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SUMMARY 

In the May,  19ro Issue of the Journal of the Operation», 

Reseajrch Society of America,  B. Klein proposed that ordinary 

to minimize a methods of the differential calculus be us 

function z of n irrnliMrn ■    ■    wtm^k    where the latter are 
A*JJ>- £.    9 0 0    1   ?£ 

subject to inequality constraints inslead of the usual equality 

constraints. Oar purpoai liKii >■ N discussphether this pro- 

posal can be used constructively to determine the optimum.y % 
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NOTE ON B.  KLEIN'S  "DIRECT USE OF EXTREMAL PRINCIPLES 
IN SOLVING CERTAIN PROBLEMS INVOLVING INEQUALITIES" 

1.     INTRODUCTION 

In the May,  19bb»  Issue of the Journal of the Qperfctiona 

Research Society of America,  B. Klein  [l]  proposed that ordinary 

methods of the differential calculus be used to minimize a 

function z of n variables x.fx^,.. .,x^,  where the latter are 

subject to inequality constraints instead of the usual equality 

constraints.    Indeed, as a first step, by the introduction of 

new variables  u.  he replaces all inequalities  such as 

(1)     ii{*l,*2'-"'xn} $ 0 

by e^uilities  such as 

U)    r1(x1,x2#...,xn) ♦ uj - 0. 

After this the problem can be solved (in theory) by the use of 

La^rbnge multipliers. For the linear programming case the 

methoi yields the information that the solution is at a vertex 

where the sign of equality holds in some of the original con- 

straints but perhaps not in others. For the nonlinear case it 

shows in general only that the solution is either inside or on 

the boundary. Our purpose will be to discuss whether this 

method of analysis can be used constructively to determine the 

cptimunu 

.'■■ »Wj > 
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2.    APPLICATION TO UNEAR PROORAMWNO PROBLEMS 

For the standard llne:r progranjrnlng probier 

n 
i»     l   »«,»1 - b. (1  -   1,2,.. .,.'r.), 

(*) x,  > 0 (J   -  1,2, ...,n). 

io) 
n 

(mir.linum) 

the inequality conditions   (4)  are  replaced by 

(4»)    - x, 4 u« » ü (J  •  1,2, .. .,n). 

Let the Lagrange multipliers asaocirtted with the i-th e iuatlon 

of (^) and the J-th equation of (4») be u.   and S*, reafectively 
* J 

Then the wain problem is  reducea  to that ^r finning the uncon- 

strained mininum of  the function 

n ra ,  n v n 

(6)    z'   =    J   c x    -   Z    M   S   rtiix
<   - bi)   *    Z   M-*j 

j-1    J J     l-l    1\j-i    1J -       V      j«i    J     J 

where the constants v.   and 6, are  selected av that  >t, and u. 

at the minimuin satisfy   (>)  nnd   (4,)•    Setting  dz*/**, » 0 and 

dz'/du,  ■ 0 yields necessary  conditions  for a minimuBii 

•f i 

m 

(7) Cj -   X Vli - 
J  l-l * 1'1 

0 (J • 1,?, . . .,n), 

(6) 6JUJ - 0' 

or—solving fur 5, in (7) ana substliatlng In (8)— 

(9)  (cj - J 'i^ij) uj * ü    (J " 1.2,...,n), 
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which are well-knjwn relatlona that must exist between optimal 

solutions of the primal and dual linear programming problems. 

The essence of Klein's proposal is that   (9) implies for 

each J that either the first or the second factor must be zero, 
Mt 

This  gives rise to 2 possible ways that (9) can be satisfied. 

Consider, for instance, the possibility that for JwJo»...^- 

the first factor of the product vanishes and for all other j 

the second vanishes. The n — r conditions u, • ü (i .e., x. • 0) 

for J f J  when substituted into (.}) give rise to m equations 

(10), below, in r variables x. where J - J  , and the r con- 

ditions 5.-0 for J • J give rise to r equations (11) in m 
j e* 

variables ir- : 

r 
(10)  J a.,  x  - b1 (1 - 1,2,...,m), 

■ 
(l»)  Z »i3!!   • cf        (^" l,2,...,r) . 

