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SUMMARY

In this paper the functilonal-eguation approach of dynamic

programming 18 used to treat a linear programming problem
t

fnvolving a "sligntly inteanlneJJ matrix—4.e., one that is

almost bioex clagcnal.




SLIGHTLY INTERTWINED LINEAR PROGRAMMING MATRICES

1. INTRODUCTION

Consider the problem of maximizing the linear form

- 3N
1 -z
( Ly(x) A A

over all-x, satisfying the constraints

1
(2) 2)1%) + 81X, 4 813Xy < ¢y
851X + 80X, + 8,53%5 < Cp,
a}1x1 + §32x2 + a33x3 + blx“ < c},
%Xy + 8ycXc + BueXe < Cys
8o Xy + 8gcXg + AgeXg < Coo

86Xy + BgcXe + BgeXe + byX,  Cg»

8an—2, 3N-2%3N—2 * Ban_2,3N—1%3N-1 * Ban_o,3N%aN S Can.or o
Ban—1,3N=2"3N—2 * Ban-1,3N-1%3N-1 * B3n-1,3NF3N S Can-1
82N, 3N—2%3N—2 * By 3n_1%¥3n-1 * %3N, 33N S Cane

and

(3) x, 2 0.

It 1s assumed throughout that aiJ 20, b1 > 0, Cy 2 0, with
8 sufficlent set of the aiJ positive so that the maximum of

H‘x) 18 not infinite. =




We wish to attack this problem—which arises from the study
of weakly coupled economic systems, or alternatively from the
study of multistage processes with almost-independent stages—
by means of the techniques of dynamic pfogramming. Specifically,
we ghall show that the computational solution can be obtained

by means of a sequence of functions of one variable.

It will be clear that a number of similar problems involving
almost block—diagonal matrices can be treated by meana of the
same general method. In enother paper, [2], we have 1llustrated
the application of this idea to mechanical and electrical systems

in wnich the matrices are symmetric.

2. DYNAMIC PROGRAMMING FORMULATION

Let us define the sequence of functions of z,

(1) fo(z) - 0, rx(z) - Miz Lx(x), K=12,...,N,

where the x, are subject to the constraints given above, with

1
the exception that the last constraint is now

+

(2) Bap ag_2X3k2 * 2ax 3k 1X¥3gx-1 * Bk 33k < %

Employing the principle of optimality, cf. (1], we see that

’
the sequence ‘lrx(z)} satisfies the recurrence relation

(3) fK(z) = Max i [XBK_2 + X 3Kl + X + fy_1

I_X3K-—2 'X)K-I,X3KJ .

(eag_3 = Pg1%3x-2 SRR

with the variables x subject to the corsgtraints

3K-27 X3K-1+ X3K
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(4) 83Kk—2, 3K—2"3k-2 * ¥3k—2,3K-1%3K-1 * %3K-2,3K73K S C32’

83x_1,3K~2%3Kk-2 * B3k—1,3K-1%3k-1 * ®3K-1,3K%3k S C3K-1’
®3K,3K-273K-2 * ®3K,3K-1"3K-1 * ®3k,3K*3k S
bx_1%¥3K-2 < Cax_3’

x)K—Q’XBK—l’XBK 2 0.

3, SIMPLIFICATION

We can write the recurrence relation of (2.3) in the form

(1) fp(z) = Max [ Max b el ]

*3K-2 *3k-1 "% 3K
= xMax [ gax (x}K-l * x}K) + X3y o
3K—2 K
+ fx—1(°3x-; - bx_1x3x_2) ]. 5;5
where HK is the region 1in (XBK—I’XBK) space defined by .ii
(2) B3k-2,2k-1%3k-1 * 32,3k 3k S C3k-2 ~ B3k-2,3K-2"3K-2’ ;

8ax1,3K—1%3%-1 * B3k-1,3K%3Kk S C3k-1 ~ Bax_1,3K-2%3K-2"
83k, 3k-1%3Kk-1 * B3k, 3k%3k £ % — 83x 3x X3y o

x}K—l'xjx 2 0.
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Thus we can write

(}? fx(z) - xMax l:gx(xjm_z,z) + fx-1(°3x-3 = bK-IXBK—g,, ¥
3K-2 }

where X}K—Q 18 constrained by - fg
c ¢ c 1 ;

L k-1 3K-2,3K-2 3K-1,3K-2 31( }K-Q q

The tpregoing function gx(y,z) is readily determined, qihc!) E

the maximum over R, 1s attained at a vertex of the region; {1ndeéd5§%
for the present problem at most four such vertices neec to be | : %
pa 2y

considered for eny particular assignment of the parameters y,z. g
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