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Suwary 

Conditions are given for the existence of nonnegative 

solutions Q.   of  the equations 

* Vn' 1 - 0,  1,   ••• 

where the quantities P..  are the transition probabilities, 

from state j  to state 1,  of a transient Markov chain. 
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Tranelent Markov Chains 
wl»n Stationary Measuree 

T.B. Harris 

1.     Introduction  and Summary.     We  consider Markov  chains 

x   ,   n - 0,   1,   •••,   »<ltn denumerable  stater  denoted  by   Integers 

0.   1.   ....   Let  P^   -  P^1  - Pr|xnn   -  J   I  xn - Ij   and  let 

P..     denote  the n-step  transition probability  frot.  1   to   J, 

n  ■  1,   2,   ' ''-    It   Is   assumed  throughout  that  for each  1,J 

there  Is an n  such  that  P. ^ > 0.     For other terminology 

see  Feller   [5],  Chapter  13.     (We snail  refer to chains  satisfying 

the  above assumption  as  Irreducible.) 

We shall  be  concerned with  the  existence of  solutions  of 

the   "equations of  statlonarlty," 

OD 

(1.1) Q,   -    Z    Q.P,,, 1  - 0,  1,   •••, 
1       J-0     "   J1 

In tr.e case where the chain Is transient.  A solution will 

always mean a ret ol positive numbers satisfying (l.l). 

(It Is readily seen thit If a set ol nonnegatlve numbers, 

not all 0, satisfy (l.l) they must all re strictly positive.) 

If tne chain nas finite mean recurrence times It Is known 

that tnere Is a solution whsse elerrents Q. are a set of 

probabilities, IQ. - 1.  See [^J.  If It Is assumed only that 

tne chain Is recurrent, Derman snowed, [3j , tnat triere Is a 

unique (up to b   constant multiplier) solution, wltn ZQ4 = cc 
1 

In case the mean recurrence times are Infinite.  Derman also 

shewed by examf les In [HJ that If tr e crw;!n Is transient 

there may or may not he solution;.'. 
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: 

In this  note we obtain a  necessary condition and a 

sufficient  condition for the  existence of a  solution of 

(1.1).     The  author thinks  that   the   sufficient  condition Is  In 

some  sense  close  to being necessary.    The main results are In 

Theorems  1  and  2.    The corollary  to Theorem 2  covers a number 

of  cases  of   Interest. 

2.     M  Necessary Condition.     We shall  use  the  following 

terminology; 

Definition 1• A path from Infinity Is a sequence of 

states 1i, la, • • •, not necessarily all distinct but con- 

talnln£   Infinitely many  distinct   states,   such  that 

Definition ?. A simple path from Infinity Is a path 

from  Infinity,   all oi   wh  ^e   states   are distinct. 

Tr.eorem   i.     In order  tnat   (1.1)   sh, uld  have  a   solution for 

an  IrreJuclble   transient   cnaln,   It   Is  necepsary   that   there 

exj_£t  a   simple  £ath  fron   Infinity. 

Proof.     Suppose   (l.l)   has   a   solution  (Q.{•     Define a  set 

of   "inverse  ^rjLabliltletM   p.,   by 

Since  v     »:, ,n   -   (Q4/Q, )   1     P.4
n  <  OD ,   tne  cn:iln  defined  by  the n     1 / J'   1       n     Jl J 

\...   Is   transient.     Let  y   ,   n > o,   be tne  variables  of  such a 

c naln. It  le evident that for alaoat •vry  eaapl« ■•quenee ^»y^»»*». 

tne quantities p . , j    ••• are all positive.  Moreover, 
ycyi    yi:/2 
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btcauB« of the tranalent character of the chain, it Is true 

for almost every sequence that no state Is /tslted Infinitely 

often.  Therefore, almoot every sequence contains a subsequence 

y', y;, ••*, such that the y' are all distinct and p , ,  > 0. 

Heferring to (2.1) we see that there is thus a simple path 

from infinity.  This completes tne prool of Theorem 1. 

As an example, consider the renewal process, for which 

Derman showed directly that there is no solution in the transient 

case.  Here P« « ■ 0 unless J ■ 0 or 1 * 1, and it is evident 

tnat there IF no simple path from infinity.  In the renewal 

process the state 0 has a special role; every path from 

Infinity must contain it infinitely often.  However, it can 

be shown by examples that even if tnere iß no simple path from 

infinity, there need not exist any such distinguished state. 

In fact, an example, which we do not give here, shows that 

even if no finite set ol states has the property tnat every 

path from infinity Intersects It infinitely often, there need 

exist nc simple path from Infinity. 

3-  Conditions on the Zeros.  The condition of Theorem 1 

is not eufficlent for the existence of a solution to (l.lj. 

