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Summary

Under appropriate conditions, the Predholm egquation

T
ulx) + v(x) « /K(x, y) u(y)ay = 0
a
may be regarded as the extrema] equation feor the guadratie
functional - - T T

I(u) = L u¥(x) + 3/ ulx)v(x)ax + / /L K(x,y)u(y)axay.
. ' aa
Regarding the minimum of J(u) as a funetiomal of v(x) and &
function of a, and using the theory of dynamiec programming, in
a manner sketched in
Proc. Net. Acad. Sei., Vel 81(19%5), pp 30N,

we obtain an integreo-differential egquation fer the Predholm
reselvent of the linear integral equation.
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PUNCTIONAL EQUATIONS IN THRE THEORY OF DYNMANIC PROSRANNING--¥II
AN INTEGRO-DIFPFERENTIAL EQUATION FOR THE PREDIGIN RESOLVENT

By
Richard Bellman

ol. t tion.

Let K(x, y) be & symmetric kernal over the square 0 ( x,7 ( 7,
continuous in both wariadles in this reglomn, u:n»u-unuux
property that of,{ K(x, y) wix) u(y)ax &y 0‘/ W(x) ax 10

positive—definite. Then the Fredhela integral eguation
T

(1) w(x) + v(x) + /K(x, y) u(y) &y =0, O a(T
2
has a unigue selutien for any functiem v(x) continuous for

n_(_xSf. T™his zolution may de represented in the form
T

(2) u(x) = —w(x) + /S Qx, 7, a) v(y) 4.

Let us call the kermel Q(x, 7, a) the Predhola resolvent.

The purpese of this note 1s to show that Q(x, y, »)
satisfies the Ricosti-tyype um—:&ﬂmtul equatian

HqH™ 7Y [ xea) ¢ Sax uy, K, 5, )
(3) "
[ &l(a, 7) + /Uy, 55 a)K(a, np)es, ].

It 1s possible that Shis relation -.y be of spome computational
service, but we shall not discuss this here.

To darive the result, we shall espley the functiomal
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equation technique of the theory of dynamic pregramming, of.
2, 13].

02. A Quadratic Punctional.

Consider the guadratic functiomal
T T TT

(1) J(u) = /u3(x)ax + 2 L u(x)v(x)dx + /. K{x,y)u(x)uly)dxdy,

0 (a T, where K(x, y) and v(x) satisfy the cenditions

described in the first section. The minimum of J(u) over all
functions u(x) which are continuous in a | x ¢ T exists amd

is assumed by the solution of the Fredhola integral equatien
T

(2) u(x) « v(s) + /K(x, y) u(y) ay = 0.
a
Utilizing the representatien for u(x) givem in (1.2), we
nave r T

(3) mn J(u) «/ ((u(x) + v(x) + /K(x, y)u(y)dy) u(x)ex
- . s
.

+ Ju(x)v(x)ax

' 4 A 1
- - Af(x)ax + S/ alx, ¥, a) v(x) v(y) ax ay.
a a N

et us call this new functional, which depends upem v(x)
and s, f( vix), 2). T™us

(%) f( v(x), a) = min J(u).
y
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j!. Punctions]l ¥quatiens.

Using the fact that f( v(x), a) is defined as a minimm
of a functional, let us employ the funetional equation technique
of dynaxic programming t$o0 derive a functiemal equation for
f( v(x), a). Tis technique, as applied vo integral equations,
was sketched in [ﬂ

et us write, for @ ( a + 8 ( 7,

a+s a+e a+e T
(1) J(u) = /ué(x)ax + 2 Su(x)v(x)ax + 2./ L K(x,y)u(x)u(y)axdy
a a 8 [ ]
T T
o/ WE(x)ax v 2 Sulx)v(x)ax + /S R(x,y)u(x)u(y)esdy
a+0 a8 a+0 a+0
o4+8 8-+

« /S Kxy)u(xdu{y)ax ay.
a [

Let u(x) be the extremal function, which we know toc be

A}
-

continuous as a functien of x ina { x (T, as a function of

@ for 0 C a « T, and a8 a function of v(x). Por small s we

may write
, T
(2) 3u) =8 [ W3(a) + 2u(a)v(a) ¢ 2u(a) /X(a,7)u(r)ey |
a
T T
x/’ uz(x)dx + 2/ u(x)v(x)ax
| S ] [ 9 ]
T ?

