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In thia paper, 1 i hown that the caterer ' problea, a 

problea tn .. the.atieal eeono.iea and log1atiea Wh1eh baa been 

cUacuaaed b)' Jacoba, Oadcl\a, Horn.an and Sokolo•)O, 

and Prager, can be reduced to the probl .. or deter.lning the 

.aztaa or~ linear roraa I.,. - i v1, aubJect to a aeries or 
A 1 1 

~onatra1nta.or the rora v1 o1, v1 • v2 < b2, v1 v2 + v3 < b3, 

···• •1 + ·•· + vk _ ~· • 2 + v3 ••· + vk+l ~ bk 1' ··· ' 

vn-k+l + • • + vn _ bn' 0 _ v1 _ r 1, 1 • 1, 2, •.. , n, under an 

concem1 the non--acc~l&t1on or dirty laund17 . 

.ax1~&ation probl .. 11 aolved expl1e1tly, ua1ng t he 

tunctlonal equation technique ot d~c prosra.alng. 
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the purpoae or t h ia papet- ia to ahow how the tunc 1onal 

equation thod or clynaaio pro ra•1ng •Y be uaed o obtain n 

eapl1c1t aolut1or ot the prob 

the l1near rona 

(l) .. . 

ot c1etera1 1n th 

O¥er a 1 xi subJect t o the conat~atnta 

(2) (a) 

(b) vl - l 

v . v2 < 2 -. • 
t 

• • • b 

v2 • · · + "k+l _ b 1 

VD-k; 1 .. ... 

1 ot 

or1 1n or bia pro l l1ea 1n the "caterer '' problea, 

a probl or .a. lntereat 1n recent 7eara 1n connect i on w h 

eo01a.a1e, indue r a l and 11ta17 ached 1 · probl eaa. 
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§2. D11CUII1on 

A lar nuaber or •t ttcal .odell or econoalo act vttt .. 

culatnate 1n th probl~• or d~ter.tntnc the aaa1.u. or a1n1• 

or a linear runct1on 1ubjeot to a 1e or linear conetratnt1 . The 

vtnte aYatlabl eo.putattonal al ortthae tor the 

nu.ertcal re1olutton or t 1e probl .. l can ha~ly e ov r-eett­

.. ted, both a. far a1 appltca 1on or th re1ult1 ar conoern•d 

ar4 ae tar a1 rurt er t eorettoal 1tudy 11 oonoerned. Por .oet 

cr t e al ortt 1 11 t he "1taplaa" .. thod or O&ntata, to ether 

with tte .odtrleat1onl b C rne1, Leake, f ale , and ot ere . 

In the 1tudy or un1Yerk11 aethod1 , tn1uttctent attention 

• been paid to t e und rly1 ltructure or th prooellel cener-

attnc the a1n1 1aat1on an4 aaatataa ton probleae . Ideally what 

11 de11red 11 a eyat to tttt n to eaoh prooe11 or a coapu-

tat1onal al or1t 1peotrtcally de11 ned tor t e proe 11 . There 

1 b e barel a 1tart aad n t • 

tat tonal 1 • ct. the d11ouaa1on in (1]. n parttoular, 

11 l e errort 1 been devoted to th qu 1tton or analytic 1olu-

ton ot e1 a1n1a1aatton and aex1 taatton prob ... . 

n 11 p r •• w11 o con1tder t e tnt re1tt alntat-

za on prob poled abov u11na t e runcttonal equation approac 

0 ct 1c pro ra..t , [2 . • probl.. troa w toh tt \1 

d r1vect, t caterer" pro .. hal been 411CUIIed bJ a n•b•r 

ot .. t 1otana over t e la1t t•• eare, eee Jaoobe, C,], 

o.ctd , ott and So 0 OWl ] , and P'N r , (5] . 

Our 1ntere1t tn t • poll1b111ty or an eapltctt aolutton ot 
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ao u i on ob n d 

1n tollo in ro 

I l ao J. • Ca 

a pro e re olv 

e ea . 

pro 1 a1 h P-

an ot e pre>-

ot t proc • • 
7· and by t n r 

la r'f1n 1, 2, to p daya hence . 

On aia ot t 1ntorat o , t e a dee1a1o a to 

' 
d 
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ow many nap ina to purchaa , and ho o 1 und r h ao umulated 

1rty napkins. 

It 1 not d1ft1cul to t 1 e th p o m 1n his 

a1 th ct onal e ua i on pproach. Untor t ly, p 

1 1 r ' 
foun e on the sho ot n 1onal y. 

As 11 see, h pr oper d n 1o 11 y or prob l 

1 p - q, en ro la d 1n tt r n nn r . 

s. lat1on or 

In plac ot h1a appr ch, 1 u proc d 1th the e uat1ona 

det11U the proc •• 1n t au 1 7 unt 1 an appropr a e po1n 

t 1c • 1 n th cpro U'Jil1n appro ch. 

