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SUMMARY

The procedure developed by two of the authors (Foru and
Fulkerson) for solving transportation problems is a natural
extension of the Kunn—Egervary methcd for solving assignment
protlems. 1In the present paper the procedure is extended

further to the general linear preogramming case.,
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A PRIMAL-DUAL ALGORITHM

1. - INTRODUCTION

Kuhn, basing his investigation on the work of Egervery,
has developed a special routine for solving assignment problems
[10]. Paul Dwyer has proposed a8 similar type of approach for
the more general transportation problem {7]. Also, along the
same lines, two of the present suthors [8] have.developed, in
connection with‘maxlmal-flowﬂpqoblems'1n natworks, a special
algorithm that'has been extendéd to Hitchcock-Koopmans trans-
portation problems [3,9]. ]

Experiments indicate that this technique is very efficient.
Our purpose is to generalize the process to solve the general
linear programming problem. As stated here, 1t becomes a special
variant of the simplex procésa (4,2,6,5], that promises tc reduce
the number of iterations by doing away with the two—phase process.
(In Phase I & bacic feasidble solution i3 determined; this 1s
needed to initiate Phase 1I, in which an coptimal basic feasibhle
solution i3 obtsined.)

Any feasible solution to the dual system may be used to
initiate the proposed method. Associated with tne dual solution
is a "restricted"” prinal problem that requires optimization.

When the solution of the restricted primal problem ha: been
accomplished, an improved sclution to the dual system can be
obtained. This 1in turn giﬁés rise to a new restricted probvlem
to be optimized. After i finite number of improvenents of the

dual, an optimal =solutlon is obtained for both the prixal and

dual syateas.
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what di1stinguishes the tranaportation case f'rom the more
general case 1s that for the former the optimization of the
primal auxiliary problem can be accouplished withiout the use
of the simplex process, whereas the generalization appears to
require this process. Thus 1t might seem that we are proposing
a new algorithm to replace the ordinary sirmplex algorithm when,
in fact, the simplex algorithm itsel! is imbeaded within the
proposed algorithﬁ.

Actually, the entire process, as we view it, may be con-—
aidered to be a way of starting with an infeasible basic solu-
tion to a linear programming problem and using a fescsidble sclu-—-
tion to the dual if available (otherwise a solution cf the
modified dual discussed below) to decrease the infeasibility of
the primal in such a manner that when a feasiblie basic sclution

1s obtained, it will be optimal.

2., THE PRIMAL AND DUAL PROBLEMS

We take the primal problem in the following form: vetermine

values of X;,... X, Z which minimize Z subject to

(1) CiXy + CoX5 4+ ..o 4+ C X = Z,

(2) B11X; + 85K, + ...+ 8y - b, (b1 2 0),

nxn

a [ 2 B ]
mlxl * am2x2 ¥ i an.nxn - bm 4

(3) X, 20 (J=i,...,n), ‘f



where aiJ' cJ, b1 are given constants. There i8 no loss of
generality 4in assuuing b1 2 0 since the 3igns of all terry
in an equation can be changed if nﬁcessary.

The dual problem 1s to find %,, ... ,7,, = which maxi-

mize z subfect to

(“) blwl + b2ﬂ2 + o0 ¥ bm1lm - .z. »
(5) B9 + 85175 4 oo + 8T < Cy

It 13 easy to show that always 2 < Z for any solutions to (1),
(2), (3) and to (4), (5). The fundamental duality theorem states
that if solutions to the primal exist and z has a rinite lower
bound, then optimal solutions for bcth primal and dual exist;
moreover, any optimal solutions for the primal and Jdual systems
have the property that z = Z. Our purpose i3 to construct a
pair of such solutions.