Note that tnis Is a condition on tne location o; the zeros In 

the matrix (P. .).  The following two examplee show that no 

condition on the zeros can be botn necessary and sufficient 

for the existence ol i sclutlon in the transient case, since 

the zeros of the two examples -ire In tne ?ane place and one 

has a solution wille tne other does net. 



P-767 
11-11-55 

-1        -1^ 
Exanipie  1.     Take  ^   ^i   " 1 - e      " e        »   Pi   i_i 

, 

e"1.   P -1 
lo ,     1-1,   2,   •••;  P  ,   - 1.     This  chain  Is  clearly 

transient  and  Irreducible.     Theorem  2  tele*   can  be applied  to 

show  tnat   there  Is  a  solution  to   (l.l).     We  sr.all  not  give  the 

detalIs . 

Exa^le  2. ^ Take  f^^   "  1 -   (|)   .   P^^   - (l) .   Plo  - 

(O'-OJ- 1  -  1,   2,   '••;   P  ,   =  1.     This  chain Is  likewise 

tranölent  and  Irreducible.     We  now  froze  that   In tnls  case 

(l.l)   has  no  solution. 

Proof   that   there   Is   no   solution  Tor   Example  ?.     Suppose 

that  a   solution  |Q. j   exists.     First,   the  Q,.   cannot  be  bounded 

Por,   setting  1   - 0  In   (l.l),   we  have 

(3-1) 
CD 

u P 4J   Jo 

CD 

I    Q,P4 
n 

NQ 
n 

Ü 

OD N 

j-o     n-i     J   J0 
N  -   1,   2, 

If the Q. were bound by K we would have 

(3.?) 
CD     N CD    OD 

NQ < K   I    I  P. n < K  L    ~  ? m" 
J-o n-1  Jo     J-o n-1  J0 

• 

Now I  i P ,^  Is tr.e expected total number of visits to state 0 n«i  Jo r 

of a ^article starting In state J and is equal to L  multiplied 
J 

by t:.e expected number of visits to 0 starting In C, where L, 

Is tr.e probability of reacr.lng 0 from J at least once It 
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is readily aeen that T1,L.    < CD ,  which means that   (3.2) 

cannot hola  for all N.    Hence  the  Q.,   IT they exist,  must be 

unbounded.     Next,  observe  that equations   (1.1)  have  the  form 

In this example 

A    1-1 /,    1+1 
Since 1 - k4y   ♦ ^ )   < 1 for 1 ^ ^# **e »•• fmi (^^) Wi*» 

^ cannot b« at larga aa Max (^.^ ^i+i^» 1 * 2' ^' **% Sinoa 

the Q. are unbounded they must therefore ultimately Increase 

monotonlcally to Infinity.  Hence, tnere Is an 1 such tnat If 

J > 1, Qj > Q, !• Tnen, from (3.4) 

1-1 

(3.5)    Qj^ 

QJ- ^^l]vi ^   Vi 
> 

(1/4 )J41        "  (1/4 )jn 

- 2^^^,     J - 1,   1 ♦ 1, ••• 

By repeated  application of   (3.5)  we have,  after a  little 
2 

simplification,   ^^n-»-!  >  2     Qi-l'     n - L   2,    •••     This  Implies 

that  the   su-n  In   (3.3)   lo   Infinite,   a  contradiction.     Hence   (l.l) 

can have  no  solution. 

■*.     A  Sufficient  Condition. 

Definitions.     Let      P. ,     -  P. ,,   and   In general  k   1J lv" 

^•1J kPljn  "  Fr  t*n  -   Ji   xra  t  k.   1  ^ rn <  n   I   xo   -  i;   . 

n   -  1,   2 ,   * ' • 
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cf        CD 
\ (,.?) LKl(j)   -    I      Z    ^"P^  +  P^ 

r-j n-l 

■    Z1   
Pr  K " 1;   xm  * ^   1 < m < n;  xn-l ^   '  xo " k} n-l 

Lkl(j)   Is,  If k > J,   the probability thrt a partlclt,  starting 

at  k,  will retch 1,   the first visit being immediately preceded by 

a  state with  index > J.     As before,   L. -   - ^.«(0) «ill denote 

the  probability of  r«nchlng 1  at all,   having started  from k. 

TfiCorem ?.     In order that   (1.1)   should have a solution for 

an  Irreducible  transient  ohaln,   the  following condition  is 

sufficient:     there  exists an infinite  set  K of states  such that 

(^O) Hm L     (Jj/L      - 0, 1  - 0,   1.   2,   ••• 

k —^ OD ,   kCK 

Corollary.     If the chain  Is transient and  Irreducible,  and  if 

for each  1,  p  .   - 0  except  for a  finite  set of values of k, 

then   (1.1)  has  a  solution. 