It 1a t1 8 or 11 r abov to lat1 or th 

rob1 t y 8 p 11 t nap ne at one 

t • 0 h procea . th n in by solving 

h 1 r probl or d t 1 th 1aun r1 proce • 0 

lo 1 n 1n1t1 toe' of s p c &r 

(1) s > r • 

1 1 r 1n 88 on a 1 t r t7 

pie1 r d n of ch a nt out 0 h 1aun-

y , 0 r 5 aerv1c • 

re 1 on ro 1 far as pp a tiona 

d , 1 no nt r 1 0 th n • 

c c n t n • t en ot t he 

, n c 1v1 k ' t t 1 y or 1r nap ina 
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on hand, into two parte, r • ~ v , w1 h u sent to th q-day 

laundry and v en to the p-day laun ry . 

Contlnu1n 1n b1a way, we aee that the quanti ty, , ot 

clean napkins avail bl at t be 1nn1 or th .Jl day 1a detel'-

1n d by the r o l ow1 recurrence relation, 

(2) xl S, 

( -l - r k-l ) vr-p 

- v 0 tor < o. 

e eoa 1nc rr 0 th !!1 day 1a 

( 3) bv c • - 1, 2, . ~ . , 1 

ence ota l coe 1 

1 
() c •b t v 

-l 

p o l e 1a to 1n1 iz C a bject t o the conatra1nta 

on the 

(5 ) 0 < u r 

b. ) r 
' - l, 2 , . .. , 

In ord r to 1llua r t th thod, we shall consider two 

part cul ar caa • 

( ) •• - 1 , p - 2 

b . • , p -

neral caae will b . d acuaaed tollo 1 t h1a. 



§6. The case q • 1 p • 2 
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• (x2 - r2) u2 1 

. . 
~1 • ( - rn-2) 

~ • (~1- rn-) 

un-2 

n-1 
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Let s no sol ve or h in a r th and • ly 

(2 ) 1 s 

2 • (S - r ) ul 

3 • (S - r 1 - r 2) ( u2) vl 

X -(S - r - r2 - r 3) (u1 u2 u3 ) vl v2 ~ 

1 • (S - r 1 - r 2 - ... - rn-2) 

(v1 v2 vn-3) 

••• + un-1) 

Sine r - v 1 his y b wri t t n 

(3) s - V -1 1 1 , 2 ~ .•• 1 n . 

'l'urni to ( . ), wtsh o ni ze 



5-17-56 
-7- 

N-l l*-l 
(M      CN - c T     rk ♦ (b - c)^J- vk, 

ov»r all v subject to the constraints 

(t>)      (a)      0 ^ vk ^ rk 

(b)      S - vk_1 > rk or S - rk > v^ 

Since (c - b) > 0, we wish to choose v as large as possible. 

Hence 

(6)      vk - «In (rk, S - rk4l),  Ic - 1, 2, ..., N-l. 

This detenalnee the structure of the optimal policy. Using 

this explicit form of the solution It Is not difficult to deter- 

mine the minimizing value of S. 

S?.  The Case q'K^p^K-»! 

It is readily seen upon writing down the equations that the 

case q - K, p • K ♦ 1 leads to a system of equations of the same 

type as given above for q - 1, p • ?.  ITils Illustrates the fact 

that It Is only the difference p - q which determines the level 

of difficulty of the problem. 

&.  The Case q » !< p ^ 3 

In order to illustrate the method which Is applicable to 

the general case, let us consider the case q - 1» p • 3- 

The equations In (^.2) assume the for* 
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x,   - S. 
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(1) 
X-i   - x1  - r1  . ur 

x-,  • x0 - r0 4 u0, 

XJ " '"j  * u3  *  vl 

'S, " «n-l - r^-i r>-l n-3 

(2) 

x,   « 

x^   - 

Xj,    - 

8 - 

(3 

is 

r1  ^ V 

r1   - r2 - rt)   *■   u.   *  Up  ♦   u ♦  v. 

*n  •  (S- 
r1 - r2 - r    - -  r^  ,)   f  u,   ♦  u0 -♦■ u-   ♦■   . 

n—1' 1 2 j 

* un-l   f  vl V2  * 
+  v 

^3' 

(3) 

x,   - 

X^   -   S   -   V, 

A3 

x4 

S 

s 
s 
s 

Vl  -  V2 

-  v. 

xn * 3 n—. - v n-r 

We  wish  to r^ajclmlze 
N-l 

k   1 
v,      subject   to  the  constraints 
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S " Vn-2 -  Vrv-1  > rn-l 
3   -   r^    1    )   v«   o    *    v 

n— ]   1    n -? n-. 

and 

^9.     DynAnlc  Prograjmilng Fonaulation      II 

Our probl«aa reduc«i  to  th*t  of maximizing  the   linear  form 

N 
(i) L. -   r. v 

• ubject  to a  set of comtralnts  of  the  fom 

(2) (a) ^ ^ V^  ^   ^ M rk  > v,  > 0 

bN  ^  VN     *   VN-1 

Having chosen v,. It Is clear that w*  have a problem of 

precisely the Basse  type remaining for the other varlablet v0, 

v,i •••, v...  Let us then define the sequence of functions f^k(
x)f# 

k " i,   2, .., N-l, as follows: 

N 
(3)      T {x)  - max  1 v. , 
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for k  -  1,   2,   ...,  H-l.     This  It true   for k  • K - 1,   upon 

referring to  (9     )«  and w«  thAll •■tAbllth  it   Irvluotlvely  fir 

g«n«rftl  k. 

