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The discrete gaaies that we are Interested In are readily 

seen to be generalizations of the survival games considered by 

Hausner, [8], Felsakoff, [l2J , Bellman, [l,2], Blackweli [2], 

LaSalle [l] , and Mllnor and Snapley [ll] .  We consider a bounded 

n-ctlmenslonal region R, with boundary B.  A bounded n—dimensional 

vector—valued function g(x;y,z) Is given, which for eacn x In R 

eltner Is a continuous vector-valued function on the   {y,z)  unit 

square, or Is a vector—valued matrix.  The game Is played as 

follows:  A vector x , Interior to the region R, Is chosen.  On 

tne first move, player I chooses a particular value of y and 

player II simultaneously chooses a particular value of z,  and 

subsequently a straight line Is drawn from the point x  to the 

point Xi - XQ ♦ 6g(x ;y,z).  The players then make another choice 

of y and c and we draw a straight line fror Xt to ** - Xi + 6g(xi;yti). 

This process It ropaatad until tha path panatratas the boundary» 

at which point the game Is terminated. The  payoff Is defined 

as follows:  We have a function b(x), defined and continuous on 

the boundary B; If the game terminates at the point x, then the 

payoff to the first player Is b(x), and tne second player receives 

the negative of this amount.  In order to complete the definition 

of the game, we should define the payoff In the event that the 

game aoes not terminate, but, as we shall see, this Is a matter 

of indifference to us.  Of course, both players are permitted to 

use alxad strategies at every stage oi" the game.  In order to 

Indicate the dependence of this game upon the parameter 6 we 

shall designate this game by (L. 
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As 8 tends to zero, the motion of the game tends more 

and more to be described by the equations i  - g(xiy,z), and 

these are the defining equations of a differential game.  Let 

us assume for the moment that Oc has a value Wc(x), x being 

the Initial starting point.  We ahall give sufficient conditions 

for this sequence of functions to converge, and also obtain a 

system of differential Inequalities whose solution represents 

the limiting function. 

Conditions for the existence of Wc(x) are, at present, 

known only for the one—dimensional case, but aa we shall see 

later in the paper, it is not necessary to asuume the existence 

of the value.  It will actually be true that both the u^per and 

lower values (defined appropriately) will converge to the same 

limit.  We define We(x) to be the best that player I can guarantee 

himself, using mixed strategies, in Qc•  That iu, Wc Is the Sup 

Inf over the payoff, In mixed strategies. ^ix)   is defined to 

be the Inf Sup of the payoff.  It is true that W^(x) ■£ W^(x) . 

II.  SURVIVAL OAKKS WITH FINITE TIMK 

As was mentlonea in the previous section, one of the baalc 

differences between survival games and the type of gamea with 

Integral payoffs treated by Fleming In [^] , is that the latter 

are playeu for a finite length of time, whereas, the former may 

continue indefinitely.  It Is possible to modify survival games 

so as to make them last for a finite length of time, and we shall 

devote this section to a discussion of games of this sort.  The 

purpose will be to point out some Important differences between 

ir.flnlte survival games and their finite counterparts. 
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In order to define the  discrete analogues of a finite 

survival game, In addition to the data given in Section I, we 

have to fix a time T, and also require that the boundary function 

b(x) be extended continuously throughout the Interior of the 

region R. The game 0-, (x ,T) Is defined as follows:  Starting 

n 
from x , a broken line path Is constructed from x  to x», and 

o Ü     *' 

from xi to Xt, etc. In the same manner as in tne infinite sur- 

T vival game described in Section I, with ^ " r •  if this path 

penetrates the boundary before time T, the payoff to player 1 

is b(x)l and the negative of this amount to player II, where x 

13 the point of penetration.  If penetration does not occur 

before time T, then the game Is stopped at time T, and the pay- 

off is b(x),where x is the position at time T. 

It is easy  to see that 0« (X0»T) has a value, 

n 

which we denote by W- (x ,T).  We are interested in determining 

n 

a set of conditions which are aufficient to insure that W-, (x ,T) 

n 

converges as n becomes Infinite. 

THEOREM 1.  IP W(x,T) IS A CONTINUOUSLY DIPFERENTIABLE 

SOLUTION OP THE EQUATION 

|T - VAL ( |^,g) f POR x IN THE CLOSURE OP R 
^ *X AND t 2 0. 

WHICH SATISFIES THE BOUNDARY CONDITIONS 

1. W(x,t) • b(x) FOR x ON THE BOUNDARY, XND ANY t, AND 

2. W(x,0) - b(x) FOR x IN, OR ON THE BOUNDARY, OP R, 

THEN 
L1M WT UQ.T) - W(x0,T) . 

n->aD  - 
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III.    UHBIASED DIPPSRENTIAL QAM£S 

In the previous  section  It  was mentioned we  shall  restrict 

our attention  to  a  specific   class  of  survival  ganes,   which we 

shall  call  unbiased  games.     They  are,   roughly  speaking,   described 

by  saying  that  at  each point  neither player  can   force  any par- 

ticular direction. 