We shall need a feasible solution to the du-l to start the
algorithm. In.many problems, such a solution 1s reuacily avatil-
able. Por example, 1f all cJ 2 0 then obviously..j = Q satisfly
(5). 1n general, however, a dual solution 18 not available. To
g:t around this, we use a device due to Beale [1] ana others,

and append to system (2) the relaticn



where b, is unspecified but is thought of as being ardbitrarily
large. (More precisely, for each cycle k of the algorithm a

value bg can be specified such that any bo 2 bg will do. Since
there will be only a finite number of cycles, we may take

2 k =71
by 2 mex by.) 9

k ,
The problem (1), (2), (3), 16) will be called the modified

primal. The modified dual correspondihg to it 1s the problem

of determining TorTyr e s Ve Y which maximize y subject to

(8) " <0,
wo + 81171 + o0 * aml“m < c1 ’

[ 8

"0 + alnvl P 5 aa .mnrm S c . »

Notice that a fcasible solution 18 now readily available;
indeed, the set of values Tg = min (O,cl,...,cn), Ty = O for i >0,

solves (8).

»

3. THE SXTENDED PRIMAL PROBLEM

t

We next consider an extended primal problem with nonnegative
error (artificial) variables Egs€ys+-sEys Where the objective
(as in Phase I of the simplex process) 18 to minimize the sum
of the errora. Thus we are to determine values of XorXyseeorsXpoy 1
Eorlyreeerba W which minimize W subject to



(9) . ig* &g ¥ cee + = -2

amlxl + 0.282 + o0 + 8l"nxn + F.nz = b'n »
(11) x.,zo, & 20 (J=0, ..., n; 1=0, ..., m).

Theorem 1. Any solutions to (7), (8) and to (9), (i0), (11),
with the properties that w = 0, v5 = 0, and Xy = 0 1f the 4tP

relation of (8) 1s strict inequality, are optimal sclutions to

the original primal and dual problems.

Proof. Since W= & + ... + 7, = 0 and £, > O, we have all

21 = 0. Thus, because ‘o * 0, the values of Xyseoos Xoj Typeeayhy

satisly the original primal and dual constraints,

Multiplying the lth relation of (10) by Ty and summing gives
(12) x, § 5 I <
12 x 8,,T, + X 8,.T + 0. + X h L

By assumption, all terms in (12) corresponding to ?’ul.wi < ey
1%}

have xJ = 0; hence, for all"J, the Jth term 18 the same as
¢ Xy 1.e., (12) reduces to

g X
(13) Z ey = T bywy, orz =z,

j=d
thus e=tablishing that XqpeoesX and Vapeaoyh, are cptimal sol-

utions to the originsl primal and dual,
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4. THE ALGORITHM !

i
{

Let 74, T;,...,7, be any set of numbers satisfying (8). p

a WP et

L™

we associate with this selected solution of the modified dual
a8 restricted primal problenm, which is identical with the ex- L
tended primal problem (9), (10), (11) except that certain X, i
variables are "dropped" from the equations. To be more precise,

the restricted primal is the extended primal under the added

conditions that

(14) X - 0 if bJ <0,

where

(14.1) 60 = g »
53 - (no + 2313 "1) - ¢y '(‘.5-1, P P T

From (3) it will be noted that 6J < O for all J. Thus if we
denote the set of indices f{or which 6J = 0 by J, the restricted
primal 1s obtained from the extended primal by dropping all
variables xs whose indices‘j do not beloﬁg‘to J.

The restricted problem 1s next solved using the revised
simplex method [6]. (Since b, 15 unspecified, the values of the
variables Jr El will depend linearly on bo, with the prOpertyu
that for all b, sufficiently large, the solutlon 1s reasible.)
For example, one could use EO’ 61,...,Lm as an initial set of
basic variables and minimize W under the assumption (1%). (On
succeeding restricted primal problems, the prior minimal solution
may be taken as a starting solution, as we shall see.) The re-

vised simplex algorithm provides, at the minimum ol the restricted




problem, optimal solutions xJ, Ei to the restricted protlem, and

oy to its AQual, such that
(15) o0, =110 & >0, 0, <1 10 € =0,
. L
£y = Oy + )X 8,0y =0 1f x, >0,

. )
pJSO i.fo-OI.nd Jes.

