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~ SUMMARY 

The procedure .developed by two of the authors (Foru and 

Pulkereon) for sol~1ng transportation problems ls ~ na tural 

extension or thtt Kuhn-Kgervary 111ethod for solvlng ass l gn:rlent 
I 

problems. In the preaent paper the procedure is extended 

further to the general l1near programming case. 
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A   PRIWAL-DUAL ALOÜRITH« 

1%     1KTO0DUCTI0N 

Kuhn, basing his  Investigation on the work of  E^?rv£.ry, 

has developed a special routine  for solving tMignMllt problems 

flO].    Paul IX#yer has proposed a similar type of approaoh  for 

the «ore general transportation problem  ["] .    Also,  ^lona; the 

same lines, two of the present Authors   [8]  have developed.  In 
« 

connection with maximal-flow-ppcble:ri»-. In networks, a tptclal 

algorithm that has been extended to Hltchcock-Koopmans trans- 

portation problems [3,9]• / 

Experiments Indicate that this technique Is very »ffieioiit« 

Our purpose is to generalize the process to solve the general 

linear programming problem. As stated here. It bccon.es a tpeoial 

variant of the simplex process [4,2,6,b]» that promises to reduce 

the number of iterations by doing away with the two—phase promos» 

(In Phase I a ba^lc feasible solution Is detemilneci; thl  Is 

needed to Initiate Phase 11, In which an optimal baulo feasible 

solution Is obtained.) 

Any feasible solution to the du^l systeir nay be used to 

Initiate the proposed raethod. Aasoelated with the dual BOllltion 

is a "restricted" prlnal problem that requires opt l;rlzation. 

Wh^n the solution of the restricted primal problem naa been 

accomplished, an Improved sclutlon to the iual ayaterr oan be 

obtained. This In turn gives rise to a now restricted probltfl 

to be optimized. After i finite number of iaproventnta of the 

dual, an optimal rolutlon Is obtained for both t^e priaa] an.J 

dual systems. 



Whit. dl^tlngrulah^ti  the tranjportitlon case  froa the more 

general ca:.e  la  that  for the   for-ner ih% optlr.lzfitlcn of  the 

primal  .luxlllary prctlom can be aco^pl U-hed without the  uoe 

of the  Simplex prooeso,  whereas  the gcnerallz^itloti appears  to 

require thl» proc^aa.    Thui It mlgtit aeem that wo arc proposing 

a new algorithm to replace the ordinary slr.plex algorithm when, 

In fact,  tae simplex algorithm itself it Irabeaded within the 

proposed   ilßorlthm. 

Actually,  the entire process, as we  view it,  may be  con— 

Bldtrtd  to be a way of starting with an infeaaible  basic  uolu— 

tion to a  linear prograirjning proble.n and using a  feasible solu- 

tion to the dual If available  (otherwise a solution cf the 

modified dual discussed below)  to decrease  the  infeaslbility of 

trie primal in such a manner that when a feasible basic soiution 

Is obtained,  it will be optimal. 

;..,- M 

2,    THK PRIMAL AND DUAL PROBLEMS 

We take the primal problem in the following form: determine 

values of x^,,.,tx ,  z which minimize z subject to 

(1) 11 d J n n f 

(2) a11x1  t a.^, ^   ...  + alnxn - bj (b1  > 0) 

(5) 

ftmlxl   * \2X2 ♦   ••• ♦ a„.nxn - bm   • 

Xj^O (J-',....n).       « 
- 

' "i 
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where a. ., c., b^ are given conatar.ta. It^^re 1» no losi of 

generality In ac^uming bj > 0 since the si^ns* of <%11 terma 

in an equation can be changed if necessary. 

Ttie  dual problem is to find w-, ... ,»_, s which maxi- 

mize z subject to 

(4) b1ii1 ♦ bata ♦ ... ^ h^», - z , 

(5) i^jw, ♦ a21T2 ♦ #.. 4 a^v < c1 . 

. 

* 

in 1   2n 2        mn m — n 

It ia easy to show thflt always Z < z for any BoXutiom to (l), 

(2), ()) and to (4), (5). The  fundamental duality thtorta atateu 

that if solutions to the primal exist ani z has a rinlte lower 

bound, then optimal solutions for bcth primal and dual exist; 

moreover, any optlmil solutions for the primal and iual ^yatems 

have the property that 2 « z. Our purpgee la to construct a 

pair of auch solutions. 