1-1 * 1J^     J 

If r < m, this would result In the first system (10) having 

lewer equations than variables; If r > m, the socjnd system 

(11), whose matrix is the transpose of the first, would have 

this property. Thus in practice it may be expected that each 

member of a lar^e subset of the 2 oomblnatlont will result in 

an Inconsistent system. For example, if one could aasune that 

the rank of any m x ra submatrlx of the coefficients of (1) Is m, 

then all cases r > m or r < n could be dropped; thus instead 

of having to handle 2n comblnatlona, one could deal with the 

(jj) combinations where r - m. To avola the practical difficulty 



of testing the assviüiption on mnk,  on« could Introduce "arti— 

flcial" variables as la usually done in linear programming and 

show that it is sufficient to consider cases r « m with sub- 

matrices of rank m. 

In the case of a linear programming problem for which values 

xi axist aatiafyin^ {})  ^nd (4) and for which there is a finite 

lower bound {to the valü(? of z, the procedure as .utlined is 

completely v^lid. One airr.ply selects, from among tha c 'mbina- 

tionSj where PHB of the x« are set ciual to zero, a;lationa in 

which all x, satisfy x. ^ 0 and finds one that mlninizea the 

value of z. 

2: COMPUTATIONAL CONSIDERA'nOWS 

It has been observed that many people Mho have considered 

problems involving inequalities hnve  gone over the same ^r^und 

as Klein, which we hnve Just discussed. The practical difficulty 

arises only if the solution of (") systems, each m x m, is too 

much work.  Thus If n • 7, m • 2 as in the illustrative example 

presented by Klein, all combinations can be enumerated ^ulcKly, 

Oeorge Stiller [2],  on the other hand, In trying to solve a 

nutrition problem Involving 77 fooos and 9 nutrlllunti elements, 

made a search amoiig the ccmblnatlons of an (n • 77» m ■ 9) iineir — 

programming nutrition problem. Actually, he was able to eliminate 

many foods and needed to consider an (n ■ <?3» «' ■ 9) case; since 

( Q) was also quite large, he had to resort to further devices 

to decrease the number of con.blnatl^ns to jb ut '.12. Even -ifter 

this redugtlun, since this was done in the days of hana n.ethjas, 

he was forced to try a few of the remaining combinatlona and take 

for his "optimum" the best among them. 



k .    THE SIMPLEX MBTOOD 

The simplex method [i]  In fact begins where Klein leaves 

off4 The first part of the procedure consists of a method of 

selecting, from among the (") combinations, a solution—called 

a basic feasible solution—in which all x. satisfy x« > 0 (the 

m variables x, f x. »....x. are called basic variables). With 
J»   Ja     Jn 

/ 

such a starting solution, the values of the i, are determined 

next by (11) and of the 5. by (7)* It can be shown that all 6. 

should satisfy & < ^ 0 for the solution to be optimum. Thus, if 

there is a 6a < 0, one can allow the corresponding nonbasic 

variable x. ■ 0 to increase while all other noiibasic variables 

remain at value zero. At a value x. • xj sufficiently large one 

of the values of the basic variables becomes x. • xt • 0 while 
*ü   

xo 
all other x. satisfy x. > 0. This gives rise to a second 

J* J^ ~ 
combination in which x_ replaces x4    as basic variable.    The s        i0 

new value of z can be shown to be less than that for the previous 

combination.  The procedure la iterated until a solution satis- 

fying (3) and (4) is obtained in which all 6. satisfy 6, ^ 0' 

Approximately m combinations are usually examined in practice. 

The shift from one combination to the next can be arranged so 

that nu more than on new multiplications are needed. Thus 

each new combination does not involve solving from scratch a 

new m x rn system of equations. 

T^e values of the n-m nonbasic variables are zero. 

J* _ * . V9J 
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