« /") K(x,y) u(x) u(y) &x ay + o(s),
2+8 A+
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s
where the remainder term is uniform for [v(x)| ¢ - 0 (xgT

0 a T,

Let us rewrite this

(3) J(u) = sfu’(a) + 2u(a)v(a)] .f w(x)ax
ass

-

+ 2/ u(x) [ v(x) + su(a)k(a, x) Jax
A+s
ToT

+ / JK(x, y) u(x) u(y) ax dy + o(s)
A48 a+B

Exploying the principle of optimality, we sece that for u(x),

the sxtremal function, we must have

(¥) J(u) = s[u?(a) + 2u(a)v(a)] + f(u(x) + » u(a) k(a,x), & + 8)

+ ofs).

Hence

(5) (v, a) = tin J(u)
u
- Min [. [ u®(a) + 2u(a)v(a)]
ula)
+ f( u(x) + su(a) K(s, x), & + -)_] + ofs).
Since f(v, a) 1is clearly a differentiable function of v(x)

and a, as we see uon referring to (3.3), we may obtain an
integro-differential equation for f upon letting s — +0.
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Let us deline
(6) L( w(x), ) = lim f( v(x) + sw(x), 8) - £( v(x), o) ]
80 ’
Then the limiting forw of (5) i
(7) 0 - mn Cufa) s 2u(a) v(a) o u(e) L (K, x), 8) e 2p ]
The ainimm 1is ansumed at
(8) u(a) e —~(a) - L( K (a, x), a)/2,
yielding the relation
(9) 2o v(a) ¢+ LOK(a, 5), 0)/2)°
8. The Porm of L( w(x), ).
Let us now computs L( w(x), a). We have
4
(1) f(v(x) « sw(x), a) = —/{2(1)61 - 2./V(x) w(x)dx
. .
S -
v S Rx, ¥, 0) v(x) v(y) ex g
e a
* TT
+ 2./l/c(x. Yy, 8) v(x)w(x)dx dy + o(s).
aa
Hence T T T
(2) U w(x), 8) = 2/ v(x) wiz)ax +« 2 //Q(x, 5, a)v(x)w(y)dx 4y.
Y . a
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Thus T T
(3) L(K(a,x),a) = -2/ v(x)K(a,x)ax + 2/ /Q(x,y,a)v(x)K(a,y)dxdy.
) ans

75. The Punctional Bquation for S(x, 7, a).

The equation of (3.9) then takes the form

(1) éi ® - '2(.) - rT
- v(a) [-2/%(:)((..:)41 . 2//Q(x.v.t)v(x)l(n.v)m]
a a a
: 4 TT 2
+ %. [-2/’ v(x)K(a,x)dx + 2/ Q(lolol)'(l)l(l.!)MJ
& aa

T T
- - v(s) - 2v(a) [-/ v(x) {—a(n.x) + 2/’Q(x.y.-)l(a.!)ta
a L
«]

TY? T
+ }/’/ v(xl)v(xz) [—‘K(l.xl) + 3/0(11- !Iol)l(ldl)‘l‘]
s a

T
[‘u(‘o‘?) + 2‘/Q(‘20’20‘)“‘0’2)“2]“1‘1;

On the other hand, using the expression for f(v, a) given in
(2.3), we have

T
(2) i—f - — v2(a) - 2v(s) /' la, v, a) viy)ay

&
TE
o/ 28pt) v(x) v(y) axmty
2 a
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Equating coefficients, we obtain the two relations
s
(3) ria, y, 8) e 2K(a, 3) +2/Qy, 2, 8) K(s, 2) ds,

T
(V) 931.‘48._11__‘). - [_ K(a, x) +./'Q(x, 2,, 8) K(s, '1)“1]
a

T

| - X(a, ¥) + Ay, z,, 8) K(a, t,)dzz] ]
a

rorusx.ys?.

This completes the proof.
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