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ABSTRACT

If a butt weld in a sheet structure under tension is mismatched,

an offset is produced which causes bending stresses at the weld in

addition to the tensile stresses. The total stress field is calculated

for the flat plate and also for a symmetrical mismatch in a cylindrical

pressure vessel.
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.t
STRESS RISE DUE TO OFFSET

WELDS IN TENSION

In pressure vessels made of formed plate elements, there arises the

possibility of local stress concentrations due to eccentricities caused by

weld mismatch or plate overlap. These generally occur in girth welds and

may give rise to relatively high local stresses which, in lezs ductile materials,

may lead to early failures of the pressure vessel. Two limiting cases will be

discussed in order to set bounds on the maximum stresses to be considered.

Case 1

In the first case, the pressure vessel is assumed to have a very large

radius so that the plate elements can be assumed to be flat (the weld is assumed

to be a girth or circumferential weld). Also, the eccentricity is assumed to be

localized and only extends for a short distance around the periphery of the ves3el.

These assumptions lead to the consideration of a flat sheet specimen of unit

wid:.., containing an offset. The offset is located midway between fixed ends of

the strip and the system is loaded in tension with a force P (see Figure 1).

The small element ABCD in Figure 1 is assumed t% be rigid and to rotate

as a solid body under the action of the two plate elements attached to it. We

see therefore that the problem resolves itself into two parts, namely,

a. Moment and force equilibrium of the offset element ABCD

b. A beam column problem for the two sheet elements AG and CE,

consisting of a cantilever beam with an end shear F, an axial tensile

load P, and an end moment M.

If the offsct is d and the width of the offset area is w then the equilibrium

of the element is given by

2PR cos (a + 3) - 2FR sin (a + 23) - ZM = 0 (1)0

or

PR(cos P cos a - sin sin a)-- FR(sin a cos P + cos a sin 6)-M = 0 (2)

But

sinp = w and cosp = d (2a)
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Assuming a is small, we can write

sin a --' a COS - 1

and equation (1) becomes

P(d -wa.) - F(w+ d a) - ?M = 0 (3)

The second part of the problem is obtained by a consideration of the cantilever

beam shown in Figure 2. The basic differential equation is

EI : Fx- P (T -) - \
d x'

L

Figutre 2. Assumed Beam Loadin,.
(1697)

This has a solution

Fx M
il = A sinh k x + B cash k x -- + ?I + (5)

0 0

where

0 (6)

Using the boundary conditions that Tq = dn1/dx = 0 at x = L and that

E I(dil/dx?) -M and T = 11 at x = 0 we find that0 0

W(x) F + M tanh )o sinh kox-- - (cosh X- 1) Fx
Mk cashh r - 0 o7

S~MSF o
+ F-z (k- tanh X) C)~- (1 + sinh X tanh X - cash X(7)

M
TT() = - ( - tanh Xo) - (1 + sinh X ý,anh X - cash Xo) (8)

o 0 0 0 0
0
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M 0k 0 M k
o(x = + tanh X) cosh k x - P sin k x - (9)

F M k k
0(0) = 'coshX + P t anhX 0  (10)

where

x kL = k(1L)0o 0

From Figure 1 we observe that

i(0) -- Ra sinp = Ra - (12)

and

S= e(0)

thus, the three definitive equations of the problem are

P'd - wa) - F(w + da) - 2M = 0 (13)

aw F Mo
F (ko tanh ko) p (I + sinhX tanh X - cosh Xo) (14)

Pk oo po o
0

F (1 -cosh X '~ M k
C P o + 00 tanh X (15)

pk cosh X P o

which are to be solved for a, F, and M in terms of P. Since the most0

serious problems arise from high stresses (P large) and, in most practical

cases, L is relatively large, then k = L P/El will be sufficiently large
(> 4) so that the following approximations are justified:

sinh X cosh X >> 1 (16)
0 0

tanh X 1 (17)0

Equations (13), (14), and (15) then reduce to

P(d - wa) - F(w + da)-. ZM 0 0 (18)
0

Ma~w F 0

F M k
00- p +(20)
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Solving simultaneously we find that

F M k A+ 2 (21)o o A+g -X
0

2M k X -2

1= A+ 2 -Z
0

Z M° d 2 ( 22)

Pd = M (A+ 2) 1 + EI0  ( (23)
(A + X 0- 2)

where

A = wk = w ,-/EI (24)