We shall need a feasible solution to the dur 1 to start th»? 

algorithm. In.many problema, such a solution le reuclly avail- 

.ible. For example. If all c, > 0 then obviously-r. ■ 0 satisfy 

(5). In general, however, a dual solutloa is not avalltbla. To 

g^t around thir., we ase 1 device due to ;3ealc' [l] and others, 

cind append to syaton. (?) the relation 

(G)      xft ••■ x. + ... + x» bn  , 
* 
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b0  > rnax b0.) 

where b0 Is unnpecified but is thought of as being arbitrarily 

large.     (More precisely,  for each cycl« k of the algorithm a 

value bQ can be specified such that any b0 > bj will do.    Since 

there will be only a finite number of cyclesf we may take 
k 
0 

The problem (1),   (2),   (3), Jö) will be called the modified 

pritnal.    The modified dual corresponding to it it the problem 

of determining "o#*i »•• •»»„,# i which maximize ^ subject to 

(7) b0ii0 ♦    b^j ♦...•»■ ^ 7?m . x , 

(8) »o ^ 0 • 
»04 aur1 ♦  ... ♦ a^^ < c1   , 

^O * Aln7rl ♦ • • • ♦ »mn^m < cn  ' 

Notice that a feasible solution is now readily available; 

Indeed,  the jet of values TQ • min (0,0^,.. .»c   ), t.  « 0 Tor i > 0, 

solves  (8). 

j.  THE KXTShfDED PRIMAL PROBLEM 

We next con-.iider an extended primal problem with nonnegative 

error (artificial) variables ^Qt^ji•••ffcm# where the objective 

(as in Phase I of the simplex process) is to minimize the »um 

of the ttrrors. Thus we are to determine values of x^»x.,... .x_f 

^^,6^,... ,fem, w which minimize w subject to 
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(9) ^0 "»• ^1 *  ••' ^ -m " *  • 

(10) x0 4    Xj +       x2 >  ... ♦        xn 
+  ^o " b0 ' 

aux1 4 i12x2 +  ... ^ alnxn * ix . b1 , 

ml i   as z        nn n n;   in 

(U)    xj 2 0» £i > 0    (J*0» •••» n; i-0, ..., m). 

i 

I 

Theorem 1. Any solutions to (7)< (8) and to (9), (JO), ('!)> 
t H 

with the propertiea that w ■ 0, TTQ ■ o, and x. ■ 0 if the J 

relation of  (8)  is strict Inequality, are cptimal aclütions to 

the original primal and dual probleras. 

Proof.    Since 9« ^ ♦•••♦£_• 0 and  t*   > 0,  #>e have all 

c.  « 0.    Ihua,  because TQ • 0,  the valuee of x.,..., x  ;  'N »•••»% 

latiafy the original prlrial and dunl constraints. 

Multiplying the i      relation of  (!0) by r*  and BUMililg gives 

(12)    x,    r^j ♦ «2  Xa)2'l +   ••• + «n  .I'lm1! " .I.Vl   ' 

Hy asaumption, all terms in (12) correaponding to T a ,* < c. 
•1 

have x.  »0; hence,  for all J,  the J   l term is the  AtM as 

c.x.;   i.e.,   (12)  reduces to 

n m 
(1^)      Z cixi "   I biT^ » or z • z  , 

j-1   J  J      i-]   1 ^^ 

thu8 establishing that x. ,...,x and I.,...,,»: arc optimal nol— 

utlon« to the original primal and dual. 
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». THE ALOORITKM 

Let v0, 
li»*"»v

m 
be any set or n^nbers oatlsfylng (8). 

We associate with this selected solution of the modified dual 

a restricted primal problem, which is identical with the ex- 

tended primal problem (9)y (10), (11) except that certain x, 

variables are "dropped1* from the equations. To be more precise, 

the restricted primal is the extended primal under tne added 

oondltiona that 

(U)   Xj -=0       if b. < 0, 

where 

(lU.i)  60 * »0 , 

bj - (^o + 21 aij "i) - cj     tj-1. 2#...#n). 

From (3} it will be noted that ßj < 0 for all J. Thus if we 

denote the set of indices for which 6. • 0 by J, the reßtricted 

primal is obtained from the extended primal by dropping all 

variabled x, whose indices J do not belong to J. 

The restricted problem is next solved using the revised 

simplex method [6] .  (Since b0 is unspecified, the values of the 

variables x., £. will depend linearly on b0, with the property 

that for all b0 sufficiently large, the solution is feauible.) 

