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Summary

Conditions are given for the existence of nonnegative

solutions Q1 of the equations
Qi.i;QJPJi’ 1.OD 1' i

where the quantities P are the transition probabilities,

Ji
from state J to state {, of a transient Markov chain.
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Transient Markov Chains
witn Stationary Measures

T.E Harris

1. Introduction and Summazl. we consider Markov chalins

ne=0,1, -+, with denumerable states denoted by integers

1
0, 1, -+ Let P, = P, iy ™Y

N denote the n-step transition probability from { to J,

| x_=1; and let

= Pr(x A

PiJ
n=1,2, **+ It 1s assumed throughout that for each 1,

there 18 an n such that Pijn > 0. PFor other terminology

see Feller [5], Chapter 15. (We shall refer to chains sat!sfying

the above assumption as irreducible.)

We shall be concerned with the existence of sclutions of

the "equations of stationarity,"

a

in the case where the chaln 18 transient. A esolution will
always mean a ret of positive numbers sutisfying (1.1).

(It 18 readily seen that if a set of nonnegative numbers,
not all O, satisfy (1.1) they must all te strictly jositive.)
If tne chain has finite mean recurrence times it 18 known
that tnere 18 a solution whdese elerents Q1 are a set of
probabilities, 1Q, = 1. See [¢]. It 1t 1s ussumed only that
tne chain 18 recurrent, Lerman snowed, |3, that tnere is a
unique (up to » constunt multiplier) eclution, ~itn i, =«
in case the mean recurrence times zre !nfinite. Derman also
showed by examples in [+ tnat ‘¢ t:e cntn ts transient

there may or ~2v not t.e solution:.
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In this note we obtain a necessary condition and a
sufficient condition for the existence of a solution of
(1.1). The author thinks that the sufficlent condition is 1in
some pense close to being necessary. The main results are {in
Theorems 1 and 2. The corollary to Theorem 2 covers a number

of cugtes of interest.

2. A Necessary Condition. We shall use the following

terminology:

Definition 1. A path from infinity is a sequence of

statee 1,, 12, +--, not necessarily all distinct but con-

talning infinitely many distinct states, asuch that

Pr { = ! | x

X4l K = 1k+l§ > 0, k =1, 2,

n

Definition 2. A simple path from infinity 18 a path

from infinity, all of wh se states are distinct.

Tr.eorem 1. In order that (1.1) sh.uld have a solution for

an irreducible trancient cnain, 1t !s necessary that there

ex!s{L 1 slmple path froa infinity.

Proof. Supjose (1.1) has a solution {Qif' Define a set

of "inverse jrovabtlities" Py . bY

3 ] - n _ n
(e.1) Poom FuQy/Qp by = Bt QuQ

-~ v

n

Ja

is transient. Let Yoo D 2 Y, ve tne variables of such a

n

o ;13 < @, tnhe cnain defined by the

Since X (Qu/Q) 2 P

by

N chain. It 18 evident that for almost every sample sequenee Yor¥yret

¢

tne quantities p T G are all positive. Moreover,
Yo y1I
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because of tre transient character of the chain, it is true
for almost every sequence that no state {s  1sited infinitely
often. Therefcre, almost every sequence contains a subsequence

yé, Yy, ‘., sueh that the y{ are all dietinct and p > 0.

y{yi*l
Referring to (2.1) we see that there 1s thus a simple path
from infinity. This completes tne proof of Theorem 1.

As an example, consider the renewal process, for which
Derman showed directly that there 18 no solution in the transient

case. Here = O unless § = O or ! ¢+ 1, and 1t 18 evident

91J
that there 1 no simple path from infinity. In the renewal
process the state O has a speclal rcle; every path from
infinity must contain it infinitely often. However, it can

be shown by examples that even if there is no simple path from
infinity, there need not exist any such dlstinguished state.
In fact, an example, which we do not give here, shows that
even {f no finite set of states har the property that every

path from infiaity intersects {t infinitely often, there need

exist no simple path from iafinity.