Detailed study indicates that the last term in equation (23) is negligible,

therefore

M = Pd (Z5)Mo = +

S1Pdk

F = 0 (26)A+2X0 -Z

2kod(X° -2Z)

(A+ 2) (A+ 2X -2 (7Z)

The maximum bending stress due to M0 is

M t/2 6M
"rb (28)

bt /12

The direct stress is

P= P (29)
O A t

and the maximum total stress is

6M
°'T f ' Cb= + 0 (30)

t



TR-59-0000- 00774
Page 6

the ratio of the total stress to the direct stress is therefore given by

6M
o + 1 + 6 d/t

= + Pt A+T

1 + 36 (31)
Ep+ 1

where

6 = d/t, E = w/t, p = k t/2 (32)
0

actually

k t P t 0

E= Et / 12i(1 .

F 3(1- 4)/E (33)

Equation (33) is shown plotted in Figure 3 and several examples are calculated

and plotted in the Appendix.

Case 2

In this case, it is assumed that the discontinuity has axial symmetry with

respect to a cylindrical axis and that the amount of offset is the same at all

points. Also, the effect of radial support is taken into account (i. e. , small

radii are permissible). It is, however, assumed that the cylinder is long

and approximates an infinite cylinder in both sides of the discontinuity (see

Figure 4). In this case, the axial symmetry causes an elastic restraint to

any deflection setting up an elastic support under the beam element under

consideration. If the elastic support is ks the reaction from any deformation

1 is given by

p = k 1 (34)

Again assuming a unit width element, the problem is that shown in Figure 5,

of a beam on an elastic support and loaded with an end moment and shear plus

an axial load. From Reference 1 we find the equations for this case as follows.

IIHetenyi, Beams on Elastic Foundations.
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Defining

k
-P = + (35)1 Ii + 4 E I s 7--4-(

p kIs 0 2 (36)

4 E I VT -v - -V

s= s4 (37)

The deflection (equations in this form are for P> 2 fks El although it is found

Chat the equations finally derived for 11 (0) and E (0), equations (39) and (4z),

are the same for all values of P).

1(x) W - 7 - cosh P, x + (2 + 2 ) sinh Pz e
13 - T -~[2pP1 P 1 2

- 0 1 1 cosh P x P1 sinh P] e PX (38)

from which

(0) 0 - Mý(39)
2)T + k sX

5 0 S5

since

2 2 403P + PZ 2.+ k0  and El = P/k (40)

Similarly for the slope

W(x) - F 1 1 (I ccsh Px+pIsinh P x) e

Mo 3 P[ x+ -z P x+,l .
+ = [.+i 2P cosh P.x -(1 2 + P 2 ) sinh P2 x] e "

P + (41)
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which gives

-()=~~7TL -.-- =- ~ -F +2zMo1 (42)

where
2

02 2 (43)

2X +k

s op

9 0

The three definitive equations for this case are, therefore

P (d - wa) - F (w + da)- 2M 0 0 (44)
0

a (- F + 2Mo31 ) (46)

For the case of axial symmetry

k =E- (47)
R

and

XS2 = kF _ 2t 2R/t2 (48)

where

X = R 3 (1-p2) t/R (49)

From equation (32) k° = 2p/t and Pi becomes

Xi = + 0 R+p (50)
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t Making the substitutions indicated, and solving equations (44), (45), and (46)

simultaneously yields (by neglecting the -Fda term in equation (44), as in

Case 1),

F = P6 R( (51)

2 + Pz) + (E2 X + +

M Pd C XR + 2 xR +(p
2 Z(xR+ z) + (z 2) \R+ p2

26 p (53)

2c XR+ 2) ( 2XR R+ýp2

again, since ob : ±6Mo/At2 and '°0 = P/t we find for O-T/ 0

m

a T/Cr: 1 + 36(EXR+2 )(54)
To2E(X+ P2) +(C2 %+2) X~

which reduces to equation (31) for R--c X RQ---0. Summarizing the

variables in equation (54)

6 = d/t E = w/t XR = 31- I ) t/R p = 3(1 - L ) •o-E

To show the effect of XR on the stress concentration, two examples have

been calculated and plotted in Figures 6 and 7. These figures show that an

R/t ratio of approximately 200 corresponds very closely to the limiting

case of R/t-ýoo and, therefore, it is only necessary to apply the correct

equation (54) for R/t values less than approximately 200. For all other

R/t values the simple equation (31) will give satisfactory results even for

the axially symmetrical mismatch. For a local mismatch, the value of

k is greatly reduced and here again, Case 1 more nearly represents the

problem.
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4

6 = 1.00 R

r = l.0 0 .05

8 = 0.75 (x R = o

3 =l0.

