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SUMMARY
‘

In this paper, it is shown that the ’catcrer"'problcl. a
problem in mathematical economics and logistics which has been
discussed by Jacobs, Gaddum, Hoffman and Sokolowsky,

and Prager, can be reduced to the problem of determining the

maximum of 4& linear form /Ln:mlubjcct to a series of
1

=] 1.
vonstraints.of the form vy 5 D1p V) *+ Vv, S b2. V,+ Ve V3 _(_ b3.

MIEEEEE I (bk. Vo ¥ V3 4o +vk*1Sbk*1, sss »
05\:1(:‘1. i1i=1,2, ..., n, under an

concerning the non-accumulation of dirty laundry.
is maximization problem is solved explicitly, using the

functional equation technique of dynamic progn-ing.ﬁN
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ON A DYNAMIC PROGRAMMING APPROACH
TO THE CATERER PROBLEM-—I

§1. Intredustion

The purpose of this paper is to show how the functicnal
equation method of dynamic programming may be used to obtain an
explicit solution of the problem of determining the maximum of
the linear form

(1) Lh(') -V VAV,

over all X, subject to the constraints

(2) (a) ry 2 vy 2 0
(v) w89
vy + v, 5 b,

.
.

ViV * bV S bk

v2 - v3 LT 'k&l 5 bk+1
i
Yaeketl ¥ 00t Yy 2k,

The origin of this problem lies in the "caterer' problem,
& problem of some interest in recent years in connection with
economic, industrial and military scheduling problems.
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‘§2. Discussion

A large number of mathematical models of economic activities
culminate in the probiem of determining the maximum or minimum
of a iinear function subject to a set of linear constraints. The
importance of having available computational algorithms for the
numerical resolution of these problems can hardly be over-esti-
mated, both as far as application of the results are concerned
ard as far as further theoretical study is concerned. Foremost
cf these algorithms 1s the "simplex" method of Dantzig, together
with its modifications by Charnes, Lemke, Neale, and others.

In the study of univeriil methods, insuficient attention
has been paid to the underlying structure of the processes gener-
ating the minimization and maximization problems. Ideally what
is desired is a systematic fitting to each process of a compu-
tational algorithm specifically designed for the process. There
has been barely a start made in the mathematical theory of compu-
tational algorithms; of. the discussion in [1]. In particular,
little effort has been devoted to the question of analytic solu-
tion of these minimization and maximigation problems.

In this paper we wish to consider the interesting minimi-
zation problem posed above using the functional equation approach
of dynamic programming, [2]. The problem from which it 1s
derived, the "caterer” problem has been discussed by a number
of mathematicians over the last few years, see Jacobs, [3],
Gaddum, Hoffman and Sokolowsky, [4], and Prager, [5].

Cur interest in the possibility of an explicit solution of
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the type we present here was aroused by the solution obtalned
by O. Gross in the case where k - 2.

’3. The C: “erer Problem

Let us now state the caterer problem in the following form:
(ef. Jacobs, [3], Prager, [5])

"A caterer knows that in connection with the meals he hau
arranged to serve during the next n days, he will need rJ fresh
napkins on the JP-‘:day, J =1, 2, ..., n. There are two types
of laundry service avallable. One type requires p days and costs
b cents per napkin; a faster service requires q days, q < p, but
costs ¢ cents per napkin, ¢ > b. Beginning with no usable nap-
kins on hand or in the laundry, the caterer meets the demands
by purchasing napkins at a cents per napkin. How does the
caterer purchase and launder napkins so as to minimize the total
cost for n days?”

As is known from the above references, and also J. W. Caddum,
A. J. Hoffwman and D. Sololowsky, [4], this problem can be resolved
by linear programming techniques in some cases.

In this paper we shall approach the problem using the ap-

proach of dynamic programming.