A  differential  game  Is  said  to  be unbiased   If  for 
every   x  In  R,   and  for every  vector c,   the  scalar 
product   (c,g(x;yz)),   when  considered  as  a  game 
over  the   (y,z)   space,   has   value  zero. 

We  shall  dlscusa  some  examples  of unbiased  games   In detail 

later on,   tut  let  us,   for  the moment,  examine  a  specific  game 

In  the  plane.     Let   the  region  arid  the  boundary  value   be  arbitrary, 

and   let  g(x;y,z)   be   Inaependent   of   x  and  equal   to   tne  matrix 

(1,0)        (-1,0)       (0,1) (o,-:)\ 

(0.-1)        (1,0) (-1,0) (0,1) 

(0,1) (0,-1) (1,0) (-1,0) 

C-i,o)     (0,1)        (0,-1)      (1,0) 

/ 

This game  la a apeclflo example of a ganeral claaa of un- 

biased gajnea,  i.e.,  when g(x;y,z)   is givsn by a  cyclic  matrix 

with row—sum equal  to zero.     TVie optimal strategy  for either 

player In any projection of  the above matrix,   i.e.,   for any 

linear combination of the matrices,   is  to play  each  row,  or 

column,  with probability one-fourth.     In the game Og,,  all of 

the elements of strategy customarily associated  with a game 

are lacking;   If  both players  play  optimally,  the  resulting 

stochastic  process  is a simple  random walk in which  the point 

moves  by an amount  b,  with probability one-fourth  in  the north. 
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east#   south, or west directions.    The  value function ^(xj.Xt) 

•mtIsfits Xh9 equation 
- • 

W^lx^x.)- ^«(xt.x«^)^  ^(x^xt-ö)^  ^(Xl-H^X,)* ^(Xj-S^t)   , 

and la close to b(>*) when x la near the boundary point **.     It 

la well—known that, aa 6 tends to zero, these functions converge. 

The limit function la harmonic In R and assoraea the boundary 

value b(x). 

In the general case our reaulta will be somewhat alxnllar; 

the primary difference will be the replacement of the Laplaclan 

by a conalderably more complex differential operator, vie  need 

aome definitions. 

1.  We define D „ to be the first—order llnebr alflerentlal yz 

operator Y  g (x;y,z) -^- .  The operator D1  Is defined to ba 

I gK(x;y,z)g (x;y.z) ^  j . 
K,/ ^X X 

2.  We define the operator L(f) to be 

Llm Val ||{D^, > | D« )f \\/6   . 
S-^o-f yz *  ? V 

^ila latter definition la very Important for us, and needs 

aome comment.  Let ua first apply this definition to the cyclic 

game Just dlscuased.  In tnls case It la eaay to verify that the 

matrix | | (Dy2 ^ f Djz)f | | becon.ea 
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fi + ^ TM 

-ft + w f 
6 

f« > ^ fat 

~fi > ^ fu 
6 

6 
•fi + ^ fn 

6 
7 fi ♦ * fn 

-ft -»• J ftt 

ft > 5 ftt 

t ■♦• ^ ftt 

-f. ^ w fn 
6 
? 

-f 

5 
? 

6 

fi * 2 fn 

t *♦• ^ itt 

-ft ♦ ? ftt 

6 
\ 

ft + j ftt 

-fi > 

f» > 

11 

11 

which Is Itself cyclic and therefore has the value ^(fw + ftt)« 

If we divide by 6 and let 5 tend to zero, we see that L(f) is» 

aside from a constant factor, the Laplacian. 

Another interesting case occurs when the functions g(x;y,z) 

are again independent of x and are given by the two-dimensional 

matrix 

(1.0) 

(-1.0) 

(0,1) 

\(0.-l) 

(-i.o)\ 

(1.0) 

(o.-i) . 

(o.i) y 
6 nt Thla game la unbiased, and the matrix ||(D  > » D* )f 

yz   c.     y t. 
becomes 

fi + * fn 

-fi > ^ fn 

f» > 

6 
? 
6 
? 
6 

a ^ ^ ftt 

"t ^ J faa 

The n.ixlmlzer can ensure himself of at least » Max (fu, faa) 

by ^laying; either the first two rowa (if fu 2 faa) or the last 

two rows (If fta > fu) with equal probabilities, and the mlnlmizer 

can hold him to at most this amount by playing the two columns 
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