0
b
H 6k = 0.0xR 0

b
0 = 1.0 --0--- ___

6 = 0.25 00 0 0
r = 1.0 ' --

0.05
00.10

6 = d/t

(101

0 0.04 0.08 0.12 0.16 0.20

p 13 (l1_-~) O-o/_E

25 50 75 100 150 200 250 300
Cr 0 psi x I0- 3 for E = 30 x 10 6, ýL = 0. 25

Figure 6. Effect of Variation of )R and & for c w/t = 1. 0.

(1701)
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DISCUSSION

Although the theory indicates relatively high stress concentrations due to

even small offsets, the effect is highly localized. For example, the moment

equation as derived from the deflection equation (38) shows that the moment

decreases as e Since, for small X 1R' PlP/t Fsee equation (50we
find that for t = 0. 10 inch and o- 100, 000 psi in steel, I3 1 and the

0
moment reduces as e-x. Thus, if the material has a reasonable amount of

ductility for local deformation, the weld area will rotate due to surface

yielding and failure will be avoided. On the other hand, if no local ductility

exists, or the high stress region is further complicated by a sharp discontin-

uity at the weld line, local failure may be expected.

From a fatigue standpoint, where a pressure vessel is to be pressurized

many times, weld offsets may have a serious effect since local yielding will

not, in general, alleviate cyclic stress effects.
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APPENDIX

TREND CURVES FOR TYPICAL WELD OFFSETS

Assumptions - Flat Plate Case - Equations (25), (26), (27)

E = 30 x 10 6 psi. t = 0.0 in. L = 4.0 in.

4 C w/t

3 2

020.0

01 30.0

2 4 6 8 10 12 14
cro x 10- 4 (psi)

Figure A-1. Effect on u-/a- of Var-ing E = w/t with

dt constant =0. 5.
(1688)

4 8' d/t

3 • -L1.0--
0.8

b 0.M

S~0.4

0 .

1

2 4 6 8 10 1Iz 14
a- x 10-4 (psi)

Figure A-2. Effect on cr T/I of Varying 6 = d/t with
E = w/t = constant = 5. 0.

(1689)
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100 1 = w/t

80 o2.5

10.0

6o 20.0
30.0-

S40

20 - A1

0 2 4 6 8 10 12 14

o0 x 10-4 (psi)

Figure A-3. Effect on F of Varying c = w/t with
6 = d/t = constant = 0.05.

(1690)

6 -- d/t
160

140 /

120- -_ _ _ _

100
"4 0.6

60

20

2 4 6 8 10 1z 14

T x 10-4 (psi)

Figure A-4. Effect on F of Varying 6 = d/t with
v - w/t = constant = 5. 0.

(1691)
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C = w/t
260 0.25-

24 0 0.50-

160
.1.00

-40

.~120

080 2• - .00

40
80

2 4 6 8 10 12 14
-4

0o x 10 (psi)

Figure A-5. Effect on M of Varying c w/t with
6= d/t = constant = 0.5.

(1692)

360 16 = d/t1.0

320 /--- 0.8-

Z80 //

240 /0.6-

Azoo

160 A

120

80 / 0.2

40

0 L2 4 6 8 1O 12 14

Wr x 10.4 (psi)

Figure A-6. Effect on M of Varying 6 = d/t with
S= w/t = constant = 5.0.

(1693)
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2.5 "=w/

w/t

2.0 - 0. _

1.5 
05

010.5 ---- 2300J

2 4 6 8 10 12 14

Sx 

10- (psi)

Figure A-7. Effect on a of Varying c w/t with
6 = d/t = constant = 0.5.

3.5 (1694) 6 = d/t

31.0

3.0

2.5 lo, 0.8

2.0 .6
0

1.5

0.5 

0

0
2 4 6 8 10 12 14

-4
a- x 10 (psi)

Figure A-8. Effect on a of Varying 6 = d/t with
E = w/t = constant = 5.0.

(1695)