§%. Dynamic Programming Approach - I

The first approach to the problem by means of dynamic pro-—

gramming proceeds as follows. The state of the process at any
time may be specified by the stage, i.e. day, and by the number
of napkins due back from the laundry in 1, 2, up to p days hence.
On the basis of that information, we must make a decision as to
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how many napkins to purchase, and how to launder the accumulated
dirty napkins.

It 1s not difficult to formulate the problem in this way,
using the functional equation approach. Unfortunately, if p
18 large, we founder on the shoals of dimensionality.

As we shall see, the proper dimensionality of the problem
is p - q, when formulated in a different manner.

‘§5. Formulation of Problem

In place of this approach, let us proceed with the equations
defining the process in the usual way until an appropriate point
at which we shall reintroduce the dynamic prograrming approach.

It is first of all clear from the above formulation of the
problem that we may Jjust as well purchase all the napkins at one
time at the start of the process. Let us then begin by solving
the simpler problrm of determining the laundering process to
employ given an initial stock of S napkins. Clearly

(1) § ) max r,.
k

Let us now make a simplifying assumption that all the dirty
napxins returned at the end of each day are sent out to the laun-
dry, either to the fast service or to the slow service. There
are many Justifications for this assumption as far as applications
are concerned, which we shall not enter into at the moment.

The process Lhen continues as follows. At the end of the

kEE day, the caterer divides s the quantity of dirty napkins
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on hand, into two parts, P ™Yy * Vo with u, sent to the g-day
laundry and Vi sent to the p-day laundry.

Continuing in ti:is way, we see that the quantity, Xy 0 of

clean napkins avallable at the beginning of the h;-':-E day is deter-

mined by the following recurrence relation,
(2) x, =8,
B = (Zp ) = Fa) * g * Yy
where u, = v, =0 for k S 0.
The cost incurred on the kﬁﬁ day 1is
(3) bv, + cu, ’ k=1, 2, o0ocp M=

Hence the total cost is

(.) N-1 N-1
S ® BE V%8 X "
N ke K ¥ Uy

The problem is to minimize c" subject to the constraints

on the u,

(5) a. 0y <r,

In order to illustrate the method, we shall consider two

particular cases.

(6) a. q=1,p=2
b. qQqe=1,p=3
The general case will be discussed following this.
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§6. The case ¢ = 1, p = 2

The equations in (4.2) assume the form

(1) x, =8

%2
Xy = (x, - rz) + Uy vy

(x1 - rl) +

%—l = (ln_z - !‘n_z) +u, o+ Vn_av
- ™ (xn—l - rn—l) * Yt Vpeo

let us now solve for the X, in terms of the u, and Vi Namely

(2) x, =8

-

X3 = (s - Py - r2) + (u1 B u2) + vy
x, = (8 - ry =g = r3) + (u1 +u, + u3) vy o+,

X, 1 = (s - Py =Ty = eov = rn_e) + (u1 Uy +ug ok “n—a)
+ (v1 *V, b 4 vn_3)

+ (v1 $ VL e vn_e).
Since rk =-u + Vi this may be written
(3) Xy =8 -V 1 (vo =0), k-1,2, ..., n.

Turning to (4.4), we wish to minimize

N s
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N-1
thy "

or S -r

(%) o) (
4 Cy, =¢ 5 r, + (b=2c)
N k-1 K
over all " subject to the constraints
(5) (.) O_\.vkbrk
(v) S - v, 2 Yy

Since (¢ - b) > 0, we wish to
Hence

(6) v, = min (rk, S -

Trea)e

This determines the structure
this explicit form of the solution

mine the minimizing value of 8.

§.

The Case q = K, p =~ K + 1

kK 2 Vk-1"

choose v, as large as possible.

k =1, 2, ..., N-1.

of the optimal policy. Using

it is not difficult to deter-

It is readily seen upon writing down the equations that the

case
type
that

of difficulty of the problem.

$e.

The Cagse 3 = 1, p - 3

as given above for q =1, p = 2.