3. Conditions on the Zeros. The condition of Theorem 1

18 not eufficient fcr the existence of a solution to (1.1).
Note that tnis is a condition on tne location o: the zeros in

the matrix /P, ). The following t«c examples show that no

1
condition on the zeros can be bctn necess:ry and sufficlent
for the existence of 3 aclution {n the transient case, since

the zeros of the two exam;les sre {n tne same ;lice and one

has a rolution wri.e trne cther doesr nct.
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Take P 1 - e} -0 =
Example 1. Take f i 2= ® " =e v Pyoqa
-1 -1’
e , P10 = e , 1 =1, 2, Po1 = 1. Thia chain {8 clearly

transient and irreducible. Theorem 2 telo¥ can be applied to
show that there s a solution to {1.1). We shtall not give the

details.

1 1
. . 1
Example 2. Take P1,1+1 = 1 - e) ’ Pi,l—l = (YI) , Pio -

1 i
1 1 . W
(5) _(U> , 1 =1, 2, ; P,y = 1. This chain is likewise

transient and {rreducible. We now gfrose that in this case

(1.1) has no solution.

Proof tnat there {e no solution for Example 2. Suppose

that a solution (Qi} exists. First, the Q, cannot be bounded.

Por, setting 1 = O {n (1.1), we lrave

@ @ n
.1 = 2 p = Z P ,
(3.1) Q. = QP e P,
@ N n
NQ - Zo 2: Q P N N - lp 2'
2 J=0 nel JJo
I the QJ were bound ty K we would have
(¢ ¢ N n @ @ n
(3.2) NG, <K & 3 PJU <K B L PJO
J=0 n=l J=0 ns=l
Now 2;?1 P1o 18 tre expected tctal number of visits to state O

of a particle starting in state | and {8 equal to L o multiplied

J

by tie expected number of visits to O startirg in C, where L‘o

is tue probabllity of reacrning O from  at least once. It
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is readily seen that ZJL < @, which means that (3.2)

Jo
cannot hola for all N. Hence the Qi’ if they exist, must be
unbounded. Next, observe that equations (1.1) have the form
in this example

5 - L[ -0y v w

J=0

o o o) Jan s @) war -2

1 i-1 1 1+1
8ince 1 - G/ + (l') <l for i > 2, we see from (3.4) thas

Q, cennot be as large as Max (Q,_;, Q,,), & =2, 3, '~ Sinoe
the Q1 are unbounded they must therefore ulitimately increase

monotonically to infinity. Hence, there i{s an 1 such that 1f

J D1, QJ > QJ—l' Then, from (3.4)

1,1 1,11
(3.5) QJ+1 . 2
(1/4)”1 (1/“)J+1
- 2J+}QJ_1' J = b 1 + 13

By repeated application of (3.5) we have, after a little
P

simplification, Q 1 > ok Qi-l’ nel, 2, " This inmplles

1+2n+
that the sum in {3.3) 18 {infinite, a contradiction. Hence (1.1)

can have no solution.

4., A Sufficient Condition.

Bgrinltions. Let kPi,l = Pi,, and {n general

(4.1) p, n

= , - . - 4
kP1 Fr X, Ji X ¢ K, l¢m<n | x 15,

o

n = 1i, 2,
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( () d o n
4.2) L.(j)= = £ P P, +P
Kl r=) n=1 i kr ri ki

™
- nfl Pr {xn =1, x #1,l¢m<n; x> |x - k}

Lki(J) is, 1f k > J, the probablility thet a particle, starting
at k, will resch {, the first visit being immediately preceded by
a state with index > J. Ae before, L , = Lki(o) will denote

the probability of reaching { at all, having started from k.

Tieorem 2. In order that (1.1) should have & solution for

an irreducible transient chain, the following condition 1is

sufficient: there exists an infinite set K of states such that

(4.3) 1im L .(3)/L,., = 0O, {=0,1, 2,
PRl k1 4//h,

k — o, k¢K

Corollary. If the chain i{s transient and irreducible, and if

for each i, p,, = O except for a {inite set of values of k,

then (1.1) hes a solution.