For example, one could use ^0, S»«««»^ 
a8 an initial set of 

baeic variables and minimize w under the assumption (1^).  (On 

succeeding restricted primal problems, the prior minimal solution 

may be taicen aa a starting solution, as we shall see.) Tne re- 

vised simplex algorithm provides, at the minimum of the restricted 

-   i -x. « -- . 
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probltm, optlnal solutions x., i^  to the rostricted pro! ic, and 

o-.  to its dual, such that 

(15) ^ - 1 If ^ > 0, o^ ^ 1 If €1 - 0, 

^j ^ 0   If x. • 0 and J6J. 

(Kotlca that p* la daflnad for all J ■ 0,...,n.) 

It follows that the values 

(16) w* • 7?^ -f 80^ (l-0#...,m) 

satisfy the modified dual system (6) for sons range or values 

0 < 0 < OQ. TO ass this, denote the new values of St  by S., 

so that 

(17) 8J - 8j 4 e^J ' 

0 Now for all JCJ,   ßj • 0 and f»   £ 0.    Thus, for J^J, g. < 

for any 0^0-    'or 30J, S. < 0; hence 6» < 0 for 0 < e < eof 

where 

(18) e0 -   mln - -i   or   «Q • OD 

according as there are or are not any f>. > 0. 

Dtnottng th« ntw valut of ^ by ^ , <»« htvs,  fron (') anl 

(16). 

(19) I# •   £ b^J -   £ fci^i ♦ ^1) - I ♦ •   2 VJ  • 
1*0 i«o 1-C 

•^ 

y 

*»'J 
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Now by ir.ultlplylng tr»e 1      equfttlon oi'  (10) by c.,   dun^ning and 

noting  (l^)i  we get 

i-o 1   1    jro  J J    A   1   1    ire   1 

n(*nce by  (15)i   (19)  beccmer. 

(20) I* " 3C ♦ ^   Z     4o^^öw. 1 

♦. 

1-0 

*> may thereTore state the following result. 

lYk^crem 2.    An optimal aoiutlon to the rcutrlcted primal 

with w > 0 provider a now feaaible solution to tne »lodlfled 

dual Ailth a strict Increace In the y.nxlalzln^ forj« £. 

I!' w > 0 and all A < 0 (su that O0 • OD ), then w la »Inlrnal 

Ir, the extended primal (9)» (10), (I1)- Hence In this case there 

Is no aolutlon to the original primal system, and tie computation 

terminates. 

Asaumlng that w > 0 and aorre A > 0, we repeat th*» procedure 
* 

u^lng the new modified dual scVutlon »« • *« ^ ^Q 04 and ^-^s 

associated reatrlct^d primal. Notice, as waa assorted earJler, 

that we may take the prior minimizing solution i'or w a» an Ini- 

tial solution In the new restricted primal, SIMCC tk.cse ) Tor 

which x. > 0 have both c. « 0 and r\   « 0, henc^- 0,^0. 

Theoram 3.  ITi»? algorithm terminates in a \ Inlte number ^f 

Kte^ü In v>ne of the following Jltuatlonj ; 

(^^ ^t aome a tage Q^ • OD j hence there Is no rcaolble . 

aolutlon to the original prImal. 

iW-i)    At aome stage^w ■ 0 anü WQ ■ 0; then x, ,... ,x ; 

r. , •••»',., -?*'  optimal '<olutlon^ to the original ^rl-.1 .ri'l Jual. 
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(lib) At 30fne stage w • 0 and v^  < 0; then the original 

primal form z has no lower bound. 

Proof. We auppose thftt degeneracy la avoided In each 

restricted primal by using, if neceasary, a perturtctlon of 

the b.. ThiB  me.mi: that when we minimise w, the let of x. > 0 
«i 

and £« > 0 conatitutea a basic feasible solution. If ^0 « QD 

at aome stage, the computation ends (aa we have Men) witn the 

conclusion that no feasible solution to the primal exists.  If 

not, then at each stage there is a r,, > 0. It fellows chut x, 

may be introduced in place of one of the basic variaolea, and 

the nendegeneracy assumption sieans that w will be strictly 

decreased. Hence the solution of each now restrlcteJ prlnal 

results in one or more new basic soluiiom to the extended primal, 

each with a decrease in w. Thus no baslf: can be r^peat^vi anl 

the*process muat terminate in a finite number of steps with a 

babic solution for which w ■ 0. 

If T0 • 0 when termination occurs, then (see Theorem 1) 

x, ,...,x ; ^i »•••»■"« are optimal for the orlglnni prirol and 

dual. • If, on the other hand, ii0 < 0, then, sino^ ^ • z, we 

see from (7) that there is no lower bound for z as bü->4-oo . 

•:>.  NUMEPtCAL EXAMPLES 
• |—■———^—|J^—   '■■■■I MM ——^——^i^^^—^^ 

The following examples correspond to the canes of Theorem 

>. All variables are nonnegative. 