Q =K, p=K+ 1 leads to a system of equations of the same

This 1llustrates the fact

1t is only the difference p — q which determines the level

In order to illustrate the method which {8 applicable to

the general case,

The equations in (4.2) assume

let us consider the case q = 1, p = 1.

the forg
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I x, = S,
i 1
' (1) X2 'Xl —!"1 + U],
| K3 = Xpl = To*iUss
x“'-x)—r‘j*u3¢v1
n * *n-1 " Tn-1 ' Yp-1 t VR
Thus
X, = S,
(2) X, =8 -1 +uy,
Xy = (3 - ry - r2) $ Uy Ug,
x; = (s - ry = Tt r3) $Up YU, Uy Yy
X, * (s - ry - rp, - r. - - rn~1) b U+ U, +u
S Hpl Yyt Yp f Y o3
Hence
X, = S
(3) x2-S—V1
x3 = S - vy = V5
Xu -S---VQ—V3
Xp =3 = Voo T Vp
N—-1
We wish to maximize ! " subje-t to the constraints




(%) 8-—v1—\.f2)r‘2

n-Y 72 "n-=2 n—.

and

(5) )

Vs
<
(=3
|~
"3
o

}9. Dynamic Programming Pormulation - II

Our problem reduces to that of maximizing the linear form

N
(1) L’N'fi’"k’

K

subject to a set of constraints of the form

l'

I 4
<
+
<

2
(2) (a) b,

Having chosen v,, 1t 18 clear that we have a problem of
4
precisely thie same type remaining fo: the other variables v_,

Let us then define the sequence of functions {fk(x)},

y3, ce ey vN.

ke i, 2, ..., N1, as follows:
N

(3) fk(x) . ﬂa-x ‘Z_;k Vg oo
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where Rk is the region definsd by

(%) (a) x Z Vi 2 o,
bes1 2 Vi * Ve, (b) Tk+l 2% 20

by 2 Va1 * Ve ry 2 Vy 2 O
We have
(5) f,;_l(x) = Max CvN—l + ij
where
) x>y 20
bN>"N—1*vN’ ruzvuzo.
Hence
(7) fo 1(x) = Min o, x + ry ],

Employing the principle of optimality, [ 2], we see that

() £, (x) . + fea( M (r ), "&1 - ) )]

r
Max L v
- <
olv, v

'he!‘e V,; - !1“ EX, bk‘.’lj. fOP k - 1. 2. sy “—1-

$10. Explicit Solution

Let us aseume that each rk(x) has the form

(1) f.(x) = Min CPk, X + Qk'],
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for k = 1, 2, ..., N~1. This !s true for k « N - 1, upon
referring to (9. ), and we shall establish {t induetively for
general k.

Assuming the relation true for k + 1, substitute in (9.8),

obtaining

(2)  f(x) = Nax [ v, + Min [P — v

K Min (r
oun vy

k1 Pl — Vi)

* S ]

kel’

- - \

Max . [ Min [ Pi”1 AW nin (rk¢1‘ hkol vy)
oﬁ'évk 3
* Qa1 Y J J

e Max . [lin [’kol + vk. Nin (r‘m1 + Q'.ul * Ve
°<VKS'R

a1 * Yy )] J

. -
= Nin [-’k¢1 * %% Trel Sl Ve deer * Qk*lj

e Min [,’k»l +« Min (x, bk*l)' Fial ~ Yoy * M0 (x, bk*l)'

brar * %o |

-

L [-‘ LIPS USRS UL ST S UL I Y

-
- Nin L X o RN (P 10 Py v Q) (P by,

Qo1 ¢ Oyiy) ].
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where Rk is the region definsd by

(%) (a) x Z Vi 2 o,
bes1 2 Vi * Ve, (b) Tk+l 2% 20

by 2 Va1 * Ve ry 2 Vy 2 O
We have
(5) f,;_l(x) = Max CvN—l + ij
where
) x>y 20
bN>"N—1*vN’ ruzvuzo.
Hence
(7) fo 1(x) = Min o, x + ry ],

Employing the principle of optimality, [ 2], we see that

() £, (x) . + fea( M (r ), "&1 - ) )]

r
Max L v
- <
olv, v

'he!‘e V,; - !1“ EX, bk‘.’lj. fOP k - 1. 2. sy “—1-

$10. Explicit Solution

Let us aseume that each rk(x) has the form

(1) f.(x) = Min CPk, X + Qk'],



We assume that n ) K.

