {s the exjected number of vislts to &£ 1in n

l(x,t) oL 4 PAn(x,E) {8 the expected number

gters, while Ph
of visits t. ¢ !{n trhe first n visits tc A. Hence clearly fcr

every x ¢ A and =~CA

n

1
(«.17) P.5 + P, > P+ ...+ P, n=1,2,...

5 e B
Le* A, re s sutset [ A with m(A?)- m(A), suca that

(& ata) P n(x,Aq) =0, n=1,2,...

AC

Tren for - Cala, may Je,end on x)

<

(v.13) L/z(rAl(X.y)*---‘fﬁn(X.y))m(dy)zu/;(fl(x,y)+.--+fn(X.y))m(dy)-

. . 1 n 1 n
.ene r e.c:. x, the reiat!i . . ¢ ... fA >I" ¢+ ...+ f
A 2

uEt L b e clwSsk ol oy in oA (m—meacsure.) Lemma 3 fcllows

iipmetilute:y frem 218 fatt.

Lemma +. Let F(x,:) te tle Markcv transiticn function defined by

(4.70) B(x,o)= B, (x,E) e B " (x,E)) /k,x€ A, ECA,

[a)
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where /, PA(x,:), ini x are tne qusntities defined in Lemmas
2 and 3 f r s me r > l/’V@?ﬁ Let R“,n = 1,0,..., te tie

{terates f K. lren t-.ere i18 & stat! niry jrebabllety dletrl-—

bution QA(t) f r P, getlefylng, £ r all me.surable Zc A,

(.71)  Q (=) =/, Q. (dx, Rlx,:).

Mcre ver there 1s a number t, _ < t < 1, s.cr that 1f (&) 18 uny

probvabllity measure n £,

L-—l

(4.22, Q. ()= 3(ax)R (x,5) < 777, n = 1,2,.

The proof cf Lemma « foll ws froum resuits f Doetlin;
see Doob, (7, pr. 130 ff., !.wever, tle transiti n function
K satisfies suci a BsLrons positivity rdition tnat a very
simple proof .f Lemma & can te yiven. Sucn =2 preut {2 »slver
in the Apjendix t tle present pA;erfﬁ

Lemma ¢, The distriruti-n QA(E) of Lerms o 18 statl nary

for Py{x,E); trat 38, (4.1, 13 »utistied.

Pro ¢ . Lerma ¢. Le. us Jdefine ,er:t re J .n1 V, un

iny jrobability messure ) ocelinel 1A, 1Yy

(4.2%) Jslogm p (2P, (x,E)Vve(e)= /3 ldx) Rox,z2).

n " [a}

|4 .
- I Detlin's result ‘st te .ged olrvextly, Lt I8
suf:..lent t take r xreater than = in Lemmi s,

<
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U} und V3§ &re clearly -“hemselves probab!lity measures. The

Al power (f the operator U (or V) 1s cbtalned by replacing

P, ty P," (or K by R' ). Note alsc that because of the definition
f + (see (4.20)), we have |

(4.24) Voo (U+ U+ ...+ U/

From (4.24) we see that U and V commute: U'V" = VPU° for any
j sitive tntegers m and n. N.w (4.21), ln the present language,

becomes
{4 2 -
\ O -/ QA VQAn

wna (4.72) states “hat for any probability measure ¢ defined

a(E) = Q(e) 1 < " n - 1,2,

(v.06 Ll

Tstne (%.00), (4.26), and ccmmutativity, we have (the measures

{n («..7) are evaluited f r s.me {ixed .neasurable set E)

r

(w07, uQ, = v, = VT(UQ,) = Q, + £

w.ere “n 18 a quintity whict. 18 less t:an tn—l in magnitude.

Trdle palfk Ry E€ tryue If UQA - QA' which is the desired result.

In order to apply Lemma 1, we need tou know that QA is
strcnzer than m on A, Suppose that E {s a measurable suoset
(f A {.r which QA(E) « 0. Con .‘'cer tre "process on A" Yogr¥yreees

where Yo has the distribution QA' Because of .he stationarity
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of tre y,—process, we have
(4.2%2) Prov (yn(ZE) = QA(E) = C, n = 1,2,....
Because ¢f Conditicn C, (4.28) implies m(E) = 0.

We can nuw apply Lemma 1. There i3 then a solution Q
of (1.1); we recall that a sclution I8 a c.untably additive,
sigma-finite measure; Lemma 1 shows 1t to be strunger than m.
It remains to prcve uniqueness. We shall sh.w that, excerpt
fir a multiplicative ccnstant, trnere {8 cnly one sigma-f{inite
measure which satisfies (l1.1), even among measures which are
not necessar!{ly strcnger than m. It 18 c.onvenient to defer

the procf of uniqueness t. the next aectlon.
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5. Uniqueness and Related Topics

Throughout Section 5 we shall still assume that the conditions
of the first paragraph of the Introduction hold, and that
Condition C is satisfied. Purthermcre, it will be assumed
that a soluticn Q(E) of (1.1) has been constructed by use of
scme fixed set A, as in Lemmas 1-5; tnis solution has been shown
tc be sigma-finite and stronger tnan m, and we shall reserve
the notation Q for it throughout the present secc.ion.