Example I. Consider the equations 

-x l + x2 ~ X^     - 1, 

x, - x2     - X4 ■ li 

-X, - z. 
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The problem Is  llluctraied georttetrlcally It) Pljur«»  ;. 

10,0 

11,0) 

Plgux^   1 

Oeometrlcal Picture for Example 1 

■ 

• 

; 

Th»» exlendd prlmctl Is 

x0 f Xj  + x2 ♦ x7j ^ *4 + &Q b0' 

—   X,    T   X^   —  X. 

Xl   * X2 

♦ ß - »   1 , 

-  Xu + c 2   «   1 , 

^0 *  S  4 '2  " *   ' 

To start out,  takf» IQ » -1,  *.   ^ i ^ ■ 0.    'Hien b^ • -1, 

8.   ■ 0, 62 ■• -1,  6f - -1, 6^  • -1 .    The aolutlon of  the  .'cr- 

rt'jpondlng restricted primal  la x^  - ^, €Q • b0 -1,   i.   - 2, 

with multl^ll^r--  (TQ ^  ";, ^  «   1,  C,  - 0.    Thus .'    - 1,   ^  - 0, 

^5  - 2, /',   » 0, A   ■ 1,  and  consequently dr  -  Va«     Hence 

. 

■ 



V ^ -^ 

o^ • -•/•• Using tht previous minimal solution x^ - 1, o * ^0 ^• ^ 

5- • 2 aa a atv^rtlng point and Minimizing v? lor the new restricted 

primal gives the baalc solution x^ •• (\i0+\)/2,  x2 - (b0~l)/2f 
• •     •     « « 
j « 2, with multipliers 3Q • 0t C.  • \t oL m I,    Then -Q * 0, 

0, ^ - 0, ', - -1, /o4 -1, anc QQ * co . Since nil .-. < 0, 

w • 2 Is minimal and no feasible Bolutlon •XisVa to BSMple 1. 

Exur.j>Aw3 Ilaf 'lib. For the next two examples, we recnrcJ In 

Tables 1 and 2* merely the extended pr 1*411   1 n detached-coerflclent 
i 

form together with a record of succeaslt^e valuee v, o, o, " and 

optimizing x, r In the various restricted prlnala. Th»? problem 

may be pictured geometrically na In Figure 2, where Ha and lib 

denote the normals to the aknlmlzlng forma In the direction of 

decreasing z. 

^ » 

Figure 2 
Geometrical Picture  for Bxamplet Ha,   lib 

11 
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Table 1 

SOLUTION OP EXAMPLE 11a 

*0 

1 

0 

0 

xJ'€l 

o 

i 

a 

0 

1 

0 

brr5 

._ i. 

•1 

1 

1 

*2 

1 

1 

-I 

-1 

fc3 

1 

I 

0 

*0   fl   W 
X 0 

0 1 

0      0 

0    - 1 

- 1 
■ 

0 

*1 ^1 

!   -1        1 

0    0 

0    \ 

■ 

..■ 

'I 

0 

3r\ 
i 0 

-|ü -i 

-i 0 

z 

1     1 ll- 
..   ; (o) 

1      * 
Iteration 

(1)        (2> 

-.. ^a.~. L — 
•Iter- 

■ 

Iter- 
iation 

* 

^ 
■ 

• • 

. 
■ 

■   . 

•' 

* 

■ 

.   i 

■      ; 
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SOLUTION OF EXAMPLE lib '  ^;. 
• 

SOLUTION OF EXAMPLE lib 

• 

«0 '2       A5      *k 

1 ! i ! !    ' 

0      -1 1 

■ 

• 

0 1       -1 

0      -I      -1 

1 

0 

0 

1 

• 

<3 i o 

öj -1        0 0      -1       -1 

..e,   j    o^o-OiV»    o      0 
i * .■ •• 

-10        0        0       0 

o iV»)*V)   o      2 

0        0        0        0        0 

a0    £1     f2 

^  o 

0      1 

0      0 »   1 

1" 

.111 

- bj-1      0  l-i      0 

i  ;l   o 

-4 
- c 

< 

0      0 

Iter- 
ation 

(i) 
1 i ! 

i 
0      110 

I 
Iteration 

(0) (1) 

■•     ■" 

. < 

• 
i ■ 

Ittratlon (0) of lib requires at  least two c^clea of the simplex 
algorithm since baeic  variables f/t'^l are reP^ftCe<1 by ^i»*2 

* 

' 
■ 

. 

y 

• 

■ 
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