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Summary

Ao Lt gl of (¢, Bx)At Lol
o ado ,471L1g//';./12:%%

In the theory of /control processes, it 1is important to
@
be able to calculate v [ —({(xyBx}dt without having to solve

o)
explicitly the differential equation dx/dt = Ax, x(0) = c.

A method for doing this is presented in this paper, generalizing

one due to Arke for nFZ order linear differential cquation.{ :>
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61. Introduction

In a recent paper, [1], Anke showed that the expression
® 2
(1) J =/ xSdt
o

could be computed as a rational function of the coefficients,

a;, ag,...,&8_ 1in the differential equation for x,

n

d(n)x d(n—l)x
n L aj d—t-n:I—— + .. + ar‘x,

(2)
dt

and the initial values x(0) = ¢;, x'(0) = cz,...,x(n—l)(o) -c

without solving the equation explicitly, provided that all the
solutions of (2) approached zero as t—» . This is equivalent

to the condition that all the roots of the equation

(3) r’ o+ a.r'n_1 + ...+ = 0

have negative real parts. Determinar.tal criteria for this were
first given by Hurwitz.

In this paper we wish to consider the more general problem

of cetermining the value of

(%) J =/ (x, Bx)dt

o

1’
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under the assumption that x i1s the solution of

(5) g% = Ax, X(O) = C,

where the characteristic roots of A have negative real parts;

i.e., a stability matrix.

§2. The Anilytic Procedure

Let x be the solution of (1.5) and compute, for P a constant

symmetric matrix,
(1) ¢ (Fx) = (35 Fx) + (x, PR )
« (Ax, Px) + (x, FAx)

= (x, (A'"P+PA)X).

From this 1t follows that

(2) fmgt (x,Fx)dt = /‘m (x, (A'F + FA)x)dt
(6] 18]
or
@
—(c,Fc) = /7 (x,(A'F + FA)x)dt,
o

since, by assumption x(t)—0 as t—® .
Hence 1f F is determined by the relation

(3) A'F + FA = B,

~e have a solution to the problem posed above.
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§3. The Matrix Problem

The question arises as to the existence of . solution of
the equatton in (2.3). Fortunately the problem can be resolved
very simply by means of a transcendental procedure. It 1s well-—

lnown that one solution of this equation 1s
@ ]

(1) P =— e*'tBeltat,
o]

well—-defined for A a stablility matrix.

Since this solution exists for arbitrary B, it follows
that 1t is unique. Hence (2.}) can always be solved by the
standard determinantal method.

It 1s interesting to note that in the (2 x 2) case, the
determinant of the 3 unknown elements in the symmetric matrix
F 1s the product of tr A by det A. The conditions that A
be a stability matrix are that tr A ¢ O, det ¢ > O.

It is tempting to conjecture that the factore of the
@terminant of the N(N + 1)/2 unknown elements in the symmetric
matrix I' in the general case constitute a set of Hurwitc:
aite.,ia for the matrix. 1In the case N = 3, the determinant
is of degree 6. This leaves room for a quadratic factor in
addition to the linear factor, tr A, and the cubic factor det A.

If a systematic method of obtaining these factors existed,
the problem of determining stability criteria directly in terms
of the elements of A, rather than in terms of the coefficients

of the characteristic polynomial of A, would be resolved.

e o r—
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