Lemma 6. Let D be a measurable set with O < m(D), Q(D) ¢ @ .

Then Q(E)/Q(D) 18 a stationary probability measure for the

"process on D", satisfying (P 18 the transitjon function fur

the Dprocess)

(5.0) Q(E)/Q(D) =/} Q(dx)/Q(D)]Pp(x,E), EcD.

It 18 the only stationary probabllity measure for tnis process.

We mention explicitly trat Q was ccnstructed with reference
tc a ixed set A, nut with reference to D.
Proof o¢f Lemma 6. Por simplicity, take Q(D) = 1. Let

D' = X-D. Then, taking (l.1) as our starting point we obtain
3 e

(5 2) Q(E) =/ Q(dx) P(x,E) = + /p.» ECD.

Tne second term cn the right side of (5.2) can be written as

(¢.3)  /pQlay)P(y,k) = /0, [ /4Q(dx; P(x,dy)] P(y,£) =

/; Q(dx)\/i)'?(x,dy) P(y,E) -k/E)L/b' *\/I.)H'/‘D'
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Hence we have
(5.4)  Q(E)=_/pQax) [ ®(x,E)+ /], P(x,dy)P(y,E)]+ /], /]

or

(5.5) QE)> /p Qldx) [ P(x,E)+/},P(x,dy)P(y,E)].

This process can be continued, replacing Q(dx) in the last

term in (5.4) by

(5.6) /¢ Q(dy)P(y,ax)

Hence we obtain

(5.7) Q(E)> /) @lax) [ P(x,E)+(/3,P(x,dy)B(y,E)+...]
=/} Qdx) Pp(x,E), ECD.

Now Q(E) 18 a prcbability measure orn D (we have taken Q(D) = 1).
Since PD is a Markov transition probabllity functicn, the right
side of (5.7) 1s likewise a probability measure on D. Hence
(5.7) can only be true if the equality (5.1) holds.

At this point we cbserve trnat the only property of Q of
which we have made use 1s the fact that it 1s a solutiocn of
(1.1). The abcve argument will then g.through for any measurable
set D such tuat 0 ¢ Q(D) < @, and such that Prcb (xn€D
inf. often ]xo) « 1 for all X

Now consider a "process on D" with variables zo, 0= 0,0, ..,
where fcr each n, z_ has the stationary distribution Q cn D.

n
Suppose D is the union of twc disjoint nonempty measurable sets

D, UD

1 YD, Since m(D) > O, eitner D

L °T D2 must have positive
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m—measure. It follows that the two statements in (5.8) cannot

simultaneously be true:
(5.8) Prob (zn€ Dy, n-1,2,....zo-z)-1, all zeDl,
Prob (zngDZ, n-1,2,...lzo-z)-l, all zeD,.

The fact that two such statements cannct be made i1s stronger
than mere ergodicity and in conjunction with the fact that Q

is stronger than m, implies the following proposition. Let

E be a measurable subset of D and let g(z) be the characteristic
function of E. Then for all (not Just almost all) z in D

we have

glzp...+glz_ )
(5.9) Prcb¢ 1im D» n—1
N- -0 n

= Q(E) [z, = z‘j- i.
(See the discussion of a similar situation in Doob, [?7

Theorem 6.2, p. 220] ). Now any stationary prcbability distri-
bution Q' defined on D fcr the D—process will correspond to an

15

ergcdic stationary process Zpn» where z, has the distribution

Q'. The ergodic theorer of Birkhoff then implies that (5.9)
holds, with Q(E) replaced by Q'(E) for almost all (Q'—measure)
z in D. (We cannot say all z at this point since & priori

we do not know that Z' 1s strcnger than m.) This is a contra-

dicticn unless Q' and Q are equal. Hence Q is unique among

lﬁErgodiclty follows as for the Q—process.
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staticnary probability measures for the D—process. This cumpletes
the prcof of Lemma 6.

We can get some additional information from (5.9).
We know tnat Q 1s stronger than m, and it may be strictly
stronger; that 1s, there may be sets £ with m(E) = O, Q(E) > O.

It can be shown from (5.9) that Q(E) > O implies
(5.10) Prob (xnﬁE 1.o.;xo) = 1, all x €X.