(Notice that Py is defined for all j = 0,...,n.)
It follows that thi’ values
(16) v; -7, + 00, | (1=20,...,m) 1

satisfy the modified dual system (8) for some range of value:
0 <90 < 9. Tosee this, denote the new values of &, by 63,
80 that '

(17) By = SJ +0p,.

Now for all JEJ, SJ = 0 and pJ £ 0. Thus, for JéJ, 8; <0
for any © » 0. For §#J, §, < O; hence 53 <0 for0 <o <o,
where
(18) 6y = mi:n—-s-l or 6y = ®
Py >0 £ |

according as there are or are not any pJ > 0.

Deroting the new value of y by y', we have, from (7) and
(16),

[} & » n m
(19) y - 2 bivi - zbi(wi * 001) -y ¢ ) 2 biai .
1=0 1=0 i=C




TS TS T T Y,

.. 278
| 5-9:35.

Now by multiplying the 1th equation of (10) by Jy» Sumning and

noting (12), we get

m n m ",
T b0, = T UK, + Eq Oy » ¥ 603
1ot gm0 IV T4 1Y gm v
hence by (15), (19) becomes
\ -
(20) y*=y+6 ¢t =y + 0w .
\ 150 !

we may therelore state the following result.

Theorem 2. An optimel solution to the restricted prinmal

with w > 0 provides a new feasible solution to tne wodified

dual with a strict increase in the maximl:in;zgorm y-

I w > 0 and all “y £ 0 (50 that Q, = @), then w 13 minimal
in the extended primal (9), (1G), (11). Hence in this case there
1s no solution to the original primazl system, and the computaticn
terminatesa.

Assuming that w > O and some fz > 0, we repeat the procedure
using the new modified dual sclution 7, = 7, + &, O, and its
asaociated restricted primal. Notice, as was assoerted earlier,
that we may take the prior minimizing solution for W as an ini-

tial solution in the new restricted primal, since those ! for

which Xy > 0 have both bJ = C and “, = 0O, hence o, = O.

Theorem 5. The algorithm teruinates in a iinlte sumber of

steps in one of the following situations:

(I) At some stage Ob » a ; hence there 1s no fecaaible

3oluticn to the original primal.

R e

(1Ia) At some stoge,w = O ang o " O; Lhed Xy,...0X,;

ere optimal solutdions to the orizinal priwil ind_dual.
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(11b) At some stage w = O and v, < O; then the original

primal form z has no lower bound.

Proof. We auppose that degeneracy 1s avoided in each
restricted primal by using, 1 necessary, a perturbztion of
the b, . This mean: that when we minimize w, the set of«x‘1 >0
and 51 > O constitutes a basic feasidble solution. 1Ir 8y »~ @
at some stage, the computation ends (as we have seen) witn the
conclusion that no feasible solution to the primal exists. 1If
not, then at each stage there is a :3 > 0. It fcllows that xJ
may se introduced in place of one of the basic variables, and
the ncndegeneracy assumption means that w will be strictly
decreased. Hence the solution of each new restricted prinaal
results in one or more new basic solutians to the extended primal,
each with a decrease in w. Thus no basis can be repgeated and
the process must terminate in a finite number of steps with a
basic solution for which W = 0.

1f v, = 0 when termination occurs, then {see Theorsm 1)
XisveoesX i Typeee,?  are optimal for the original primal and
dual. - I{, on the other hand, m < 0, then, since y = 2z, we

see from (7) that there 18 nc lower bound for z as by—>+w .

5. NUMEFPICAL EXAMPLES

The fcocllowing examples correspond to the cate3 ¢ Theorem
3. All varizbles are nonnegative,

Example I. Consider the equations

"X, ~ -i.

*



The problem iy 1lluctrated geunetrically in Figure 1.