Let us first compute f . (X;, X5, ..., Xy ). This 1s the

saxisunm of

(3) vn—-K~1"""n
subject to the constraints
(3) 1 2 Yn kel
(o) X2 2 &+l * Yn-Ke2 (b) ry > vi 20,
{ = NKe2, ..., n.
by n—Kel o ¢ v '
Xg 1 2V
= n—1
bn 2 vn._.)(ol + ¢V Y
r—1 n

Thus

(5) fH(xl. Koo -0 xK-I) = Nin (bn’ -1 Tn* ko * Tn* Tpy

The recurrence relation for the sequence is

(6) rk-—l(‘l' ST ,‘K—l) - Max ‘ Ve * rk( Min (XD

]
v

OV 18Y k-1

where

(T) V.k’_l e Nin Cxlp x2n RN xx_lo kaWJ
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Let us now assume that tk has the form

(8) f(xy, x50 «.us zm_l) = Min [’ok' X))+ Fy o X 4 ’2,]:' P
Xg-1 * ’x—x.k]-

Then, substituting in (6),

(9) rl—l(xl' Xos seea xﬂ—l)

01 V1
X3 = Vg * Ton ccvr Vg < Vi ¢ 'x-x.k]]
= Max [lin ['ok * Ve X rn. Vil * Pisr t ’1k'

@
v 1<V

Xy + Py ps cones Bp ot ’K—l.kJ]'

The maximum is clearly assumed at v, , = v§ , .

Hence we have
@ L ]
(30) i (%0 Zp0 ooc0 2g ) = 'u"{’o.k * V1t X2t e Ve
+ rk+1 + ’l,lt' x3 + ’2.&' seeh
Prix-1 * ’l—l.k}

- Iin{lin [’o,k' Pyx* rJ + Min [xl. Xys vovs Xg 10 bk+‘_2].

"
Xo+ Py r X3+ P 0 o0 Bk ot ’n—x.n]-
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et R e e R

Xy + Po v o0 Bpux ot 'x-l.k} s

where
(11) %, = Min E'o.k’ Py * rk].

Hence
(12) rk—lhl’ Xpp eves 'K-l) - Iin{xl + W, X, + Min ["k' ’1,kJ'

Xy +Min [w, P, ], ... MWin ok * " Priko *

- '&-l.k]}'

Prom this equation we can read off the recurrence relations
connecting the ’hk and the '1.b—1'

§12. Discusston

The solution presented in the preceding section ylelds the
optimal peliecy at each stage, as well as the value of the minimum
cost.

There are a number o/ related problems which can be treated
by similar methods. A particularly interesting one is the case
where the demand is periodic. In this case, the problem reduces
to maximizing

n
(1, x‘ i 151 '10

subject to a series of constraints
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V) + Vo ¥ e 0v‘(b1

(2) Vo ¢+ V3 ¢ Y VKel (b,

(s) (®) 0lvglry-

vu-l+1*"‘*vn_(b -1

nke2 * 0tV S t'rb-l

Vot Vb e b £ b -

Purthermore, there are the interesting problems in which
there is a storage cost for each excess item, and in which there
are more than two types of laundry service.

It is also easy to see that several more general classes
of maximization problems subject to linear constraints may be
treated by means of tne same technique. We shall discuss these
topics, together with the question of actual computational solu-
tion, in a further paper.
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