We can now conclude the uniqueness procof for the solution
of {1.1). Suppose Q is our solution and that Ql 18 any different

solution. Then there must be a set D such that
(5.11) 0 < m(D), Q(D), Q;(D) < w,

(for convenience let us take Q(D) = QI(D) = 1) and such that for
some subset E of D, we have Q(E) » Ql(E). From the discussion
above it follcws that both Q and Q1 must be statlonary probabllity
distributions on D for the D—process; tne fact that Q is such

a distributicn was proved; the fact that Q1 {8 such a distri-
bution follows from (5.10) and the remark made in tie course

of the proof c¢f Lemma 6, to the effect that any solution of

(1.1) provides a stationary distribution for the D-process

under the indicated conditions. Since from Lemma 6 the station-—
ary distributicon {s unique, we have a contradiction.

This completes tne proof of Thecrem 1.
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6. Remarks

Theorem 1 18 sometimes helpful in the finite case, Q(X) ¢ @ .
It is useful to kncw in advance whether the finite or infinite
case prevalls. The following criterion will be stated without
proof. Mcre general ones cuuld clearly be found.

Suppose the conditions of Thecrem 1 are satisfied, and
suppcse we can find a set A, O < m(A) < @, and a positive

number d such that the density f(x,y) satisfies

(6.1) f{x,y) > d, x€A, yeA.

Let ¢ be the recurrence time to A; that 1is, P 18 the smallest
positive integzer such tnat {p€ A. Then {f Edplxo = x) 18
bounded independently of x (ur all xe¢ A, we have the finite
case.

Although some conditions have been found under which
(1.5) 18 true, (see [13], the a.ithor has not been able to prove
this under the conditions of Thecrem 1 alone.

It does not seem easy to apply the general ergodic theorems
of Halmos [10] and {11,, Dowker [8], and Hurewicz, [17] to the
present problem. See also Hopf, [}6]. However, it would be
interesting t¢ explcre possible connections. As mentioned
in the introduction, the i1dea of extending a finite measure
on a subset to an infinite measure on the whole srace is some-

what related . a procedure used ty Halmos, [.1].

Some recent results of Edward Nelscn, in a thesis at
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the University of Chicago, may have ccnnections with tne
present problem. The authcr has as yet reen unable to see

this work.
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APPENDIX

Consider R(x,k) defined by (4.20), and let g(x,y) be its
density with respect to m. Then there is a positive number,

say b, suct. that for all x € A,
(h.1) niy:e(x,y) > bf > m(A) > m(r), V2,

where r !s the number of Lemma 2, taken here toc be > 1A/5.
Now define

(A.2) W E) = sup (R7(x,E) - R"(y,E))
X,y

W o= {(u,v):Rn(u,E) - R™(v,E) > 0%

where all j;uints in the definitions are in A. Furthermore,
let A, den_te the prcduct space (A,A), and let mg dencte the
ir.duct measure in this space ccnstructed from m. Let G(x,y)

be trne suvset Of Ay defined by

(830 Glx,y) = {(wv)ielx,u)ely,v) > b°]

Tnen m2(G) > r2m2(A - r2(m(A))2. Ncw for each palir (u,v) where

5)
the ex;ression defining Hn is positive, there is 2 c.rresponding
pair (v,u) where the expressi . n 18 negative, and since the
measure {8 product measure, these two mutually-exclusive sets

have equal m.—measures. Hence mo(Aq—Hn) > % m2(A2). Hence

2

(h4)  myCGla,=W )] > (r° - m)m, (&)
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with threse jpreliminaries we can write

(A.5)

Hence

(A.6)

Now

(A.7)

Hml( n+1(

Xx,k) — h 7 iE) -(/1R(x,ju)ﬁn(u,5} -

\/FAR()'.dV)Hn(V.F) -%;;R(x,du)ﬂ(y’dv’/(Rn(u’E)_Rn(v'g))S

S s Rixgcu)u(y,ev) (R (u,B)-R"(v,£)) ¢
n

Mn(g) (/”\/wn K(x,du)R(y,dv).

Mn+l(E) < Mn(E) :u; k/i/in R(x,du k(y,dv)

&/2/; _w R{x,au)R(y,cv) >
2 n

S s sulely,vim(dum(sv) >
2

3

1
r‘—r)m
/

?(&9 = ¢ > 0,

Note also that tne “cuble integral _n the right stde f (4.6

would be 1 If it were tuken over tre whole spuce Az. Hence, fr =«

(A.7) we have

(A.2)

sup L/A,/;v R(x,du)k(y dv) <1 - ¢, U <1l - ¢ <1,
X,y n

It fcllcws that

(A.9)
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The same type of argument shows that the ubeolute value of the
{nfimum on x and y of the quantity R"(x,t) — R"(y,E) satisfies
the inequality in (A.Y). The desired result follows readily

from this.
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