(o,nN

Pigure 1
Geometrical Picture for Example 1

The extended primal'is

Xo + X; + x2 + x.j + X, + Eo > bo.
- X, + X, - xj + 51 n 1,
Xy, =%y - % A Bt

60 + El + 62 = W .,

To start out, take 9" -1, Ny =, 0. ‘Ten 60 - -1,
61

responding restricted primal is xy = 1, EO . bo -1, El = 2,

=0, 6, -1, 8, » -1, §, » ~1. The solution of the cor-

“ I = = Fom 2 -
with multipller db 15 d} g dé 0. Thus 0 1% o,

P, =2, /7, = ¢, 2, = 1, an3 consequently Ob w !'/2. Hence

< s

l,’.‘
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7‘70-"'/2» T /8’ Wa -« 0, b ."/I’ 'Op 02 = 0, 65 - -1,
6& = —!/a. Using the previous minimal solution x, = 1, o ™ % -1 4

f, = 2 as a starting point and minimizing W for the new restricted

primal gives the basic solution xI » (bo+1)/2. x; - (b ~1)/2,

L 3

; = 2, with multipliers G = 0, 0y = 1, Gy = 1. Ten (] = 0,
:° = 0, fb 0,:'3 s -], 4p“ s -1, .and 0; = @. Since all.-; <0,

~ 1

W = 2 1s minimal and no feasible solution exists to Example 1.

Exar.sics Ila, '1Ib. Por the next two examples, we record in

Tables 1 and 2 merely the extended primgl in detached-coefficient
form together:wlth a record of successive values 7, &, 0, <~ and
optimizing x, ¢ 4in the various restricted primals. The prqblem
may be plctured ;eometrica%ly 48 in Pigure 2, where Ila and IIb
denote the noramals to'the ﬁ*quizing forms in the direction of

decreasing Z. \

Figure 2 5 1
Ceometrical Picture for Exanples Ila, Ilb !
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Table 1 o
SOLUTION OF EXAMPLE Ila L
&
By e _ e, 3
X X3 X, ¢ € f’J@ ]'1 ‘;{1 ‘iﬁ'a 9
LSl s, o ¢ AR Lo e B BRLAAL - VS IR
|
T 10 0leby -l 1pd 110
1. 1 0! 0 1 o0fe1 0000 21 ¢
00 1] ©0 o0 1l=1 | 01|} a1lo ¢
NERSR AR L e . o ) e e
0o 0 «Z | Iteration .
E AL (1) (2
11 1 =w | ;
— ion -.‘ IR, - L SRS, 5 5 SRE S SPEUES Tohs (oo bovood gttt o o St |
f yation |
] v
1 0 0 by=t 0 2 (0) |
| b | |
0 1 8 1 ] ¢
Fer gt =1k 3
: | f
1 0 2 by=3 0 0f (1) | 3
0 -t 0 ! ‘
PP 2 ' = ! ‘j 1;3:";;
o -1 o0 !
1 0 2 o o of(2) |
I I a2
o o0 0 i 1 i
4
£
N
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"Iteration {0) of IIb requires at least two cycles of the simplex

L
)r 1 = ]
SOLUTION OF EXAMPLE IIb
ram— gl e '_.a‘ _,;_,&;_:‘._.;..Ta ——— . - e e
i xo xl x2 x) xu - <0 ‘1 52 ,}'1 61 ﬂl 61 .
el ’ = o vionemn  won iy g s ¢V e e - a < PBRA e e ik . P G b e e ity 14 e e
Voo eyt YooLaglp O-boI—l ol-1 o
: | .
0 = 1 1 0 0 1 Ojel1 i 0 111 0
A BT SR S RS L g’_o~1-1§o 111 0
i i s vl g s atam s o B e~ i - . ..-..-..._-..:._....... ..-t,.. e P Aot
A4 w . o 0 g A Iteration
s - _ (o (1)
3 "%— ‘ [ / 1 1 1| = w i
6, 0. <A Iter- |
, : ation ;
x,6 | 0 i“o'f’éu*o”) 0. 0 | 0 0 2/(0)
Pj o o) o ‘1 1 { :
PY R AT PR ST D) . 5 TR, RO St g (1 ) E S y . ..%l
6, | - o -0 o0 © 3
4 : . i
{BpeEy O i1~ 0 201 0 0o o] (1) |
2 | o 970 - D B }
‘L y g o v i. 3P 1 s e e ——— = ﬁ

algorithm since basic variables O'C are replaced by Xy 91Xoe
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