Proof of Theorem 2.     In the  recurrent  case Chung,   [2], 

showed  tnat we can pick  an arbitrary  state,   say 0,  and define 

0/   -    1    oPo "'  obtalnln? Ä solution.     Here Q/   Is the expected 
n-l 

number of vielte to k between visits to 0, and we have (note 

that because of recurrence Q1 - 1) 0 
oo ,   oo  oc        j , 

(^•^O    2 „P " -  P / ^ I  I   ?n.     1P., - P / ♦ 
n-l 0 0l    0 ol   n-2 '-1  0 0':   J1  0 ol 

00 oo 
1 Q1P 1 ~  L QJP1 J-l  J J J-o  J J' 
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Qj - £ P n 
kl 3 

sine« 0Pol  - P0l - Q^PQJ •  In th« transient case thle does 

not give a solution.  It seems reasonable to try Instead 

oo 
Z 

J-l 

the expected total number of visits to 1, starting at k. 

It is perhaps better to think of Q? as the average density of 

particles at i, if there is a source putting one particle per 

time unit into the system at k. Although Q" is not Itself a 

solution we xay hope that it approaches one as the "source" 

k moves o*T to infinity.  We must also normalize to keep the 

Q^ within bounds.  Hence we derinj 

(^5)    Sei ■ I pkin / L   Pkon'       i,k-0, 1, ... 
^1  n-1 ^   n-1 *0 

We shell show that  if  the conditions of Theorem 2 hold,   then 

there  is a  sequence  (ki such that 

(4.6) lim      Qw    «   - ft,» i - 0,   1,   ..., 
m —^ oo ^m'1        ^ 

where  the Q.   are a  eolution of   (l.l). 

Deflnltlonr.     Let e^,   1  f J,  be the probability that the 

state,  given to be  initially  i,  reaches  J,   before reaching  i; 

let 1  - 4. ,,   1  4 J,   be the probability  that  the  state,  initially 

i,   returns  to  i  without  reaching  J. 

In general,  ©. ,  4 4««  for transient chains. 

Now suppose tne  state  is  initially  1   I J,  aid  let V 

be  tne  total  number of  visits  to  J which precede any  further 

visit   to   1.     Then clearly 



P-767 
11-11-55 

(4.7)    E(V) - e^ 

H«nc« we have 

Then 

00   n  .  . ?  ? . n-l, (-.9;   ^ - nIi P^" - Pkl * ^ _In f^f^ 
n-2 r-0 

Pkl * % «krPrl 

OD  r     ir   00      t 

r-J l^1 0^  n-l 1 kr J Vi'   J >1* 

Dividing both sldee of (4.9) by  Qk0, and recalling (4.2), we 

obtain 

(4.10) 
Qkl       J-l    /ScrA                Scl      oo     /eir\ 
  .     z      I     P_.   +           I          IP rl        rt        _  .   \ A rl 
Sco      r-0    ^Sco/ See    r-J    V^rl 

Scl^ 
J > 1. 

Sco 

Prom   (4.fa) we see that ^j / Q^  > ^j / t*^  Interchanging 1 

and  J gives 

Hence ratios such as Q.     / Q.     are bounded away from 0 and OD 

by numbers which may depend on r but are  Independent of k. 
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AIBO,  Qji " Sci^1 ^ ^n^*    Thu8»   the condition of Theorem 2 

Irapllee  that  IfkCK,  k-4ao,   j—>aD,  then  ^i (j) / Sc0 —* 0 

for each 1.     The above remarks also  Imply that there Is a 

sequence  fk. |  ,  ra - 1,   2,   ...,   with k   9, K,  such that 
i   m • ^ m 

V 
11m      - Qj^, »ay. 

m 

exlets for each 1.  Since for each 1 the ratio Q.. / Q. 

Is bounded, and since    * 

J? «eir/»rl) Prl 

Is arbitrarily small for J sufficiently large, the limits Q. 

must satlsly (l.l). This concludes the proof of Theorem 2. 

3.  Remarks.  Blackweil, [l] was concerned with the 

number of bounded solutions for transient chains of the system 

(5.1) 
00 

q, - £ P«,Q«. 
J-0 irj 

There are some connections between solutions of (l.l) for a 

given chain and solutions of (^.1) for the inverse chain. 

However, the author has not obtained any definitive results In 

this direction. 

We leave unsettled the determination of conditions Implying 

that (l.l) nas only one solution (up to a constant multiplier).  It 

is clear that there Is some flexibility In the cnclc^ of the 

sequence k of section 4 and In some cases dliferer.t sequences 

obviously lead to different solutions. 
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