Proof of Theorem 2. In the recurrent case Chung, [2],
showed tnat we can pick an arbitrary state, say O, and define

@
Y n '
Qk nil oPOK , obtaining a solution. Here Qk is the expected

number of visits to k between visits to O, and we have (note

that because of recurrence Qé - 1)

ot n 1 O n-1 1
| - -
(o.4) nfl o‘ot oPoi * n§2 ‘El oPo; PJi oPoi E
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since oPoi - Poil - Q6P011° In the transi{ent case this does

not give a solution. It seems reasonzdvis to try instead

@o

n_zpn
Q- "

the expected total number of visits to {, starting at k.

S Al P g st 2

It is pernhaps better to think of Q; as the average density of

-l e

particles at i, 1f there is a source putting one particle per
time unit into the s /stem at k. Although q; is not itself a
solution we may hope that it approacres one as the "source"”

k moves o.f to infinity. We must also ncrmalize to keep the
Q1 within bounds. Hence we delin»

@
z

PKO", 1,k =0, 1, -

x n
(4.5) Qs = 2 Py /

n=l n=)

We shall show that {f the conditions of Theorem 2 hold, then
there 1s a sequence (k { such that
(4.6) 1im - Q.. f= 0, F, 5.

m — GDka'i Qi ’

where the Q, are a sclution of (1.1).

Definitionr. Let eIJ, 1 ¢ J, be the probability that the

state, given to be initially 1, reaches J, before reaching i;

let 1 — le, 1 ¢ ), be the protability that the state, initially

1, returns to i without reaching /.

In general, 611 ¢ ¢1J for transient chains.
Now suppose tne state is initially 1 ¢ J, ard let V
be the total number of visits tc J which precede any further

visit to §. Thren clearly
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Hence we have

@
(4.8) - e,, /¢, + z ,p 7 1 ¢4 )
Yg 7 Gy SVt BBy
Then
@ ® @©
: 1
(4.9) - z P, "ep,+ £ £ P _™p
%t E Rk TRt BT R P
J-1
= P + 2z P
ki =0 qkr ri
@ eir (e o} d}
+ 0z —+ % P F..» J>1.
= [Qki ny ke | Fr

!\1 -

Dividing both sides of (4.9) by Q ., and recalling (4.2), we

obtain
Qki J—1 /ri\ Qki @ elr
(4.10) —_—- I ~— P, ¢ — I — ) Py
%o T \Q, Qo T=J ¢r1
L)
+ : I
o

From (4.b) we see that QkJ / Ry > 61J v 031‘ interchanging 1

and J gives

€ 7/ by CQy/ Q<O /0y

Henoe ratios such as Q. / Q4 are bounded away from O and ®

by numbers which may depend on r but are independent of k.
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Aleo, Q ., = Lki(l + Qii)' Thus, the condition of Theorem 2
implies that 1f k€K, k 9 ®, J — ®, then x..ki(g) / Qo — 0
for each 1. The above remarks also imply that there 1s a

sequence {kmi , m=1, 2, ..., with k_f K, such that

1
1im —_— = Ql’ say,

m—) 0 kao

exists for each 1. 3Since for each 1 the ratio Q , 7 Qo

is bounded, and since .
®
= (Oyp / Oy Ppy

is arbitrarily small for J sufficilently large, the limnits Q1

must satisty (1.1). This concludes the proof of Theorem 2.

5. Remarks. Blackwell, [1] was concerned with the

number of bounded solutions for transient chains of the system
@®

(5.1) q = Jfo Pyyqy-
There are some connections between solutions of (l1.1) for a
given chain and solutions of (5.1) for the inverse chain.
However, the author has not obtained any definitive results in
this direction.

We leave unsettled the determination of conditione i{mplying
that (1.1) nas only one solution (up to a constant multiplier). It
is ciear that there is some flexibility in the cncice of the

sequence km of section 4 and in some cases di:!ferer.t sequences

obviously lead to different solutions.
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