Assuming th«  relation true for k   *  1,   «ubstltute   in    (9-B)f 

ebt4lning 

(?) fk(.) 

os'ki»: 
»k ♦ «in   [ rktl.  Hin (r^^.  b^j - »k) 

^'ki'k 
[ *in   t 'k»!   *   »It«  ,,ln   (r^l'   "k.l   - V 

* Vl   *  'k ^  J 

0<»^ 
[Win [ fk+1 * V «in (rk<1  * a,^ ♦ vk, 

Vl      ^    Vl     >-l] 

- Nln [fk.i * vk'   Vi 4 Sf i ♦ vk' bk^ + Scu] 

Ml n  [fk4l   * Win (x.   bk^)#   rk^  •  Q^  ♦ «In  (x,   l^^), 

bk.l  * Sc.l J 

[ «in      . .   rk,i,  Fk4l  <• bk+1.  x * rk 

«1 n   [x ♦ «in (Pk<1, r|t+1  . ^j).  «In  (Pk+1   . t^^. 

«It+1   * Vl>]. 
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W«  AituM  that  n  > K. 
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n»li   !■  th« 

•ubj«ct to tr.0 oonstrmint« 

(M 

(•) 

1 _    iv-JC-»! 

2 ^    n-Ä>l n-JC^t (b)     r1  > v1   > 0, 

H-l  > rv-JC*!  ♦   ...   ♦   v rv-1 

1   •  rv-K-#-?#   ....   n 

ITiua 

b    > v n _    r>—!(♦ 1  ♦   . . .   ♦   v     ,   ♦   v 
rr-1 n 

W frv^(xr   *? V:)   - Hin  (bn.  Vl  .   rn#   ^ ♦   r    ♦   r     , . 

....   x,   ♦   r '   Äl   ^   4rv-K*2 ♦•   . . .   ♦ r   )• 

T^t r«curr«nc«  relation  for  tn«  sequence   !■ 

(6) fk-l^r   E2' '   Vk-1   *   V   N^   ^2 

~  V   rlc^   X3       Vk'    "•'   Vl   " 

b, 4^K-l vk-l'j   , 

(T) <      - Kin   [ij,   «j XJ^J.   >>k*t-2 J 



Let ua now aaau.e that r haa the ro 

(8) tlc(xl' ~· · • ·' ~1) JUn [ 'ok' xl f 2 ,k' + ' 2, • . ..• 

X,C-1 'wc-1,k ] · 

Thtm, IUblt1tut1nC 1n ( ) 1 

• 
0( -1~··-l 

•k- 1 ~1n [P0 , N1n (~ - vk-l' r + ) 'Uc' 

P 2 , ' • • ·' bk ~ - vk-l '&-l,k J ] 

• [ N1n [ 'o 
• • -l vlc-1 

p 2, ' •..• ' ~+~ + pE-l, lc J J . 
11 c1e&r17 aaau.ed at •k-l • .:-1 • 

enoe " 

rk l + ' 1, k:' x3 + ' 2, , •••• 

bk+~l '&-1,k} 

• 111n{ 111n [ •o, ' '1, r + M1n [ x 1, ~· • • • I ~1' ~+1'-2 ] ' , 
~ 'l, • x3 + '2, ' • • • I +Jt..-2 + p - ,k i 
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( 12) tk-1 (zl, ~· • • • ' a;r_1) • ll1n { z1 + "k• ~ + tun [ "k• P1, J , 

, ... IC1n 

p~1,k: ] } . 
.,..._ th11 equation w oan read ott t he rec rrence relat ione 

.... tetlal tbe P1 ,k and t Pi,lr-1 . 

!be eo1uti .. pre ... '-4 1n the preoedinc aeot1on 71el 4a t h 

tlal ,.n.,. at •eh atap, aa w11 a ttw Yalu or the a1n1. .. 

oat. 

,._re are a r of related prob1- ilh1oh oan be treat ed 

- alallar •tbecla. A pan1oul&r17 1Dtereat1n& ODe 1a the caae 

tbe ~ 11 periodlo. In thia cue, the prob1• re4uoea 

(1) 

~t to a Mrtea or oonatra1nta 
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vl v2 ... VK s bl 

(2) v2 3 + 
lt+l ~ b 2 

(a) (b) 0 ~ v1 .$. r 1 . • • • -.. 
vo-K+l • •• + vn - bn-&-1 

... 1 - b~ 

. . . 

Purtbel"IIO , there re the 1.r tereatins probl- 1n which 

t here ia a ato ooat tor eaeh exceaa i t-, and 1n which t here 

are .,re than o tn•• ot 

It ia a l ao a to • 

ry aerrtce. 

that aeftral aore neral claaaea 

ot .. •1a1 r a on prob au ct to l inear conatrain a -., be 

trea b7 MUW ot tn a&M technique . Ve ahall diaouaa theN 

op1ca, o ether th th eati on ot aotual oa.putat1anal aolu-

ion, 1n a further paper . 
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